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A HYPERSINGULAR BOUNDARY INTEGRAL METHOD
FOR QUASI-STATIC ANTIPLANE DEFORMATIONS
OF AN ELASTIC BIMATERIAL WITH AN
IMPERFECT AND VISCO-ELASTIC INTERFACE

Abstract. A hypersingular boundary integral method is proposed for
the numerical solution of a quasi-static antiplane problem involving an
elastic bimaterial with an imperfect interface. The interface exhibits
visco-elastic behaviors and is modeled as comprising linear springs and
dashpots. The proposed method is applied to solve a specific test prob-
lem.

1 Introduction

Composites which are made up of two or more dissimilar materials play an
important role in modern technology. For example, media comprising a large
number of very fine layers are employed in optical recording, and synthetic
materials, such as plywood and fabric laminates, are widely used in the design
and construction of modern aircrafts.

In many studies of those composites, the dissimilar materials are assumed
to be perfectly joined or bonded to one another along their common bound-
aries (see e.g. Ang [1], Berger and Karageorghis [3], Clements [5] and Lee and
Kim [9]). Nevertheless, such a perfect bond between the materials is only an
idealization, as microscopic imperfections are bound to be present along the
interfaces of the materials. Thus, in recent years, there is a growing interest
among many researchers in the analyses and the modeling of microscopically
imperfect interfaces (see e.g. Benveniste and Miloh [2], Fan and Sze [7], Fan
and Wang [8] and other references therein).

The present paper is concerned with the numerical solution of a quasi-
static antiplane problem involving an elastic bimaterial with a plane interface
that is microscopically imperfect. As in Fan and Wang [8], the interface
exhibits visco-elastic behaviors and is modeled as comprising linear springs
and dashpots. The problem has practical applications in engineering. For
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example, epoxy which has a melting temperature in the range of about 340° to
380° Kelvin, when used as an adhesive to join together a pair of metals with
a high melting temperature (e.g. aluminium with a melting temperature
of 1000° Kelvin or thereabout), may form an imperfect and visco-elastic
interface at room temperature (i.e. at around 300° Kelvin).

A boundary integral solution is derived for the problem under consid-
eration. The path of the integration involved is over the interface and the
exterior boundary of the bimaterial. The Green’s function for the corre-
sponding perfect interface is used in the boundary integral solution. With it,
the relevant component of the antiplane shear stress is automatically contin-
uous on the interface, as required. Thus, the only unknown function on the
imperfect and visco-elastic interface is the displacement jump. At each and
every point on the exterior boundary of the bimaterial, either the displace-
ment or the traction is known. A differentiated form of the boundary integral
solution is used to deal with the condition on the imperfect and visco-elastic
interface. This gives rise to hypersingular boundary integral equations in the
formulation of the problem. A simple numerical procedure for solving those
equations is described and it is applied to solve a specific test problem.

2 The problem

With reference to an 0x;zex3 Cartesian co-ordinate system, consider an
isotropic body which is made up of two homogeneous materials having pos-
sibly different mechanical properties. The geometry of the body does not
vary along the xs-direction. On the Ox;xy plane, the materials are joined
together along the straight line segment I' which lies on part of the z;-axis
between the points (a,0) and (b,0) (where a and b are given real numbers
such that a < b) and the exterior boundary of the body is the simple closed
curve C. The curve C consists of two parts, namely C* which lies above the
xp-axis and C'~ below the axis. A sketch of the geometry is given in Figure
1. The regions enclosed by C* UT and C~ UT are denoted by R™ and R~
respectively.

The body is subject to an antiplane deformation such that the only non-
zero component of the displacement is the one along the Ox3 direction and is
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Figure 1: A finite elastic bimaterial with a viscoelastic interface.

given by the function w(x1,xs,t), where t denotes time. Assuming that the
materials in R™ and R~ are linearly elastic, we find that the non-vanishing
components of the Cartesian stress tensor are then given by

Oi3 = 03; = Gi for (1’1,1’2) € Ri, (1)

ox;

where G™ and G~ are the shear moduli of the materials in R™ and R~
respectively.

The bond between the materials in Rt and R~ at the interface T' is

microscopically damaged and exhibits visco-elastic behaviors. One of the

macroscopic models for such an imperfect and visco-elastic interface is given



by (Fan and Wang [8])
0?3($170+7t) = 0?3($170_7t)

0
= kr($17t) + 77&7'(371715)
for 1 € (a,b) and t > 0. (2)

where k and 7 are given coefficients and r(zq,t) = w(zy, 07, ¢) —w(xy,07,t) is
the jump in the displacement across the imperfect interface. If the interface
is homogeneous then k and 7 are constants.

