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Abstract

We show an Q((n'~2/Plog M) /e?) bits of space lower bound for (1 + €)-approximating the p-th fre-
quency moment F}, = ||z|[b = Y77 | |;|P of a vectorz € {—M,—M+1,..., M}" with constant probabil-
ity in the turnstile model for data streams, for any p > 2 and ¢ > 1/ n'/P (we require € > 1 / n'/P since there
is a trivial O(nlog M) upper bound). This lower bound matches the space complexity of an upper bound of
Ganguly for any € < 1/ logo(l) n, and is the first of any bound in the long sequence of work on estimating
F}, to be shown to be optimal up to a constant factor for any setting of parameters. Moreover, our technique
improves the dependence on € in known lower bounds for cascaded moments, also known as mixed norms.
We also continue the study of tight bounds on the dimension of linear sketches (drawn from some distri-
bution) required for estimating F}, over the reals. We show a dimension lower bound of Q(n'=2/? /€2) for
sketches providing a (1 +-¢)-approximation to ||z[|) with constant probability, for any p > 2 and € > 1/ nt/p.
This is again optimal for e < 1/1log®™") n.



1 Introduction

In the standard turnstile model of data streams [29, 38], there is an underlying n-dimensional vector x, which
we sometimes refer to as the frequency vector, which is initialized to the zero vector and which evolves through
a sequence of additive updates to its coordinates. These updates are fed into a streaming algorithm, and have
the form z; < x; + 4, changing the i-th coordinate by the value §. Here § is an arbitrary positive or negative
integer, and x is guaranteed to satisfy the promise that at all times z € {—M, —M +1,..., M }". The goal of
the streaming algorithm is to make a small number of passes over the data and to use limited memory to compute
statistics of x, such as the frequency moments [1], the number of distinct elements [21], the empirical entropy
[12], and the heavy hitters [15, 18]. Since computing these statistics exactly or deterministically requires a
prohibitive Q(n) bits of space [1], these algorithms are both randomized and approximate. For most of these
problems in the turnstile model, they are quite often studied in the model in which the data stream algorithm
can only make a single pass over the data. This is critical in many online applications, such as network traffic
monitoring, and when most of the data resides on an external disk, for which multiple passes over it is too costly.
In this paper we focus on one-pass streaming algorithms.

We show new lower bounds for approximating the p-th frequency moment F,,, p > 2, in a data stream.
In this problem the goal is to estimate ) . ; |2;[” up to a factor of 1 + € with constant probability, where
xe{-M,—M +1,..., M}" and we make the standard assumption that log(Mn) = ©(log M) and p > 2 is
a constant. We summarize the sequence of work on this problem in Table 1.

F}, Algorithm Space Complexity
[31] O(nt=2/Pe= 0 10g9M)  10g (M)
(8] O(n'=2/Pe=2- 4/plognlog( )
[37] O(nt=2/Pe=0W) 10gO%M) plog(M))
[3] O(n'=2/Pe=2=6/P log nlog(M))
[91 O(n'=2/Pe=2=4/P log n - g(p,n) log(M))
2] O(n'=2/Plog nlog(M)e—O))

[26], Best upper bound | O(n'~2/Pe=2logn - log(M)/ min(log n, €/7=2)))

[1] Q(n'=5/P)
[41] Qe?)
[6] Q(n'=2/P=7¢=2/P), any constant v > 0
[13] Q(n!—2/Pe=2/p)
[42] Q(nt=2/Pe=4/P ) 10g%M p)
[27] Q(n'=2/Pe=2/logn)

This paper Q(n'=2/Pe=2log(M))

Table 1: Results are in terms of bits and for constant p > 2. Here, g(p,n) = min. constant gc(n), Where
g1(n) = logn, g.(n) = log(gc—1(n))/(1 — 2/p). For brevity, we only list those results which work in the
general turnstile model, and for which bounds for general ¢ have been derived. For other recent interesting
work, we refer the reader to [10], which requires the insertion-only model and does not have bounds for general
e > 0. We also start the upper bound timeline with [31], since that is the first work which achieved an exponent
of 1 — 2/p for n. For earlier works which achieved worse exponents for n, see [1, 17, 22, 23]. We note that [1]
initiated the problem and obtained an O(n'~/P¢=21log(M)) bound in the insertion-only model. We also omit
from the table previous lower bounds which hold for linear sketches rather than for the turnstile model [4, 40],
though these are discussed in the Introduction.

The previous best upper bound is due to Ganguly [26], and is O (n'~2/Pe=2 log nlog M/ min(log n, e*/?=2)).
Notice that for ¢ < 1/ 1og®™M n, this bound simplifies to O(n'~2/Pe=21og M). The previous best lower
bound is due to [13, 27], and is Q(n'~2/Pe=2/logn + n'~2/Pe=2/P). We improve the space complexity lower



bound, in bits, to Q(n'~2/Pe~21log M) for any ¢ > 1/n'/P (we require ¢ > 1/n'/P since there is a triv-
ial O(nlog M) upper bound). In light of the upper bound given above, our lower bound is optimal for any
e<1/ logo(l) n and constant p > 2. This is an important range of parameters; even in applications with 1%
error, i.e., ¢ = .01, we have that for, e.g., n = 232, ¢ < 1/logn. Understanding the limitations of stream-
ing algorithms in terms of € is also the focus of a body of work in the streaming literature, see, for example,
[7, 11, 16, 24, 25, 28, 30, 34, 39, 41]. Our lower bound gives the first asymptotically optimal bound for any
setting of parameters in the long line of work on estimating £}, in a data stream.

