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Abstract

The problem of calculating the stress distribution around a peri-
odic array of planar cracks in an anisotropic elastic half-space which
adhere perfectly to another anisotropic half-space is considered. It
is formulated in terms of a system of hypersingular integral equa-
tions with the crack-opening displacements as unknown functions. For
a specific case involving transversely-isotropic materials, the integral
equations are solved numerically through the use of a collocation tech-
nique and numerical values of useful quantities, such as the crack tip
stress intensity factors, are computed.

Note. This has been a draft of the article which was published in In-
ternational Journal of Engineering Science 34 (1996) 1457-1466. The
draft is almost identical to the published paper, except for some minor
corrections of typographical errors and differences in the typesetting
format.

1 INTRODUCTION

There is definitely a need to assess the reliability and integrity of anisotropic
and composite structures that are presently playing an ever increasing role in
modern technology, such as in engineering construction and manufacturing
and in orthopaedic surgery (e.g. artificial implants in bones). It is not sur-
prising then that the task of analysing the stress distribution around cracks



in anisotropic layered materials has been given considerable attention in the
literature (see e.g. Willis [1], Clements [2], and Ang [3],[4]).

In the present paper, we consider the problem of a periodic array of
planar cracks in an anisotropic elastic half-space which adheres perfectly to
another anisotropic half-space. The cracks are assumed to open up under the
action of suitably prescribed internal tractions. Problems involving periodic
arrays of cracks in elastic media may be of useful relevance to some practical
situations in which multiple cracking occurs, and have been examined by
various researchers (e.g. Benthem and Koiter [5], Nied [6], Ang [7] and,
Tweed and Melrose [8]).

With the displacements and stresses written in terms of suitable integral
expressions, the problem under consideration is reduced to solving a system
of hypersingular (Hadamard finite-part) integral equations. The unknown
functions are the crack-opening displacements. The integral equations apply
for the most general anisotropic materials, i.e. the materials are not required
to possess any symmetries in their anisotropy. However, the equations are
solved numerically, using a collocation technique, for a specific case involving
particular transversely isotropic materials, in order to compute the crack tip
stress intensity factors.

2 THE PROBLEM

By referring to an Oz xsx3 Cartesian coordinate system, consider an infinite
elastic medium which consists of two regions: x2 > h (region 1) and x3 < h
(region 2) (h is a positive constant). The regions are occupied by dissimilar
anisotropic materials which adhere perfectly to each other along the interface
Tro = h

Region 2 contains an infinite number of periodically-located planar cracks
with geometries that do not vary with x3. Region 1 is flawless, devoid of any
cracks. Specifically, the cracks (in region 2) are given by Cy, Cyq,Clg, ...,
where Cy,, = {(z1, %9, 23) : 1 = nd + sacosh, x5 = sasinf, —oco < x3 < 00,
—1 <s<1}and Cy,yq = {(21,29,23) : 1 = c+ nd + sbcos ¢, x5 = sbsin ¢,
—00 < x3 < 00, —1 < s < 1} for n = 0,£1,42,... . The constants ¢ and d
obey the inequality 0 < ¢ < d; and a > 0, b > 0, § and ¢ are such that the
cracks do not intersect with one another and the interface x5 = h.

The cracks open up and become traction-free under the action of suitably
prescribed internal stresses which are periodic along the Oz, direction, with



period d, and are independent of time and the x3 coordinate. The displace-
ments and stresses (generated by the presence of the cracks) are required to
vanish, as |z3] — oo. The problem is to determine the displacement and
stress fields throughout the elastic medium.

