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Abstract

The problem of an arbitrary number of arbitrarily oriented straight
cracks in an infinitely long piezoelectric strip is considered here. The
cracks are acted by suitably prescribed internal tractions and are as-
sumed to be either electrically impermeable or permeable. A Green’s
function which satisfies the conditions on the parallel edges of the strip
is derived using a Fourier transform technique and applied to formulate
the electroelastic crack problem in terms of a system of hypersingu-
lar integral equations. Once the hypersingular integral equations are
solved, quantities of practical interest, such as the crack tip stress and
electric displacement intensity factors, can be easily computed. Some
specific cases of the problem are examined.
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1 Introduction

In recent years, the problem of determining the electro-elastostatic fields
around cracks in an infinitely long piezoelectric strip has been a subject of
considerable interest among many researchers. Most of the works reported in
the literature deal with cracks that have specific geometries and orientations,
such as a single straight crack oriented in a direction that is either parallel
or perpendicular to the edges of the piezoelectric strip.

For mathematical simplicity, many researchers have studied cases in which
the piezoelectric strip is deformed by antiplane shear stress and inplane elec-
trical static loads. For such special cases, Li [6] and Shindo et al [13] applied
a Fourier transform technique to reduce the problem of a straight crack to
solving a Fredholm integral equation, and Li et al [7,8,19] derived closed-
form formulae for the electro-elastic field intensity factors and energy release
rates of a pair of collinear cracks. Some other works of related interest in-
clude those of Li and Lee [9] and Kwon and Lee [10] on a straight crack in a
piezoelectric strip of finite length subject to an antiplane deformation.

If the piezoelectric strip is deformed by inplane mechanical and electrical
loads, the problem is more complicated to solve. Particular plane problems
involving piezoelectric strips with relatively simple crack configurations were
solved by Shindo et al [14] and Wang et al [15-18].

The present paper considers the problem of an infinitely long piezoelectric
strip containing an arbitrary number of arbitrarily oriented straight cracks
under mixed mode electro-elastostatic loads. The cracks are assumed to be
either electrically impermeable or permeable. The solution approach here is
to construct an appropriate Green’s function for the governing equations of
linear electroelasticity and use it to reduce the problem under consideration

to solving hypersingular integral equations which describe the conditions on



the cracks. The Green’s function which satisfies prescribed conditions on
the edges of the piezoelectric strip is derived with aid of exponential Fourier
transformation. Once the hypersingular integral equations are solved, physi-
cal quantities of interest such as the crack tip stress and electric displacement
intensity factors can be readily computed. The analysis presented here covers
both inplane and antiplane deformations and their coupling. It is applied to

solve some specific cases of the problem under consideration.

I:*

(b, b,y

T (K

\ K K
(", &™)

Figure 1. A sketch of the problem on the Oxix5 plane.

2 The problem

With reference to an Oz xsx3 Cartesian coordinate system, consider an in-
finitely long piezoelectric strip —oo < 1 < 00, 0 < 23 < h, —00 < x3 < 00,
where h is a given positive constant. The strip contains N arbitrarily ori-
ented straight cracks whose geometries do not change along the z3 axis. The

cracks are denoted by T'™, T®? ... TW=1 and T™). On the Oz, plane,



the tips of the k-th crack I'®) are given by (agk), aék)) and (bgk), bék)). Refer to
Figure 1. The cracks do not intersect with one another or the edges zo = 0
and zo = h. It is also assumed that the electroelastic deformation of the
cracked piezoelectric strip does not depend on the spatial coordinate x3 and
time.

We are interested in determining the displacements wuy(x1, x2) and electric

potential ¢(z1,x5) in the cracked piezoelectric strip such that

for — oo < 1 < o0, (1)

k
Uij(flfl,iEZ)mj - —Uﬁg)(ﬁl,fz)mg' )

as (x17x2)_)(51762)€F(+k)(k:1a2a"' 7N)a (2)
and either

o a6, e
as (Jfl,flfg) — (51,52) € Fglj:)(k‘ = ]_72’ e 7]\f)

if the cracks are electrically impermeable, (3)

or

Ag(x1,22) — 0 as (z1,22) — (£1,&,) € Fgf) fork=1,2,--- N

if the cracks are electrically permeable, (4)

where o;; and d; are respectively the stresses and electric displacements,
the superscript (0) (in ag.]) and dl(.o)) denotes the internal stress and electric

displacement fields in the piezoelectric strip, Fgf) denotes the “upper face” of



the crack I'®), mgk) being the components of a unit magnitude normal vector

to Fgf) which are given by

(k) (k) (k) (k)
w _ by —ay w_ o —b (k) _
my f(k) y Mo " = E(k) , M _Oa
k k k k
O = o - a0 - )

and A¢(x1, z2) denotes the jump in the electrical potential ¢ across opposite

faces of the crack IT'®), as defined by
Ad(ar,x5) = limlg(zs — le|m{”, 25 — [elmi?)

—p(a1 + |elm?, 25 + e|m3?)]

for (x1,25) € TP, (6)

Furthermore, it is assumed that the stresses o;; and electric displacement d;
generated by the cracks tend to zero as |z1| — co.

