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Abstract

A plane electro-elastostatic problem involving arbitrarily located
planar stress free cracks which are electrically semi-permeable is con-
sidered. Through the use of the numerical Green’s function for imper-
meable cracks, the problem is formulated in terms of boundary integral
equations which are solved numerically by a boundary element proce-
dure together with a predictor-corrector method. The crack tip stress
and electric displacement intensity factors can be easily computed once
the boundary integral equations are properly solved.
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1 Introduction

In the 1970s, Snyder and Cruse [20] pioneered the approach of using special
Green’s functions (modified fundamental solutions) in the boundary inte-
gral method for solving crack problems. They derived an analytical Green’s
function for a stress free planar crack in an infinite orthotropic elastic space
and applied it to analyze the stress distribution around the crack in a body
of finite extent. The work in [20] was subsequently extended by other re-
searchers to solve more complicated crack problems (see, for example, Ang
2], Ang and Clements [3] and Clements and Haselgrove [8]). The main ad-
vantage of the Green’s function approach is that the singular behaviors of
the stress at the crack tips are accurately captured in the boundary integral
formulation of the crack problem. Furthermore, through the use of an ap-
propriate Green’s function, no integration over the crack faces is required in
the boundary integral method.

In general, Green’s functions for cracks with arbitrary geometries, config-
urations and boundary conditions are, however, difficult (if not impossible)
to derive analytically. To solve a wider range of crack problems, Telles,
Castor and Guimaraes [18] and Guimaraes and Telles [15] proposed a nu-
merical hypersingular integral approach for deriving the required Green’s
function. Such a numerical Green’s function approach was also used by Ang
and Telles [4] to solve an elastostatic problem involving multiple interacting
planar cracks in an anisotropic body.

Recently, Athanasius, Ang and Sridhar [5] extended the analysis in [4] to
a plane electro-elastostatic crack problem, deriving numerical Green’s func-

tions for arbitrarily located stress free planar cracks which are either electri-



cally impermeable or permeable. In the present paper, the numerical Green’s
function for the impermeable cracks is used to obtain boundary integral equa-
tions for multiple stress free electrically semi-permeable cracks. Because of
the electrically semi-permeable conditions on the cracks, the boundary inte-
gral equations contain integrals whose integrands are given by a nonlinear
function of the crack opening displacement and the electrical potential jump
on the cracks. The boundary integral equations can be solved by using a
simple numerical procedure if the crack opening displacement and the elec-
tric potential jump are known. Those physical quantities on the cracks are,
however, not known a priori. A predictor-corrector approach which iterates
to and fro estimating the crack opening displacement and the electrical po-
tential jump and solving the boundary integral equations is presented here
for the numerical solution of the semi-permeable crack problem.

A brief review of existing boundary integral approaches for solving piezo-
electric crack problems may be appropriate at this juncture. Analytical
closed form Green’s functions which can be used to derive boundary element
solutions for a single stress free planar crack which is either impermeable or
conducting (permeable) are given in Rajapakse and Xu [17]. Garcia-Sanchez,
Saez and Dominguez [12] and Groh and Kuna [13] presented numerical pro-
cedures based on boundary integral equations derived by using fundamental
solution which does not satisfy the boundary conditions on the crack faces.
In [13], opposite crack faces were modeled by using the so called subdomain
technique and quarter-point elements were employed to deal with the singu-
lar behaviors of the stress and electric displacement at the crack tips, while
a dual (mixed) boundary integral formulation was used in [12] with the con-

ditions on the cracks treated by a differentiated form of the usual boundary



integral equations. Some earlier works on boundary element methods for elec-
troelastic crack problems include Ding, Wang and Chen [10], Gao and Fan
[11], Pan [16] and Xu and Rajapakse [19]. The boundary element solutions
in the references above are mostly for impermeable and conducting cracks.
It appears that the only boundary element treatment of the semi-permeable
crack problem is given in Denda [9]. In [9], the whole crack singular element is
employed together with an iterative scheme to treat a single semi-permeable
crack in a piezoelectric solid. The iterative procedure is different from the

one adopted in the present paper.

2 The problem

With reference to a Cartesian co-ordinate frame denoted by Oxixsx3, con-
sider a homogeneous piezoelectric solid whose geometry does not vary along
the x3 axis. The interior of the solid contains M arbitrarily located planar
cracks. The exterior boundary of the solid is denoted by B and the k-th
crack by v*). The cracks do not intersect with one another or the exterior
boundary B. On the Ox;x5 plane, the boundary B appears as a simple closed
curve and the crack ) as a straight cut with tips (), 5®)) and (c®, d®)).
For our purpose of the analysis in the present paper, v*) may be regarded
as a straight line segment between (a®), b)) and (c®, d®)).

