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ABSTRACT. We investigate what it means for a (Hausdorff, second-countable)
topological group to be computable. We compare several potential definitions
based on classical notions in the literature. We relate these notions with the
well-established definitions of effective presentability for discrete and profinite
groups, and compare our results with similar results in computable topology.
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1. INTRODUCTION

1.1. A brief overview. Our paper contributes to a fast developing branch of ef-
fective mathematics which combines methods of computable algebra [8, 1, 9] with
tools of computable analysis [4, 48, 41] to study computable presentations of topo-
logical spaces and topological groups (e.g., [12, 31, 27, 40, 29]). Whenever a theory
emerges, one of the first tasks is to compare the most basic definitions arising and
see which ones are equivalent. In the context of algorithmic group theory, one of
the most well-known examples of such a separation result is the celebrated work of
Novikov [36] and Boone [3] who proved that not every finitely presented group has
decidable Word Problem. Such investigations often lead to a deeper understanding
of the various notions of presentability that are being studied in that area. For
instance, in his search for a more elegant proof of the Novikov-Boone theorem, Hig-
man [16] discovered that ‘recursively presented’ groups are exactly the subgroups of
finitely presented groups, thus characterising one notion of presentability for groups
in terms of another.

In the present paper we prove several positive characterization-type results that
are fundamental to the emerging theory of computable topological groups. As the
main result of the paper, we prove that in the locally compact and the abelian cases,
a seemingly weak notion of effective topological presentability is in fact equivalent
to the apparently much stronger notion of right-c.e. Polish presentability (up to
topological group-isomorphism). The second main result of the paper further im-
proves the result, but under the extra assumption of effective local compactness.
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All of these terms will be defined in the paper. Finally, we also support these
positive results with counter-examples that separate several notions of computable
presentability up to topological group isomorphism. These counter-examples and
their proofs relate our notions with the aforementioned recursive groups studied by
Higman [16], computable groups as defined by Maltsev [28] and Rabin [42], and
with recursive profinite groups investigated by Metakides and Nerode [34]. Indeed,
we will see that in many important cases some of these definitions turn out to be
equivalent.

Before we formally state our results, we give a bit more background and briefly
discuss the related literature.

1.2. Notions of computable presentability. Maltsev [28], Rabin [42], Higman
[16], Metakides and Nerode [34] and others (e.g., [12, 31, 27, 40, 29]) suggested
various notions of computability for various classes of groups. The most well-
established notions of computable presentability of groups are restricted to discrete
and profinite groups, as we discuss below.

We have already mentioned the notion of a “recursive presentation” [16] which
is standard in combinatorial group theory. Since the term “recursive presentation”
can mean many different and non-equivalent notions (as we shall see shortly), we
instead call such presentations computably enumerable (c.e.), or 9. These pre-
sentations are groups of the form F,,/H, where F,, is the standard reduced-word
presentation of the free group upon w-many generators and H is its computably
enumerable normal subgroup. The equality relation modulo H, also known as
the “Word Problem”, does not have to be computable even in a finitely presented
group [36, 3]. Perhaps motivated by this early fundamental result, Mal’cev [28] and
Rabin [42] suggested a stronger notion of computable presentability for a group. In
the notation above, a group is computably presented if it is isomorphic to F,,/H,
where H is a computable normal subgroup of F,. In other words, a group is
computable if it is c.e. presented and the Word Problem is decidable in the pre-
sentation. Equivalently, a countably infinite group is computable if its domain is a
computable set and the group operations are represented by computable functions
upon elements of the set. This notion can be extended to an arbitrary discrete
algebraic structure in the obvious way. The notion is well-established and is central
to the technically deep theory of computable algebraic structures, see [1, 8].

From the perspective of computable presentability, the second most well-understood
class is the class of profinite groups. Metakides and Nerode [34] and then La
Roche [25, 26] and Smith [44, 43] studied “recursively presented” and “co-r.e.-
presented” profinite groups. To define computability in this class we just need to
say that some inverse system of finite groups representing the group is effective in
a certain sense; we omit the definitions here. Among other results, they proved the
effective versions of Galois correspondence that relate recursive and co-r.e. presen-
tations with computable and computably enumerable field extensions, respectively.
Another duality established in the cited papers is a Stone-type duality between
recursive groups and decidable classes in 2“; and between co-r.e. presented groups
and TI{ classes in 2¥. In both cases, the classes are also equipped with group oper-
ations. The recent paper [30] proves that the recursive profinite abelian groups are
exactly the Pontryagin duals of computable discrete torsion abelian groups. There
are many ways to apply these dualities to establish that co-r.e. presentability is
strictly weaker than recursive presentability for profinite groups.

One of the characteristic features of the results discussed above is that the notions
of computability in the profinite and the discrete case are interconnected and related
via dualities of various kinds. Are these two subjects just pieces of a bigger puzzle?
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More specifically, can we develop a general theory of computable topological groups
that is not restricted to the profinite and discrete case? In the present paper, we
are mainly interested in Polish groups but some of the technical results proven here
also work for Hausdorff second-countable groups. Thus, for the remaining of the
paper we will adopt the convention:

All our groups and spaces are Hausdorff and second countable.

Indeed, we are mainly interested in locally compact groups, and it well-known that
every Hausdorff and second countable locally compact space is Polish.

Following the analogy with the discrete and profinite cases, a computable topo-
logical group should mean a computable space together with computable group op-
erations. The situation becomes much more complex when we consider groups
which are neither profinite nor discrete. Unfortunately, even in the nice case of
a Polish(able) space, it is not even clear what “computable space” should mean
exactly. Computable topology is notorious for its zoo of different notions of com-
putability for a topological space (and a topological group). In contrast with effec-
tive algebra [8, 1] where all standard notions of computable presentability in com-
mon classes had been separated more than half a century ago (e.g., Novikov [36],
Boone [3], Feiner [10], Khisamiev [20], Odintsov and Selivanov [37]), some of the
basic notions of computable presentability in topology have been separated re-
cently [17, 15, 27, 2, 32]. Arranged from strong to weak, some common notions of
effective presentations for a Polish space are as follows:

computably compact — computable Polish
— right-c.e Polish — computable topological

All these notions will be formally defined in the preliminaries and also briefly dis-
cussed below; we only mention here that the first one clearly works only for compact
spaces, and that all implications are known to be strict up to homeomorphism, as
established in [17, 2, 32, 27, 6]. This means that, in each case, there is a space that
is effectively presentable in the weaker sense but is not homeomorphic to any space
effectively presentable in the stronger sense.