On the Ox;z, plane, the crack I'*) may be regarded as an ellipse having a
minor axis that tends to zero. If we assign a clockwise direction to the ellipse
then the “upper face” FS{C) is taken to be the part of the limiting ellipse from
(a”, a57) to (01", 03").
line segment from (agk), ay ) (b b )

For our purpose here, I’(f) is treated as the straight

The usual Einsteinian convention of summing over a repeated index is
assumed for lowercase Latin subscripts. In general, to allow for antiplane
deformations (that is, to include the case uz # 0), lowercase Latin subscripts
take the values of 1, 2 and 3. Nevertheless, since the geometry of the problem
and uy and ¢ do not depend on x3, some repeated lowercase subscripts may,
however, run from 1 to 2 only. Thus, for example, the free subscript i in (3)
and (7) below takes the values of 1, 2 and 3; the repeated subscript k in (7)
may run from 1 to 3 in general; the repeated subscripts j and ¢ in (3) and

(7) run from 1 to 2 only.



3 Basic equations of electroelasticity

For time independent electroelastic problems, the governing equations for
the displacements u; and electric potential ¢ in a homogeneous piezoelectric

material are given by

Cij O u + €yij 5o _ 0
e ow;0my "V Ox;0m
82uk 82¢ — 0 (7)

€jke — Kje
" 0x0xy 7 Ox01y
where c;jre, €sj and K are the constant elastic moduli, piezoelectric coeffi-

cients and dielectric coefficients respectively.

The constitutive equations relating (05, d;) and (ug, ¢) are

6uk 8¢
04 = Cz’jkéa—w‘i‘eh’ja—wa
ou 0P
dj = ejkz—axl;—/fjp—am- (8)

Following closely the approach of Barnett and Lothe [1], we define

Uo—d W for J=5=1,2,3,
77 ¢ for J =4,

[ Oij fOI'I:i:172,3,
= d; for I =4,

Cijee for I =i=1,2,3and K =k =1,2,3,
- epj for I =1=1,2,3 and K =4,
Crixe = ejpe for I =4and K =k=1,2,3, (9)
—kKje for I =4 and K =4,

so that (7) and (8) may be written more compactly as

Uk
————=0(1=1,2,3,4 1
OI]KE@:BJHW 0 ( ) a3a ) ( 0)



and

oU .
Srj = ijma—xfz (I=1,234;=123) (11)

respectively. Note that uppercase Latin subscripts have values 1, 2, 3 and 4.
Summation is also implied for repeated uppercase Latin subscripts running
from 1 to 4. For example, in (11) there is a summation over K from 1 to 4
and a summation over ¢ from 1 to 2.

Thus, the problem stated in Section 2 can be mathematically posed as
one which requires solving (10) in the region 0 < zs < h subject to the

conditions

S]Q(.Tl,O) =0

Sia(z1,h) = 0 } for —oo < 1 < 0. (12)

Spj(xr,m)ml - —80(g;, &)mP

as ($17$2) - (§1a§2) S F(f) (k = 1a2a"' 7N) for I = 1a2a37 (13)
and either

k k
Syj(zr,a)m? —  —8 (&, &)m

as (x1,79) — (£,&) el (k=1,2,---,N)

if the cracks are electrically impermeable, (14)

or
AUy (z1,22) — 0 as (x1,x2) — (£1,&,) € Fif) for k=1,2,--- N
if the cracks are electrically permeable, (15)
where
AU(x1,25) = lm(Up(a — |e|mi”, 25 — [eJmy”)

—Uy (21 + [e|m™ 2y + e|mi)]

for (Zlfl,l’g) € FS{C) (16)



In addition, it is required that S;; — 0 as |z1| — oo.
For the case in which Uk are functions of x; and x5 only, the general

solution of (10) can be written as

Uk(z1,22) = RC{ZAKafa(Za)}> (17)

a=1
where Re denotes the real part of a complex number, f, are analytic functions

of z, = £1+ 7,22 in the domain of interest, 7, are the solutions, with positive

imaginary parts, of the 8-th order polynomial (characteristic) equation
det[Crik1 + (Crikz + Crak1)7 + Crakam’] = 0 (18)
and Ag, are solutions of the homogeneous system
[Crnr1 + (Criks + Crek1)Ta + CI2K27—3]AK0¢ = 0. (19)

The characteristic equation (18) admits solutions which occur in pairs of
complex conjugates (Barnett and Lothe [1]).

The generalised stress functions Sp; corresponding to (17) are given by

Spj = Re{z LIjafc/u(Za)}a (20)

where the prime denotes differentiation with respect to the relevant argument

and

Lijo = (Crjk1 + 7aClrjk2) Axa- (21)

4 Green’s function for a piezoelectric strip

Here we construct a Green’s function ®gg(xy, z9;&;,£,) which satisfies the
partial differential equations
82
Crike=———|Pxr(x1,22; &4, = OrrO(x1 — &, 9 —
””axjaxg[ KR(T1,72; €1, &5)] rO(z1 — &1, 2 — &)

for0 < zay<hand0<é&,<h. (22)

8



and the boundary conditions

Erer(21,0;€1,8,) =0
Enr(r1, 1 €,6) =0

where 0rg is the Kronecker-delta, 6 denotes the Dirac-delta function and

} for — o0 < 1 < o0, (23)

_ 0
:1j3($1,332; 1 52) = CIjKZa_xZ[CI)KR@;l; T2, 51752)]- (24)

Guided by the analysis in Clements [3], we take

IKR(:I:].?'IQ;&- ’52)
- € atVa Za (e% L :[1,12;6 ’52
a= ‘

for 0 <&, < h, (25)

where

CID}}R(CUl; T2, 517 52)

4 4
1 _
= —% Re{ E AKaMap E Lpg/gNﬁs ln(za — Eg)}DSR
a=1 /=1

4
1 )
—|—% i Re{;:1 AgaMop[Epr(u; €1, &) exp(iuzy)

—Epr(u;€1,8,) exp(—iuza) + Fpr(u; &, &) bdu,  (26)

the overhead bar denotes the complex conjugate of a complex number, ¢ =
V-1, Epr(u;&1,&,) and Fpgr(u;&,,&,) are arbitrary functions to be deter-
mined, ¢, = & + Ta&y, [Nas] is the inverse of [Ag,], [Map] is the inverse of

[L12a) and Dgg are real constants defined by

4
Zlm{L12o¢NaS}DSR = 61R. (27)

a=1

Note that Im denotes the imaginary part of a complex number.

