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Abstract

The problem of determining the electro-elastic fields around ar-
bitrarily oriented planar cracks in an infinite piezoelectric space is
considered. The cracks which are acted upon by a transient load are
either electrically impermeable or permeable. A semi-analytic method
based on the theory of exponential Fourier transformation is proposed
for solving the problem in the Laplace transform domain. The Laplace
transforms of the jumps in the displacements and electric potential
across opposite crack faces are determined by solving a system of hy-
persingular integral equations. Once these displacement and electric
potential jumps are obtained, the displacements and electric poten-
tial and other physical quantities of interest, such as the crack tip
stress and electric displacement intensity factors, can be computed
with the help of a suitable algorithm for inverting Laplace transforms.
The stress and electric displacement intensity factors are computed
for some specific cases of the problem.
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1 Introduction

In recent years, the problem of determining the electro-elastic fields around
cracks in piezoelectric materials has been a subject of considerable interest
among many researchers. It appears that the majority of analyses on piezo-
electric crack problems (see, for example, Athanasius, Ang and Sridhar [4],
Li [20], Shindo, Watanabe and Narita [27] and Wang and Mai [32]) are con-
cerned with electro-elastostatic deformations. According to Kuna [18], there
are comparatively fewer works on piezoelectric cracks that are acted upon by
time dependent loads.

The governing partial differential equations for piezoelectric materials un-
dergoing dynamic antiplane deformations are relatively simpler in form, being
reducible to a pair of equations comprising the two-dimensional Helmholtz
and Laplace’s equations. Thus, most papers giving semi-analytic solutions
for dynamic piezoelectric crack problems assume that the cracks undergo
antiplane deformations. For example, the dynamic response of a single elec-
trically impermeable planar crack in an infinite transversely isotropic piezo-
electric material under pure electric load and undergoing an antiplane defor-
mation is investigated by Chen [7]. Chen and Karihaloo [8], Chen and Meguid
9], Li and Fan [21] and Li and Tang [24] have solved problems involving a
single planar crack in an infinitely long piezoelectric strip under antiplane
deformations. Coplanar cracks undergoing antiplane deformations in piezo-
electric materials are examined in Chen and Worswick [10] and Meguid and
Chen [25]. Kwon and Lee [19] and Li and Lee [22]-[23] have investigated the
antiplane deformation of edge cracks in piezoelectric materials.

There are apparently few papers in which semi-analytic solutions for
cracks undergoing dynamic inplane deformations in piezoelectric materials
may be found. One of them is Shindo [26]. In [26], the problem of a single

planar crack in a piezoelectric ceramic under normal impact is formulated in



terms of a pair of dual integral equations by representing the displacement
and electric potential in the Laplace transform domain by suitable Fourier
sine and cosine transform representations. The dual integral equations are
solved as explained in Sneddon and Lowengrub [30], by reducing them to
Fredholm integral equations of the second kind. The dynamic piezoelectric
problem can also be formulated in terms of hypersingular integral equations
using the approach in a recent paper by Garcfa—Szinchez, Zhang, Sladek and
Sladek [13]. In [13], the kernels of the hypersingular integral formulation con-
tain second order spatial derivatives of a suitable dynamic Green’s function
for piezoelectric solids. The Green’s function is derived using Radon trans-
form. Its evaluation is a rather involved exercise, requiring the computation
of a line integral over a unit circle with integrand that is expressed in terms
of exponential integrals (Wang and Zhang [33]).

The present paper derives a semi-analytic solution for an electro-elastic
problem involving an arbitrary number of arbitrarily oriented planar cracks
in an infinite piezoelectric space. The cracks are acted upon by internal
stresses that are time dependent and are either electrically impermeable or
permeable. The displacement and electric potential in the Laplace trans-
form domain are expressed as a linear combination of suitably constructed
exponential Fourier transform representations. The integrands of the Fourier
integrals contain unknown functions that are directly related to the jumps
in the Laplace transforms of the displacement and electrical potential across
opposite crack faces. The unknown functions are to be determined by solv-
ing numerically a system of hypersingular integral equations. Once they
are determined, the displacements and electric potential and other physical
quantities of interest, such as the crack tip stress and electric displacement
intensity factors, can be computed with the help of a suitable algorithm for

inverting Laplace transforms. The analysis presented here is general in that



it covers both inplane and antiplane deformations. The crack tip stress and
electric displacement intensity factors are computed for some specific cases
of the problem. For the case involving a single planar crack, the values of
the stress and electric displacement intensity factors computed are compared
with those published in the literature.

The solution presented here is applicable to cracks that are either elec-
trically impermeable or permeable. The electrically semi-permeable cracks
proposed by Hao and Shen [14] may be of interest in engineering analysis too.
The solution here may be used together with an iterative procedure (such
as the one described in Ang and Athanasius [3]) to analyze the dynamic
interaction of electrically semi-permeable cracks.