3 SOME BASIC EQUATIONS

For a two-dimensional anisotropic elastic material occupying a region R
bounded by a closed curve D, on the Oziz, plane, it can be shown that
(see Clements [9])

Uk(iy) = /;[ur(g)rrk<$a§) - pr(g)(prk(@a §)]ds<§> for HAS Rv (1)

where uy, are the Cartesian displacements, = = (z1,2s), £ = (£1,&), b, are

the tractions acting across D and
1
(2, §) = o Re{g AraNojIn(co — 24) b,
1 _
Frk(@ug) = or Re{z LrjaNap(Ca — Zq) l}nj(g)dpkv (2)

where ) denotes the summation over the greek subscript o from 1 to 3,
Zo = X1+ TaT2, Ca = &1 + Ta&2, n;(€) are the components of the unit normal

outward vector to D at £, and [d;;] is defined by the relation

7: - -
—5 2 _{Li2aNap = LiaNop}dpie = 6,

where i = v/—1, z denotes the complex conjugate of z and 0,1, is the kronecker-
delta. The constants A,,, L., and N, are related to the elastic moduli ¢;ji;
of the anisotropic material, as explained in Clements [9]. Throughout the
present paper, unless otherwise mentioned, the Einstein convention of sum-
ming over a repeated index is adopted for only latin subscripts which run
from 1 to 3.

Now, if R covers the entire Ox;z2 plane and contains several straight cuts
or cracks (of finite lengths), denoted by Ly,Ls, ...,Lx_; and Ly, in its interior,
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and if the displacements u(x) behave as O(|z|™*) (s > 0), as |z| — oo, then,

from (1), the displacements u(z) can be written as:

N
= [ Aulelale.gase) )

m=1 L
where L and L} denote respectively the “lower” and “upper” faces of the
cut Ly, and Au,(§) = [ur-(§)]" — [u-(§)]7, with [u,n(f)]jE denoting the value of
ur(§) for £ € L,,. In the derivation of (3), we assume that the stresses are
continuous across the cuts and note that ®,4(z, 5 ) are single-valued functions

for all z and £ on the Oz;z, plane (provided that £ # ).

4 SOLUTION OF THE PROBLEM

For the solution of the problem under consideration, guided by (3), we choose
the displacements in region n to be given by

- Y [ duigu@ @ ease, (@)

m=—0oQ

where C denotes the “upper” face of the crack C,,, Au, give the crack-
opening displacements and

U (2,6) = — Re{énz Z L8 N (el — 200y (6)d) + G4 (2, €),
(5)

™ = ¢, +7M¢ and 28 = 2, + 7™M 2. The superscript (n) indicates
that constants such as L,;s, Nur, dy and 7, are to be computed using the

where ¢,

elastic moduli cE?,ﬂl of the material in region n.
For (4) to satisfy the governing equations of anisotropic elasticity, the
functions G;Z)(:p,f) in (5) must satisfy

2
w PG

cmkqm = 0 for all x in region n. (6)



The different materials making up the composite adhere (perfectly to each
other along the x5 = h interface. Thus, the functions G (x § must be

chosen in such a way that, for —oo < 1 < o0,

11%1 [U()(xl,h+€ §) — )(551, h—e§)]=0
EEI(%[SZ(’kQ(wl’h—i_g 5) ;()k)2<x17h_€7§)] =0, (7>
where Spkj = c,(ws ™) 0z, In addition, G (a:,f) are required to vanish

as |x2| — oo (in region n).
For the solution of (6) subject to (7), we choose

69 = 5 Rl AL [ Bl Gexplull? 7))
G ( = —R {ZAka/ Fpa(u, ) exp(—iu[z? — 7Pn])du},  (8)

where Ey, (u,§) and Fyo(u,§) are functions yet to be determined. The system

(6) is satisfied by (8).
From a Fourier inversion theorem, we know that conditions (7) can be
rewritten as:

/OO hm [U (x1,h+8 §) — )(xh h—¢,§)]

x exp(—iyxy)dr; = 0, 9)
/ slir(? [S( )(ﬁl,h—i-é‘,f) S;ié(l‘hh—é',g)]
x exp(—iyz1)dz; = 0, (10)

where v > 0 is a real parameter.
Using the results (Erdélyi et al. [10])