9



From (24), (25) and (26), we obtain

Exjr(T1,22; €, 6)
4
1 _ —
= % Re{; LKjaNaS<Za - Ca) 1}ZDSR + ‘:'KjR(xlv T2, 517 52)

for 0 < &, < h, (28)

where

E*KjR(iUl, PHINDY

4 4
1 - -\
- _%Re{g LKjaMaPE Lp2sNps(za —C3)"' }Dsr
a=1 B=1

o 4
_'_% 0 Re{; iLKjO‘MO‘Pu[EPR(u; 517 52) eXp(?:UZa)
—I—FPR(UQ 1, 52) eXp(—z’uza)]}du, (29)

It can be shown that (28) and (29) satisfy (22) and the boundary condi-
tions given on the first line in (23). The boundary conditions on the second

line in (23) are fulfilled if

4
RC{Z LKQaNaS(zl + Tah' - Ca)_l}DSR

a=1

4 4
— Re{z LgaaMyp ZEPQQN,BS(% + 7oh —3) '} Dsg

a=1 ﬁ:l
o 4
- / Re{) " iLkoaMaptuEpr(u; &, &) expliufz + Toh])
0

a=1

+Epr(u; &1, &) exp(—iulzr + Toh])] }du

= 0 for — oo < x; < 0. (30)

Taking the exponential Fourier transform of both sides of (30) over the

10



interval —oo < x7 < 0o, we find that

4
U Z{LK2OCMOLP eXp(iUTozh) - ZK2O£MO£P eXp(iU?ah’)}EPR(U; gla 62)

a=1

4
= Z LioaNas exp(—iulc, — Toh])Dsr
a=1

4 4
_ZLKQQMOLP prgﬂwﬁs exp(—z’u[Eg — Tah])DSR. (31)
a=1 [/=1

We can invert (31) as a system of linear algebraic equations to obtain
Epr(u;&4,&,). The functions Epg(u; &, £,) are not well defined at w = 0. It
can be shown that the integrand of the improper integral in (26) is bounded

over the interval 0 < u < oo if we choose Fpg(u;&;,&,) to be given by

Fpr(u;&1,85) = EPR(UQ £1,€2) — Epr(u;§1,65). (32)

Note that the functions Fpg(u;&;,&,) tend to zero as the width A tends
to infinity (that is, for a piezoelectric half-space xs > 0).

5 Hypersingular integral formulation

Let € be the region bounded by a simple closed curve 0€2 on the Ozyx
plane. If the functions Uk (x1, x2) and P r(xy, x9; &y, £5) respectively satisfy
(10) and (22) in €2 then it can be shown that

Ur(§1,&) = /[Uf(iﬂl,iﬂz)EIjR(iBl,@;51752)

59
—® (21, 22;€1,€5)S1(21, x2) i (21, T2)ds (21, 22)

for (£;,¢&,) € €, (33)

where [n(x1,x2),no(21,x2)] is the outward unit normal to €2 at the point

(21,x2) on the boundary 0Q and Sp;(z1,22) and Zpr(x1, x2; &4, §,) are de-

11



fined by (11) and (24) respectively. For further details on the boundary
integral equations in (33), refer to Clements [3], Pan [12] and Garcia et al [4].

If we apply (33) together with the Green’s function ®xg(z1,x9;&;,E,)
and the corresponding stress function Zg;r(x1,x2;&;,&,) as given by (25),

(26), (28), (29) and (31) to the crack problem stated in Section 2, we obtain

Ur(&1:€2) Z/AUI T1, T2)m kquR(iUl,$2;§17€2)d5(9317£52)

F(k)

for 0 < &, < h, (34)

where AUj(x1, z5) is as defined in (16). In (34), F(k) (the “upper face” of the
crack I'®)) is taken to be the straight line from (ag ), (k)) to (bgk), bgk)).

The integration in (34) is only over the crack faces. The integrals over
x9 = 0 and x5 = h vanish because of (12) and (23). Also, note that the far
field condition that S;; — 0 as |z;| — 0 is used in deriving (34).

From (11) and (34), we obtain

N
SK] 51752 Z/AUI<xlax2)CKjRém§,k)
k=1

(k)
F+

0 _
X—[ZIpR(fL"l,932;€1a52)]d3(931>932)
&y
for 0 < &, < h. (35)

Conditions on the cracks given by (13) and either (14) (for electrically
impermeable cracks) or (15) (for electrically permeable cracks) can be used
to derive a system of hypersingular integral equations containing the un-
known functions AUr(xy,z2) for (z1,22) € Ff) (k=1,2,---, N). The
unknown functions can be determined by solving numerically the system of

hypersingular integral equations.