As discussed above, a “computable topological group” should mean “computable
topological space” + “computable group operations”, where computability of op-
erations is defined as usual in terms of approximations, i.e., through the use of
effective operators. Thus each of the four notions above leads to a potentially
different definition of a computable topological group. Up to topological group iso-
morphism, are these four notions equivalent? How are these notions related to the
well-established approach in the discrete case? What about the profinite case? We
will answer these questions shortly. But first, we clarify and compare the notions
above with respect to topological spaces.

There are several variations of the definition of a computable topological space
that can be found in, e.g., Kalantari and Weitkamp [19] and Spreen [45]. We will use
the following, perhaps the weakest possible, approach. A computable topological pre-
sentation is given by a countable base of topology (B;):e. consisting of non-empty
basic open sets together with the c.e. set W that allows one to list intersections in

IFor the last implication see [32], for right-c.e. vs. computable Polish we cite [2], and for the
first implication see [17, 27, 6]. Also, for the closely related notion of a left-c.e. Polish space which
will not be used in this paper, we cite [32].



4 HEER TERN KOH, ALEXANDER G. MELNIKOV, AND KENG MENG NG

the following weak sense:
B;NB; =| J{Bx: (i,j,k) € W}.

The standard examples of computable topological spaces include right-c.e. Polish
spaces that will be defined shortly. However note that the definition of a computable
topological space is point-free. In fact, one can simply define a computable topolog-
ical presentation as a c.e. set of triples (4, 7, k) and do not contain any information
about the points in the space they represent. Thus it is entirely possible that a single
computable topological presentation can represent non-homeomorphic spaces; for
instance the unit circle and the unit open interval share the same fixed computable
topological presentation. In fact this strange feature can be exploited to show that
there is a Polish space that is computable topological but is not homeomorphic
to any right-c.e. Polish space [32]. Indeed, it follows from the simple proof in the
companion paper [32] that in general, for a computable topological locally compact
(Polish) space there is no bound on the complezity of its Polish presentation, up
to homeomorphism. Nonetheless, the notion of a computable topological space is
rather popular in the literature, and authors often consider additional assumptions
since the basic notion is very weak.

The much stronger classical notion of a computable Polish space can be traced
back to Ceitin [5] and Moschovakis [35]. We say that a Polish space is computable
Polish if there is a countable dense subset (z;);c., and a complete metric d compat-
ible with the topology such that d(z;,z;) can be uniformly computed to precision
27" If we only require that the real d(z;,z;) can be effectively approximated from
above by enumerating its right cut then we get the notion of a right-c.e. Polish
space. These are also known as upper-semicomputable Polish spaces. The reason
why the right-c.e. case is so important in the literature is because it is the standard
example of a computable topological space. Also, it is known that Stone duality
associates effectively compact (to be defined) right-c.e. Stone spaces with c.e. pre-
sented Boolean algebras [2]. In particular, it follows from results in [17, 15] and the
aforementioned classical result of Feiner [10] that there is a right-c.e. Polish space
not homeomorphic to a computable Polish space; see [2] for a detailed explanation.

Finally, we say that a space is computably (or effectively) compact if it is com-
putable Polish and additionally, we can effectively list all finite basic open covers
of the space. It has been proven in [27, 6, 17] that there are compact spaces that
are computable Polish but not homeomorphic to any computably compact space.
Interestingly, the proof in [27] builds a connected compact group with this property.
It follows from the proof in [27] that there is a connected compact abelian group
that has a computable Polish presentation (as a group, i.e., in which the operations
are also computable), but so that its underlying space is not homeomorphic to any
computably compact space. Thus, at least one implication is known to be strict
for groups. The notion of computable compactness is restricted to compact spaces
and therefore will not be too important to us. Instead we will consider the natural
generalisation to locally compact spaces.

1.3. Results. We are now ready to discuss our results. Recall that in [32] we
illustrate that there is a computable topological locally compact Polish space that
is not homeomorphic to any arithmetical (or even analytical, and beyond) Polish
space, let alone a right-c.e. Polish space. In stark contrast, the principal result
of the present paper shows that, up to topological group-isomorphism, these two
notions of presentability are equivalent for groups:
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Theorem 1.1. For a Polish group G that is either abelian or locally compact, the
following are equivalent:

(1) G has a computable topological presentation,
(2) G has a right-c.e. Polish presentation.

Furthermore, in (2) the metric can be taken to be left-invariant (or right-invariant).

The implication (2) — (1) is obvious, but (1) — (2) is non-trivial and surprising.
This unexpectedness of our result is due to the fact that, as per our discussion
in the previous subsection, a computable topological presentation is point-free and
therefore extremely undiscriminating. Nevertheless for groups, the concept of a
point-free computable presentation is enough to recover a right-c.e. Polish presen-
tation in these two important cases.

It should not be surprising that one of the crucial steps in the proof is a new
effective version of the classical Birkhoff-Kakutani metrization theorem; this is The-
orem 3.2. The proof of the effective version of the Birkhoff-Kakutani theorem
requires much care since we use the weak point-free definition of a computable
topological presentation. Even more care is needed to reconstruct the dense se-
quence from the point-free effective topology; this is Theorem 4.1. We shall also
explain why in the locally compact and in the abelian cases the metric produced
in Theorem 3.2 is complete; this is not obvious at all, but several classical results
from topological group theory will come to our aid. The proof of Theorem 1.1 is
spread through the paper; for the abelian case see Corollary 4.7, and for the locally
compact case see Corollary 5.3.

In Corollary 6.3 we also show that Theorem 1.1 is sharp in the sense that,
in general, we cannot produce a computable metric. Our counter-example is a
discrete abelian group that admits a right-c.e. Polish copy but is not topologically
isomorphic to any computable Polish group. In Section 6 we also illustrate that,
in the discrete case, computable Polish presentability is equivalent to computable
presentability in the sense of Mal'cev [28] and Rabin [42]. We also mentioned earlier
that, for compact groups, computable Polish does not imply computable compact
up to topological isomorphism. Combined with Theorem 1.1, these results imply
that for abelian and for locally compact Polish groups and up to topological group
isomorphism, the diagram looks like:

computably compact

12
computable Polish

11
right-c.e Polish

+1

computable topological

Clearly, for the top implication the counter-examples are compact; such examples
can be found among connected compact groups [27] (as discussed above) and also
among profinite groups [6].