Numerical methods may be applied to solve dynamic piezoelectric prob-
lems involving cracks in solids of finite extent. Examples of such numerical
works include: Enderlein, Ricoeur and Kuna [11] (finite element method);
Garcia-Sanchez, Zhang and Séez [12], Kogl and Gaul [17] and Wiinsche,
Garcia-Sanchez, Séez and Zhang [34] (boundary element method); and Sladek,
Sladek, Zhang, Garcia-Sanchez and Wiinsche [28] (meshless method) . The
semi-analytic solution given here may be used to check the validity of those

numerical techniques for solving dynamic piezoelectric crack problems.

2 The problem

Referring to an Ozyxex3 Cartesian coordinate system, consider an infinite
piezoelectric space that contains N arbitrarily oriented non-intersecting pla-
nar cracks whose geometries do not change along the z3 axis. The cracks are
denoted by 'V, T'® ... TW-1 and I'™). The n-th planar crack I'™ lies
in the region

—™ < ayf)(:nj — cg-n)) SYARE ag-g)(xj — c§n)) =0, —co<wmz3<oo, (1)



where

0
) 0. (2)
0 01
On the Ozyz, plane, the crack I'™ is a straight line cut, 2¢(™ is the length
of the crack, (c&"),cg")) is the midpoint of the crack and A is the angle
between the crack and the vertical line passing through (cgn), cgn)) (such that
0 < 0™ < 7), as shown in Figure 1. Note that the usual convention of
summing over a repeated subscript is adopted in (1) for lower case Latin
subscripts that run from 1 to 3.

It will be assumed that here the electroelastic deformation of the cracked
piezoelectric space does not vary along the x3 direction. The problem is to
determine the displacements uy (1, x2,t) and electric potential ¢(xq, zo,t) in
the piezoelectric space for time ¢ > 0 such that suitably prescribed boundary

conditions on the cracks are satisfied.

Figure 1. A geometrical sketch of the problem.



More specifically, the conditions the cracks are given by

O'kj(flfl,flfg,t)m;n) - _Pkgn)(flaé.%t) (k: = 17273)
as (71,79) — (61,&) €T (n=1,2,--- | N), (3)

and either

dj(371,932,t)m§.") — —P4(")(§1,§27t)
as (r1,x2) — (&1,&) € F(n)(n =1,2,---,N)

if the cracks are electrically impermeable, (4)

or

Aqb(l’l,l’g,t) — 0 as (1’1,1’2) — (61,62) € F(n) (n = 1,2, s ,N)

if the cracks are electrically permeable, (5)

where o0;; and d; are respectively the stresses and electric displacements,

P]_(n) (&1, &, 1), Pz(n)(&,fmt), ngn)(&,@,t) and le(n)(fla &2, t) are suitably pre-

scribed functions for (£1,&) € '™, mz(") = —ag) are the components of a
unit magnitude normal vector to the crack I'™ and A¢(zy, ) denotes the

jump in the electrical potential ¢ across the crack I'™ as defined by

Ap(1, 22,1) = }:ii%[qb(xl - |5\m§n)»£€2 — \€|m§"),t)
— ¢(z1 + [elm{™, 22 + elm$Y, 1))
for (zq,x9) € e, (6)

Furthermore, it is assumed here that the displacements uy and its partial
derivative with respect to time (that is, duy/0t) are both zero at time ¢t = 0
and the stresses oy;(x1, 2, t) and electric displacement dy (1, z2, t) generated

by the cracks vanish as x? + 3 — oo.



3 Basic equations of electroelasticity

The governing equations for the displacements u; and electric potential ¢ in

a homogeneous piezoelectric material are given by

0%uy, 9% 0%u;
Cijke + evij =p
7 0x 0, 70z ;0 o2’
62uk 82¢ —0 (7)

€jke — Kje =
" 0x;0n, 7 02,074

where c;jre, €sj and K are the constant elastic moduli, piezoelectric coeffi-
cients and dielectric coefficients respectively and p is the density.

The constitutive equations relating (o;;,d;) and (ug, ¢) are

8uk 8¢
Oij = Cijkﬂa—xz + eéija—xéa
6uk 6¢
dj = €jkea—xé - ﬁjp%- (8)
p

Following closely the approach of Barnett and Lothe [5], we define

Ul for J=5=1,2,3,
77 ¢ for J =4,

S, = 044 ibr]':i::]WZ,&
= d; for I =4,

Cijke for I =i1=1,23and K =k =1,2,3,
- epj forI=1=1,2,3 and K =4,
Crike = ejre for I=4and K =k=1,2,3, (9)
—rj for I =4 and K =4,

so that (7) and (8) may be respectively written more compactly as

0*Uk 0*Uk

CIjKZW = Bix—0- (I=1,2,3,4) (10)



and

oU
Sty = CIjKéa—xfz (I=1,234;=123) (11)
where
| p iftI=Kand I #4,
Bix = { 0 otherwise. (12)