A few recent works [4, 40] also study the “sketching model” of F,-estimation in which the underlying vec-
tor z is in R”, rather than in the discrete set {—M,—M + 1,..., M}". One seeks a distribution over linear
maps A : R” — R?, for some s < n, so that for any fixed vector x € R", one can (1 + ¢)-approximate ||z||b
with constant probability by applying an estimation procedure £ : R®* — R to Axz. One seeks the smallest
possible s for a given € and n. Lower bounds in the turnstile model do not imply lower bounds in the sketching
model. Indeed, if the input vector z € {—M,—M + 1,..., M}", then the inner product of = with the single
vector (1,1/(M +1),1/(M +1)2,...,1/(M + 1)"~1) is enough to recover z, so a sketching dimension of
s = 1 suffices. Previously, it was known that s = Q(nlﬁ/ P) [40], which for constant p > 2 and constant
€ > 0 was recently improved to s = Q(nl_Q/ Plogn) [4]. We note that the upper bound of [26] is a linear
sketch with s = O(n'~2/P¢~2) dimensions for any ¢ < 1/1og®®) n. We improve the lower bound on s for
general ¢, obtaining an s = Q(nl_Q/ Pe=2) lower bound. Our lower bound matches the upper bound of [26] for
e<1/ 1og0(1) n up to a constant factor, and improves the lower bound of [4] fore < 1/ 10g0(1) n.

Our Approach: To prove our lower bound in the turnstile model, we define a variant of the E’;O communi-
cation problem [6]. In this problem there are two parties, Alice and Bob, holding vectors =,y € {—M,—M +
1,..., M}" respectively, and their goal is to decide if ||z — y||cc = max;e),)|(x — y)i| < 1 or there exists a
unique ¢ € [n] for which |(z — y);| > k and for all j # i, [(x — y);| < 1. The standard reduction to fre-
quency moments is to set k = £'/Pn!/P, from which one can show that any streaming algorithm for outputting a
(1+¢)-approximation to F}, can be used to build a communication protocol for solving £%, with communication
proportional to the algorithm’s space complexity. Using the communication lower bound of €2(n/k?) for the
¢k problem, this gives the bound Q(n!~2/Pe=2/P),

Our first modification is to instead set k = en'/?, which gives a communication lower bound of Q(n1_2/ Pe=2),
However, the reduction from approximating £}, no longer works. To remedy this, we introduce a third player
Charlie whose input is z € {0", nt/ Peqy, ... ,nl/ Pe,}, where e; denotes the i-th standard unit vector, and we
seek a (1 + £)-approximation to ||z — 3 + z||oo. The main point is that if |z; — y;| = en!/P, then ||z — y + 2|00
differs by a factor of 1 + ¢ depending on whether or not Charlie’s input is n!/Pe;, 0", or n'/ Pe; for some j # 1.
Note that Charlie has no information as to whether |z; — y;| = k or |z; — y;| < 1, which is determined by Alice
and Bob’s inputs. One can think of this as an extension to the classical indexing problem, which involves two
players, in which the first player has a string x € {0, 1}", the second player an index ¢ € [n], and the second
player needs to output x;. Now, we have Alice and Bob solving multiple single-coordinate problems and Charlie
is indexing into one of these problems.

This modification allows us to strengthen the problem for use in applications. We choose the legal inputs
x,y, z to the three-player problem to have the following promise: (1) ||z — y + z||c < 1, (2) there is a unique
i for which |(z — y + 2);| = en'/? and all other j # i satisfy |(x — y + 2);| < 1, or (3) there is a unique i for
which |(z — y + 2);| is either (1 + )n'/? or (1 — £)n'/? and all other j # i satisfy |(x — y + 2);| < 1. Using
the 1-way property of a communication protocol, we can adapt the argument in [6] for the ¢%_ problem to show
an Q(n1_2/ Pz=2) lower bound for this 3-player problem. Here we use the intuitive fact that Alice and Bob need
to solve the £¥_ problem with k = en!/P because if Charlie has the input z = n'/Pe;, then ||z — y + 2||o differs
by a factor of (1 + ¢) depending on whether |(z — y);| = en'/? or |(z — y);| < 1. Moreover, Alice and Bob
have no information about z since the protocol is 1-way.

We show that a streaming algorithm providing a (1 + €)-approximation to F}, can decide which of the three
cases the input is in by invoking it twice in the reduction to the communication problem. Here, Alice, Bob, and




Charlie create local streams o 4, 0, and o¢, Alice sends the state of the algorithm on o 4 to Bob, who computes
the state of the algorithm on ¢ 4 oo g who sends it to Charlie. Charlie then queries a (1+¢)-approximate F}, value
of 04 0 o, together with a (1 + ¢)-approximate F), value of 04 0 0 g 0 0. Assuming both query responses are
correct, we can solve this new communication problem, yielding an Q(n1*2/ Pz=2) bits of space lower bound.

To improve the space further, we define an augmented version of this 3-player problem, in which Alice,
Bob, and Charlie have 7 = ©(log M) independent instances of this problem, denoted x?, 3, 2¢, for i € [r].
Charlie additionally has an index I € [r] together with (x%,y%) for all i > I. His goal is to solve the I-th
instance of the communication problem. This problem can be seen as an extension to the classical augmented
indexing problem, which involves two players, in which the first player has a string = € {0,1}", the second
player an index i € [n] together with x;11, ..., %,, and the second player needs to output x;. We now have a
“functional” version of augmented indexing, in which Alice and Bob solve multiple instances of a problem, and
Charlie’s input indexes one of these problems. Via a direct sum argument [6, 14], we show our problem has
randomized communication complexity Q(n'~2/Pc=2log M). Finally, we show how a streaming algorithm for
(1 4 ¢)-approximating F}, can be used to solve this augmented problem.