‘We now discuss the second main result of the present article. One of the two cases
in Theorem 1.1 is when the group is locally compact. Struble [46] showed that a
Hausdorff, second countable locally compact topological group admits a compatible
left-invariant proper metric; recall that a metric is proper if every closed bounded
set is compact. The natural question is: Can we improve Theorem 1.1 and prove
an effective version of Struble’s result in the locally compact case?
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In the literature, most effective arguments that involve the use of compactness
assume that the space satisfies a version of effective compactness. One such notion
we have already mentioned above. Remarkably, many definitions of effective com-
pactness in the literature turn out to be equivalent; see [18, 6, 39]. We will formally
define and discuss the notion of effective compactness that we use in the prelimi-
naries section. Roughly speaking, a set is effectively compact if we can effectively
list all of its covers by finitely many basic open balls.

To have access to local compactness, we need to generalize this notion to locally
compact spaces. There are several definitions in the literature [39, 50, 47]. We
shall not attempt to compare these definitions up to homeomorphism; we suspect
that they are non-equivalent for groups. The notion suggested in [39] seems most
suitable for our purpose. Roughly speaking, it is a direct effectivisation of the
classical notion of local compactness that says that every point is contained in a
compact neighbourhood. We will define it formally in the preliminaries.

We are ready to state the second main result of the paper:

Theorem 1.2. FEvery effectively locally compact computable topological group ad-
mits a proper right-c.e. Polish presentation in which the metric is left-invariant and
proper.

Furthermore, the metric produced in the theorem is itself effectively locally com-
pact and indeed effectively proper in the sense that will be clarified in the preliminar-
ies. We also point out that in both Theorem 1.1 and Theorem 1.2, the right-c.e. Pol-
ish presentations that we build are computably homeomorphic (indeed, effectively
compatible) to the given computable topological presentation of the group. These
standard notions will be clarified later. Theorem 1.2 will be derived as a corollary
of a rather general technical result Theorem 5.4 combined with Theorem 1.1; see
Corollary 5.6.

We do not know whether the assumption of effective local compactness can
be dropped from Theorem 1.2. However, similarly to Theorem 1.1, we do know
that the result cannot be improved to give a computable proper metric. This is
essentially due to the fact that the aforementioned Corollary 6.3 actually gives
a discrete example. Since having a discrete example is perhaps not particularly
exciting, in Proposition 6.4 we produce an example of a profinite group that is
right-c.e. Polish and effectively compact, but is not homeomorphic to any effectively
compact computable Polish group. Note that in the compact case every metric is
automatically proper.

The plan is as follows. Section 2 is a preliminaries section. In Section 3 we
prove the effective version of the classical Birkhoff-Kakutani Theorem. Section 4
contains a technical result that allows to reconstruct an effective dense sequence of
points in the group; in this section we also prove the abelian case of the first main
result. Section 5 is concerned with the locally compact case; it contains the proofs
of the locally compact clause of the first main result and the proof of the second
main result. Section 6 contains results concerning discrete and profinite groups,
where the notions of effective presentability for such groups from the literature are
characterized in terms of computable Polish and right-c.e. presentations. Section 7
contains a further discussion of various notions of effective presentability for groups
in the literature, most notably for totally disconnected non-compact groups, and
how these notions are related to the notions studied in the paper. Finally, Section 8
is a brief and informal conclusion.
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2. PRELIMINARIES

2.1. Computable topological spaces. As we already stated in the introduction,
we assume that all our topological spaces and groups are Hausdorff and second-
countable. The definition below is central to the paper.

Definition 2.1 (see, e.g., Definition 2.1 of [24] of Definition 4 of [49]). A com-
putable topological space is given by a computable, countable basis of its topology
for which the intersection of any two basic open sets ( “basic balls”) can be uniformly
computably listed. More formally, it is a tuple (X, 7, 8,v) such that

e [ is a base of 7 consisting of non-empty sets,
e v: w — [ is a computable surjective map, and
e there exists a c.e. set W such that for any i, j € w,

v(i) Nv(j) = Jlw (k) : (5. k) € W)

We say that a topological space has a computable topological presentation if
it is homeomorphic to a computable topological space (with is of course called a
computable topological presentation of the space).

Remark 2.2. We establish the convention at this point. In Definition 2.1, we have
opted for a basis consisting of non-empty sets. However, some authors allow basis
sets to be empty while requiring the collection of non-empty basic open sets to be
computably enumerable (c.e.). It is worth noting that assuming the space is not
empty, these two definitions are indeed equivalent.

Our approach readily ensures the relation v (i) # @ is vacuously computably
enumerable. On the other hand, if we assume v(i) # () to be c.e. but permit empty
sets to be listed, we can simply limit v to the non-empty sets. (If needed, we can
apply padding to one of the non-empty basic sets to ensure that the domain of v
equals w.) However, we find it more appropriate to adopt the above definition as
it leads to a more concise description of spaces, given that we never consider the
empty space. Additionally, it’s worth noting that without the assumption of non-
emptiness for basic sets (equivalently, (i) # @ being c.e.), any second countable
topological space becomes computable, which hardly gives an insightful notion of
effective presentability.

Let (X,7,8,v) be a computable topological space. (As mentioned above, all
spaces considered in this paper are non-empty). For i € w, by B; we denote the
open set v(i). As usual, we identify basic open sets B; and their v-indices. In
order to simplify our notation even further, we will never actually use the notation
(X, 7,8,v) and will just say that 7 is a computable topological presentation of X.

We note that computable topological spaces are closed under taking finite direct
products; the computable topology is given by the product topology (equiv., box
topology). We will not need infinite direct products of spaces in the paper.

Perhaps, the most natural examples of computable topological Polish spaces are
right-c.e. spaces; see, e.g., Theorem 2.3 of [24]; we also cite [2, 6] for a detailed proof.
For instance, every computably metrized Polish space is a computable topological
space. We discuss these notions in the next subsection.

Definition 2.3. We call

N® = {Z S Bl}
the neighbourhood base of x (in a computable topological space X). A name for a
point z is any p € w* such that rng(p) = N¥, i.e., p enumerates N?.

We can also use basic open balls to produce names of open sets, as follows.
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Definition 2.4. A name of an open set U in a computable topological space X is
the enumeration of a set W C N such that U = (J,;yy, Bi, where B; stands for the
i-th basic open set in the basis of X.