Note that uppercase Latin subscripts have values 1, 2, 3 and 4. Summation
is also implied for repeated uppercase Latin subscripts.
It follows that the problem stated in Section 2 requires solving (10) within

the piezoelectric space for time ¢ > 0 subject to the initial-boundary condi-

tions
ou
UK:0anda—tK:0att:0(K:1,2,3), (13)
Sty o, " — =P (6, 6,1) (1 =1,2,3)
as (¢1,13) — (&1,6) €T™ (n=1,2,--- | N), (14)
and either
54]'(931,152,?5)7"15-”) — P (&1, 6,1)
as (1,13) — (&,6) €T™ (n=1,2,--- | N)
if the cracks are electrically impermeable, (15)
or

AU4(£L’1,£L’2,t) — 0 as (1’1,1’2) — (61,62) - F(n) (n = 1,2, s ,N)

if the cracks are electrically permeable, (16)
where
AU (21, @5,t) = lim[U (21 - lelm{™, 25 — |e|mi)
= Us(a + lelmi”, @ + |efmy")]
for (z1,z5) € T™. (17)



In addition, it is required that Sy;(x1,z2,t) — 0 as 27 + 23 — co.

4 Formulation in Laplace transform domain

We denote the Laplace transformation of F(xy,xs,t) over time ¢ > 0 by
ﬁ(:nl, T9, 8), that is, we define

1’1,1132, /F x1, Ta,t) exp(—st)dt, (18)
0

where s is the Laplace transformation parameter.
Application of the Laplace transformation on both sides of (10) together
with the initial conditions (13) yields

277
C]JKg a — S B]KUK =0 (I = 1 2 3 4) (19)
ox 8 Ty

In the Laplace transform domain, the problem is to solve (19) subject to

Stj(x1, 22, 5)m” — P (€1, &, 5) (I =1,2,3)
as (x1,22) — (&,&) € re (n=1,2,---,N), (20)

and either

Suj(x1, 22, 5)m” — P (€1,6.9)
as (21,29) — (£,&) €T™ (n=1,2,--- | N)

if the cracks are electrically impermeable, (21)

or

AUy (21, T9,5) — 0 as (z1,25) — (£1,&) €T™ (n=1,2,--- ,N)

if the cracks are electrically permeable. (22)
It is also required that §1j(9:1, Ty,8) — 0 as 22 + 13 — co.

9



5 Method of solution

In this section, a method based on the theory of exponential Fourier trans-

formation is proposed for solving (19) subject to (20)-(22).

5.1 Solution in Fourier integral form

For the solution of the piezoelectric crack problem, let

N 4
U (x1,72,5) = > Re{> / AR, s)[H (a%) (z, — <)) FLV(E, )

(
+ H(~a ”(a:r cr”>>>F§2><s, 5)
—ig (@l + (g, 5)aly)) (x5 — &V))]de}, (23)

where H(x) is the unit-step Heaviside function, Fl(Z)(S ,s) and FQ(Z)(S’ ,S) are
functions yet to be determined, 7 (&,8) (n=1,2,---, N) are roots, with

positive imaginary parts, of the 8-th order polynomial equation (in 7) given
by

+ (o + a)) (i + 7ai) (Cruses + Cpascr)
_'_ (a'gl) _'_ Ta22 ) C]QKQ] — O (24)
A&?L(f ,8) (n=1,2, .-+, N) are non-trivial solutions of the system

&2
— Bk + (@Y + 7 (€, 5)aly)?Crim

2

§
+ (agll) +7M(e, S)Q(n))(aﬁb) + 7'( (&, ) )(CnKz + Crak1)
+ (a8 + 7 (€, 9)a5) )2 Crarca AR, = 0. (25)

10



From (11) and (23), we obtain

S, 2, ZRe{Z / ELY(E, 5) [ (0 (2, — ) FE (e, 5)

X eXp(zf(aj1 + 7™, S)agﬁ))(%’ B cgn)))
— H(—a{y (. — ™) F(E, 5)

x exp(—i€(a\7) + (M (¢, 5)aly) (x; — ™)), (26)
Lg?a(g s) (n=1,2,---, N) are given by

L) (&,s) = [(af} + 7M€, )aly))Crjra
+ (@) + 7 (€, 8)ale) Cripea) AT (27)

The integral representation for U K (1,79, 8) in (23) is obtained by general-
izing the analyses in Ang [1]-[2] and Clements [6].