We believe our technique will improve the dependence on ¢ in space lower bounds for other problems
in the data stream literature. For example, we can improve the dependence on € in known lower bounds for
estimating cascaded moments, also known as mixed norms [3, 19, 33]. Here there is an underlying n x d
matrix A, and the goal is to estimate £,(¢,)(A) = (30, || A:||5)'/?, where A; is the i-th row of A. In
[33] (beginning of Section 2) a lower bound of Q(n'~2/Pd'~2/4) is shown for constant ¢ and p,q > 2 via
a reduction to the so-called t-player set disjointness problem for ¢ = 2n!/Pd/4. Straightforwardly setting
t = ©(eY/knl/Pdl/4), their proof establishes a lower bound of Q(n!~2/Pd'~2/9c=2/P) for general e. Our tech-
nique also applies to the ¢-player set disjointness problem, by introducing a (¢ + 1)-st player Charlie with an
input z € {09, nl/rdt/ qeiejT fori € [n],j € [d]}, and applying analogous ideas to those given above. This
results in a new lower bound of Q(n'~2/Pd'=2/4=2). The same ideas apply to improving the Q(n'/?) lower
bound for ¢2(¢y)(A) given in [33] (here || A;||o denotes the number of non-zero entries of A;). A straightforward
adaptation of the arguments in [33] for general € gives a lower bound of Q(nl/ 2g—1/ 2), while our technique
strengthens this to Q(n!/2c~1). We sketch these improvements in Appendix D.

Our lower bound in the sketching model is simpler and perhaps surprising. We consider two cases: the input
x € R"is equal to g + n'/Pe; for a vector g of i.i.d. standard normal random variables and a random standard
unit vector e;, or the input z is equal to ¢’ + n'/ P(1 4 ¢)e; for a vector ¢’ of i.i.d. standard normal random
variables. By Yao’s minimax principle, there exists a fixed s x n sketching matrix A for which the variation
distance between distributions A(g +n'/Pe;) and A(g’ +n'/P(1+¢)e;) is large. Since we can, w.l.o.g., assume
the rows of A are orthonormal (given Ax, one can always compute LAx for any change of basis matrix L for
the rowspace of A), this implies the variation distance between h + n'/?A; and b’ + n'/P(1 + €) 4; is large,
where h, h' are s-dimensional vectors of i.i.d. standard normal random variables and A; is the i-th column of
A. However, for a random 1, since the rows of A are orthonormal, || 4; ||z is only about O(+/s/n). For such i,
this contradicts a standard variation distance upper bound between two shifted s-dimensional Gaussian vectors
unless s = Q(n!=2/P/e2).

2 Preliminaries

Notations. We denote the canonical basis of R” by {ey,...,e,}. Let [n] denote the set {1,...,n}. Fora
vector v € R™ and an index set K C [n], define a vector in R", denoted by v|x, such that (v|x); = v; for all
i€ Kand (v|g); =0foralli ¢ K.
Probability. For a random variable X and a probability distribution D, we write X ~ D for X being subject
to the distribution D. We denote the multivariate Gaussian with mean p and covariance matrix ¥ by N (u, X).
Let I,, denote the identity matrix of size n X n.

We shall need the following lemma regarding concentration of Gaussian measure, see Chapter 1 of [36].



Lemma 1. Suppose that X ~ N(0,1,) and the function f : R™ — R is 1-Lipschitz, i.e., |f(z) — f(y)] <
| — yllo for all z,y € R™. Then for any t > 0 it holds that Pr {|f(z) — Ef (z)| > t} < 2¢7°/2,

Definition 1. Suppose p and v are two probability measures over some Borel algebra B on R™. Then the total
variation distance between . and v is defined as

drv () = sup () - ()| (= 5 [ 1£(0) - e

where the second equality holds when p and v have probability density functions f(x) and g(x) respectively.

The following is a result ([20]) that bounds the total variation distance between two multivariate Gaussian
distributions.

Pl‘OpOSitiOH 1. dTV(N(Mh [n), N(NQ, In)) S H,u1 — M2‘|2/\/§.

Communication Model. We briefly summarize the notions from communication complexity that we will
need. For more background on communication complexity, we refer the reader to [35]. In this paper we
consider a one-way communication model. There are three players Alice, Bob and Charlie with private random
coins. Alice is given an input =, Bob y and Charlie z, and their goal is to compute a function f(z,y, z). Alice
sends exactly one message to Bob and Bob sends exactly one message to Charlie, according to a protocol II,
and then Charlie outputs an answer. We say the protocol II is d-error if for every legal triple (x, y, z) of inputs,
the answer equals f(z,y, z) with probability at least 1 — §, where the probability is taken over the random coins
of the players. The concatenation of the message sent from Alice to Bob with the message from Bob to Charlie,
as well as Charlie’s output, is called the transcript of II. The maximum length of the transcript (in bits) is called
the communication cost of I1. The communication complexity of f is the minimal communication cost of a

d-error protocol for f, and is denoted Rs(f).
Mutual Information. Let (X,Y") be a pair of discrete random variables with joint distribution p(z,y). The
mutual information I(X:;Y') is defined as I(X;Y) = > p(z,y) log - p@y) - \where p(x) and p(y) are

p@p)’
marginal distributions. The following are basic properties regarding mutual information.

Proposition 2. Let X, Y, Z be discrete random variables defined on 2x, 2y, Qz, respectively, and let f be a
function defined on ). Then

1. I(X;Y) > 0 and the equality is attained iff X and Y are independent;
2. Chain rule for mutual information: 1(X,Y;2) = 1(X;2) + I[(X;Y|Z);
3. Data processing inequality: I(f(X);Y) < I(X;Y).

2.1 Direct-sum Technique

The following definitions and results are from [6]. See also Section 6 of [5].

Definition 2. Let I1 be a randomized protocol with inputs belonging to a set K. We shall abuse notation and
also use II(X, Y, Z) to denote the transcript of protocol 11, which is a random variable which also depends on
the private coins of the players. When X,Y, Z are understood from context, we sometimes further abbreviate
II(X,Y, Z) as I1. Let u be a distribution on K and suppose that (X,Y, Z) ~ p. The information cost of IT with
respect to i is defined to be I(X,Y, Z;11(X,Y, Z)).

Definition 3. The 6-error information complexity of f with respect to a distribution p, denoted by I1C,, 5(f), is
defined to be the minimum information cost of a 6-error protocol for f with respect to L.