If an open set U has a computable name, then we say that U is effectively open
(sometimes known as c.e. open). If C is closed then a closed name for C is an
open name of its complement. We say that C' is effectively closed if its complement
is effectively open. We also say that a closed set C' is effectively overt if we can
effectively list all basic open sets that intersect C. A compact set is computable
compact if it is both effectively overt and effectively closed.

The notions defined below are also standard.

Definition 2.5. Let f be a map between two computable topological spaces.

(1) We say that f is effectively continuous if there is a Turing functional such
that given any name for an open set U, outputs a name for f~1(U).

(2) We say that f is effectively open if there is a Turing functional such that
given any name for an open set V', outputs a name for f(V).

If f is a homeomorphism, then it is effectively open if and only if f~! is effec-
tively continuous. We thus say that an homeomorphism between two computable
topological spaces is effective (or computable) if its is both effectively open and
effectively continuous.

One special case of a computable f is the following:

Definition 2.6. If X is a computable topological space then a metric d compatible
with the topology of X is computable if there is a Turing functional ® such that
given any y, z € X and any name p, g of y and z respectively, ®(p ® q) produces an
enumeration of both the left and the right cuts of the real d(y, 2).

Equivalently, we could require that the metric is a computable map X2 — R,
where R is equipped with the usual computable topology generated by rational
intervals.

Definition 2.7. In the notation of the previous definition, a metric d is said to be
right-c.e. (upper-semicomputable) if ®(p @ ¢) enumerates the right cut of d(y, z).
(A left-c.e. metric is defined similarly.)

Notice that we do not require the metric to be complete, and we do not require
the existence of a computable dense sequence in the space. Of course, complete-
ness and effective separability are highly desirable properties, especially because we
are mainly interested in Polish(able) spaces. Many natural computable metrics in
standard Polish spaces are complete and, also effectively separable. We will discuss
the complete effectively separable case in Subsection 2.2.

2.1.1. Computable topological groups. We are ready to formally define the notion
of a computable topological group.

Definition 2.8. A computable topological group is a triple (G,-,~!), where G
is a computable topological space and the group operations - : G x G — G and
—1: G = G are effectively continuous.

We also say that a topological group has a computable topological presentation if
it is homeomorphic to a computable topological group. (We call the latter a com-
putable topological presentation of the group.) In order to simplify our notation,
we will usually simply say “G is computable topological” rather than “(G,-,7!) is
a computable topological group”.

Fact 2.9. Multiplication and inverse operators are both effectively open in a com-
putable topological group.
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Proof. Given some name for an effectively open set U, in order to enumerate the
name for U~!, simply enumerate the preimage of ! on U. This gives a name for
U~! since (U‘l)_1 =U. Thus ~! is effectively open.

Now given names for open U, V, we want to produce computably a name for
U-V. The map (z,y) — 2~ 'y is computable. Enumerate all basic open B s.t.
there is some basic open set A where ANU # () and

A"'.BCV.

Now we claim that the union of all such B is equal to U - V. First of all, if B
is enumerated by the procedure above, let a € ANU. For each b € B we have
b=a-a'bcU-A"'-BCU-V,and so BCU-V. Conversely let a € U and
bec V. Since a™! -ab = b € V, let A, B be basic open sets containing a and ab
respectively such that A='- B C V. Then B will be enumerated by the procedure
above, and where ab € B. O

Fact 2.10. FEvery computable topological group admits a c.e. local base for the
identity element. That is, there is a uniformly c.e. sequence of basic open sets

(Un)new such that Uy 1 C Uy for each n, and (), ¢, Un = {e}.

Proof. Let {B,, }new be the effective basis for G, where each B,, is nonempty. We
extract a local base for eq in the following way. Define

L Z/[O = G,

o Upi1 =UyN (Bn -B;l) for n > 0.

Note that each U,, is effectively open, uniformly in n. First we check that
{U, }new is a local base for eq. Consider the continuous function f(z,y) = zy~*.
Then for any open set U containing e, there must be some basic open ball By
s.t. f(By, Br) C U, since z - 271 = eg for any x € G. Thus {B, - B, ' },c. gives
a local base for eg. Since each B,, # (), hence eg € B,, - B, for every n and so it
follows that {U, }necw is also a local base for eg.

Next we check that U, = Z/l,jl for all n. Base case n = 0 is trivially true,
then assume U, is true for some n. Let x € U1 = U N (Bn . B;l). By in-

ductive hypothesis, we know that z=! € U,,. Furthermore, since (Bn - B 1)_1 =
{(@ )7 Jabe By} ={ba"t [a,be By} = By B, thena™! € B, B!, and

thus 7! € Upy1.

Since G is Hausdorff, for any x # e there is an open set U such that eq € U
and x & U. There is some n such that &, C U which means that x & U,,. So this
means that (), ., U, = {ea}- O

2.1.2. Relativization. We can relativise all definitions in this section. For instance,
we can talk about topological presentations that are not necessarily computable.
For instance, given a space we could fix 7 = {B; : i € w} (that can be identified
with w) and a set W, such that

BinB; = J{B: (i,4,k) € W}

and call it a topological presentation of the space. We stretch our terminology
slightly and denote the representation by 7 rather than W... Here we do not require
W.. to be c.e.

Definition 2.11. Topological presentations (which are not necessarily computable)
70 and 71 of X are effectively compatible on X if the identity function on X is a
homeomorphism that is computable w.r.t. 79 and 7. That is, each basic open set
in By is effectively open with respect to By and vice versa, uniformly in the indices
for the basic open sets.
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2.2. Effectively metrized spaces and groups. The notions below are standard.

Definition 2.12. Fix a Polish(able) space M.

(1) M is computable Polish or computably (completely) metrized if there is a
compatible, complete metric d and a countable sequence of special points
(z;) dense in M such that, on input 7,j,n, we can compute a rational
number r such that |r — d(z;, ;)| < 27

(2) M is right-c.e. Polish or upper-semicomputable Polish if there is a com-
patible, complete metric d and a countable sequence of special points (x;)
dense in M such that, on input 4, j, the right cut {r € Q : d(x;,x;) < r} of
d(z;,x;) can be uniformly computably enumerated.