/_OO (a —iz) ' exp(—izy)dr = H(y)2m exp(—ay),

/00 (a+ix) ' exp(—izy)dr = —H(—y)27 exp(ay), (11)

[e.e]



where a is a constant such that Re{a} > 0 and H(z) is the Heaviside unit-

step function, from (9), we find that (10) becomes

- (2) -
Z{AI(CB pa( — Apa Fpa(u,§)}

= Z in;(§ ak exp(—iuléy + 72{& — h}]) for & < h,

where 712 — 1, N2 42)

pjak — “pja rk
In similar manner, (10) gives rise to

Z{L%LEW( 6) = Ly Froa(1,)}

= Zml kala exp(—iulé; + 7P{& — h}]) for & < h,

2 2
where kaﬂa = (c,(g )rl + 787 I(c])r?)T;Slozr‘

Solving (12) and (13) for Epa(u,§) and Fpa(u,§), we obtain

- (2)
Ep(u,€) = Z Za(Nou TP, — M50, )
X exp( iuér + 7' ey — h}])ini(€) for & < h,

and

Z Waﬁ M Bk ka2l'y)

< enp(ciules + 7 (& — K} ) for & < h,
where [Z,s] and [W,g] are obtained from the relations
3 ZolWou ) = L) = b

D) ( ) @)
ZWaﬁ M,Bk k2y Nﬁ(k)A | = bar-

(13)

(14)

(15)

(16)



Substituting (14) and (15) into (8), we obtain

1 1 ) 2
Gz()k;) (@7 5) 2 R‘e{ Z Aka) Zaﬁ(Nﬁq Tp(l'y)q M,@q Qz(r)q)ﬂ'y)

a,Byy

x (2 — & + T 2{& — h})) 7'} for & < B, (17)
and

1) 7(2) (1) = (2)
G;()?c) (3?7 ) = T 5 Re{z Aka Oéﬁ(Nﬁq Tpl’yq Mﬂq@ q2l'y)

i a,B,y

x(z — [ + 7P — Y)Y for & < b (18)

The displacements as given by (4) together with (5), (17) and (18), satisfy
the governing equations of elasticity, as well as the continuity conditions on
the interface x5 = h. The remaining conditions to be satisfied are those on
the crack faces, specifically given by

o (@)nj(x) = =01 (y)n;(y) as & — y € Gy (m = 0,£1,42,....),  (19)

where a,(;) are the Cartesian stresses in region 2, and a,(;j)-) are the internal

. 0 -
stresses acting on the cracks. The stresses a,gj) are assumed to be periodic

along the 0z; direction, with period d.
Now, from (4), (5), (17) and (18) together with

- 1 T (mp)
Z = — coth ,
p—ns S S

n=—oo

we obtain

(2) ma

1
71 (@) = =3 | AU Re{}_ QUi

X csch%%{z((f) — safcos 0 + 7P sin 0]})
2) 11 1 52 - (1) ~(2)
T Z Li(fj)aWaﬁ Nﬂq Tping — Mﬁq Qpq217)

a,B,y

X cschZ(%T{z(z) — sacos 0 + T )sin ] + T W)} Nds

a



b ! 2
- 2_d2 AVP(S) Re{z Qz()k)jla

X csch2( {z — ¢ — sbcos ¢ 4 72 sin @] })
2 (1) 52 1) ~.(2)
Z Léj)awaﬁ Nﬁq Toing — Mﬁq Qpgaty)
a,Byy

X cschQ(%T{zg) — ¢ — sblcos ¢ + 7"(72) sin ¢ + %Eyz)h})}Nl*ds,
(20)

where AU,(s) = Au,(md + sacosf, sasinf) and AV,(s) = Auy,(c + md +
sbcos ¢, sbsing) (m = 0,£1,£2,...,), N =sinf, Ny = —cos, N; = sin ¢,
and N = — cos ¢.