Using this definition, it follows immediately that (see [6]):



Proposition 3. R;(f) > IC,, 5(f) for any distribution 1 and 6 > 0.

Definition 4 (Conditional information cost). Let II be a randomized protocol whose inputs belong to some set
K of valid inputs and that C is a mixture of product distributions on K x W. Suppose that ((X,Y, Z), W) ~ (.
The conditional information cost of I1 with respect to ( is defined as 1(X,Y, Z;1(X,Y, Z)|W).

Definition 5 (Conditional information complexity). The d-error conditional information complexity of f with
respect to ¢, denoted C1C¢ s(f), is defined to be the minimum conditional information cost of a §-error protocol
for f with respect to C.

Definition 6 (Decomposable functions). Suppose that f is a function defined on L". We say that f is g-
decomposable with primitive h if it can be written as f(x,y,z) = g(h(X1,¥1,21), - -, h(Xn, Yn, Zn)) for some
function h defined on L — Q and g on Q". Sometimes we simply say that f is decomposable with primitive h.

Definition 7 (Embedding). For a vector w € L", j € [n] and uw € L, we define embed(w, j,u) to be the
n-dimensional vector over L whose i-th component is defined as follows: embed(w, j,u); = w; if i # j; and
embed(w, j,u); = wifi=j.

Definition 8 (Collapsing distribution). Suppose f is g-decomposable with primitive h. We call (x,y,z) € L™ a
collapsing input for f, if for every j and (u,v,w) € L, it holds that

f(embed(ac, j? U), embed(y, j? U)v embed(z, j? w)) = h(“’a v, w)
We call a distribution i on L™ collapsing for f if every (x,y, z) in the support of v is a collapsing input.

Lemma 2 (Information cost decomposition). Let II be a protocol whose inputs belong to L™ for some set
L. Let ¢ be a mixture of product distributions on L x D and suppose that (X,Y,Z),D) ~ (™. Then,

Lemma 3 (Reduction lemma). Let I1 be a d-error protocol for a decomposable function f defined on L™
with primitive h. Let ( be a mixture of product distributions on L x D, let n = (", and suppose that

((X,Y,Z),D) ~ n. If the distribution of (X,Y,Z) is a collapsing distribution for f, then for all j € [n],
it holds that I((X;,Y;, Z;);1L(X,Y, Z)|D) > CIC¢ 5(h).

2.2 Hellinger Distance

Definition 9. The Hellinger distance h(P, Q) between probability distributions P and @) on a domain S is

defined by
(PQ) =1- Y VP@RW) = 5 3 (V) - Vaw)*

we weN

One can verify that the Hellinger distance is a metric satisfying the triangle inequality, see, e.g., [6]. The
following proposition connects the Hellinger distance and the total variation distance.

Proposition 4. (see, e.g., [5]) h%(P, Q) < drv(P,Q) < v2h(P, Q).

In connection with mutual information, we have that
Lemma 4 ([6]). Let F,, and I, be two random variables. Let Z denote a random variable with uniform distri-
bution in {21, 20} Suppose F(z) is independent of Z for each z € {z1, z2}. Then, I(Z; F(Z)) > h*(F,, F.,).

In [5], it is shown that a randomized private-coin three-party protocol exhibits the rectangle property in the
following sense: there exist functions q1, g2, g3 such that for all legal inputs (z,y, z) and transcripts 7, it holds
that

H%yvz (T) =4q1 (xv T)QQ(yv T)Q?)(Z? T)'
The following is a variant of the inverse triangle inequality in [6] that we need to accommodate our setting of
three players. The proof is similar to that for two players and thus we postpone it to Appendix A.



Lemma 5 (Inverse triangle inequality). For any randomized protocol 11 and for any inputs x,y, z and =’y , 2
it holds that
W (Mg, ot yz) + 2 (oo Wor o) < 20° (a2 Moy ).

3 Augmented L., Promise Problem

In this section we define the Augmented L., Promise Problem. First, though, we consider a slightly different
gap problem than that considered in [6] for a problem which we refer to as the L., Promise problem.

Definition 10 (Lo (k,€)). Assume that ek > 1. There are three players Alice, Bob and Charlie in the one-
way communication model with private coins. Alice receives a vector a € {0,...,ek}", Bob a vector b €
{0,...,€k}" and Charlie both an index j € [n] and a bit ¢ € {0,1}. The input is guaranteed to satisfy
la;—b;| < 1forall j # i. Charlie is asked to decide which three of the following cases happen, provided we are
promised that the input is indeed in one of these three cases: (1) (a—b);j+ck < 1;(2) (a—b);+ck = (1—€)k;
(3) (a —b); + ck > k. Charlie’s output must be correct with probability > 9/10.

In the definition above, the index j is referred to as the spike position.

We consider the following distribution x on the input. Let ¢ = 0. Define the random variable ((X,Y"), D)
as follows. The random variable is uniform on {0, ..., k} x {0,1} \ {(0,1), (k,0)}. If D = (d,0) then X = d
and Y is uniform on {d,d + 1};if D = (d, 1) then Y = d and X is uniformly distributed on {d — 1, d}.

Theorem 1. R(Loo(k,€)) = Q(n/(k*e?)).