According to (2), the imperfect and visco-elastic interface is modeled as
a distribution of linear springs and dashpots that are connected in parallel.
Other more complicated visco-elastic models (such as those given in Shames
and Cozzarelli [10]) may be used to describe the interface. However, for the
purpose of illustrating how a hypersingular boundary integral method may be
derived for solving problems involving imperfect and visco-elastic interfaces,
we consider only the relatively simple visco-elastic model given by (2).

Since (2) contains a first order time derivative of r(z1,t), an initial con-
dition is required. The initial condition is taken to be given by

r(z1,0) = v(z1) for z1 € (a,b), (3)

where v(x7) is a suitably given function.

The antiplane deformation of the materials in Rt and R~ is assumed to be
in a quasi-static state, so that w(xy, z2,t) is governed by the two-dimensional
Laplace equation

0%w
a$ka$k

Note that throughout the present paper the Einsteinian convention of sum-

= 0 in R*. (4)

ming over a repeated index is adopted for latin subscripts running from 1 to
2.

At each and every point on the exterior boundary C' = C* U C~, either
the displacement w or the traction p = o3mn; (but not both) is known. Note
that [n1, ng] is the unit normal vector to C which points away from the region
R.

The problem of interest is then to solve (4) for w subject to the known
boundary data on C and to the interface condition as given by (2) and (3).
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3 Integral formulation

For a general point (£;,&,) such that £, # 0, the analysis in Clements [6]
may be applied to (4) to derive the integral equations

’Y+(€1>€2)w(€17€27t) :/[w(iﬂb$2>t)G+nk(5B17372)%(1)(3717352751»52)
c+
- ¢($17 T2, 617 62)p($17 Z2, t)]ds($17 $2)
b

0
+/[—1U(l’1,0+,t)G+ ¢($17$27€17€2)
81’2 zo=07F

+¢($170+7€17€2)023($170+7t)]d$17 (5)

and

0
Y (€1, 62)w(y, €0 t) :/[w(izhiﬁ%t)G_nk(iﬁh372)M(I)(37173527€1752)
o
— @21, 29,8y, 65)p(1, if2>t)]d3(1517 T)
b

0
+/[w($170_7t)G_ a—¢($17$27€17€2)
i) 2o=0—

- ¢($170_7€17€2)023($170_7t)]d$17 (6)

where 7 (€,&,) = 0if (§,,8,) € RTUCT, v7(£,,&,) = 1if (§,&,) € RT,
0 < 7"(€,6) < 1if (§,6,) € CF, v (£,6,) = 0if (§,,8,) ¢ R-UC,
Y (€1,6) = 1if (§,&,) € R7, 0 <7 (§,&,) < 1if (§,&,) € C™ and

1

Syen Re{ln(z — ¢)} + ®* (21,29, &,, &) for £ 9 > 0,

(7)

with z = 21 + izy, ¢ = & + &, i = V=1 and ®F (21, 24,&,,&,) being any
arbitrary functions satisfying

(D($17 T2, 61762) =

02D+

=0 f =,
- 0 for (z1,29) € R (8)




If we choose the functions @ (1,22, £;,&,) and &~ (21, 22,&;,&,) in such
a way that (8) is satisfied together with

¢($170+7€17€2) - @(1’170_761762) =0 for —oo0 < T < 00, (9)

and

0
G+ —(D(£17 Z2, 617 62)

81’2 z2=0"
_ 0
= G —O(x1,22,&,&9) for — oo < 11 < 00, (10)
81’2 29=0—

then the use of (5) and (6) yields (for &, # 0)

0
a—%¢($17 T2, 617 62)

(D($17$27 617 62) ($17 $27t)]ds($17 $2)
b

- / r(xl,wG*%@(xl,xQ,&l,&g) dry. (1)

ro=01

(€1, E2)w (€, 695 t)

£B171527 iBl,CBQ)nk(%,iBz)

Q\S\

]

where ¥(£, &) = 77§15 €2) 77 (§1,82), e 1(§1,&2) = 1if (&, &) lies inside
R or R, 0 < 7(£,&,) < 1if (§,&,) lies on CF or C7 [y(&1,&,) = 1/2 if
(€1, &,) lies on a smooth part of CT or C~] and G(x1,25) = G* if (71, 25) €
R*.