12



5.1 Electrically impermeable cracks

For electrically impermeable cracks, the system of hypersingular integral

equations derived from (13) and (14) is given by

N T1

XIKAU
H/ o7 d+Z/AU 50 (v, t)dv
niq
N+
# 3 [0 = -0 0, X6
1K Kj 142 J
n=174

for —1<t<1l, K=1,2,3,4and¢=1,2,---,N | (36)

where ‘H denotes that the integral is to be interpreted in the Hadamard

finite-part sense and

AUS (v) = AU (X P (v), X3 (v)),

QIKr]am m(q g(n
— X)) + T X (0) — X50(2)])2

A (1) = —ReZ{ |3

m mr
oDy 1) = Re{ / ZiuL,jaMap
=1

x[CKTR%(EpR(u; £1,6)) expliuZ™ (v))

s

+0KTR%<EPR<M £1.6,)) exp(—iuZ (v))|du

4 4
- Z LIjonozP Z BPKTB
a=1 p=1
1

(X1 (v) — X172 (1)] + 1o X5 (v) — Fp X3 <t>>2}’

X

13



B +ar?) 0 — o)

X(Q) —
(9) (9) (9) (9)
X9 @) = (b5 ;azq ) " (b5’ ;azq )v,

Z00) = XP(0) + 7 X5 (0),

X% =

4 @, (@) pg)
riods g O\
e { @ QH;)J o)
o1 ([0 — a1+ Talby” —ay’])
QIKrjoz - (CKrRl_l'TaCKTRQ)TIjaRa TIjaS:LIjaNaRDRSa
(

Brrrs = (Crrri +T5Crrr2)Hpsr, Hppgr = LpagNgsDsgr.  (37)

The numerical method in Kaya and Erdogan [5] can be used to solve (36)
approximately for AU I(q) (v) as follows.

Let
J

AU (v) = VI =02y 95U (), (38)

j=1

where UU)(z) = sin([j + 1] arccos(x))/ sin(arccos(x)) is the j%* order Cheby-
shev polynomial of the second kind and ’(/ngj ) are the constants to be deter-
mined.

Substitution of (38) into (36) yields

J
- Zw&“’x%’(vw (1

N J
3y /ﬁv ()AL (v, t)dv

n=1 j=1
n#q
Y /ﬁv D ()50 (v, 1)
n=1 j=1
- —S§?3<X£q><t>,X§q><t>>m§‘” (39)

for —1<t<1l, K=1,2,3,4and¢=1,2,---,N.

14



Note that (39) contains 4JN unknown constants wﬁ;“" (P =1, 2,3, 4
n=12 -, N;j=1,2,---,J). By letting t = cos([2i — 1|n/[2J]]) for
1=1,2,---,J, we can generate a system of 4JN linear algebraic equations

which can be solved for the unknown constants.

5.2 Electrically permeable cracks

From (15), AUiq)(v) =0for -1 <v<landg=1,2, ---, N, if the
cracks are electrically permeable. According to (13), the unknown functions
AU (v), AU (v) and AU? (v) are governed by (36) (with AU (v) = 0)
for K =1, 2, 3 (instead of K =1, 2, 3, 4). The functions AUl(q)(v), AUéq)(v)
and AUéq) (v) can be approximated using (38) and the unknown constants

) 87 and ¥{™ are given by (39) with 1" = 0 for K = 1, 2, 3 (instead
of K =1, 2,3, 4). As before, we can let t = cos([2i — 1|n/[2J]) for i =1, 2,
.-+, J, to generate a system of 3JN linear algebraic equations to solve for

the unknowns.

6 Stress and electric displacement intensity
factors

For the specific problems considered below in Section 7, we calculate the
stress and electric displacement intensity factors at the tips (aﬁ"), aé")) and

(™, b5) of the n-th crack T'™ defined as follows:

Ki(a”,ag”) = dim [ == /=200 + 1)(53(X07 (1), X537 (8)m}”

t——1—
8 (X1 (8), X537 (8) )y ym{”.
Ki(al”,a5") = Tim [ ==/=2(t+ 1)(Sy (X1 (8), X537 (1)) ms”

—So; (X1 (1), X5V ())m{ym ",

15



Kir(a,a5”) = lim /=20 + 1Sy (X[ (), X537 (1)m”,

t——1—
Krv(a”,a3”) = lim ([ v/=20 + 1Sy (X7 (), X537 (1)my”,

+S5;( X} < ), X““( t))m §>>m§”h

K™ 6 = lim /o \/ﬁ )(S1; (X7 (t), X5 (t) )y

t—1t

—So; (X (8), X3V (£))m{™ym™

J
Krr(by”,057) = lim \[ V2t = 1Sy (X1 (8), X537 (1)) m”,

n n . g(n) n n n
K (8™, 60 = lim \/7 2(t — 1) Sy (XM (1), X5 (t))mi". (40)
Using (35) and (38), we find that (40) gives

Kl(ag ),ag )) = —2 (X;Bmg + XP2m Z 8 (—1)
() (n) £ ) () i)y rG-1)
Kir(ay”’,ay7) =~ B T(Xp1 M2 _sz Z uv=o(-1),

Km(ag ),aé )) = \/ 7TXp3 Zw( M —1)
oola™ oMy~ B ()17
wviayay”) =~ 7TXP4 Z@D —1)

Kb 0) = S aEm 4 xpim Z¢ MUY ()
n n E(TL n
ij(bg),bé)) = 5 (X;Emg _Xp2m1 ZQ/J +1),

16
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7 Specific cases

Some specific cases of the electroelastic crack problem stated in Section 2 are

solved here using the analysis presented in Section 5.

h

Figure 2. A horizontal electrically impermeable crack in the strip.