Clearly, any computable Polish space is right-c.e. Polish, but there are examples
of right-c.e. Polish spaces that are not even homeomorphic to any computable Polish
spaces; [2]. As we have already mentioned above, every right-c.e. Polish space can
be viewed as a topological space. Indeed, in a right-c.e. Polish space define a basic
open ball to be an open ball having a rational radius and centred in a special point.
Let (B;) be the effective list of all its basic open balls, perhaps with repetition. It
is not too difficult to show using triangle inequality that (B;) induces a computable
topological structure on the space; e.g., [24, 2, 6]. In contrast, in the satellite
paper [32] we show that there is a Polish(able) space that admits a computable
topological presentation, but is not homeomorphic to any right-c.e. Polish space.

We remark here that in a computable Polish space, the metric d is also com-
putable in the sense of Definition 2.6, and in a right-c.e. Polish space the metric
is right-c.e. in the sense of Definition 2.7. Definitions 2.6 and 2.7 are more general
and work with respect to any computable topological presentation.

Remark 2.13. The computability of a function between computable (more gen-
erally, right-c.e.) Polish spaces admits several reformulations equivalent to Defi-
nition 2.5. For instance, we can require that a map is computable if it uniformly
transforms fast converging sequences of special points to fast converging sequences
of special points; see [6, 18] for a detailed exposition of computable metric space
theory (which we omit here). In [31], such lemmas were formally verified for com-
putable topological spaces with a property called “c.e. strong (formal) inclusion”;
both computable Polish and right-c.e. Polish spaces have this property.

Recall that all our topological spaces and groups are Hausdorff and second-
countable. The following notions are direct generalizations of Definition 2.8.

Definition 2.14. (1) A computable Polish group is a computable Polish space
together with computable group operations - and ~!.
(2) A right-c.e. Polish group is a right-c.e. Polish space together with com-
putable group operations - and ~!.

Remark 2.15. The identity element is computable in any right c.e. Polish group;
non-uniformly fix any non-zero special x and consider x - =1 (i.e., N¢ introduced
in Def. 2.3 is c.e.); one could also extract this observation from Fact 2.10. Thus,
without loss of generality we can also require the identity element to be computable
in both computable and right-c.e. Polish groups.

The notion of a computable Polish group is due to Melnikov and Montalbén [31].
We will see that in the discrete case it is equivalent to computable presentability
of the group in the sense of Mal’cev [28] and Rabin [42]. We will also see that the
notion of a right-c.e. Polish group can be viewed as a generalization of the standard
notion of a c.e-presented (X¢-presented, positive) group in effective algebra [8],
and of a co-c.e. presented profinite group studied by LaRoche and Smith [44]. The
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latter notion, however, also additionally assumes a certain weak version of effective
compactness which is another important notion that we discuss next.

We also note that the notions defined in this section can be relativized. For
instance, we could consider Polish presentations in which we do not restrict the
(algorithmic) complexity of the metric.

2.3. Effective compactness and effective local compactness. The definition
below is standard in the literature:

Definition 2.16. We say that a computable compact topological space X is ef-
fectively compact (as a space) if the set of all tuples (iy,...,i;) such that X =
B;, UB;, U...UB,, is computably enumerable.

In the context of a computable topological space, one could also talk about
effective compactness of a subset of the space.

Definition 2.17. We say that a compact subset K of computable topological space
X is effectively compact (as a subset) if the set of all tuples (i1, ...,4) such that
K C B;, UB,;, U...UB,, is computably enumerable.

This can be generalized in the straightforward way:

Definition 2.18 (See [50]). Given a compact subset K of a computable topological
space X, we define a compact name for K to be any p € w* that enumerates the
set of all finite covers of K by basic open sets of X.

More formally, a compact name for K is any enumeration of

N" = {{io,....ix) : K € | By},
J<k
where B; is the i-th basic open set in X. Evidently K is effectively compact iff it
has a computable compact name. (Note that we do not require that each B;; has
to intersect the set).
The following fact is well-known (for example, see [50, Lemma 2.3]):

Fact 2.19. Given a name for a closed set A and a name for a compact set K, we
can list a name for AN K.

Remark 2.20 (Comparing with other notions of compactness). We will get the
stronger notion of a computably compact set if we additionally require in Definition
2.17 that B;, N K # () for every cover enumerated by a name, i.e., that the set K is
effectively overt. Of course, this would not be an issue in Definition 2.16 because
each basic open B;; is non-empty and thus vacuously intersects the entire space.
The difference is already seen in the context of 2, where a compact set is effectively
compact (as a subset of 2¢) if and only if it is I19. Recall also that a non-empty I19
class does not have to contain any computable points. In other words, even in 2%
we get that effective compactness of K implies only that the open complement of
K can be effectively listed without necessarily being able to effectively list all basic
open B such that BN K # §. In other words, an effectively compact subset of a
computable Polish space does not have to be computably compact. Indeed, it has
been shown in [2], there is a I1{-class in 2 that is not even homeomorphic to any
computable Polish space (thus, to any effectively compact computable Polish space).
Nonetheless, there is a very nice correspondence between effectively compact spaces
and computably compact sets, as essayed in [6, 18]. The reader should be aware
that a subtle distinction exists between considering effective (in some sense) subsets
of a fixed space (e.g., the Hilbert Cube) and presenting these sets without reference
to any larger ambient space. However, explaining and comparing these two (often
equivalent) approaches to computability falls beyond the scope of this paper. For
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a comprehensive explanation, we recommend referring to the surveys mentioned
earlier [6, 18].

We shall adopt the following convention when it comes to compact sets:

When we talk about effectively compact subsets of a computable
topological space, we mean it in the sense of Definition 2.17.

2.3.1. Effective local compactness. Unlike the notion of an effectively compact space
which is robust [6, 18], there are several (seemingly) non-equivalent notions of
effective local compactness in the literature [39, 50, 47]. We shall not attempt
to verify whether these notions of effective local compactness are equivalent up
to homeomorphism since there is yet not enough evidence that these notions are
equally important and useful. We adopt the following;:

Definition 2.21 ([39]). A second countable topological space X is effectively lo-
cally compact if there is a Turing operator which given a name for a point x € X
and a name for an open set U 3 z, outputs a name for an open set V and a name
for a compact set K such that x ¢ V C K C U.