Note that Ug (1, 22, s) and §1j(3:1, Ta,s) in (23) and (26) respectively are
represented by different integral expressions in different parts of the piezoelec-
tric space. To ensure that S 15(x1, T2, s)mg- ™) are continuous on a,(ﬂ) (x,—

0, the functions F\ (£, s) and F\"(€, s) are chosen to be given by

F(¢,5) = MU, )08 (¢, 5) and F (€, 5) = MO, )05 (€,5), (28)

where z/JgL) (&, s) are functions to be determined and the overhead bar denotes

(")) _

the complex conjugate of a complex number and M S}D)(f ,s) are defined by
Zm LT (€, 5)MUP(E,s) = brp (n=1,2,--- ,N). (29)

The functions U, K(xl, Tg, 8) are continuous on the plane a£2)(xr - c&n)) =0
at points not on any of the cracks if wﬁ;” (&, s) are chosen to be

¢(n)

1/153")(5, 5) = iT](;nJ)(f, s) / r(Jn)(u, s) exp(—i&u)du, (30)

—(n)

11



where ¢+ = /-1, TS") (u,s) are real functions yet to be determined and

T ](J"J) (&, s) are real functions defined by

4

i STIAD(E, 5) MU (€. 5) — AYL(E, ) Mop(€, s TENE, s) = 8xcs. (31)

a=1

Use of (31) in (23) together with

¢
lim e/&du =mp(v) for —0 < v <, (32)
e

e—0t €2+ (’U — ’U)2
gives

n n n 1 73
Tg()(ag'l)(xj - Cg‘ ))73) = ;AUK(%,@; s)

for — ™ < a&?) (z; — cg.n)) < (™) ag) (z; — ™) =0, (33)

where AU, K (21, To, s) are the Laplace transform of the generalized crack open-
ing displacements as defined in (17).

The functions §Ij (21,2, ) in (26) can now be written as

N (1)
Sri(z1,22,8) = —Z / TK U, s Re{Z/£ a2 - — ™))
n:lie(n) a= 10

foja@ )M (€, 5) exp(iEri (€, s)aly (r, — )

+ H(—al% (z, — c"»Lm< ) Mop(€, s)

x exp(iETe (€, s)agy (zx — )]

x TH(€, 5) exp(i€[aly (z — cf”) — u])d€ }du. (34)

12



5.2 Electrically impermeable cracks

From (34), conditions (20) and (21) for electrically impermeable cracks give

the hypersingular integral equations

1

Dl U(q R
H/ IKv—u )du+€(q /AU[(?)(u,s)nglz(u,v,s)du

-1

+ K(qC/ 2GIKAU (u s) cosh({Dp|v — u|) In(0Dn|v — ul)du

—i—ZE /AU(" (u, $)O19 (u, v, s)du

n#q -1
= P (X{"(0), X" (v).5) (I = 1,2,3,4)
for —1<v<1(¢g=1,2,---,N), (35)

Where AUD (u,s) = 7ri@ 0@y, s), XD (v) = 2 + 1@ysin(0@), X3 (v)
= c2 — @y cos(@), C denotes that the integral is to be interpreted in the
Cauchy principal sense and ‘H denotes that the integral is to be interpreted
in the Hadamard finite-part sense, Dg){, G%}r and W}}l{)(ﬁ ,s) are given by

Dig = lim TR, s),

(&/s)—
¢
G = lim ()T, s)— DY,
(&/s)—o0 S
SzG(q)
W, s) = TU(E, s) — DY — —1E (> 0), (36)

&+

13



and ngl)((u, v, s) and @ﬁ’}?) (u,v, s) are respectively defined by

Q%{(u v,S) /fWI(?{ £, 5) cos(£ D¢ — u])de

2GIK[Shl( nlv — ul) sinh(£Dy|v — u|)
— 5 cosh(EOnfy — ul) (EI(EVnfo — ul) — Ey(¢@nfo — u])
+ cosh({Dq|v — u|) In(£Dylv — ul)], (37)

and
0" (u, v, 5) —Re{Z/fm V" (y, v))

x LT (€, >M§}2<f s) exp(ie7V (€, 8)Y3" (u, v))
+ H (=Y (u,0)) I (€, )M op (€, 5)
x exp(ieT™ (€, )Y (u, v))]
x TSR (€, s) exp(i€Y™ (u, v))dé}
if it is assumed that YQ("q) (u,v) # 0, (38)
with Y, (u, v) = a,(g,) (X9 (v) = ™) = ¢M6,u and

u

Shi(u) = /Mdaz,

X

__C/Md
T

Ei(u) = / xpl=t) (39)

T
u

The functions W (¢, s) behave as O(s*/£*) for very large £. Thus, the im-
proper integral over [0,00) that appears in the definition of Qg‘ll)((u, v,s) in
(37) is well defined.