Case 1. To check our results against those given in Wang and Noda [18],
we consider the case of a single horizontal straight crack —a < zy < a, x5 = b,
—00 < r3 < 00, in the infinitely-long piezoelectric strip with electrical poling
along the x5 direction. Note that a > 0 and 0 < b < h. We take the tips of the
crack to be (al b ag )) (a,b) and (bg1 ,b(1 ) = (—a,b). The crack is assumed
to be electrically impermeable. A geometrical sketch of the problem is given
in Figure 2. In [18], the same problem is formulated in terms of singular
integral equations (that is, by using an approach equivalent to modelling the

crack as a continuous distribution of dislocations).

17



For the electrical poling direction along the x5 direction, the constitutive

equations are given by

011
022
033 _
032
031
012
and

D, 0 O

D2 = €y €3

D3 0 O

SCoo0o0O0 cooZMa

®
—

0 0 0 ¢

€2

0

cooMmQAOY

colooco coohm?=

0

€1

0 0
0 0

coMN~Noc oo

0 0 Y11
0 0 V22
0 0 V33
0 0 232
%(A_N ) 0 2731
0 L 2712
£,
E, (42)
Es
T
T2 e 00 Ey
27733 +1 0 e O Es
32
Py 0 0 & Es
2712
(43)

where 2, = duy,/0z; + Ou;/0z), and By, = —0¢/0xy. Note that 33 = 0 and
FE3 = 0 here since u; and ¢ are independent of x3.

According to (7), (8), (9), (42) and (43), the non-zero coefficients Cy;x,

are

C11111 = CY?)?)?)?) = A7 C11133 = C13311 = N7 C12222 = C,
C(1122 = C(2211 = C(2233 = C(3322 = F,
C(1212 = C(2112 = C(2121 = C(1221 = C(2323 = C(3223 = C(3232 = C(2332 = L;
C11313 = CY?)113 = CY?)l?)l = CY1331 = %(A - N)7

18



Co1s1 = Choa1 = Csga3 = Coza3 = Ca121 = Cu112 = Clzze = Cazes = ey,
Chia2 = Cs349 = Cag11 = Cia3z = €2,
Caoao = Cuozp = €3, Ca1a1 = Cyzaz = —€1, Caoa2 = —€. (44)

From (19), the matrix [Ag,] can then be constructed by finding non-

trivial solutions of the homogeneous systems

(A+ L72) A+ (F + L) TaAza + (€1 + €2) Tadsa = 0,
(F4+ L) 1A 1. + (L + C’ri) Age + (61 + eg'ri) Ay = 0,
(5(A~N)+ L) Ase = 0,
(e1 + €3) T A1 + (61 + eg'ri) Ase + (—61 — 627'3) Age = 0, (45)
where
T3 =i AQ_LN (A > N), (46)

and 71, 7o and 74 are solutions (with positive imaginary parts) of the sextic
equation in 7 given by

A+ Lt (F+ L)t (e1+e)T
det | (F+L)tr L+C1* e +er® | =0. (47)
(e1+e)T e1+e3m? —e — €oT?

For a = 3, a non-trivial solution of (45) which forms the third column of

the matrix [Ak,| is given by

A23 . 0
Az || 1 (48)
A43 0

For a = 1, 2 and 4, if (A+ LT2)(L + C72) — (F + L)*72 # 0, we may take
Az, =0 and Ay, =1 and find A, and Ay, by solving

(A + LTZ) Alg+ (F+ L) 17442 = —(e1+€2)Ta,

(F+ L) 7oA, + (L + C"ri) Ay, = —eg —e3T?

(o2

19



in order to construct the first, second and fourth columns of the matrix [Ag,].
To compare our results with those in Wang and Noda [18], we use the

following material constants:

A=126x10"" N =5.5x 10" F =841 x 10,
C=11.7%x10" L =23 x 10",

e1 = 17.44, ey = —6.5, e3 = 23.3,

€1 = 150.3 x 107, ¢, = 130.0 x 1071, (50)

The values of A, N, F', C and L above are in N/m?, e;, e; and e3 are in

C/m?, and ¢ and € are in C/(Vm).

—e K (a,b)/ (o, Ja) present analysis
G- K (a,b)/(6,Ja) Wang and Noda

" ;

§_ 3 —— CK,(a.b)/(Fa, Ja) present analysis

& -3 - CKy(a.b)/ (Foya) Wang and Noda

‘é 25 | —— CK(a.b)/ (ezcrn\f;) present analysis

2 -ty - CK(a.b)/ (ey0,Ja) Wang and Noda
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Figure 3. Plots of K(a,b)/(0¢v/a), CKr(a,b)/(Fooy/a) and
CKiyv(a,b)/(e300/a) against b/h.

20



0

E 87 —— K, (a,b)/ (GD\/E) present analysis

2 71 -G-K(abd) (o, Ja) Wang and Noda

% —%— CK,(a.b)/ (e,0,~Ja) present analysis

*é 6 . 3o CK(a.by/ (e0,Ja) Wang and Noda

=

: 59

2 4] CK . (a.b)/ (e,opar)

3

3 34

= 24 i ._

= K (a,b)/ (GD\/E)

:E ' o =]

;{_l"

_"j

" 0 T T T T T T 1
0 1 2 3 4 5 6 7

CDy I (e50y)

Figure 4. Plots of K;(a,b)/(cov/a) and CKpy(a,b)/(e3oo\/a) against
CDO/<€30'0).