As explained in the companion paper [32], in the context of computable Polish
spaces, we can drop U in the definition above and assume K is a computably
compact (closed) ball of an arbitrary small computable radius. However, groups in
the present paper are rarely computable Polish. Nonetheless, later in the paper we
will be dealing with computable topological groups that additionally have a dense
sequence of computable points in them. The following lemma shall be useful:

Lemma 2.22 ([39, Proposition 8]). Suppose that a computable topological space
X has a dense set of uniformly computable points. Then X is effectively locally
compact if and only if there is a triple ({Up }new, { Km }mew, R), where

e U, is a computable sequence of (uniformly) effectively open sets.

e K, is a computable sequence of (uniformly) effectively compact sets.

e RC N x Nisa c.e. set such that (n,m) € R = U, C K,,.

e For any open set U, we have

= U U
{m|Km CU} {n|(n,m)ER}

In other words, under the assumptions of the lemma, any open set can be es-
sentially approximated by compact neighbourhoods from within, with a sufficient
degree of effectiveness. The triple ({Uy }new, {Km fmew, R) was called an ercs for
X in [39]. Compare this to the related notion of a computably locally compact
Hausdorff space in [50, Definition 3.2].

2.4. Effectively proper metrics. Recall that a metric d is proper if every closed
bounded ball {y | d(x,y) < r} is compact; equivalently, every closed bounded set
is compact. Recall that a name of a closed set is a name of its open complement,
and the name of a compact set is the list of all of its finite basic open covers. The
obvious effectivisation of properness is the following:

Definition 2.23. A right-c.e. Polish space (M,d) is effectively proper if there
exists a Turing functional which, given a name of a closed set A and a basic open
ball By(a,r) D A, outputs a name for some compact set K O A.

The lemma below relates the notion with local effective compactness.

Lemma 2.24. Given a Polish space (M,d), we have (i) < (i) = (ii). If (M, d)
is a computable Polish space then all three are equivalent:
(i) (M,d) is effectively proper.
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(ii) Given a name for a closed set A and a basic open ball containing A, we can
list a compact name for A.
(i1i) Given a name (as a closed set) for the closed ball BdS (a,7) ={x: d(a,z) <

<
r} and the parameters a,r, we can compute a compact name for By (a, 7).

Proof. (1) = (ii): Apply Fact 2.19, which holds even if d is not computable. The
implications (ii) = (i),(iii) are trivial. If d is computable then assuming (iii) holds,
for each basic open B(a, ) where « is a special point and r € QT, we have BdS (a,7)
is effectively closed. (This is because a special point x ¢ B; (a, ) together with
a g-ball By (z,q) iff d(a,z) > r + ¢, which is c.e. if the metric is computable, but
could be not c.e. for a right-c.e. metric. In the case of a computable metric we do
not have to assume BdS (a, ) comes together with a closed name, as it automatically
can be reconstructed from its parameters.) So given a name for a closed set A and
some a, r such that A C By(a, ) we can obtain a name for BdS (a, r) and, therefore,
a compact name for BdS (o, 7). By Fact 2.19, we obtain a compact name for A. O

The first item in the above lemma is the effective version of the fact that every
closed and bounded set is contained in a compact set. The second item corre-
sponds to the fact that every closed and bounded set is compact, while the third
item corresponds to the fact that every closed and bounded ball is compact. An
effectively locally compact computable Polish space will satisfy a version of (ii4)
that says that, for every x, there exists a sufficiently small » and a special « such
that z € Bdg(oz7 r) is effectively compact. In [32] we additionally show that, in such
a space, Bdg(a, r) can be picked computably closed as well. But of course, to claim
that we can compute a compact name for B§ (a, r) for any r,a the metric has to
be proper in the first place.

2.5. A unified generalization: represented spaces. The definition of a com-
pact name Definition 2.18 is reminiscent of Definition 2.3 for points. It is also
somewhat similar to Definition 2.4 for open sets. Also, the definitions of a com-
putable topological, a computable Polish, and a right-c.e. Polish space have a similar
flavour too. More specifically, in each case we can define names of points and define
the notion of a computable map between presentations.

All these notions have some clear similarities and seem to be special instances
of something more general. This intuition can be made formal using the theory of
represented spaces. We do not need this degree of generality in the present paper.
Indeed, one of the main goals of our paper is to illustrate that, in the case of Polish
groups, we can safely restrict ourselves to the classical theory of effectively metrized
spaces without any loss of generality. We cite [38] for a detailed exposition of the
theory of represented topological spaces.

3. EFFECTIVE BIRKHOFF-KAKUTANI THEOREM

The classical Birkhoff-Kakutani Theorem is the following:

Theorem 3.1 (Birkhoff-Kakutani Theorem). Let G be a topological group. Then
G is metrisable iff G is Hausdorff and first countable. Moreover, if G is metrisable,
then G admits a compatible left-invariant metric.

We consider the effective version of the Birkhoff-Kakutani Theorem and restrict
attention to computable topological groups. We obtain the following effective ver-
sion of Theorem 3.1.

Theorem 3.2. Let G be a computable topological group. Then G admits a right-
c.e. compatible left-invariant metric.
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Proof. Let { By, }necw be the effective basis for G, where each B,, is nonempty. Using
Fact 2.10, fix a c.e. local base (U, )new of the identity element:

ﬂ un = {eG}a
new
where the sets U,, are uniformly c.e. open.
Now we define {V,, }ne, satisfying the following properties for every n € w:
(1) Vo = G; Vn+1 C Vi
(2) Vo=V, 1;
(3) V?H—l g Vn;
(4) V,, CU,.
Consider the function f(zo,yo,21,Y1,%2,Y2) = H%zoxiyfl. Assume that V,, has
been defined. Search for basis elements B and B , Bj. satisfying the following
e (Bi,)j<6 C f~1(V,), and
e BCV,NN,_yBi,.
Since G is a computable topological group, multiplication and inverse are effectively
continuous operations, and hence, given an index for V,,, we can search for an index
for B. Take V,, 41 = (B- Bil) NUp+1, and note that V,, 1 is also effectively open,
uniformly in n. Note also that B must exist, since eq € V,, and f(eg,eq, -+ ,eq) =
eq.

The properties 2 and 4 are immediate. By choice of B, we see f(B,B,...,B) C
Vo, and thus V3 ={z -y -2 |2,y,2€ (B-B")NUp1} C{z-y-2|2,y,2 €
(B-B~ Y} = f(B,B,...,B) CV,. Finally, since eg € V,,41, then for any x € V,, 11,
T-eq-eq € Vi_H, which gives V11 C Vf’H_l CV,.

Now we define the functions o,d : G> — R by:

o o(z,y) =inf{27" |27y € V,}.
o d(z,y) = nf{Y_g 0(gi,gi11) | 9 € G0 = 7,101 = y,1 € w}.
Since Vg = G, ¢ and d are total functions.