For convenience, we may think of the crack €, as being a closed curve
which is assigned a clockwise direction and which encloses an elliptical region
having an area that vanishes to zero. In the derivation of (20), we take the
“upper” face of the crack C5,, to be the part of the ellipse assigned the
direction from the tip (md — acos 8, —asinf) to (md + acosf, asinf), and
the “upper” face of Cj,, ;1 to be the part of the ellipse from (¢ + md —
bcos ¢, —bsin @) to (¢ + md + becos ¢, bsin ¢). Also, in the derivation of (20),
we use the fact that, for the problem under consideration, the displacements
are periodic along the Oz, direction, with period d.

Use of (20) in (19) yields the system of hypersingular integral equations
given by

(2)

1

— Ref Qp’“ﬂ“ : My / AG) 4
2ma — (cos@ + . ) sin 0)2 (t—s)

—{—/ AU,y(s )Q( (s, tacosb, tasin B)ds
-1

1
+/ AV)p(s )Q )(s tacosf, tasinf)ds

—a/,(C ) (tacos 6, tasin@)N; for —1 <t <1, (21)



and

NiN; L AV,(s)
pkﬂa J p
mR Z E }H/_l = sp®

(cos o + 7% sin 10)

—I—/ A%(S)Qﬁ)(s,c—ktbcosqb, tbsin ¢)ds

+/ AU,y(s )Q D) (s, ¢+ thcos ¢, thsin ¢)ds

—o*,i (c +tbcos,tbsing)N; for —1 <t <1, (22)

where ‘H denotes that the integral is to be interpreted in the Hadamard
finite-part sense and

A Ta
Q;k)(s, 1'171172) = —ZTJQNIN]' Re { Z Qz(jc)jla

[csch2( {2 — safcos O + 7V sin 0]})
d2
salcos O + . ? sin 9])2]

@) _

72 (za
(2) 1),7,(2) - (1) = (2)
+ Z Lk:ja aB Nﬂqulvq Mg, QPQQZ’Y)
a,Byy

[0}

X CSChQ(%{z( ) — salcos @ +T s1n9] + 7' h})},

b

B
Qz(ok)(safﬂlal'z) = o

N/ N;Re { Z ng)jla
X cschQ(%{z(z) — ¢ — sblcos ¢ 4 7P sin ¢]})

(2) - - (2)
+ Z Lkaa aﬁ(Nﬂq Tplvq Mﬁq qu?lv)

a,B,y

24T -(2) - (2)
x csch (E{zg) —c—sblcos ¢ + 717 sing| + 7. h})},



7b

c *
Qi}k)(‘g?xl?x?) 2d2]\7l N R‘e{Zkajla
[cschz( {2(2) — sblcos ¢ + 7% sin ¢]})
02
REYC) @ g2
7(2a — ¢ — sblcos ¢ + 75 sin ¢])?
(1) ,(2) 1) = ()
+ Z ija aﬁ(Nﬁq Tping — Mﬁq Qpq2tr)
B,y
X cschQ( {z — sblcos ¢ + %22) sin @] + %EYQ)h}) }

Ta N
O (s, 21,25) = —5p N Re {3 QY

X cschQ(%T{zg) — sa[cos 0 + 7 sin 0]})
2 1),7,(2) (1) - (2
+ Z Ll(fj)aWaﬂ Nﬁq Tplvq Mﬁq qu%v)

a,Byy

X cschZ(%{z(z) — sa[cosf + 7' ) sin 0] + 7' h})}

[0}

(23)

Equations (21) and (22) constitute a system of hypersingular integral
equations from which the unknown functions AU,(s) and AV,(s) can be
solved for. Once the functions are determined, the displacements and stresses,
and other useful quantities such as the crack tip stress intensity factors, can
be calculated using (4). An accurate and effective numerical technique for
solving the hypersingular integral equations is described by Kaya and Erdo-
gan [11].