In Figure 3, for internal loads on the crack given by ng) =0, Ség) = 09,
Ség) = 0 and Sig) = 0 (0¢ is a positive constant) and for h/a = 4.0, the
non-dimensionalised crack tip stress intensity factors Kj(a,b)/(cgv/a) and
CKji(a,b)/(Fogy/a) and the non-dimensionalised crack tip electrical dis-
placement intensity factor C Ky (a,b)/(e3oo\/a) are plotted against b/h for
0.10 < b/h < 0.50 and compared with the numerical values given by Wang
and Noda in [18]. (Note that Kr(a,b) = 0 for the problem under considera-
tion.) For 0.20 < b/h < 0.50, our plots are almost visually indistinguishable
form those obtained using the numerical values of Wang and Noda [18]. For
b/h nearer to 0, there is, however, a small but noticeable difference between

the two sets of values for the intensity factors. Except for b/h smaller than
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0.20, the numerical values of the intensity factors are observed to converge
to at least 4 significant figures when J in (38) is increased from 5 to 10. For
b/h which is smaller than 0.20, that is, when there is a stronger interaction
between the crack and the edge x5 = 0, convergence to 2 or more significant
figures is observed when we increase J from 10 to 20.

In Figure 4, for the crack under uniform internal loads ng) =0, Ség) = 0y,
Ség) = 0 and Sﬁg) = Dy (0¢ is a positive constant and D, a non-negative
constant) and for h/a = 4.0 and b/h = 0.50, we plot Ki(a,b)/(c0\/a)
and CKpy(a,b)/(es00v/a) against the non-dimensionalised electrical load
CDy/(es00) for 0 < CDy/(eso0) < 7.0. The plots (obtained using J = 5

in (38)) agree well with the numerical values from Wang and Noda [18].

Case 2. Consider now the case in which the electrical poling is taken to be

along the z3 direction with the constitutive equations given by

011 A N F 0 0 0 Y11
0922 N A F 0 0 0 Y22
033 . F F C 0 0 0 Y33
032 - 0 0 0 L O 0 2’)/32
oo 0 0 0 0 L 0 2741
12 0 0 0 0 0 A—N) 2715

0 0 €9

0]

- 5 E2 9 (51)

0 €1 0 E

ee 0 0 s

0 0 O
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and

Y11
D, 00 0 0 e 0 V22 e 0 0 B,
D, | =0 0 0 e 00 ;33+0610 E,
D3 €y €9 €3 0 0 0 V32 0 0 €2 E3

2731

27912

It follows that the non-zero coefficients Cj;k, are

Ciinn = A, Cxop = A, Cr1za = Co211 = N, Cszzz = C,

Chi33 = Csz11 = Cgozg = C33pp = I,

Ci313 = C3113 = C3131 = Ci331 = Cazpz = U093 = Czp3p = Cozzo = L,
Ci212 = Co112 = Ca121 = Cho01 = %(A - N);

Cs141 = Ci3a1 = Cazar = Cs49 = Cpiz1 = Ca13 = Caoaz = Cazp = ey,
Chias = Caaz = Cyz11 = Ciyzan = e,

Cs343 = Cysss = €3, Cpa1 = Cuoao = —€1, Cyzaz = —€o. (53)

The homogeneous system in (19) reduces to

1 1 1
(A + 5 (A - N) Ti)Ala + (aN + QA)TOLA204 = 07
1.1 1,1 ) B
(§N + 514)7’,1141,1 + (514 — §N + ATQ)AQQ = O,

(L + LTi) Aga —+ (61 + 617’3) A4a = O,
(61 + el'ri) Asy — (61 + el'ri) Ay = 0. (54)

Note that (54) cannot be used to construct [Ag,| that is invertible. To
overcome this minor difficulty, a relatively small amount of anisotropy is

introduced into the equations governing u; and wuy. Specifically, we replace
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Ci111 = A in (53) by C1111 = A + ¢, where € is a selected real number whose
magnitude is very small compared to A. It follows that instead of (54) the

linear algebraic equations for working out Ak, are given by

1 1 1
(A+€+§(A—N)72)A1a+(§N+§A)TQAQQ = 0,

1 1 1 1
<§N + éA)TaAla + (514 - EN + ATi)AQa = 0,

(L + LTi) A3a -+ (61 + 617’3) A4a = 0,
(61 + 617'3) Aso + (—61 — 617'3) A = 0. (55)

We can take 73 = 74 = ¢ and 7; and 79 are two distinct solutions with
positive imaginary parts of the quartic equation

(M<A+H5M—NW w+aA—mw):Q

(N A= N LA N+ A (56)

Note that (56) cannot yield two distinct solutions with positive imaginary
parts if € is zero.
From (55), we find that A, may be chosen to be
B (N + %(A — N))Tq
A+e+3(A-N)72
Asq = 0a1 + 002, Asa = 043, Asa = Ona. (57)

Ala =

(6(11 + 6(12)

The matrix [Ak,.| as constructed in (57) is invertible if 71 # 7.

For electrical poling along the x3 direction, we consider the case of two
electrically permeable collinear cracks which are centrally located in the
piezoelectric strip, as studied by Li [7]. Specifically, the cracks lie on the
plane z; = 0 and their crack tips are given by (agl), agl)) = (0,h/2 —d—2a),
®1, 6y = (0,h/2 = d), (a'?,a{?) = (0,h/2 + d) and (b®, b)) = (0, h/2 +
d + 2a), that is, 2a is the length of each of the crack and 2d is the distance

separating the inner crack tips. A geometrical sketch of the problem is given
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in Figure 5. The electrically permeable cracks are acted upon by uniform
internal loads given by Sg) = 0, Sé?) = 0 and S?E?) = 7o (7o is a positive

constant).

4
=
v

h 2d

4
=
v

Figure 5. Two electrically permeable collinear cracks centrally located in

the strip.