To verify that d is a metric on G, we follow the classical proof (see [11]) almost
exactly. Since for each n, V,, = V', then we have that o(x,y) = o(y,z) for any
z,y € G, and since o(gz, gy) = inf{27" | (gz)"(gy) € Vn} = inf{27" | 271y €
Vn} = o(z,y), then d must also be both symmetric and left-invariant. It is easy to
see that d(x,x) = 0, and since o(g,h) > 0 for any g, h € G, then d(x,y) > 0 for any
x,y € G. From the definition of d, it is also easy to see that the triangle inequality
holds. Thus it remains to check that d(z,y) = 0 only if x = y.

We prove the following by induction

iO".. 15

l

Z 0(9i, gi+1) =

=0

9(90, gl+1)

N =

for any go,91,--.,91+1 € G. First note that by property 3 of {V, }new, 0 has the
following property

(*) Ve > 0, if 0(g0,91), 0(91, 92), 0(92, g3) < €, then o(go, g3) < 2e.

Then when [ < 2, the proposition follows directly from (*). Suppose that the
proposition holds for all I’ < [ for some I. Let S = Zé:o 0(9i,gi+1), and m
be the largest (possibly m = 1) s.t. Z?;Bl 0(gi, giv1) < %S. By the induc-
tive hypothesis, 0(go,gm) < 237" 0(gi,gi41) < S. Since 31 0(gi,git1) >
%S, then Zi:mﬂ 0(9i, giv1) < %S, then by inductive hypothesis again, we have
0(gm+1,9141) < S. But clearly o(gm, gm+1) < S, that is

0(90, 9m), 0(gm> Gm+1), 0(gm+1, g141) < S,



COMPUTABLE TOPOLOGICAL GROUPS 15

and hence by (*), 0(go, gi+1) < 2S. Then if d(z,y) = 0, it must be that %Q(l’, y) =0
and this is only the case when 2 'y = eg, i.e. x =v.

Now we check that d is compatible with the topology of G. Let U be open in G
and g € U. Then for some n € N, gV,, C U. We check that By(g,27""1) CU. Let
h € Bg(g,27""1), then d(h,g) < 27"~1. By the claim above, o(g,h) < 2d(g,h) <
27" and by the definition of o, g~*h € V,,, thus h € gV, C U. Conversely,
let U be open in the topology given by d and let ¢ € U. For some n € N, we
have that By(g,2™") C U. We check that gV,41 C U. Let h € gV, 41, then
o(g,h) <2771 and by definition of d, d(g,h) < o(g,h) < 27"~ < 27" therefore
he By(g,2~") C U.

Now we check that the right cut of d(x,y) can be enumerated given an enu-
meration of N* and NY. List out all finite tuples, and search for [ 4+ 1-tuples
(Pm)m<ts (@m)m<i and (N, )m<; such that the sequence (B, Bp,,...,Bp,) and
(Bgos Bgy s - - - » By,) satisty
By, is enumerated in N%,

B, is enumerated in NV,

B, B,, CVy, for each m <1, and

B,,, N By, ., # 0 for each m <.

Note that the third condition is c.e. and implies that (By,,, Bg,.) € 0~ ([0,27""]).
If a suitable (n,,)m<; is found, enumerate Zé‘:o 27" into our approximation to
the right cut of d(z,y).

Now we verify that the procedure described above in fact does enumerate the
right cut of d(z,y). Let ¢ = Z;:o 27" be enumerated by the procedure at some
stage. This means that some (n;);<; and corresponding (B;,,Bi,,...,B;,) and
(Bkos Bk, s - - -, Bi,) have been found where z € B;, and y € By,. Now for each
Jj <l let g; € By, "B Then we have:

° Iilgo € Vnm
° gj_lgj+1 € Vn,,, foreach j <l —1, and

fj41°

® glilly € an'
. . !
Since d(x,y) = inf{> ,_,0(9i,9i+1) | 9i € G, 90 = ®, 9141 = y,1 € w}, so we have
l 1 s
d(z,y) < >img0(9i,gi41) < 225027 =q.

Now to check that the procedure enumerates some rational ¢ s.t ¢ < d(z,y) + ¢
for each € > 0. We can assume that x # y, since if z = y, it can be easily seen
that the procedure described before enumerates the right cut of 0. Let g; € G
for i <1+ 1 where g9 = z,g111 = y be given s.t. Zi’:o 0(gi, giv1) < d(z,y) + €,
for some ¢ > 0. We may of course assume that o(g;,gi+1) > 0 for each 4, since
0(9i, gi+1) = 0 iff g; = gi41. Hence 0(gs, gi+1) = 27 ™ for some n,;. At some stage
(Big, Biys -+, Bi;) and (By,, By, - . ., Bk,) must be found satisfying the conditions
above and we enumerate Zé:o 27" into the right cut of d(x, y). Thus the procedure
enumerates rationals arbitrarily close to d(z,y). d

10

4. COMPUTING A DENSE SEQUENCE

In Theorem 3.2 we produced a compatible right-c.e. metric for any given Haus-
dorff computable topological group. However the effectivisation was point-free, in
the sense of lacking a countable dense subset of points. Perhaps unexpectedly, if
we assume the metric that we produce is actually complete, then we can show that
the metric admits a dense computable sequence of points. In other words, in this
case we obtain a right-c.e. Polish presentation of the group.

Theorem 4.1. Let G be a computable topological group where the metric d pro-
duced in Theorem 3.2 is complete. Then G has a right-c.e. Polish presentation.
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Most of the rest of the section is devoted to the proof of the theorem. We begin
with several technical lemmas that establishes several useful properties of the metric
produced in the proof of Theorem 3.2.

4.1. Two technical lemmas. Let M = ({a; }icw,d) be a countable metric space
and M be its completion. Let 74 be the topology on M generated by the metric d
with basis elements By(c;, ) where i € w and € € Q7. Note these balls also form
a base of the restricted topology on M. We say that a computable topological
space G (we mainly care about topological groups) is effectively compatible with
M if M C G C M and where 7 and 74 (restricted as the subspace topology) are
effectively compatible on G' (see Definition 2.11, note that here G is a subset of M
and contains all the special points of M).

In the definitions above, we do not require 7 or 74 to be computable topologies,
even though our topologies will typically be computable; we discussed relativization
in §2.1.2. Also, we do not restrict the complexity of d, even though we are interested
in right-c.e. metrics which induce a computable topology. The technical reason why
we need this extra degree of generality will be explained in Remark 4.3 shortly.
Recall that all our groups are Hausdorff.