The functions ®*(z1,x9,&,&,) and @~ (zq, 22, &, &,) satisfying (8), (9)
and (10) may be chosen to be given by (see Berger and Karageorghis [3])

(I)+(35171527€1>€2)

G- -G+ i
= 3G G o ReHEE) G — 9+ HE) (= -3}, (12

and

¢_($17$27€17€2)
G -G
" %G (G- + G

Re{H(=&,) In(z — ¢) + H(&,) In(z —0)}, (13)



where H(z) is the Heaviside unit-step function and the bar denotes the com-
plex conjugate of a complex number.
Now, from (11), we may derive

2
Ujs(ﬁpﬁz»t) =G* %[w($175527t)G($1>$2)nk($17$2)7azfa€.(I)(I’171’27€17€2)
J

C

— p(z1, 72, t)£¢($17 T, &1, &5)]ds(z1, 72)

J

b
82
- (G+)2/7‘(i51,t) mq’(iﬁbﬂfz,ﬁpﬁz) dr;

zo=0*

for (¢;,&,) in the interior of R*. (14)

Letting £, — 07 in (14) with j = 2 and using (2), we obtain

0
kjr(&l? t) + 77&7“(517 t)

82
= G+%[w(ﬂfh932775)G(1517152)nk($17$2) [ (21, 2,8&4,&,)]
C

0
—p(x1, T2, 1) [—‘I’(f’fhi'f%ﬁl,ﬁz)] ]d3(931,932)
862 §2=0
b
GTG~ r(xy,t)
‘UWG++G—ﬂ{/<a—umf”1
for a < &, < b, (15)

where H denotes the integral over the interval [a,b] is to be interpreted in
the Hadamard finite-part sense which may be defined using

b

b F(x)dx def 1o (z — €)?F(2)dw o -
H/@—O“U%J/W—W+ﬂP 5o F (@) fora <€ <b. (16)

a

As the definition (16) for Hadamard finite-part integrals may not be the
usual one used in the engineering mechanics literature, an explanation of how
it arises is perhaps necessary and is as given as follows.
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Firstly, we note that it is well established that

b

b
d F(x)dx _ F(x)dx .
T C/ix—ﬁ H/($_€)2fo a<&<b, (17)

a a

where C denotes that the integral is to be interpreted in the Cauchy principal
sense (see, for example, Chen and Hong [4] and other references therein).
Secondly, if Cauchy principal integrals are defined using

b b
F(z)dz qef . (x — &) F(x)dx
C/ ¢ _Uli,%l+/(;g_§)2+02 for a < & < b, (18)

a a

then differentiating both sides of (18) with respect to £ and using (17) can
be shown to give rise to the definition (16).

Perhaps the more commonly used definition of Cauchy principal integrals
in the literature is the one given by

b E—e b
F(z)dr get .. F(x)dx F(x)dx
C/ﬁ—}_{%ﬁ[/ $_€ +£+/ $_€]fora<§<b. (19)

The two limits on the right hand sides of (18) and (19) can, however, be
shown to be equal to each other, if we expand F(x) as a Taylor series about
x = &. Thus, (18) and (19) are equivalent definitions.

4 A numerical procedure

We shall now use (11) and (15) to derive a numerical procedure for solving
the problem described in Section 2 above.

The boundary C' is discretized into N straight line elements denoted
by CB, c® ... CW-1 and C™). Across each of these elements, the
displacement and the traction are approximated as spatially independent
functions. More specifically, we make the approximation:

~ ™)
Zgiizg ;;"(n) ((tt)) } for (z1,2,) € C™. (20)
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Note that, for a given n, either w(™(t) or p™(t) (not both) is known from
the boundary condition of the problem under consideration. Thus, in (20),
there are N unknown functions of ¢ to be determined.

The interval [a,b] representing the imperfect interface is divided into
M subintervals [z, zM], [z 3] ... [2M=2 M=) and [z(M-D ()],

The displacement jump 7(z1,t) over the interface is approximated using
r(z1,t) o~ r™(t) for z; € [z™ Y 2], (21)

where 7(™)(t) are unknown functions to be determined.
To deal with the time derivative in (15), we also make the following

approximations:
d &) = rm(t 4+ TAL) — M (t — 1A
dt At ’
1 1 1
rm(t) o~ 5[7’(7”) (t+5A0) + rm (¢ — FA0), (22)

where At > 0 is a small time-step. -
With (20), (21) and (22), if we let (€,,&,) in (11) be given by (€9, ()
[the midpoint of C¥)], we obtain the approximation:

N

1 ? ) ¢y
§w(])(t) _ le(n)(t) / G(ml,a:Q)nk(:Bbivz)aixkq)(iEl,$2>€§7)7€é7))d8(£81,272)
n= )
N R X
_Zp(n)(t) / (p($17$27€§])7€é]))d8($1’$2)
n=1 o)