14



Note that the expressions for @y}?) (u,v,s)as given in (38) are valid for

V") (w,v) # 0. If V3" (u,v) = 0 then (38) has to be modified accordingly.
The modification gives

(nq
O .5) = Re{ el / W (€, ) exp(i€ V™ (u, ) )dé

— s2GY [sm(nm( D (u, v)|) sinh(n| Y, (u, v)))
1 n
— 5 cosh(n|¥{" (u, v)])

x (Bi(n] V" (u,v)]) — By (] Y™ (u,0)]))
+igsen(¥{" (u,0))

% (cosh(p] Y™ (u, v)|) — sinh(yY{" (u,v)|))] }
if Y, (u, v) = 0, (40)

where sgn(z) denotes the sign of z and

D" = lim T ,S),
IK (5/8)_00 ik (&)

§s Zm VLS (&, 5) MUNE, ) TS(E, ),

n . £ . ~(n
Ggfg = lim (_)Q[TIKq (€, 3) _Dgfg)]

(&/s)—o0 S
. 0 ~ Szé(nq)
WD (¢ s) =T (¢, s) — D9 — 2 +”;2 (n > 0). (41)

T32(€,5), DY = DY, GYY = GV and Wi (€, 5) = Wi (€, 5). Note that

Y™ (y, ) = 0 for all u and v if I™ and '@ are coplanar.

If the cracks I'™ and T'@ are coplanar then m§-q) = mg-n), hence T}Zq) (&,s) =

15



The derivations of (35), (37) and (40) make use of the following results:
1

P Gl Gl D L] —H/

e—0t (62 + ('U — U)

dufor —1l<v<l,

[e o]

§ 1 .
O/W cos(a)d§ = ) cosh(an)(Ei(an) — E1(an))
+ Shi(an) sinh(an) (an > 0),

/ oy Sin(a€)de = Tsmn(a)cosh(fan) —sinb(Jan)).  (42)

Note that Ei(x)— E;(x) tend to 21n(z) as x — 07. This explains the presence
of the Cauchy principal integral in (35).

If the cracks are electrically impermeable, the functions AU }3’ (u,s) (¢ =
1,2,--- ,N)in (30) are to be determined by solving the hypersingular integral

equations in (35). If we make the approximation (as in Kaya and Erdogan

[16])

J
AU (u,s) = V1T -2y Wi (s)UU D (u), (43)
K K

j=1

where UV (z) = sin([j + 1] arccos(x))/ sin(arccos(x)) is the j%* order Cheby-
shev polynomial of the second kind and wgbj )(s) are unknown coefficients,
then (35) can be used to set up a system of linear algebraic equations to

determine wg”j )(s) for any fixed value of s (Athanasius, Ang and Sridhar [4]).

5.3 Electrically permeable cracks

From (16) and (33), Aﬁiq)(u, s)=0for -1l <u<landg=1,2, -,
N, if the cracks are electrically permeable. According to (14), the unknown
functions AU (u, s), AUS? (u, s) and AUS? (u, s) that can be approximated
as above by (43) are governed by (35) (with Aﬁiq) (u,s) =0)for I =1,2,3
(instead of I =1, 2, 3, 4).

16



6 Stress and electric displacement intensity
factors

The dynamic stress and electric displacement intensity factors at the tips
(XM (=1), X{™ (1)) and (X™ (1), X{” (1)) of the n-th crack I'™ are defined

as follows:

KX (=1), X5 (<1),1)

= lim_\ =200 (u + 1)(Sy; (X (w), X5 (w), t)m{™
+ 8oy (X1 (), X5 (w), )y ym,
K (XM (=1), X{(-1),1)

= lim (/=200 (u+ 1)(S5, (0" (), X5 (), )mS”

— S (X (w), X5 (w), tym "V ym!™

Krr(X{7(=1), X{"(~1),t)
= lim [ =200 (1 + 1) S5, (X (w), X$7 (w), t)mg."’,
K (X (=1), X5V (—1),1)
= lim_ — 200 (u 4 1) 845 (X (), X5 (), t)m™,
K (XM(1), x{M(1), ¢)

1 9 2 9
= lim /2009 (u — 1)(Sy; (X7" (), X5" (w), t)m{”
+ S (X (w), X5V (w), t)ymyym
Kr(XM(1), X579 (1), ¢

u—1t

)
= Tim /2009 (w = 1)(Sy; (X (" (w), X5") (), )m§”
— Sy (XM (), X (w), tym{™)m

17



Krr(X{P (1), X5 (1), 1)

= 1i1r§1+ 20(m) (y, — 1)5'3]'(X1§n)(u)aXén)(u)at)mg‘n)’

K (XM (1), X5 (1), 1)

= Jim /200 (u = 1)S4(X1” (), XJ" (w), By (44)