To obtain some numerical results, the relevant material constants are

taken to be

A=126 %10 N =55x10" F =5.3x 101,
L =1353x10" e, =17.0, ¢ = 151 x 10719, (58)

The values of C| ey, e3 and €3 are not given above as they do not play a role
in the computation here.

Using the constants in (58) and J = 5 in (38), we compute the non-
dimensionalised stress intensity factors K;;7(0,h/2 —d — 2a)/(10y/a) (at an
outer tip) and Kj;7(0,h/2 — d)/(70v/a) (at an inner tip) for h/a = 9. In
Figure 6, the non-dimensional stress intensity factors are plotted against d/a
for 0.10 < d/a < 2.40. The values of the stress intensity factors are in good

agreement with those calculated using the analytical formulae given in Li [7].
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Figure 6. Plots of K;;7(0,h/2 —d — 2a)/(79\/a) and
Kir1(0,h/2 — d)/(T0v/a) against d/a.

Case 3. Consider now three parallel cracks in the infinitely-long piezoelec-
tric strip as sketched in Figure 7. Specifically, the middle crack is of length 2a
and has tips given by (a, h/2) and (—a, h/2). The tips of the crack above the
middle crack are (b,d + h/2) and (—b,d + h/2) and those of the crack below
are (b, —d+h/2) and (—b,—d+ h/2). The top and bottom cracks have equal
length 2b. The uniform internal loads on the electrically impermeable cracks
are given by S\9 =0, S = o0, 59 = 0 and S = Dy with Dy/oy = 10720
CN™! (0 and Dy are positive constants). As in Case 1 above, the electrical

poling is in the x5 direction and the material constants of the strip are given
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by (50).
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Figure 7. Three parallel cracks in the strip.
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Figure 8. Plots of K;(—a, h/2)/(0¢\/a) and Ky (—a,h/2)/(Doy/a) against

d/a.
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For h/a = 4 and b/a = 1, plots of the non-dimensionalised stress intensity
factor Kj(—a, h/2)/(coy/a) and the electrical displacement intensity factor
Krv(—a, h/2)/(Dgy/a) at the tip (—a, h/2) of the middle crack against d/a
for 0.50 < d/a < 1.60 are given in Figure 8.

2,00
g —— K (~a.h/2)/ (cyNa)
[&]
= - B B
T 180 - ~#= K (-a.h/2)/ (DyNa)
g i
160
5
T 140
[&]
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(=
_UZ
= 1204
=
[+]
4=
2 1.00 A
)
<
S 0.80 A
W
0
o
Z
D.GO T T T T 1
0 02 04 0.6 08 1

bla

Figure 9. Plots of K;(—a, h/2)/(oov/a) and Ky (—a,h/2)/(Dgy/a) against
b/a.

From these plots, it may be observed that the intensity factors increase
as the other two cracks move away from the middle crack. A plausible ex-
planation for this observation may be given as follows. When the cracks are
very near to one another, the stress flow lines are diverted from the tips of
the middle crack, giving rise to intensity factors of lower magnitudes. As
d/a increases, the stress flow lines diverted by the top and bottom cracks

realign themselves perpendicularly to the planes bounding the strip, thereby
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interacting more strongly with the tips of the middle crack. It is clear that
the top and bottom cracks have a shielding effect on the middle crack.

The shielding effect can also be observed by altering the half crack length
b of the top and bottom cracks. For h/a = 4 and d/a = 1, the non-
dimensionalised stress intensity factor K;(—a, h/2)/(0¢/a) and the electrical
displacement intensity factor K (—a, h/2)/(Dgy/a) at the tip (—a, h/2) of
the middle crack are plotted against b/a for 0 < b/a < 1 in Figure 9. It is
obvious that the intensity factors decrease with increasing b/a. Their vari-
ations are quite slow and gradual as b/a increases from 0 to 0.50 and only

start to become more pronounced for b/a > 0.50.

I g ———— S
i | — (] —p-— (1 —p]

(f lri*l (1';

Figure 10. Two inclined cracks and a horizontal crack.

Case 4. Here we study the interaction between two inclined cracks and a
horizontal crack. A geometrical sketch of the problem is given in Figure 10.
Specifically, the horizontal crack lies in the region —a < =7 < a, x3 = h/2,
—00 < x3 < 00. The tips of the inclined crack on the left are given by

(—d+acosf,h/2+asinf) and (—d —acosf,h/2 — asinf) and those of the
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other inclined crack by (d—acos @, h/2+asinf) and (d+acos@, h/2—asin ).
The uniform internal loads on the electrically impermeable cracks are given
by 59 =0, 589 = 04, 59 = 0 and 559 = Dy with Dy/oq = 1070 CN! (aq
and Dy are positive constants). The electrical poling is in the z5 direction

and the material constants of the strip are given by (50).
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Figure 11. Plots of K;(—a, h/2)/(00+/a) against (d — a)/a.

We examine the effect of the inclined cracks on the mode I stress and elec-
trical displacement intensity factors of the horizontal crack as the distance d
changes. For h/a = 4.0, Figures 11 and 12 give plots of K;(—a,h/2)/(cov/a)
and Ky (—a,h/2)/(Dgy/a) respectively against (d — a)/a for 0.50 < (d —
a)/a < 3.5 for three different values of the angle 6. As expected, we observe
that each of the intensity factors tends to a fixed value for all the three values
of the angle 6, as the distance (d — a)/a increases. For 0 < 6 < 7/2, the

inclined cracks appear to have a greater influence on the intensity factors of
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the horizontal crack if the angle 0 is smaller. For §# = 7/6 and 6 = 7/3, each
of the intensity factors has a peak value at a particular value of (d — a)/a. Tt
may be of some interest to note that the variations of Ki(—a, h/2)/(co/a)
with (d — a)/a are qualitatively the same as those of Ky (—a,h/2)/(Dov/a).
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Figure 12. Plots of Ky (—a,h/2)/(Dgy/a) against (d — a)/a.