M

G* 1 1
R § (m) —_ (m) _
9 [ (t + At) +7r (t 2At)]

2(m)

/ —‘I’ 1517152>€1j)>€éj)) dz,

—o+
Z(m—1) z2=0

forj=1, 2,--- N. (23)

Similarly, if we let £, = Z\) (the midpoint of the subinterval [z~ z()])
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in (15), we obtain

k.. 1 . 1
1) - G+ _ =
2[7“ (t+ 2At) +r(t 2At)] +

nir9(t + 1At) — rW(t — LAt)]
At

N
= G+Zw(")(t)/G(:Bl,:ng)nk(:nl,:ng)
n=1 c(n)
o2

X [m¢($17 T2, 617 62)]

ds(xy, xa)
(51 752 ):(E(]) 70)

N
0
—-GTy () / [%‘I’(%,ﬂfz,ﬁpﬁz)l ) ds(z1,22)
n=1 cn) 2 (¢1,62)=(="),0)
M

GG~

1 1
S (m) (4 4 (m)(p _ A
+2W(G++G_)m [+ S AL + (= S AL)]

=1

o 1 1
—0) — pm  20) — p(m-D)
forj=1, 2,--- M. (24)

If ) (t — 1 At) are assumed known, (23) and (24) constitutes a system of
N + M linear algebraic equations from which we may solve for the N + M
unknowns given by r™ (¢t + 1At) (m =1, 2, ---, M) and by either w™(¢)
or p™(t) (n = 1,2, ---, N). Once the unknowns are determined, we may
compute the displacement w(&;,&,,t) at any point (£;,&,) € RT U R~ using
(11).

At t = $At, since r9(0) are known from the initial condition (3) [i.e.
r(0) = v(zV)], we may solve (23) and (24) for 7™ (At) and for either
w™($At) or p™ (3 At). With (™ (At) determined, we may then let ¢t = 3A¢
to solve (23) and (24) for 7™ (2At) and for either w™ (2At) or p™ (2 At).Thus,
we may solve (23) and (24) for the unknowns at different consecutive time
levels given by t = %(2(] — DAt (¢=1,2,--).

5 Numerical example

For the mere purpose of obtaining some numerical results in order to assess
the validity and the accuracy of the method presented in Section 4, a specific
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problem with a known exact solution, as described below, is used as a test
problem.
We choose the constants G™ and G~ in (1) to be given by

Gt =1/5and G~ =1/2, (25)
and take the regions R and R~ to be

Rt = {(z1,m0): 0<x; <1, 0<zy <1/2},
R~ = {(z1,29): 0<z1 <1, —1/2 <9 <0}. (26)

Furthermore, we require the unknown functions oy3(x1, x2,t) and r(xy,t)
(the displacement jump) to satisfy the interface condition

023(1’1,0+,t) = 0'23(1’1,0_,t)

5 10
= 17‘(%,75) + 5&7‘(%,75)

for z; € (0,1) and ¢t > 0, (27)
with the initial condition

4
r(zy,0) = exp(—x1) + 3% for z; € (0,1). (28)

A solution of (4) which satisfies (27) and (28) [with G and G~ as given
by (25)] is
1
w(xy, T2,t) = H(x2){[2cos(z2) + 5sin(xs)] exp(—z1 — it)
+(1 4 5x9)xy exp(—t)}
1
+H (—x9){[cos(z2) + 2sin(xs)] exp(—z1 — ét)

—I—(—% + 2x5) Ty exp(—t)}. (29)

To devise a test problem, we use (29) to generate boundary values of
the displacement w on the sides o = £1/2, 0 < x; < 1, and boundary
values of the traction p on z; = 0, —1/2 < x5 < 1/2 and also on z; = 1,
—1/2 < x5 < 1/2. The numerical procedure in Section 4 is then applied
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to solve (4) subject to the boundary data thus generated and the interface
condition (27) with the initial condition (28). If the procedure really works,
we should be able to recover the solution (29) and the displacement jump
r(z1,t) approximately at selected time levels. From (29), the exact r(xq,t)
is given by

1 4
r(xy,t) = exp(—z; — Qt) + 371 exp(—t). (30)

We discretize each side of the bimaterial into L equal length boundary
elements (so that N = 4L) and the interface [0, 1] into M equal subintervals.
Furthermore, we require a boundary element to lie completely in either R™
or R~. One of the endpoints of a boundary element may lie on the interface
between RT and R~, however. Thus, L must be selected to be an even
integer.