Either the displacements or the tractions and either the electric potential
or the normal electric displacement are prescribed at each and every point on
B. The prescribed conditions on B are independent of the spatial coordinate
x3 and time t. The cracks are assumed to open up and become stress free

under the prescribed boundary conditions. They are also assumed to be



electrically semi-permeable. Mathematically, the stress free conditions on

the cracks are given by
Uij($1,$2)m§k) — 0as (z1,22) — (y1,92) €y for k=1,2,--- M, (1)

and the electrical conditions for semi-permeable cracks as proposed in Hao

and Shen [14] are given by

Dj(x, xg)m§k)Aup(x1, :UQ)mg“) = —€.Ap(x1,x2)

for (z1,22) € ¥® for k=1,2,--- | M, (2)

where €. is the permittivity of the medium filling the cracks, o;; and D; are

respectively the stresses and the electric displacements, [mgk),mgk),mgk)] =
[(d®) —b®)) /¢®) (q®) — k)Y /¢®) 0] is a unit normal vector to the crack y*),

¢*) is the length of v*) (that is, £*) = /(d® — b(*))2 + (a®) — c®))2), Ag

is the jump in the electric potential ¢ across opposite crack faces as defined

by

Ad(ar,w2) = lim[g(wr — elmi”, v — |elm{”)
— g1 + lelmi, @ + |elmy?))

for (z1,22) € ’Y(k)a (3)

and Au,, is the jump in the displacement u,, across opposite crack faces, that
is,

) xg — |ejm$?)

Aup(1, 2) = lim[u (21 — |e|mi’
— up(y + elmi”, x5 + |elmy”)]

for (z1,x5) € v¥). (4)



The usual Einsteinian convention of summing over a repeated index applies
here for Latin subscripts running from 1 to 3.
The problem is to determine the displacements uy and the electric poten-

tial ¢ throughout the cracked piezoelectric solid.

3 Equations of electroelasticity

The governing partial differential equations for the displacements uj and the

electric potential ¢ in the piezoelectric solid are given by

e Lk OO
P or 0, P Ox0z,
82uk 82¢
I oz 0r, P 0n;0m, 0 (5)

where ¢;jip, €pij and k;, are the constant elastic moduli, piezoelectric coeffi-
cients and dielectric coefficients respectively.

The constitutive equations relating (o, D;) and (uy, ¢) are

Tij = Cijkp g~ T Epij .
p p

Dj = ejrpy— — Kipz_— (6)
p p

Following closely the approach of Barnett and Lothe [6], one may let

ool for J=5=1,2,3,
77 ¢ for J =4,

[ Oij forI:i:1,2,3,
7 Dy for I =4,

Cijp for I =1=1,2,3and K =k =1,2,3,
epij forI=i=1,2,3 and K =4, (7)
ejgp forl=4and K =k=1,2,3,

—Kjp for I =4 and K = 4,

Crikp =



so that (5) and (6) may be written more compactly as

0*Uk
CIijW =0 (8)
and
ou
Srj = CIij—axK (9)
P

respectively. Note that the uppercase Latin subscripts have values 1, 2, 3
and 4. Summation is also implied for repeated uppercase Latin subscripts
running from 1 to 4.

The general solution of (8) can be written as

UK(QIl,.I‘Q) = Re{z AKafa(Za)}v (10)

where Re denotes the real part of a complex number, f, are analytic functions
of z, = £1+ 7422 in the domain of interest, 7, are the solutions, with positive

imaginary parts, of the 8-th order polynomial (characteristic) equation
det[Crix1 + (Crikas + Crax1)T + Cragat?] = 0 (11)
and Ag, are solutions of the homogeneous system
[Crik1 + (Crike + Crag1)Ta + Craram2]Age = 0. (12)

Physical constraints on Cyjk, ensures that the characteristic equation (11)
admits solutions which occur in complex conjugate pairs (Barnett and Lothe
[6]). It is assumed that we can find 71, 79, 73 and 74 such that an invertible
4 x 4 matrix [Ak,| can be constructed from (12). For a certain degenerate

case in which the deformation of the material is isotropic, it may not be



possible to construct [Ax,| which is invertible. For such a case, a very small
perturbation may be introduced into the elastic constants of the material to
construct invertible [Ak,] (as shown in Athanasius, Ang and Sridhar [5]).

The generalized stress functions Sy, corresponding to (10) are given by

Sis = Re{> " Lijafilza)}. (13)

where the prime denotes differentiation with respect to the relevant argument

and

Lija = (Crjk1 + 7aCrjk2) Aka- (14)

4 Boundary integral equations and numerical
Green’s function

If the generalized elliptic system in (5) holds in a two-dimensional region R

with boundary OR then

)\<51a§2)UK(f1afz):/ [UI($1,$2)F1K<$17332$§1:52)

OR
— Pr(x1,22)Pri (21, 225 §1, &5)|ds (21, 22), (15)

where A(&1,&,) = 1 if (£;,&,) lies in the interior of R and A(&,§,) = 1/2 if
(€1,&5) lies on a smooth part of OR, Pr(z1,z2) = Sij(z1,x2)ni(z1,22), n; is
the x; component of the unit normal outward vector to the boundary JR,

the functions ®rg(x1, x2; &4, &,) and Uix(x1, x9; &, &) are given by

Pprs(w1,22;61,&5) = q’%@law;&,ﬁz) + q’%19(9317932;€1a§2)7

4
Phog (21, 72; €1, 6,) = % Re > {ApaNos In([z1 — &) + 7alr2 — &])} dys,
a=1

0
FIK(%, Ta; 517 52) = CIsznj(l“l, 962)87[@3}((331, T2, 517 52)]7 (16)



the matrix [N,s] is the inverse of [Ax,], d;s are real constants defined by

4
Im{z LisaNar}dry = 014, (17)

a=1
01y is the Kronecker-delta and @gg(zl, x9;&4,&,) is any function such that

25
CIJKpg on, =0 for (z1,z2) in RUOR. (18)

Note that Im denotes the imaginary part of a complex number. For details
on the derivation of (15), refer to Clements [7].