For 6 = 7/6, K;(—a, h/2)/(00v/a) is found to be negative when the non-
dimensionalised distance (d—a)/a is smaller than 0.50. This suggests that the
inclined cracks may possibly generate a compressive load on the horizontal
crack near its tips. Thus, depending on the angle # and the distance (d—a)/a,
opposite faces of the cracks in Figure 10 may possibly come into contact with
each other near the crack tips. The solution in Section 5 assumes that the
cracks open up completely under the action of suitably prescribed internal

tractions and hence may not be physically valid if crack closure occurs.
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Figure 13. Plots of K (—a,h/2)/(o0v/a), Ki1(—a,h/2)/(00v/a) and
Kiv(—a,h/2)/(Dov/a) against (d — a)/a for § = /4.

For either (d—a)/a — oo or § = 7/2, the mode II crack tip stress intensity
factor of the horizontal crack is zero (since ng) = 0). In general, the presence
of the inclined cracks may, however, cause a mode II deformation at the tips
of the horizontal crack. In Figure 13, for h/a = 4.0 and 6 = 7/4, the non-
dimensionalised intensity factors K7(—a, h/2)/(oov/a), Kir(—a, h/2)/(c0v/a)
and Ky (—a, h/2)/(Dg+/a) (at the tip (—a, h/2) of the horizontal crack) are
plotted against (d — a)/a for 0.30 < (d — a)/a < 3.5. Note that, as be-
fore, the variation of Kj(—a,h/2)/(c¢\/a) with (d — a)/a shows the same
qualitative feature as that of Ky (—a,h/2)/(Dgy/a). For (d —a)/a > 1, the
mode II stress intensity factor Ki;(—a,h/2)/(0gy/a) is relatively small in
magnitude. The effect of the inclined cracks on Krj(—a,h/2)/(cov/a) be-

comes more pronounced as the distance (d —a)/a decreases. From Figure 13,
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it appears that the magnitudes of the intensity factors K;(—a, h/2)/(co\/a),
Kii(—a,h/2)/(00\/a) and Ky (—a,h/2)/(Dgy/a) increase rapidly as the crack
tip (—a, h/2) of the horizontal crack approaches the inclined cracks.

Case 5. Consider two centrally located parallel cracks of equal length 2a as
sketched in Figure 14. The tips of the first crack are given by (—d, h/2—a) and
(—d, h/24 a) and those of the second cracks by (d, h/2 —a) and (d,h/2+a).
The electrical poling is in the vertical x5 direction. The internal tractions
on the cracks are given by Sg) = 0y, Sé?) =0 and Sg(,?) = (. The cracks are
assumed to be electrically permeable. The influence of the width h of the
strip on the stress and electric displacement intensity factors at the crack

tips is examined here.

Figure 14. Two parallel cracks perpendicular to the strip.

For the case in which the material constants of the strip are given by
(50), numerical values of K;(—d,h/2—a)/(0ov/a), Ki1(—d,h/2—a)/(0¢\/a)
and the and CKy(—d, h/2 — a)/(e309/a) (non-dimensionalised stress and
electric displacement intensity factors at the crack tip (—d, h/2—a)) are given

in Table 1 for d/a = 0.50 and selected values of h/a. The numerical values of
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the intensity factors in Table 1 are obtained by using 10 collocation points
(J = 10) in (38). It appears that each of the intensity factors increases in
magnitude as the upper and lower planes of the strip approach the crack
tips (+d,h/2 + a) and (£d, h/2 — a) respectively. As may be expected, the
stress intensity factor K is not zero as the geometry of the problem is not

symmetrical about the planes containing the cracks.

Table 1. Non-dimensionalised stress and electric displacement intensity factors

on the crack tip (—d,h/2 — a) for d/a = 0.50 and selected values of

h/a.
h/a | Ki/(o0v/a) | Ki1/(00va) | CKiv/(es00v/a)
8.00 0.8092 0.1208 0.2614
6.00 0.8443 0.1234 0.2670
4.00 0.9586 0.1280 0.2770
3.50 1.0357 0.1327 0.2872
3.00 1.1933 0.1501 0.3248
2.50 1.6571 0.1991 0.4309
2.40 1.8607 0.2115 0.4577

8 Conclusion

Hypersingular integral equations are derived for an arbitrary number of ar-
bitrarily oriented straight cracks in an infinitely long piezoelectric strip. The
unknown functions in the integral equations are given by the displacement
and electric potential jumps across opposite crack faces. Once the unknown
functions are determined, the stress and electric displacement intensity fac-
tors at the tips of each crack can be easily computed using explicit formulae.

The hypersingular integral equations are solved for specific cases of the

problem under consideration. For two of the cases, the computed values of
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crack tip stress and electric displacement intensity factors agree well with
those published in the literature, thus verifying the validity of the solution
presented here. The crack tip intensity factors for the other cases which have
not been previously solved exhibit qualitative features which are physically
interesting as well as intuitively acceptable.

It is possible to apply the analysis presented here to a piezoelectric strip
with edge cracks if the method for solving the relevant hypersingular integral
equations is appropriately modified as explained in Nied [11]. More generally,
the hypersingular integral equations for curved cracks can also be derived and

solved numerically as outlined in [2].
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