Once the coefficients wgbj )(s) in (43) are determined, the above intensity

factors can be approximately calculated in the Laplace transform domain

using
~ n 1
R0 (=1, 57 (=1), ) = —=(Dp/my" + Diymy”)
J .
x D _wp? (s)UD(-),
j=1
> n n 1 n n n n
Riy(X[" (1), X5 (1), ) = = (Di}my” = Digjm")
J .
x D _wp? (VU (1),
j=1
~ 1 J ‘
R (X1, X7 (<1),5) = == =DES ufp? ()09 (),
j=1
J .
K (XM (=1), X3 (~1),5) 01 Wi (s) U (-1,
j=1
(n) (n) 1 (n)
KI(Xl (1)7X2 (1)73)2\/67(1)1317”1 DP2m2 )
xZw s)UUD (1),
= n n 1 n n n
Ku(x{"(1), X7 (1), 5) = %w&afmé = DEymi”)
J
X Zw(nj)(s)U(]_l)(+1),
j=1



f?HI(Xl(n)(l),Xz(n)(l)»S) =

Z $UUD(+1),

K (X{"(1), X§7(1),8) ~ — Z HUUTD(+1).  (45)

The dynamics stress and electric displacement intensity factors at any
time ¢ may be recovered by using the numerical Laplace transform algorithm

in Stehfest [31], that is, by using the formula

~nln(2)

(46)

where J/”\(s) denotes the Laplace transform of f(t), M is a positive integer

and
min(n,M) M
B A m™ (2m)!
Vo=(-1) Z (M —m)!m!(m — 1)!(n —m)!(2m — n)!’ 47)
m=[(n+1)/2]

with [r] denoting the integer part of the real number 7.

Note that the Stehfest’s algorithm requires the problem under consider-
ation to be solved for only real Laplace transform parameter s. It has been
widely used by researchers for the numerical inversion of Laplace transforms

in solving many problems in engineering (see, for example, Ang [1], Hemker
[15] and Smith, Edwards and Beselli [29]).

7 Specific cases

In this section, the dynamics crack tip stress and electric displacement in-

tensity factors are computed for some specific cases of the problem.

Problem 1. Consider the case of a single electrically impermeable crack

in an infinite piezoelectric space. The crack lies in the region —a < x; < a,
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xo = 0, and the only non-zero uniform load acting on it is given by Sy =
—H (t)og, where H(t) is the unit-step Heaviside function. (Note that Sia, Sao
and Syo are taken to be zero on the crack.)

The electrical poling direction is taken to be along the z5 direction so
that

Cii11 = Csg33 = A, Crizs = Cs311 = N, Cogo = C,

Chiz2 = Ca11 = U3z = Cszpp = F,

Ch212 = Co112 = Ca121 = Choa1 = Cozpz = Czo93 = Czpzp = Cazzy = L,
Ciz13 = C3113 = C3131 = Clz31 = %(A —N),

Co141 = Clog1 = Cspyz = Cozyz = Cyia1 = Cyp12 = Cuzzp = Cyzo3 = ey,
Chia2 = C3342 = Cya11 = Claz3 = ey,

Cao42 = Cyoz = €3, Cuis1 = Cyzaz = —€1, Caoaa = —€g, (48)

where A, N, F, C, L, ey, e, €3, €1 and €5 are independent constants.
The piezoelectric material is PZT-BaTios with material constants A, N,

F, C, L, ey, ey, e3, €, and €5 and density p given by

A=150x10"" N =778 x10'" F =6.6 x 10'°,

C =146 x 10" L =44 x 10'°, ¢; = 11.4,

ey = —4.35, e5 = 17.5,¢; = 98.7 x 10717,

€ = 112 x 10719, p = 5800. (49)

The values of A, N, F, C and L above are in N/m? e;, e, and ez are in

C/m?, € and €, are in C/(Vm) and p in kg/m?.
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Figure 2. Plots of K;/(0¢\/a) against the non-dimensionalized time

t\/I](pa?).

The numerical stress intensity factor K;/(0gy/a) and electric displace-
ment intensity factor CKpy/(esopy/a) at the crack tip (a,0) are plotted
against the non-dimensionalized time t\/W in Figures 2 and 3 respec-
tively. The results are obtained by using J = 10 in the numerical solution of
the hypersingular integral equations and M = 4 (8 terms) in the Stehfest’s
formula for inverting Laplace transform. In Figures 2 and 3, the numerical
values of K;/(0gv/a) and C Ky /(e300v/a) are also compared with those ex-
tracted from Shindo [26] and Garcia-Sanchez, Zhang, Slddek and Sladek [13].
(Numerical values of C Ky /(e300+/a) are not given in Shindo [26].) All the
plots of K;/(cgy/a) in Figure 2 are quite close to one another, exhibiting the
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same general trends and reaching peak values at about the same time. So
are the plots of CKpy/(ezo0y/a) in Figure 3. As pointed out earlier on, 8
terms (M = 4) are used in the Stehfest’s formula for obtaining the plots in
Figure 2. Convergence is observed in the numerical values of the intensity
factors when the number of terms in the formula is increased to 10. The nu-
merical inversion of Laplace transform becomes unstable when the number
of terms is increased beyond 10. To use more terms, it is necessary to refine
the calculation to obtain more a more accurate solution of the hypersingular
integral equations. A higher arithmetic precision in the computing machine

is needed too.
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Figure 3. Plots of CKpy/(e300+/a) against the non-dimensionalized time

t\/ L/ (pa?).