For the problem stated in Section 2, the boundary consists of the outer
boundary B and the faces of the cracks y(1), 42 ... AWM= and (M) Thus,

the boundary integral equations in (15) may be rewritten as

e E)Uk(EEy) = / Us(s, 22) T (1, 22361, £3)

B
—Pr(z1,22)Prrc (21, 25 &4, &) ]ds (21, 22)

+Z/ (AU (21, 22)T1xc (21, 25 €4, &)
—PI(fBl,xz)A‘I)IK(iUL332,51752)](13(371a332)» (19)

where AUj(x1,x9) is the jump in the generalized displacements across op-
posite crack faces defined in (3) and (4), y(f) (the “upper face” of the crack
7)) is taken to be the straight line from (a®),b®) to (c®),d*)) and
APy (w1, 22; €1, ) = lim [P (21 — elm{?, 25 — [e[m{7;€,, &)
— ®ygc(wn + elm 2y + [e[m?; €, &)
for (z1,x5) € v¥. (20)

Now if the Green’s function @i (x, xs; &, &) is chosen such that

Lrrc(21,72;€1,6,) = 0 for (z1,22) € V(k)> (21)



then (20) together with (1) and (2) gives

AMé1,62)Uk(61,65) = /[UI($17$2)F1K($173¢2;§1752)

B
—Pr(z1,22)Prr (21, 225 &1, &) ]ds (21, 22)

M 1
1 n
500 [ DUmaRRe. g, (22)
n=1 -
where AN (E€1,6,) = ADuc(X{" (), X5 (1):61,,), 2X{7(t) = [™) +
a™] + [¢™ — ™1t 2X57 (£) = [d™ + b™] 4 [d™ — p®™)]¢ and

e AUL(X (1), X5 (1))

DM (t) = — :
AU (X (), X5 (#))ymi™ + AU(X 7 (8), XV (8))mS™

(23)

The function @%]S(azl, x9; &y, &5) chosen to satisfy (21) can be constructed
numerically as explained in Athanasius, Ang and Sridhar [5]. Specifically,

@g}s(xl, x9; &1, &,) is approximately given by

®%2<$1,I2;£1,£2) = _Zﬁ(n/ A®P5t517£2)
) A (1, w03 X (8), XSV ())dt,
ARTY(t:€,,6,) = A@PS<X"<t>, Yt):61,6,)

=~ Vl_t2z¢ 51752 ()7 (24)

where A%)(xl, T2;Y1,Y2) is defined by

(n) TI]osz( ™)
A7g (1, 025 Y1, y2) _——R Z o1 — ]+ 7 [ﬂfz—yz]} (25)

Trias = LijaNardrs, U9 (x) = sin([j + 1] arccos(z))/ sin(arccos(x)) (=1 <
x < 1) is the j-th order Chebyshev polynomial of the second kind and

10



(m 2/ (€,,&,) are determined by solving the system

J
- Zﬁrﬁb (€1,62) XPKU(] 1)( ())

J M
30D b6 &) / VI U D @)Y (0, 60)do
j=1 n=1

n#q
= AL (XD (D), X3 (tD), £, €,)
fori=1,2,---,J, K=1,2,3,4, S=1,2,3,4and ¢ =1,2,--- , M, (26)

where t® = cos([2i — 1)7/[2J]), X\9 and Y22 (v, t) are defined by

(@), (9)
(@) __ l E 9 QPKrjamr mj
Xpx = _Re Zl{ (@ — a@) + 70(d@ — p@ )]2}

n)

1 o QPKr 'amg’ D
Y("‘I) t)= —R - ]
prc (00 = ez_;{ E00(0,1) + 7000 (0, )

with 209 (v, 1) = XM () — X9@1), 0w, 1) = X" () — X39(t) and

Qpkrija = (Crrnt + TaCkri2)TPjar-

5 Numerical procedure

A numerical method based on the boundary integral equations in (22) to-
gether with the Green’s function defined by (16) and (24) is given below for

solving the crack problem stated in Section 2.

5.1 Boundary elements

From the given boundary conditions on the exterior boundary B, either U; =
u; or P =p; for I =i =1,2,3, and either Uy = ¢ or P, are known at each

and every point on B. If D™ (t) is assumed known, the boundary B and

11



the integral equations (22) can be discretized to determine approximately
the unknown generalized displacements U; and/or tractions P; on B. To
do this, the boundary B is approximated using N straight line segments
denoted by BM, B@ ... BW-1 and B™) Across the segment B(™ the
displacements U; and the tractions P; are approximated by constants U I(m)
and PI(m) respectively. Through approximating (22), the unknown constants
on the boundary elements U I(m) and/or tractions Pl(m) can be determined
from the system of linear algebraic equations
1 N

§UI((m) - ZUI(H) /B( )FIK($1,CU2;§§m)a ém))ds(xl,@)

n=1
N

- ij(n) /( )©1K($17$2;§§m); ém))ds(xl,@)
n=1 B

1

M
1 n m m
320 [ DA e, ¢
n=1 -

form=1,2,---, N, (28)

where (€™, ¢™) is the midpoint of B(™),

From (24), the last integral in (28) can be approximated as
1
| pOwaene ar
-1

J . 1 '
= Y AP ) [ VIZRUO oI ma (29
i=1 !
The integral whose integrand is given byy/1 — 2UU~(t) D™ (t) can be eas-

ily and accurately computed by using the numerical quadrature formula

(25.4.40) listed in Abramowitz and Stegun [1] if the function D™ (t) is known.