Proof. Making ¢ = 0 in Charlie’s input, we see that u" is a collapsing distribution for L., (k, €) so we can apply
the direct sum technique. Letting x; = (a;, b;), it follows that

R(Loo(k,€)) = > I(x1,...,Xn;1I(x1,...,Xn)|D1, ..., Dy) > nCIC,(LL (k. €)),
=1

where L. (k,€) is the single coordinate problem of L. (k,¢), that is, the Lo (k,¢) problem with n = 1.
Therefore, it suffices to show that

1
CIC, (LY (k,€)) =Q (W> . (1)

This is a single-coordinate problem, and we shall drop the index 7 henceforth in the proof. Let Uy denote a
random variable with uniform distribution on {d, d + 1}.

ek—1 ck
CIC(EL(k,0) = I TIX)ID) = 5 (Z 1(UTI(d, Ug)) + Zr(vd_l;n(Ud_l,d»)
d=0 d=1

1 ek—1 ek—1
<Z h?(Ma,a,0, Maai1,0) + Z hQ(Hd—l,d,de,d,O)) 2

> —
2¢k
d=0 d=0

2
1 ek—1 ek—1

Z 10 (Z h(Ilg,a,0,11a.d441,0) + Z h(Ilg-1,4,0,1a,q,0) (3)
d=0 d=0

h?(To,0,0, ek ek.0) “4)

S 1

~ 4e2k?
where we used Lemma 4 for (2), the Cauchy-Schwarz inequality for (3) and the triangle inequality for (4), By
the three-player version of the inverse triangle inequality (Lemma 5),

1
h?(To,0,0, Mk ek.0) > §(h2(H0,0,0, Me00) + 2% (Mo k.0, ek ek0))



Y

1
§h2 (Ho,ek,05 He,er,0)

v

1
Zd%v (HO,Ek,Oa Hek7ek,0)7 (5)
where we used Proposition 4 for the last inequality. We now claim that

drv (o ek,0, Herer0) = 2(1). (©6)

Consider the message sent from Alice to Bob, together with the message sent from Bob to Charlie. Let us denote
the concatenation of these two messages by 7' = T'(z, y). Notice that the messages do not depend on Charlie’s
input. We in fact claim a stronger statement than (6), namely that dry (7°(0, €k), T'(ek, ek)) = (1).

To see this, suppose that Charlie’s input bit equals 1. Then he needs to decide if the players inputs are in
case (2) or in case (3). Let 7 be the set of messages from Alice and Bob and from Bob to Charlie that make
Charlie output “case (2)” with probability > 3/4, over his private coins. Then by the correctness of the protocol,
Pr{T(0,ek) € T} > 2 and Pr{T'(ek,ek) € T} < 2. Indeed, otherwise if Pr{T'(0,ek) € T} < 3/5 then
Charlie outputs “case (2)” with probability < 3/5 + 3/4 - 2/5 = 9/10, contradicting the correctness of the
protocol, while if Pr{T'(ek, ek) € T} > 2/15 then Charlie outputs “case (2)” with probability > 2/15 - 3/4 =
1/10, again contradicting the correctness of the protocol. Therefore

drv(T(0,€k), T (ek,ek)) > | Pr(T(0,ek) € T) — Pr(T(ek,ek) € T)| > - — % = Q(1),
whence (6) follows since drv (o ex.0, ek er,0) > dry (T(0, €k), T'(ek, €k)).
Plugging (6) into (5) and then (5) into (4), we have that (1) follows immediately. ]

Now we define a stronger problem called the Augmented L, Promise problem, and denoted by AUG- L (7, k, €).
We further abbreviate this by AUG- L (7, k) when € is clear from the context.

Definition 11 (AUG- Lo (7, k, €)). Consider r instances of L (k, €), denoted (a1, b1, j1,¢1), . .., (ar, by, jr, ).
In addition to these inputs, Charlie has an index I € [r|, together with a; and bj for all j > I. The goal is to

decide for the I-th Lo (k) instance, which of the three cases the input is in, with probability > 5/8. The input

is guaranteed to satisfy c¢; = 0 for all i # 1.

Now we define a distribution v on the inputs to the AUG-L(r, k) problem: the r instances of L. (k) are
independent hard instances (i.e., drawn from p) of Lo, (k). The index I is uniformly random on the set [r].

Theorem 2. R(Loo(r,k,€)) = Q(nr/(k*e?)).

Proof. Write x; = (a;,b;). It suffices to show that I(xy,...,x,;11|Zy,...,Z,) = Q (%) , where Z; =
(Dy, js,0) (letting ¢; = 0 for all 7). We claim that I(x;11|Zy, Z_;,x5;) > CIC,n(Lo(k,€)). Indeed, the
players can hardwire x~; into the protocol, and Charlie can set [ = ¢. Conditioned on Z_,, the inputs to the
instances x; are independent, and so the players can generate these inputs using their private randomness.
Then, for the input of L. (k, €), the players can embed it as the ¢-th input to the protocol for the AUG- Lo (k)
problem. It follows that the output of AUG-L (k) agrees with the output of L. (k). Moreover, since the
distribution on the ¢-th input instance is u, we have that

n
I(x¢; 11|Zy, 2y, x54) 2 CIC)n (Loo (K, €)) = Q <@>

by Theorem 1. It follows that

I(xy, . xpi M2y, Ze) = Y T(xi |20, 2y X1, )
t



- ZZI(Xt;mZt’Z*t =2, %5t =) Pr{Z_y = 2, x>y =}

t zx

> Z:ZQ (#) Pr{Z_; = z,x>; = x}

=2 ()

as desired. O

4 Frequency Moments

Suppose that x € R™. We say that a data stream algorithm solves the (e, p)-NORM problem if its output X
satisfies (1 — ¢)||z[|h < X < (1 + €)|z||} with probability > 1 — §. Our main result is the following.

Theorem 3. For any p > 2, there exist absolute constants ¢ > 0, o > 1 and a constant €y = €o(p) which
depends only on p such that for any € € [c/n"/P, €|, any randomized streaming algorithm that solves the (e, p)-
NORM problem for x € {—M,—M + 1,..., M}" with probability > 19/20, where M = Q(n®/P), requires
Q(n'=2/P(log M) /€?) bits of space.

Proof. Suppose that a randomized streaming algorithm .4 solves the (e, p)-NORM problem with probability
> 19/20. Let k = ©(n*/P) and r = (1 — 1/a)log;o M. We shall reduce the (¢, p)-NORM problem to
AUG-L(r, k, €). Note that with our choice of parameters, ek = (1).