Problem 2. Consider a pair of coplanar cracks, each of length 2a,as shown
in Figure 4. The distance between the inner tips of the cracks is 2d. The

uniform tractions acting on the crack faces are given by Ssy = —H (t)0q. Here
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electrically impermeable and permeable cracks will be examined separately.
For the case in which the coplanar cracks are electrically impermeable, the

condition Sys = —H (t)Dg,where Dy is a constant, applies.

Figure 4. A pair of coplanar cracks.

The electrical poling is along the x5 direction. For the purpose of obtain-
ing some numerical results for the dynamic stress and electric displacement
intensity factors at the inner and outer tips of the coplanar cracks, the mate-
rial constants of PZT- BaTioz (as in Problem 1) are used and the load ratio

0o/ Dy for electrically impermeable cracks is taken to be 10! NC~1.
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Figure 5. Plots of K;/(0¢\/a) against the non-dimensionalized time
t\/L/(pa?) at inner and outer crack tips of electrically impermeable cracks

for selected values of d/a.

In Figure 5, the non-dimensionalized stress intensity factor K;/(ogv/a) at
the inner and outer crack tips are plotted against the non-dimensionalized
time ¢1/L/(pa?)for d/a = 0.125, 0.50 and 0.25. The plots of K;/(coy/a) for
electrically permeable and impermeable cracks are almost indistinguishable.
Thus, plots of K;/(0g\/a) are given in Figure 5 for only electrically imper-
meable cracks. In each of the plots, K;/(0gy/a) increases rapidly to a peak
value before settling down to the corresponding value of the static stress in-
tensity factor. For each of the values of d/a in Figure 5, the peak values of

K1/(09v/a) at the inner and the outer crack tips are significantly different
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and the peak value at the inner tips is larger than that at the outer tips. As
may be expected, the peak value of K;/(0gv/a) at each crack tip is larger if
the cracks are closer to each other. Further calculations show that the plot
of K;/(0py\/a) at the inner tips is almost identical as that at the outer tips
for d/a > 3.
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Figure 6. Plots of C Ky /(e3004/a) against the non-dimensionalized time
tv/L/(pa?)at inner and outer crack tips of electrically impermeable cracks

for selected values of d/a.

Plots of the non-dimensionalized electric displacement intensity factors
CKv/(es00y/a) at the inner and the outer crack tips against ¢4/ L/(pa?)for
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d/a = 0.125, 0.50 and 0.25 are given in Figures 6 and 7 for electrically imper-
meable and permeable cracks respectively. The plots of C Ky /(eso0+/a)for
electrically impermeable cracks are distinct from those for electrically per-
meable cracks. For a fixed d/a, the peak value of C'Kyy/(e3004/a) at each
crack tip is apparently higher for the electrically permeable cracks than that

for the impermeable cracks.
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Figure 7. Plots of C K[y /(e300y/a) against the non-dimensionalized time
t\/L/(pa?)at inner and outer crack tips of electrically permeable cracks for

selected values of d/a.

Problem 3. Consider two equal length parallel electrically impermeable

cracks as sketched in Figure 8. The half length of each crack is given by
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a. The centers of the cracks lie on a vertical line and are separated by a
distance denoted by d. The non-zero constant loads acting on the crack faces
are given by Sgs = —H (t)og and Syy = —H (t) Dy, with oq/Dy = 101° NC~L.

Figure 8. Two parallel cracks.

The electrical poling is along the z5 direction. Using the material con-
stants of PZT- BaTios (as in Problem 1), for selected values of d/a, we
plot the non-dimensionalized crack tip stress intensity factors K;/(cg\/a)
and CKp;/(Fopy/a) and the non-dimensionalized crack tip electric displace-
ment intensity factor C Ky /(e300+/a) against the non-dimensionalized time

t\/L/(pa?) in Figures 9, 10 and 11 respectively.
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Figure 9. Plots of K;/(0¢\/a) against the non- dimensionalized time for

selected values of d/a.

In Figure 9, for a given d/a, the non-dimensionalized stress intensity
factor K;/(0g\/a) rises to a peak (maximum) value and then drops to a
trough (mininum) value before gradually settling down to approach its static
value. Both the trough and the peak values decrease in magnitude as d/a
decreases. A similar observation may be made of the non-dimensionalized
electric displacement intensity factor C Ky /(es00+/a) in Figure 11.