12



5.2 Generalized crack opening displacements

Once U I(m) and Pl(m) are all known, the generalized crack opening displace-
ments on the crack 7™, that is, AU (t) = AUp(X™ (1), XSV (1)) for —1 <
t < 1, can be computed numerically. Specifically, AU I(Jn)(t) is given approxi-
mately by

J
AU (t) = VT =12 P ut-n(e), (30)

j=1
where the constants wﬁ;”' ) are determined by the system of linear algebaic

equations

J
-3 ()
j=1

J M ' 1 ' )
=30 [ VIR (o,
j=1 n=1 -
n#q

= St fori=1,2,---,J, K=1,2,34and g =1,2,--- , M, (31)

where t® = cos([2i — 1]7/[2J]) as in (26) and S}?) (t) is given by

N
n a 1
S (t) = ZCKszmg'q)/ (P g[q’%(iﬂl,xz,fbﬁz)]
=1 B s (€1,62)=(X {7 (£),x{V (1))

0
5 tds(xy, z2)
Es (61,62)=(X (1), X2 (1)

+ 64 DD (). (32)

— U](n) [F[Illli(xbl’%glagQ)]

For an idea on how (30), (31) and (32) may be obtained, one may refer to
Athanasius, Ang and Sridhar [5].

13



5.3 Iterative solution

From (23), the function D™ (t) is given by an expression which is a nonlinear
function of the generalized crack opening displacements AUl(") (1), AUZ(") (t)
and AU, in) (). Thus, it is an unknown function to be determined in the process
of solving the crack problem under consideration. An iterative procedure for

solving the problem is given in the steps below.

1. Make a guess of D™(t). If a solution of the problem for some value
of €. which is close to the desired permittivity of the medium filling
the cracks is known, it can be used to provide an initial estimate of
D™(t) through the formula (23). For a cold start, D™ () = 0 which
corresponds to the case of impermeable cracks may be used. Go to

Step 2.

2. Solve (28) for the unknown generalized displacements U; and/or trac-
tions P; on the exterior boundary B using the latest estimate of D™ (¢).

Go to Step 3.

3. Solve (31) for ¢§§ using the latest values of U ) and P Jand use (23)
and (30) to obtain a new estimate of D™ (t), that is,

DM () = —e{D_ i UII0ID D MU (t)m{) (33)

p=1 j=1

Check whether the newly obtained values D™ (t®)) (t® = cos([2i —
1|r/[2J]) for i =1, 2, ---, J) agree with the previous values to within
a specified number of significant figures. If the required convergence is

not achieved, go back to Step 2.

14



In Step 2, (28) gives a system of 4N linear algebraic equations in 4N
unknowns, that is, it can be written in the matrix form AX = B, where A
and B are respectively known 4N x 4N and 4N x 1 matrices and X is an
unknown 4N X 1 matrix. The square matrix A does not change during the
iterations between Steps 2 and 3. Similarly, the square matrix in the linear
system of algebraic equations in (31) for determining ¢§§”’ ) in Step 3 remains
the same throughout the iterative procedure. Thus, those square matrices
have to be set up and processed only once for solving the systems of linear
algebraic equations.

Note that the iterative procedure proposed above differs from the one
given in Denda [9] for a single semi-permeable crack. In [9], the jump in the
electric potential over the impermeable crack is first obtained. This jump in
electric potential is then progressively decreased to zero over the entire crack
by gradually changing the value of a control parameter p. For each value of
p, the solution for the corresponding permeable crack is used to compute the
normal electric displacement and the generalized displacement jumps over
the crack in order to estimate the permittivity ¢, which corresponds to the
control parameter p. Physical quantities of interest such as the generalized
stress intensity factors may then be plotted against e.or p. The desired
solution for any other value of e, is finally obtained through interpolation.
For each value of p, the approximation of €. from the solution of the permeable
crack may, however, contain some errors, particularly for the case in which
the crack lies in a body of finite extent, and further investigation is needed
to improve the algorithm in [9].

Our iterative approach here is a more direct one. The numerical Green’s

function for the impermeable cracks is used in each iterative step and the

15



iteration is between the calculation of the generalized displacements and
tractions on the exterior boundary and the normal electric displacements on
the cracks. As explained above, for any desired value of €., we start with an
initial guess of the normal electric displacement D™(t) and iterate until the
change in D™(t) is sufficiently small. As shown in the numerical examples,
convergence to the final solution may be slow for e.which is relatively large.
The convergence may, however, be improved significantly by replacing (33)

with (45), that is, by introducing a relaxation parameter w.