Alice generates a stream o with underlying frequency vector — » j 107! A7 and sends the state of A on oy
to Bob. Then Bob generates a stream o2 with underlying frequency vector j 10°~1BJ and continues running
A on oy, starting from the state sent by Alice. The streaming algorithm then reaches a state corresponding to
an underlying frequency vector ), 107"1(B7 — A7). Bob sends this state to Charlie. Charlie, given I and
(A7, BY) for all j > I, generates a stream o3 with underlying frequency vector > T 10-1(AJ — BY) and
continues running .4 on o3 to obtain an output V' for the execution of A on a stream with underlying frequency
vector v = Z]I':1 10/~Y(B7 — A7). Finally, Charlie generates a stream o4 with underlying frequency vector
10'~1¢rke;,, where j; € [n] and c; € {0, 1} are the inputs to Charlie in the I-th instance of the Lo (k) Promise
problem, and continues running .4 on o4 to obtain an output W for a stream with underlying frequency vector
equal to w = v + 107~ 1eske;,.

For notational convenience, let X7 = BJ — A7, We have that || X7||, < 1 at non-spike positions by the
promise of the input to the Lo, Promise problem. Notice that ||v||s < ZJI‘:1 107~ < 107/9 < 107/9 <
M=V < M and ||w]|eo < ||v]loo + k10771 < (k + 1)107/9 < M by our assumption of M and choice of
k and r. This implies that .4 outputs a correct approximation to ||w||~ with probability > 19/20 and a correct
approximation to ||v||s With probability > 19/20. Define the event

Ev={|W — |lwlp| < ellwlf and [V — ollz] < ellv]l3} -

By a union bound, Pr{&;} > 9/10. We show next how to use V" and W to solve AUG-L(k, r, €), conditioned
on the event &;. Let L = <Z]I-:1 10jfl>p, then L = (MY < (%0)79 10U-Dp.

9
Case 1. ¢c; = 0 so wj, = vj,. In this case, W — V < 2¢||v||}, < 2enL =: UBy,
Case2.c; =land w;, = 10771(1 — €)k. In this case, vj; = —1011ek, so

W=V <Q+e|wlp—Q—=elvl=Q+e)lvlppgnllp + lwsllp) — @ —e)lvl
= 2el[vlpp g3l + A+ llwli Iy — (L =)l
< 2e(n— 1)L+ (1 +€)10U=YP(1 — )PkP — (1 — €)ePkP10U~DP = U B,



and

W—=Vz=(1=elwlf—A+alvlf =1 =e)lvlppgyp+ lwlilp) — A+ e)lvl
> (1 —€)10Y=YP(1 — )PkP — 2¢(n — 1)L — (1 4 €)eP10U VPP .= LB,

Case 3. c; = 1 and wj, > 1071k, In this case, 0 < v;, < 1077 ek, so
W—V>(1—e10U="DPkP —2¢(n — 1)L — (1 + €)e?10"VPEP .= LBy

Therefore, Charlie can solve AUG-L (7, k, €) provided that LBy > U Bj,and LBs > U Bs. It suffices to have
(see the derivations in Appendix B)

kP \ 9
p—2 p—1 n (10 ’
€ ( 5 2e ) > 4e o ( ,
which are satisfied when € is small enough, k = C'n'/? for a large enough constant C, and p > 2 is a constant.

Hence, Charlie can solve the AUG-L(r, k, €) problem with probability > 9/10. The lower bound for the
(e, p)-NORM problem follows from Theorem 2. O

(1= Pt — (14 €)e? > de - (10>p

5 Lower Bound for Linear Sketches

Given 1) > 0, define a distribution Dy, ,, on R™ as follows. Consider x ~ N (0, I,,). Let j be uniformly random
in {1,...,n}. The distribution Dy, ,, is defined to be L(x + (1 + n)ke;). Suppose that A is an m X n matrix
of orthonormal rows. When operated on vectors x ~ Dy, ,,, the product Az induces a distribution, denoted by

Fa k-
Lemma 6. Let € > 0. It holds that drv (Fa k0, FAke) < €ky/m/n.

Proof. Letyy ~ Fg 0 and yo ~ Fy 1 .. By rotational invariance of the Gaussian distribution and the fact that
A has orthonormal rows, y; is distributed as « + kA; and y2 as x + (1 4+ €)kA;, where x ~ N(0, I,,), A; is the
j-th column of A, and j is uniformon {1, ..., n}.

Suppose the density functions of y; and yo are p; (x) and pa(z) respectively, then

1
_nzi:p(a;—k:Ai), p2(z pr— (1+¢e)kA),

where p(x) is the density function of N (0, I,,,). It follows that

1

dTV(fA7k70,.7-"A7k7€)—2/ pl(a:)—pg(x)]dx/ pr—kA ——Zpac— (14 e)kA;)|dx
rER™ TER™

n

/ERm ( Z]px—kA (.T—(1+€)kAi|> dx
-1 Z 5/ o ple = kA) = pla = (14 Okt

:deTV (kA;, I,) — N((1+ e)kA;, 1))

| /\



IN

1
- Z kA, — (1 + e)kA;||2 (by Proposition 1)

ek
= Z [Aill2 = ekE;[|Aj]|2,

Since Y, 14513 = m, Ej||A;[3 = m/n and thus E[|A;]l2 < (E[|A;[13)"* = \/m/n. It follows that
drv (Fako Fakny) < eky/7. O

Theorem 4. Let p > 2 be a constant. Consider a distribution over m X n matrices A for which for every
x € R™, from Ax one can solve the (e, p)-NORM problem, on input x with probability > 3/4 over the choice of
A, where € = Q(1/n'/?) is small enough. Then m = Q(n'=2/? /e=2),

Proof. W.l.o.g., A has orthonormal rows, since we can apply a change of basis to the vector space spanned by
the rows of A in post-processing. Let k = C’;/ Ppl/p where C), is the constant in

E|z[|5 = Cyn, 2~ N(0, ).