As d/a tends to infinity, the non-dimensionalized stress intensity factor
CK1/(Fogy/a) vanishes. Nevertheless, when the cracks come close to each
other, there is an increase in the magnitude CK;;/(Fogy/a) due to larger
differences in the stress distribution on opposite crack faces. This is shown
in Figure 10. For d/a = 10, the magnitude of CK;;/(Fogy/a) is very small
at all time. Note that the fact that Kj; is not zero for the parallel cracks in
Figure 10 may be explained by the well known phenomenon called Poisson
effect. Due to Poisson effect, compressive stresses are generated on opposite

crack faces. For the parallel cracks, they are unequal, thereby giving rise to
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shear stresses on each of the cracks.
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Problem 4. Consider now the two pairs of electrically impermeable cracks,
which are of equal length 2a, in the piezoelectric space, as sketched in Figure
12. The faces of the horizontal cracks are subject to internal uniform loads
given by Sip = S = 0, S50 = —H(t)m0 and Sy = —H (t) Dy, such that
70/ Do = 10*® NC~1. The internal loads on the faces of the vertical cracks are

given by Sk =0 (for K =1,2,3,4).

Figure 12. Two pairs of cracks.
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The electrical poling is in the z3 direction, so that Cy;k; are given in
terms of the independent constants A, N, F, C, L, ey, es, e3, €; and €5 by

Ciinn = Cazar = A, Chigo = Coo11 = N, Csz33 = C,

Crizs = C3311 = Cogzz = C3300 = F,

Ci313 = C3113 = C3131 = Ci331 = Cozaz = C3293 = U330 = Cazzp = L,

Cr212 = Car12 = Car91 = Cro21 = %(A —N),

Cs141 = Chza1 = Cozgr = C342 = Cuaz1 = Cuiz = Cloaz = Clozo = ey,

Ch1a3 = Coz = Cyz11 = Cyzan = e9,

Cs343 = Cyzzz = €3, Cyia1 = Cyaa2 = —€1, Cyza3 = —é€a. (50)

As in the problems above, the material occupying the piezoelectric space is

taken to be PZT-BaTios with material constants as given in (49).
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Figure 13. Plots of K;;;/(m04/a) at the upper tip of the left vertical crack
against the non-dimensionalized time for b/a = 1.25 and selected values of

d/a.
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The deformation of the cracks is antiplane. The non-dimensionalized
crack tip stress and electrical displacement intensity factors Kjrr/(10v/a)
and Ky /(Dov/a) are of interest here. For b/a = 1.25 and a few selected
values of d/a, these intensity factors at the lower tip of the left vertical crack
are plotted against the non-dimensionalized time t\/W in Figures 13
and 14. For the same values of b/a and d/a, plots of the intensity factors at
the left tip of the upper horizontal crack are given in Figures 15 and 16. As
shown in Figures 14 and 16, Ky /(Dgy/a) at both crack tips does not vary
with time. In Figures 13 and 15, for a fixed b/a and d/a, Ki1/(70+/a) rises
quickly to a peak value, drops to a trough value and gradually approaches the
corresponding static value. As expected, as d/a increases, both K1/ (79v/a)
and Kjy/(Dg+/a) for the vertical cracks decrease in magnitude, becoming

closer to zero.
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Figure 14. Plots of Ky /(Dgv/a) at the upper tip of the left vertical crack
against the non-dimensionalized time for b/a = 1.25 and selected values of

d/a.
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Figure 15. Plots of Kj;;/(m0v/a) at the left tip of the upper horizontal
crack against the non-dimensionalized time for b/a = 1.25 and selected

values of d/a.
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Figure 16. Plots of Ky /(Dgv/a) at the left tip of the upper horizontal
crack against the non-dimensionalized time for b/a = 1.25 and selected

values of d/a.
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8 Summary

Through the use of Laplace and exponential Fourier transforms, a semi-
analytic solution is derived for an electroelastodynamic problem involving
an arbitrary number of arbitrarily located planar cracks in a piezoelectric
space. The problem is eventually reduced to a solving a system of hypersin-
gular integral equations. The unknown functions in the hypersingular inte-
gral equations are the Laplace transforms of the jumps in the displacements
and electric potential across opposite crack faces. Once they are determined,
the crack tip stress and electric displacement intensity factors can be easily
computed in the Laplace transform domain. A numerical technique for in-
verting Laplace transforms is employed to recover the intensity factors in the
physical domain.

The solution is applied to study some specific cases of the problem. For
the case of a single crack under impact loadings, the computed crack tip stress
and electric displacement intensity factors are found to be in reasonably good
agreement with those published in the literature. Numerical results are also
obtained for other cases which include one which involves four interacting

planar cracks under antiplane deformations.
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