5 NUMERICAL RESULTS FOR A SPECIFIC
CASE

In the present section, for the purpose of illustration, we will solve equations
(21) and (22) numerically for a specific case involving particular transversely-
isotropic materials, and compute the crack tip stress intensity factors. The
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stress intensity factors are important quantities for forming criteria for crack
extension.

The elastic behaviour of a transversely isotropic material which has trans-
verse planes parallel to the 0zox3 plane and which undergoes plane deforma-
tions is governed by the system

82u1 8 u1 82U2

0%y 0%u 0%uy
A F+ L =0 24
Ox 2 + ox 2 (F+ )8x18x2 ’ (24)

where A, F', C' and L are the elastic coefficients of the material. Some details
on the computation of constants like Ay, 7, and Lyj, which correspond to
the system (24) are given in Clements [9] or Ang [4].

We take the elastic behaviour of the material in region n to be governed
by (24), with the elastic coefficients A = A™ F = F™ ¢ = C™ and
L=LM.

Let us now consider the specific case where region 2 contains a periodic
array of equal length and evenly spaced out cracks which lie on a plane
parallel to the interface xo = h > 0 and are subject to a plane deformation.
Specifically, in accordance with the notations used in Section 2, we take
0 =¢=0,a=0>and ¢c =d/2, with d > 4a, and assume that the cracks
are acted upon by an internal stress which is such that aég) =F (Fisa
positive constant) and AU;(s) = AUsz(s) = AVi(s) = AVs(s) = 0.

For this particular case, the system of hypersingular integral equations
given by ( 21) and (22) gives

1
XH/ t )2 27ra/ Au(s)Qt,s)ds =2mF for —1 <t <1, (25)

—1

where Au(s) = AUs(s)/a = AVy(s)/a, x = Re{)_, Q2222a} and Q(t,s) =
0% (s, ta, 0) + Q5 (s, ta,0).

For the numerical solution of (25), we make the approximation:

Au(s) ~ /1 — 52 ngjUj,l(s), (26)

where ¢; are real constant coefficients to be determined and Uj(x) is the j-th
order Chebyshev polynomial of the second kind.
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Substituting (26) into (25), and using some results in Kaya and Erdogan
[11], we obtain

j=1

where
1
K;(t) = —mjU;j_1(t)x + 27ra/ V1 —s2U;_1(s)Q(t, s)ds. (28)
-1

It is possible to compute the integral in (28) accurately by using the quadra-
ture formula (25.4.40) in Abramowitz and Stegun [12].

Equation (27) contains J unknowns, namely ¢1, ¢3, ...., ¢ ;. We choose
the free parameter ¢ in (27) to be given in turn by

t=t,=cos([2p—1n/2]]) for p=1, 2, ..., J,

in order to generate a system of J linear algebraic equations in ¢;. The
system thus generated is readily solved using standard computer packages.

For this particular case, the mode I stress intensity factor which is of
practical interest has the same value at all the crack tips. We define the
factor by

K= lim \/2(x — a)oD(x,0),

rz—at

and it can be computed approximately via

J
~_ X U
K% =5 2 el ) (29)

once ; are determined.

To obtain some numerical results, we will use the elastic constants for
magnesium and titanium. For magnesium, these constants are given by A =
596, N = 2,57, F = 214, C = 6.14 and L = 1.64; for titanium, they
are A = 162, F' = 6.9, C = 18.1 and L = 4.67. If these constants are
multiplied by 10!, their units are in dynes per centimeter square. Notice
that the magnitudes of the elastic constants for magnesium are lower than
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the corresponding ones for titanium, i.e. magnesium is a “softer” material
than titanium.

Let us now solve (25), with regions 1 and 2 being occupied by titanium
and magnesium respectively, and then compute the stress intensity factor
K;/(Pyy/a) according to (29). From our calculation, we observe that, for
a fixed d/a > 4, the stress intensity factor increases in magnitude as h/a
increases, i.e. the cracks are more stable if they are closer to region 1. This
is as expected, since region 1 is occupied by a material which is “harder” than
that in region 2. Also, for a fixed h/a > 0, K;/(Py+/a) is larger in magnitude
for smaller d/a, i.e. the cracks are less stable when the crack spacing is
smaller. In Table 1, we present the numerical values of K;/(P,+/a) for some
selected values of h/a and d/a.