Consider the input z drawn from Dy := Dy, o and D; := Dy o.. Let b € {0, 1} indicate that z ~ D,. We have
that Az ~ F4 ;0 when b = 0 and Az ~ F4 1 2. when b = 1. Suppose the algorithm outputs .

Now we compute ||z||} in each case. When b = 0, ||z, = ||2/||} + |g + k|P, where 2/ ~ N (0, ,,_1) and
g ~ N (0, 1) are independent. Since ||z||, is a 1-Lipschitz function, by concentration of measure (Lemma 1),

Pr{|||l2’|l, — E||2"||,| > 5} < 0.001.

Also, |g| < 5 with probability > 1 — 0.001. Note that E|| /|| = Cp(n — 1). It follows that with probability
> 1 —0.002, we have

||:EH£ <2(140(1))Cypn. @)
Similarly, when b = 1, with probability > 1 — 0.002, it holds that
lzl|5; > ((1+2€)” + 1)(1 — o(1))Cpn. )

The o(1) in (7) and (8) are of the form ¢,/ n'/P for some (small) constant ¢p > 0 that depends only on p. We
condition on the event that (7) and (8) hold. With probability > 3/4, we have

W< (1+ 6)H:C||£, b=0
W>(1- ol b=1
and thus
W <2(1+¢€)(1+0(1))Cphn, b=0
W>(1-¢e((1+26)?+1)(1—-0(1)Cpn, b=1
So we can recover b from W with probability > 3/4—0.002 provided that (see the full derivation in Appendix C)
204+ €)(1+0(1)) < (1 —e)((1 4+ 26)P + 1)(1 — o(1))

pt2\ ¢ _p-2 ; 1/p
<:<2+ 1 )nl/p< 5 € (recall that o(1) is actually ¢, /n"/?)

which holds for € small enough while satisfying that e = Q(1/ nl/p ). Consider the event £ that the algorithm’s
output indicates b = 1. Then Pr(&E|z ~ Dy) < 1/4 + 0.002 while Pr(E|x ~ D;) > 3/4 — 0.002. By definition
of total variation distance,

1
dTv(.FA’k’o,fAk’gg) > ‘ Pr(5|l‘ ~ Dl) — Pr(5|x ~ Do)’ > B + 0.004.

On the other hand, by the preceding lemma, drv (Fa k0, Fak2) < 2€k, /%. Therefore it must hold that
m=0 () =9 (252). O
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A Proof of Lemma 5

Proof. Using the rectangle property and the arithmetic-geometric mean inequality, we have that
P (Mg Tty 2) + B2y o Tt 2) = 2= S Ty ()Tt o =2 Ve ()T (1)
T
=2- Z \/QI (.’L’, T)q2 (ya T)Q3(Za T)Ql (.T ) T)Q2(ya T)Q3(Z7 T)

T

Y Va(zm)eW, ez el N)el, ez, )

=2 Ve, n)a(@, 1)z )@y, 7) + 2, 7))

T

<223 Ve @ D 1)Vl el )
—2—22\/117% Ty . (7)

= l_ll2(]:[x7y72’7 ]:[x/7/y,7z)' D

B Omitted details in the proof of Theorem 3
Writing the inequalities in full,
LBy > UB;
— (1 —€)10U=YP(1 — e)PkP — 2e(n — 1)L — (1 + €)eP10U~VPEP > 2en L
= (1 —e)10U7DP(1 — )PP — (1 + €)e?10Y"VPEP > 2enL + 2e(n — 1)L
— (1—e)(1—€e)? — (1 +€)e?) 10UVPEP > denL

1 p
= (1—e)P — (1 +e)? > 46% (;)

1 p
—= (1—e)P —(1+€)e? > 46% <0)

Letp’ = p/2 +1,then 2 < p/ < p. Note that (1 — 2)? = 1 — px + o(x?) as z — 0T, we see that
(1—ef <1-ple ©)
for € small enough. Now,

LB3 > UBs
— (1 —€)10U=YPEP — 2¢(n — 1)L — (1 + €)eP10U ~VPgp

> 2e(n — 1)L + (1 + €)10U=YP(1 — )Pk + (1 — €)ePkP10U 1P
= (1l-—e— (141 —€eP —(1+e) — (1 —e)e?) 10U~ DPpp

> 4e(n — 1)L

1 p
<:1—e—(1+e)(1—e)p—26p>4e£ <0>

kP \ 9
n (10\" . .
—1l-e—(1+e)(1—pe)—2 > 46@ n (invoking (9))
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1 p
— (p) = 2)e + pe® — 2P > 46]%7 <90>

n [10\?
—e(p —2—-2P71) > de— [ =
e(p L) Ekp<9>

p—2 o1 n (10\"
<:>6<2—2€ >>46/{p(9

Therefore, Charlie can solve AUG- Ly (r, k, €) provided that

p
_ e\t _ P n E
(1—¢) (1+¢€)e’ > 4ekp ( 9 >

€ (]?;2 — 26p_1> > 46% <190)P'
C Omitted details in the proof of Theorem 4

214+ €e)(1+0(1)) < (1 —e)((1+2e)P +1)(1 —0(1))
<—2(1+€e)(1+o0(1) < (1—€)(1+2pe+1)(1—0(1)) (since(l+z)? > 1+ px)
<= 2(1+¢€)(14+0(1)) <2(1 —€)(1+pe)(l —o(1))

1 1
=1+ +o(1) < (1+ ge> (1—o(1)) <p62 < (g —1)ewhene < - — )
p
2 -2
— (242 %) o1) <« P22
2 2
PE2) % p_2 i 1/p
— (2+ 1 i < 5 ¢ (recall that o(1) is actually ¢, /n"/? and € < 1/2)
n

D Application to Cascaded Moments

We sketch our improvement to estimating ¢,,(¢,)(A) for p,q > 2, as outlined in the Introduction. In the ¢-player
set disjointness problem, there are ¢ players, holding subsets S', ..., S* C [N] respectively. They are promised
that either: (1) for all i € [N], there is at most one j € [t] for which i € S7, or (2) there is a unique i € [N] for
which i € S7 for all j € [t], and for all i’ # i, there is at most one j € [t] for which i’ € S7. In a 1-way protocol
the k-th player needs to output which of the two cases the input is in. If we define the N-dimensional vector x
so that z; is the number of j € [t] for which i € S7, then in case (1) we have ||z||» < 1, while in case (2) we
have that there is a unique ¢ € [N] for which x; = ¢ and for all j # i we have z; € {0, 1}.