6 (Generalized stress intensity factors

At the tips (a™,b™) and (¢, d™) of the n-th crack v, define the stress
and electric displacement intensity factors:

(n)
Kr(a™,b™) = lim \/%\/—2<t+1><slj<X£”><t>,X§"><t>>m§">

t——1—

S0, (X (1), X5 (£))mSym'™,

E(TL) n n n
Krp(@™,60) = Tim /== /=2 + 1(Sy,(X{" (1), X5 (1))my”

t——1—

— Sy (X (t), X5 (£))ym{ym™

/6(” n n) n
Krrr(a™,p™) = —/—2(t + 1) S34( X( t), X5 ' (t)) § ),

t—» 1*

E(" n) n
Klv(a(n)ab(n)) = lim ) —=/ =20 + 1)54;(X;7(2), X5 (1)) g )’

t——1—

Ki(e™, d™) = hmw \/ D)(Sy; (XM (1), X5 (t))ym{™

t—1t

+S; X<”<>X2 (t)my" >m§">,

16



KH(C(”),d(” = hm\/ \/ (t—1)(S1,;(X X(n)()) gn)

t—1+

—Sa;(X} <>,X§"><t>>m§ ’>m§">,

) n n
Krrr(e,d™) = Tim /== /2(t = 1), (X[ (1), X5 (0))m]”,

t—1+t
Kry(e™,d™) = lim \/ Y /ot 1Sy (XM (1), X" ()ym\™. (34)
Once the constants 1 Ifj in (30) are determined, the generalized stress

intensity factors can be computed by

e o
Ki(a™,50) = /= a(plmi” + xipamy”) Zw“zﬂ“ ),
¢ !
Ki(a™,p™)  ~ - r(xWmd — Wl Z P yE-1(—1),

KHI(a(n); b(n)) ~ 4 / WXPB Zd} nj) U(J 1) )’

R R LN )
j=1

() w) ()

KI(C(n)ad(n)) = o T(Xpimy +XP2 Zw(’” +1),
n n E(n) n n

KII(C( ), d )) = 5 7 (Xgn)mé - szml Z@D( & +1),
() gn) 0 ) S~ i) G-1)

Kppr(e™,d™) ~ — 5 TXP3 pr UY=7(+1),
j=1
() gn) 0 () 1)
K (™, d"™) ~ — —5 TXpi Z@DP UV (+1) (35)



7 Specific problems

The numerical procedure in Section 5 is applied here to some specific prob-
lems involving semi-permeable cracks in piezoelectric solids.

Let us first consider a single crack —a < z; < a, xo = 0, in the square
region —h < x; < h, —h < x3 < h, where a and h are given positive
constants. The boundary conditions on the exterior boundary B are given

by

P, = 0Oand Ps=0o0n B,
Ty for —h <z <h, vo =h,
P, = —Ty for —h<x <h, v9 = —h,
0 for —h <xy < h, 1 = *£h,

Dy fOI"—h<ZL’1<h,ZB2:h,
P = —Dy for —h<x <h, r9=—h,
0 for —h <xy < h, 1 = *h,

where Ty and Dy are given positive constants.
The electrical poling direction is taken to be along the x5 direction with

the constitutive equations given by

o = Ay + Fryg + Nygs — e2Es,

02 = I+ Cvygy + Fryss — esbo,

o33 = Ny + Frygy + Ayss — e2Ep,

O30 = 2Lv3 —e1Es,

o1 = (A= N)7s,

o129 = 2Ly, —e1Ey, (36)
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and

Dy = 2e1y9 + €1 E1,

Dy = eyyin +esvan +eyz3 + e2by,

D3 = 2e1749 + €1E3, (37)
where 2v; = Ouy/0x;+ Ou;j/0x), and Ey = —0¢/0xy. Note that 33 = 0 and

E3 = 0 here since u; and ¢ are independent of xs.

It follows that the non-zero coefficients Cr,x, are

Ciinn = Cs333 = A, Cizz = Cs311 = N, Cogop = C,

Criza = Caoa11 = Coazz = O30 = F,

Cr212 = Ca112 = Ca121 = Clza1 = Coza3 = C3293 = C3a32 = Cazzp = L,
Ciz13 = C3113 = C3131 = Cl331 = %(A — N),

Co1a1 = Craa1 = C343 = Co343 = Cp121 = Can12 = Cluzzo = Cluzaz = ey,
Cria2 = C3342 = Cya11 = Cozz = e,

Cozaz = Cuzoz = €3, Cpia1 = Cyzaz = —€1, Cpagp = —é€a. (38)

and the matrix [Ag,] can then be obtained by finding non-trivial solutions

of the homogeneous systems
(A+ L72) Aig + (F 4+ L) ToAoa + (€1 + €2) TaAsa = 0,
(F+ L) 7oA+ (L +C72) Age + (61 + €372) Ase = 0,
(5(A~N)+ L) Ase = 0,
(e1+ €3) T A1 + (61 + eg'ri) Age + (—61 — 6272) A = 0,  (39)

where




and 71, 79 and 74 are solutions (with positive imaginary parts) of the sextic
equation in 7 given by

A+ Lt (F+ L)t (eg+e)T
det (F + L)T L+ CT2 €1 + 637’2 =0. (41)
(e1+e)T e1+e3m? —e — €72

For a = 3, a non-trivial solution of (39) which forms the third column of

the matrix [Ag,] is given by

A23 . 0
Az || 1 (42)
A43 0

For a = 1, 2 and 4, if (A+ LT2)(L + C72) — (F + L)*12 # 0, we may take
Aszq =0 and Ay, =1 and find A, and Ay, by solving