We repeat the calculation of the stress intensity factor, with regions 1
and 2 occupied by magnesium and titanium respectively. As in the earlier
calculation above, we observe that, for a fixed h/a, the stress intensity factor
K1/(Py+/a) decreases with increasing d/a. However, for a fixed d/a, it is
observed that the factor decreases in magnitude as h/a increases. This is not
surprising as, in the present case, the material in region 1 is “softer” than
that in region 2 and the cracks may be expected to be less stable when they
are closer to the “softer” material. Numerical values of K;/(Pyy/a) for some
selected values of h/a and d/a are given in Table 2.

Lastly, we carry out the computation of the stress intensity factor for the
case where region 2 is occupied by magnesium and region 1 by a material with
elastic constants AV = ¢ > 16.2, FM) = 6.9, L = 4.67 and CY = 18.1.
As & — oo, the material in region 1 becomes inextensible along the 0x2
direction. Since fiber-reinforced materials may be reasonably modelled using
inextensible anisotropic materials (see, e.g. Clements [13]), it may be of some
practical relevance for us to examine the effect of increasing the parameter
¢ on the stress intensity factor. In Table 3, for h/a = 1.00 and d/a =
5.00, we present the stress intensity factor K;/(Py\/a) for various values
of & Tt is clear from the table that the stress intensity factor Kj/(Py\/a)
decreases as & increases, i.e. the cracks are more stable as the material
in region 1 becomes more and more inextensible along the 0z, direction.
Also, K;/(Pyy/a) converges slowly (from above) to the particular value 1.495
(correct to 4 significant figures) as & — oo.

In our calculation above, we typically use J = 5 in the approximation
(26). When the calculation is repeated using J = 10, convergence to 3 or 4
significant figures is observed in the numerical results. However, for situations
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involving extreme parameters, i.e. for very small h/a or d/a very close to 4,
it is necessary to use a larger number of terms in (26) to achieve the same
level of accuracy in the computation.

6 SUMMARY

We have considered the task of determining the displacement and stress fields
around a periodic array of planar cracks in an anisotropic elastic half-space
which adheres perfectly to another anisotropic half-space. A singular solu-
tion which satisfies the continuity conditions on the interface separating the
two half-spaces is constructed and used to form a suitable integral expression
for the displacements. The conditions on the crack faces then give rise to a
system of hypersingular integral equations with the crack-opening displace-
ments as unknown functions. The integral equations can be readily solved
using a numerical technique. For a specific case involving a periodic array of
planar cracks and particular transversely-isotropic materials, we have carried
out the task of solving the integral equations numerically and compute the
relevant crack tip stress intensity factor.
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grant for this project.
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4,20 4 40 460 4 80 500
hia
(20 2514 1.B&7 L.577 1412 1.3
040 28849 2.126 1,778 1.574 1 444
(.6 2.940 2174 1 829 | A25 | 485
(.80 2.949 2184 1.84%9 1649 1.51%
1.0%} 2452 2.195 L. &6l 1663 1.531
Table 1
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h 420 4.40 4,60 4.80 5.00
o
0,20 4.582 3313 2.794 2.494 2.295
0.40 04 2315 2024 1.B67 1.767
(L.od} 2973 2243 1940 1.776 1.675
0. 8e} 2.962 203 1.910 1.738 1.631
1.00 2.959 2215 1.9%4 1.TIR 1.604
Table 2
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£ K\ (£a'7)
6.2 1.5332
50 1.51¢
100 1.MA
S0 1.501
1000 1.4%
5000 1.497
10,000 1,496
50.000 1.4%6
(LEEEL A 1.4%6

Table 3
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