Let pV be the input distribution which for each i € [N], chooses a random player D; € [t], and with
probability 1/2 we have i € SP¢ while with probability 1/2 we have i ¢ SPi. For all j # D, it holds that
i ¢ S7. Then ' is a collapsing distribution.

It is known [?, 13] that for any J-error 1-way randomized protocol II, and inputs distributed according to
u, that

I(st,...,841(st, ..., 8Y|Dy,...,Dy) > N - CIC,(AND),

where AN Dy is a single-coordinate problem in which the ¢ players each have a single bit, they are promised
that either all of their bits equal 1, or there is at most a single bit which is equal to 1, and they need to decide
which case they are in.

As in Section 3, we introduce a (¢ + 1)-st player Charlie who holds a bit ¢ € {0,1} and an index j €
[N] = [n] x [d]. In the distribution 'V, Charlie’s input c is always set to 0, so that u'V is collapsing. For our
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application to cascaded moments of n x d matrices A, we fix N = nd and t = 2en'/Pd'/4. The problem
is to decide whether (1) z; + c2n'/Pd"/? < 1, (2) ; + 2n/Pd'/1 € {2n'/Pd'/a 2p1/Pd' /7 1 1}, or (3)
zj + c2nt/Pdt e > 2(1 + e)nt/Pdl/e,

We can use the same derivation as in equation (3) of [32] to lower bound mutual information by Hellinger
distance, provided we fix Charlie’s input bit ¢ to 0 throughout the derivation. This results in the derivation:

1 1
CIC,(ANDy) > th(Hom,Hlto) > %d%v(notﬂ,nlzo).

Now, as in (6), we claim that dpy (Ilge+1, II1¢g) = Q(1). This follows from the 1-way property of the protocol
and the same derivation after (6), by considering 7" to be the concatenation of the first k& player messages, and
using the correctness of the protocol when Charlie’s input ¢ = 1, to show that dpy (T'(0%), T(1%)) = Q(1). We
thus arrive at the lower bound of Q(N/t) = Q(n'~1/ka'=/Pc=1) for our (¢ + 1)-player modification to the
t-player disjointness problem.

Finally, it suffices to show that a streaming algorithm providing a (1 + ©(e))-approximation to £,(¢,)(A)
can decide whcih of the three cases above we are in. We again invoke it twice, once on the stream before the
insertion of 2¢n!/?d'/4 into the j-th position of the n X d matrix, and once after the insertion of this item. In
case (1) we have that ¢ = 0, and so £,({)(A) < n/Pd /4. In cases (2) and (3) we have that ¢ = 1. If indeed
xj = 2en'/Pd'/4, then when adding it to 2n'/Pd"/9, one can verify as in Section 4 that £, (£,)(A) will increase
by a (1 + ¢)-factor, that is, we will be in case (3). Otherwise, we will be in case (2). If the streaming algorithm
provides a (1 + O(g))-approximation, it can distinguish these two cases. Since the state of the streaming
algorithm is passed ¢ times, its state must be of size at least Q(N/t?) = Q(n'=2/Fd'=2/Pc=2), as desired.

Finally, we briefly sketch our improvement to the lower bound for the ¢2(¢y)(A) problem, see, Section 3
of [33] for an Q(nl/ 2) lower bound. The authors use a 2-player lower communication problem to achieve this
lower bound: Alice gets as input n strings x1, ..., x, € {0,1}%, while Bob gets as input n strings y1, . ..,y €
{0,1}™. The players are promised that either for all i € [n], ||x; — y;||1 < 1, where || - ||; denotes the 1-norm,
or there is a unique i € [n] for which ||z; — ;|1 = d and for all j # 4, ||z; — y;||i < 1. The authors use
the direct sum theorem with a collapsing distribution 1", and show a lower bound of 2(n/d). For d = n'/?,
they show that a streaming algorithm obtaining a constant factor approximation to ¢5(¢y)(A) can decide which
case the players are in, thereby establishing an Q(nl/ 2) lower bound for the streaming algorithm. By instead
setting d = (en)'/2, the same analysis shows that a streaming algorithm providing a (1 + ¢)-approximation to
£5(£p)(A) can decide which case the players are in, establishing the stronger Q(n'/2 /£1/2) lower bound.

We can instead set d = en'/2, and introduce a third player Charlie. Charlie holds a bit ¢ € {0, 1} together
with an identity of a row of A, that is, an index j € [n]. We append each row of the matrix A with n'/2 additional
zeros, so A is now n x (1 + £)n'/2. If Charlie’s input bit ¢ = 0, then the output is £5(£o)(A), where A is the
matrix determined by Alice and Bob’s input padded by zeros. If the bit ¢ = 1, Charlie inserts n'/2 ones on the
last n'/2 entries in the j-th row. One can verify that a streaming algorithm providing a (1 + €)-approximation
to ¢2(¢y)(A) applied before Charlie inserts his ones (in the case that his input bit ¢ = 1) together with a
(1+4¢)-approximation to 2 (o) (A) applied after Charlie inserts his ones, can solve the 2-player communication
problem between Alice and Bob with d = en!/2. Using similar arguments to those in [33] for the 2-player game
in conjunction with our arguments above for modifying the information-theoretic arguments to account for the
new player Charlie, this 3-player game results in the stronger Q(n/d) = Q(n'/? /e) lower bound. As this proof
is quite similar to the proofs already given for F}, and ¢, (¢,), we omit further details.
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