(A+ L72) Ao+ (F+ L) ToAsq = 0,

(F+L)ToAia+ (L+C712) Ay = 0, (43)

in order to construct the first, second and fourth columns of the matrix [A x4
For illustrative purpose, we use the material constants of a class of PZT4

piezoceramics in our calculation, that is,

A=139x10" N =778 x 10" F =7.43 x 10,

C =11.3 x 10", L =2.56 x 10,

e1 = 13.44, ey = —6.98, e3 = 13.84,

€1 =060 x 1071 e =54.7x 107, (44)

The values of A, N, F, C and L above are in N/m?, e, e; and e3 are in
C/m?, and €; and €; are in C/(Vm). The load ratio is taken to be given by
Do/Tg =101 C/N
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Table 1. Numerical and analytical values of Ky (a,0)/(Dg+/a) for selected val-
ues of €. Ty/D3.

€.To/D3 | Numerical | Analytical

0 1.00006 1.00000
0.001 1.00013 1.00007
0.01 1.00074 1.00068
0.05 1.00346 1.00339
0.1 1.00683 1.00677
0.2 1.01353 1.01346
0.5 1.03323 1.03314
1 1.06478 1.06467

5) 1.27215 1.27151
10 1.45431 1.45496
20 1.69190 1.69216
50 2.02325 2.02027
00 2.53459 2.53300

For the limiting case in which h/a — oo (the case of a piezoelectric solid
of an infinite extent), an analytical solution of the problem can be derived as
shown in the Appendix, if the electric displacement D, can be assumed to
be a constant on the crack. To check the validity of the iterative scheme pro-
posed in Section 5 for electrically semi-permeable cracks, the numerical elec-
tric displacement intensity factor Ky (a,0)/(Doy/a) (at the crack tip (a,0))
obtained from the iterative scheme using h/a = 30, 40 equal length elements
and J = 10 (10 collocation points on the crack) are compared in Table 1
with the exact one extracted from the analytical solution in the Appendix
for various values of the non-dimensionalized permittivity e.Tp/D3.

It is clear there is a good agreement between the numerical and ana-

lytical values of Ky (a,0)/(Dgy/a) in Table 1. The numerical values are
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obtained by gradually increasing €.Tp/DZ. For example, to solve the prob-
lem e.Tp/DZ = 10.0, the solution for €.7p/D3 = 5.0 may be used as an initial
solution to find the numerical solution for €. Tp/ D2 = 5.50. Subsequently, the
solution for €. Ty/D3 = 5.50 is used to obtain the solution for €.Tp/D3 = 6.0.
The value of €. Ty/D3 is gradually increased by 0.5 until the final solution
for €.Tp/ D3 = 10.0 is obtained. For smaller €.7y/ D2, the required numerical
solution may be obtained in three or four iterations. (In the iterative scheme,
the convergence criterion used is that the values of D™ (t) (at the colloca-
tion points on the crack) as calculated in (33) do not change by more than
0.5% in two consecutive iterations.) For . Tp/D2 > 10, D™ (t) as calculated
using (33) may converge very slowly or in an oscillatory manner. For larger
e.To/ D3, the convergence of the solution may be improved significantly by

modifying (33) for updating D™ (t) as

J 2 J
D(”)(t) — _MEC{ZQ/JEL"J)U(J' 1) szé)ﬂ] yU-1 m1() )]*1
=1

p=1 j=1

+(1—w)DI () (45)

where Dl(:S)t(t) is the approximation of D™ (t) in the last iteration and w
is an appropriately chosen relaxation parameter. Using w = 1/2, we man-
age to obtain convergence for D™ (t) for up to e.Tp/D? = 50. (The values
of Kry(a,0)/(Doy/a) in Table 1 for €.Ty/D3 = 20 and e.Ty/DZ = 50 are
computed by using w = 1/2.) The numerical value of Ky (a,0)/(Dgy/a) in
Table 1 for €.Ty/ D3 — oo is obtained directly by using the numerical Green’s

function for permeable cracks as given in Athanasius, Ang and Sridhar [5].
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Figure 1. Plots of Ky (a,0)/(Dg/a) against D3 /(e Ty) for h/a =5, 10
and 30.
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Figure 2. Plots of Dy(z1,0)/Dy against —1 < z1/a < 1 for selected values
of h/a with €. T/ D3 = 0.01.

In Figure 1, K1y (a,0)/(Dgy/a) is plotted against DZ/(e.Ty) for h/a = 5,
10 and 30. For a fixed h/a, Ky (a,0)/(Doy/a) decreases in magnitude and

tends to a limiting value as D32/(e.Tp) increases. Note the effects of the
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exterior boundary of the piezoelectric solid on Ky (a,0)/(Dgy/a). For a
particular D3/ (e.Tp), when the boundary is closer to the crack, it appears
that K;y(a,0)/(Dgy/a) has a higher magnitude.