Table 1. A comparison of the numerical and exact values of the inter-
facial displacement jump r(z1,t) at t = 0.7500 and at various points
on the interface.

(N, M) = (24,5) | (N, M) = (72,15)

(21, 72) At = 0.3000 At = 0.1000 Exact
(0.1000,0) 0.6963 0.6374 0.6349
(0.3000,0) 0.7004 0.6986 0.6931
(05000, 0) 0.7326 0.7320 0.7318
(0.7000, 0) 0.7831 0.7325 0.7322
(0.9000,0) 0.8529 0.8173 0.8163

In Table 1, we present the numerical values of the displacement jump
r(x1,t) at ¢ = 0.7500 and selected points on the interface, as obtained by
using (N, M) = (24,5) with At = 0.3000 and (N, M) = (72,15) with At =
0.1000. Even with a relatively coarse discretization of the exterior boundary
and the interface with (M, N) = (24,5) (i.e. with the exterior boundary
replaced by boundary elements each of length about 0.1667 units and the
interface divided into subintervals of size 0.2000 units) and a relatively large
time-step of 0.3000, the numerical values obtained show reasonably good
agreement with the exact solution. It is obvious that there is a significant
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improvement in the accuracy of the numerical results when the discretization
of the exterior boundary and the interface of the bimaterial is refined and
when the size of the time-step used is reduced.

Table 2. A comparison of the numerical and exact values of displace-
ment w at the interior point (0.2500,0.3500) and at selected time t.

N M) = (24.5) | (N,M) = (72,15

t ( At:)0.3(000 e At)zo.(looo ) Exact
0.1500 31023 31385 3.1879
0.4500 2.6764 2.6734 2.6729
0.7500 2.2506 2.2434 2.2431
1.0500 1.8978 1.8962 1.8960
1.3500 1.6043 1.6032 1.6031
1.6500 1.3503 1.3585 1.3584
1.9500 1.1540 1.1534 1.1533

Table 3. A comparison of the numerical and exact values of (013, 023)
at the interior point (0.2500,0.3500) and at selected time ¢.

Numerical Exact
(0137023) (0137023)

0.1500 (—0.04651,0.7943) | (—0.04585,0.7948)

0.4500 (—0.09686,0.6577) | (—0.09622,0.6583)

t

0.7500 | (—0.1254,0.5470) | (—0.1249,0.5475)
1.0500 | (—0.1390,0.4567) | (—0.1386,0.4571)
1.3500 | (—0.1427,0.3826) | (—0.1424,0.3829)
1.6500 | (—0.1399,0.3216) | (—0.1396,0.3218)
1.9500 | (—0.1330,0.2711) | (—0.1329,0.2712)

Still using (N, M) = (24, 5) with At = 0.3000 and (N, M) = (72, 15) with
At = 0.1000, we may compute the displacement w at selected time levels ¢
and at chosen points (£;,&,) € R™ U R~ using (11), once the unknowns in
(23) and (24) are all determined. The numerical values of w at the interior
point (0.2500,0.3500) are compared with the exact solution at selected time
levels in Table 2. The numerical results in Table 2 are observed to converge
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to the exact values when the number of subintervals of the interface and the
boundary elements is increased and the time-step reduced.

Lastly, we discretize (14) to compute approximately the stress o3 at inte-
rior points in R™. In Table 3, we compare the numerical values of (013, 023),
as obtained using (N, M) = (72,15) with At = 0.1000, with the exact ones
at the interior point (0.2500,0.3500) and at selected time levels ¢. The nu-
merical and the exact values of (013,023) are in good agreement with each
other.

6 Conclusion

A hypersingular boundary integral method is proposed for the numerical so-
lution of a quasi-static antiplane problem involving a finite bimaterial with
a microscopically imperfect and visco-elastic interface. The condition on the
interface between the dissimilar materials is expressed in terms of a hypersin-
gular boundary integral equation which contains the interfacial displacement
jump and its time derivative. The method approximates the time deriva-
tive of the displacement jump using a finite-difference method. This leads
to a time-stepping scheme which requires the solution of a system of linear
algebraic equations of the form AX = B at consecutive time levels. The
elements in the square matrix A are independent of ¢ and therefore have to
be evaluated only once, while the matrix B has to be re-computed at every
time level.

The proposed method is applied to solve numerically a specific test prob-
lem. For the test problem, the unknown functions like the interfacial dis-
placement jump, the displacement and the stress, are computed numerically
and found to be in good agreement with the known exact solution. The accu-
racy of the numerical solution is also found to improve when the calculation
is repeated using a more refined discretization of the exterior boundary and
the interface of the bimaterial together with a smaller time-step.
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