In Figure 2, plots of Ds(z1,0)/Dy against —1 < z1/a < 1 are given
for e.T/D3 = 0.01 and selected values of h/a. For smaller values of h/a, it
may be necessary to employ a larger number of boundary elements. For the
numerical calculation to obtain the plots in Figure 2, up to 80 elements are
employed on the exterior boundary. For larger values of h/a, such as h/a =5
and h/a = 10, Dy(z1,0)/Dy is almost a constant over —1 < z1/a < 1. This
observation is consistent with the assumption of constant D, over the crack
used in the derivation of the analytic solution for h/a — oo (see Appendix).
For smaller values of h/a, the variation of Dy(x1,0)/Dy over —1 < z1/a < 1
is more prominent. The value of Dy(x1,0)/ Dy is minimum at the center of
the crack and increases towards the tips, as the field lines of Dy perpendicular
to the crack always tend to deviates towards the tips.

Figure 3 shows the variation of Dy/Dy along the crack for h/a = 30 and
selected values of €. T'/D3. Tt can be seen that Dy/Dj has a bigger magnitude
for a higher value of €.Ty/D3. This is as expected because there is a lower
resistance to the electrical conductance if the permittivity in the crack is
higher.

Figure 4 gives plots of DyA¢(x1,0)/(2hT) against 0 < zy/a < 1 for
h/a = 30 and some selected values of €.Ty/DZ. As may be expected, the value
of DoA¢(x1,0)/(2hTh) at each point on the crack increases with decreasing
e.To/D3.
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Figure 3. Plots of Dy(21,0)/Dy against —1 < z1/a < 1 for selected values
of €.Ty/ D3 with h/a = 30.
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Figure 4. Plots of DyA¢(x1,0)/(2hTh) against 0 < x1/a < 1 for some
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Figure 5. Three parallel cracks in a square domain.

For another problem, let us consider three parallel cracks y(!), v and

73 in the domain —h <

< h, —h <z < h, where h is a given positive

constant. The crack v lies in the region —a < x1 < a, x5 = 0, ¥® in

—b<z; <b xy=d,and ¥® in —b < 1 < b, x5 = —d, where a, b and d are

given positive constants. Re

fer to Figure 5.

The boundary conditions on the sides of the square domain are given by

P =45; )
P, = +£Tj
PgIO
P4::|:D0)
=0 )
PQZZESO
PgZO
P4:0

for —h < x; < h on xy = *£h,

for —h <xy < honx = +h, (46)
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where Sy, Ty and Dy are given positive constants.

The constitutive relations are as before in (36) and (37). For the purpose
of computation, the loads Sy, Ty and Dy are given the ratios Dgy/Ty = 10710
C/N and Dy/Sy = 107° C/N and the material constants in (44) are used.

For fixed h/a = 30 and b/a = 1, in Figures 6, 7 and 8, K;(a,0)/(To\/a),
Kii(a,0)/(Sov/a) and Ky (a,0)/(Dov/a) (at the tip (a,0) of the center crack)
are plotted against d/a for some values of €.Ty/D3 including €. Tp/D2 = 0
(impermeable cracks) and €.Ty/ D32 — oo (permeable cracks). The calculation
for €.Ty/D} — oo is carried out using the numerical Green’s function for

permeable cracks in Athanasius, Ang and Sridhar [5].
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Figure 6. Plots of K(a,0)/(Ty\/a) against d/a for €. Ty/ D3 = 0,
e To/D2 =1 and €. Ty/ D3 — oo with h/a = 30 and b/a = 1.
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Figure 7. Plots of K;r(a,0)/(Sov/a) against d/a for e.Ty/DE = 0,
eTo/D2 =1 and €. Ty/ D3 — oo with h/a = 30 and b/a = 1.
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Figure 8. Plots of Ky (a,0)/(Dgy/a) against d/a for €. T,/ D2 = 0,
eTo/D3 =1, €Ty/DE =5 and €. Ty/ D2 — oo with h/a = 30 and b/a = 1.

28



In Figure 6, the graphs of K;(a,0)/(Ty+/a) for e.Ty/D2 =0, e.Ty/D3 =1
and €.Tp/D? — oo are visually indistinguishable. Similarly, there is no dis-
tinction between the graphs of Ki;(a,0)/(Soy/a) for e.Ty/ D3 = 0, e.Ty/DE =
1 and €.1p/D2 — oo in Figure 7. It appears that the permittivity of the
medium filling the cracks has no significant effect on K;(a,0)/(Toy/a) and
Kii(a,0)/(Sov/a). In Figure 8, however, the magnitude of Ky (a,0)/(Dg+/a)
appears to increase with €.7p/D3. Note that the non-dimensionalized stress
intensity factors Kj(a,0)/(Tpv/a) and Kjr(a,0)/(Sov/a) in Figures 6 and 7
are close to unity for large d/a. This is as expected since Kj(a,0)/(To\/a)
and Kjr(a,0)/(Sp+/a) should both be unity for the corresponding case of a

single crack in an infinite piezoelectric space.
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Figure 9. Plots of K;(a,0)/(Ty\/a) against b/a for e, Ty/ D32 = 0,
eTy/DE =1 and €. Ty/ D3 — oo with h/a = 30 and d/a = 1.
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Figure 10. Plots of K;7(a,0)/(Sp\/a) against b/a for €. Ty/ D3 = 0,
eTy/D% =1 and €. Ty/ D3 — oo with h/a = 30 and d/a = 1.
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Figure 11. Plots of Ky (a,0)/(Dg/a) against b/a for €.Ty/ D3 = 0,
eTo/D3 =1, eTy/DE =5 and €. Ty/ D3 — oo with h/a = 30 and d/a = 1.

For fixed h/a = 30 and d/a = 1, Figures 9, 10 and 11 show the plots

of K;(a,0)/(To\/a), Kir(a,0)/(Sov/a) and Ky (a,0)/(Doy/a) against b/a
(0 < b/a < 1) for various values of eTy/D3. As in Figures 6 and 7,
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Ki(a,0)/(Tov/a) and Kis(a,0)/(Soy/a) for €.To/DE — oo in Figures 9 and
10 are not distinguishable from the corresponding non-dimensionalized in-
tensity factors for €.Tp/D% = 0 and e.Ty/D3 = 1. For very small b/a,
Ki(a,0)/(Toy/a) and Kir(a,0)/(Soy/a) are close to one. This is consistent
with the observation in Figures 6 and 7 that the non-dimensionalized inten-
sity factors are close to one for larger d/a.

For fixed €.Tp/D2 =1, h/a = 30 and d/a = 1, Figure 12 shows the varia-
tion of Ds/Dy along the center crack and various values of the crack length
ratio b/a. It appears that as b/a increases the non-dimensionalized normal
electrical displacement D,/Dy becomes larger in magnitude and exhibits a

greater variation over the center crack.
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Figure 12. Plots of Dy(x1,0)/ Dy against x1/a for various values of b/a
with €. Ty/D% =1, h/a =30 and d/a = 1.
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8 Summary

An iterative method based on the electro-elastostatic boundary integral equa-
tions together with the numerical Green’s function for impermeable cracks
(as derived in Athanasius, Ang and Sridhar [5]) has been successfully imple-
mented for the analysis of electrically semi-permeable cracks in a piezoelectric
solid. As the conditions on the semi-permeable cracks are not fully satisfied
by the Green’s function (for impermeable cracks), the resulting boundary
integral formulation involves integrals whose integrands are given by a non-
linear function of the crack opening displacement and the electrical potential
jump on the cracks. Nevertheless, if the crack opening displacement and
the electric potential jump are assumed known, a simple boundary element
procedure which involves only unknowns on the exterior boundary of the
piezoelectric solid can be devised. The approach proposed here for the nu-
merical solution of the electroelastic crack problem is to iterate to and fro
estimating the crack opening displacement and the electrical potential jump
and using the simple boundary element procedure to determine the unknowns
on the exterior boundary.

For a particular problem involving a single planar crack which is centrally
located in a very large piezoelecric plate under uniform loads, the numerical
values obtained for the crack tip stress and electric displacement intensity fac-
tors are found to be in good agreement with those computed using analytical
formulae. Qualitatively acceptable results are also obtained for some specific
problems including one which involves the interaction of three parallel planar

cracks.
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Appendix

An analytic solution to the problem of a semi-permeable crack in an
infinite piezoelectric medium is given here. The crack lies in the region
—a < x1 <a, s =0.

For the solution of the problem, let the generalized stress be given by
Sk; = Sk) + ks (A1)

where S}?J). are the constants giving the uniform state of the generalized stress
in the absence of the crack and S%) are induced by the crack such that

S}?% + Sg% = 0 on the crack for K =1, 2 and 3.
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The induced generalized stress S%) and its corresponding generalized dis-

placement U ,({1 ) are given by

4
Uk = Re{d) AxaMasPs[~za + (22 — a*)']},
a=1

2o

W]}a (A2)

4
Sty = Re{D LijaMasPs[—1 +
a=1

where P, = S]Eg), P, = Ség), Py = Sg(,g) and, as in Hao and Shen [14], P; is
assumed to be a constant yet to be determined and (22 — a?)'/2 is defined in

such a way that

. Ra
e P TR (A3)

It is easy to check that S}g = — Pg on the crack. Thus, S};J) satisfies the
traction free conditions on the crack, that is, S}?; + S}g = 0 on the crack for
K =1, 2 and 3, as required. Furthermore, it can be shown that S}g — 0 as
|za| — 00, that is, the generalized stress is given by S}?J)- at infinity.

The crack is electrically semi-permeable, that is,
SpAU; = —e, AU, on the crack. (A4)

From (A1) and (A2), Sy = Sig) — P, on the crack, and if P; is to be a real,
then

4
AU, = Re{z 2i Ao Mys} Ps(a® — :13%)1/2 for —a <z <a. (A5)

a=1
It follows that (A4) is satisfied if

(S8 — Pi)VasPs = —eVasPs, (A6)
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where

4
Vics = Re{) _ 2iAxaMas}. (A7)

a=1

Note that (A6) is a quadratic equation in the unknown parameter Pj. If
a unique constant P; satisfying (A6) and the inequality VosPs > 0 (so that
AUs > 0) can be found, we have obtained an analytic solution to the problem
of the single semi-permeable crack. The value of P, for the special case of an
electrically impermeable crack (e, = 0) or a permeable crack (¢, — o0) can

be easily obtained from (A6). Specifically,

Sig) for an impermeable crack,

P, = (A8)

3
—V;Zl > Vi Py, for a permeable crack.
k=1

Once P, is determined, the crack tip stress and electric displacement

intensity factors can be easily extracted from (A2).
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