Lemma 4.2. Let (G,7,B) be a computable topological group and let d be the
metric produced in Theorem 3.2. Suppose that G contains a dense set of points
{@;}icw w.r.t. 7, and there is a computable function ¢ such that for every i, s we
have d(a;, g) < 27° for any g € B, s) € B. Then G is effectively compatible with

({Oli}iew, d)

Remark 4.3. Even though d is a right-c.e. point-free metric defined on G, however,
since {a; };ec. need not be computable points w.r.t. 7, it is not immediately obvious
why d(o, a;) is right-c.e. uniformly in ¢, j. This is in fact true, but we will not need
it here (yet). We shall revisit this later.

Proof of Lemma 4.2. Since {«;}icw is dense with respect to 7, it is also dense in
G with respect to d since 7 and 74 are compatible as shown in Theorem 3.2. Thus
GC ({ai}iEwad)'

Given Bgy(a;,7), where r € QT we want to effectively (in 7 and r) produce a name
for U = By(a;,r) with respect to 7. For each s where 27¢ < r, list all finite tuples
and search for (N, Ym<1, (Pm)m<i and (¢m)m<i s.t. the sequences (Bp,, Bp, ;- - -, Bp,)
and (Bg,, By, - - -, By, ) satisfy

B, By, CVp, foreach m <1,
By, N By, ., # 0 for each m <,
Bp(J N Btp(i,s) 7é @, and
2754 2T <

If such sequences are found, enumerate By, into the name for U.

We follow a similar argument in the proof of Theorem 3.2. It is clear that
whenever a sequence satisfying the above properties is found, we have the property
that for any g € By, d(g,o;) < r. Thus By, C U. Conversely, for any g € U =
By(ay, ), there must be some sequence which witnesses that d(«;,g) < r, then at
some stage we must find it and thus enumerate a set containing ¢ into the name of
U. Thus U is effectively open with respect to 7.

Now given a basic open set B; € 7, we produce a c.e. name for B; w.r.t. 74.
Consider the function f(x,y,2) = - (y-27!). Since f is effectively continuous
w.r.t. 7, we can effectively enumerate f~1(B;). Search for 7-basic open sets X,Y, Z
s.t.

e YNZ AW,
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o XNBy () # 0 for some i, and s > n+2 where n is found so that B, C YNZ,
and
e X .Y.zZ 71 C B;.
For each X,Y,Z and i,s,n found satisfying the above, we enumerate the ball
Ba(;, 271 —27%) into the name for B; w.r.t. 74.

Suppose X, Y, Z, i, s,n are found by the procedure above. Since B, CY NZ, we
have that X - (B, - B, ') C Bj, and hence for any g € X, gV,, C By, since V,, C
B, -B;'. Since XNByis) # 0, we can fix g € XN By ), and so d(ay,9) <27° <
2772 As aresult, for any h € Bg(a;, 27" "1 —279), d(g,h) < d(g, ;) + d(a;, h) <
278 42771 275 = 27n=1 that is h € By(g,27"1). However from the classical
proof of compatibility (see the proof of Theorem 3.2), we know that since g V,, C Bj,
then By(g,27"" 1) C Bj. Therefore we conclude that Bg(c, 27nl _927%) C B;.

Now conversely fix some g € B;. There are 7-basic open sets X,Y, Z such that
XY -Z ' C Bjsuchthat g € X and e € Y N Z. Now fix any n (such that
B, CYNZ). Since 7 and 74 are compatible, and {a; };e,, is dense in G wrt 74, we
can pick some i and s > n + 2 such that Bg(a;,27°T) C X. (We may also assume
that d(a;,g) < 27°). But this means that B, ;) € X. The above procedure must
therefore find six items X,Y, Z,i,s,n with the desired properties. Furthermore,
since d(a;,g) < 27% <2771 — 275 then g € By(a;, 27"t —27%).

Hence the procedure above witnesses that B; is effectively open wrt 74. Thus, 7
and 74 are effectively compatible. O

Lemma 4.4. Let G be a computable topological group that contains a dense set of
uniformly computable points. Then G is effectively compatible with a right-c.e. met-
ric space. Furthermore, the compatible metric (on G) is also left-invariant.

Proof. Apply Theorem 3.2 to produce a compatible right-c.e. metric d for G. Let
{@;}icw € G be the set of uniformly computable points with respect to the original
topology 7 on G. Now d(wy, ;) is right-c.e. uniformly in 4,5 by following the
procedure in Theorem 3.2 and feeding to the procedure the c.e. names for N and
N . Now take M = ({a }icw, d).

It remains to check that (G, 7) is effectively compatible with M. By Lemma 4.2,
we need only check that there is a computable function ¢(i,s) = j s.t. d(a;,g) <
27 for any g € B,. (Here B; are the basic open sets of 7). Given i, s, search
for some basic open set Bj such that B; C X NY, a; € Bj and X' -Y C V,.
Some B; must be found since a;l -a; = eq € V5. Now define ¢(i,s) = j. Since
Bj_1 - B; C V,, it must be that Vg,h € B;, d(g,h) < 0(g,h) < 27°, in particular,
Vg € By, d(ay,g) <27°. O

By effective compatibility, the group operations remain computable with respect
to the metric. Thus, to argue that the group from Theorem 4.1 has a right-c.e.
Polish presentation, all we need to show is that there is a dense set of computable
points.

Remark 4.5. We can easily reconstruct a computable dense sequence in a com-
putable topological group with c.e. formal (strong) inclusion. The latter is an
axiomatic generalisation of formal inclusion in metric spaces that is defined as fol-
lows:
B(IL‘,(]) Cform B(yar) iff d(ﬂ?,y) +q <.

Note it is a c.e. relation in a right-c.e. space. We omit the definition of abstract
strong inclusion > and refer the reader to [31], but we note that [31] contains an
example of a non-metrisable computable topological space with c.e. abstract strong
(formal) inclusion. We claim that Lemma 4.4 implies the following: Every com-
putable topological group with a c.e. strong inclusion is effectively compatible with
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a right-c.e. metric space. To see why, extract a dense set of uniformly computable
points by considering for each g the first found effective sequence B;, > B;, > ...
where (), B;, = {a;, }. It follows from the definition of formal inclusion in [31] that
N%o is c.e.; we omit the details.

4.2. Proof of Theorem 4.1. In order to identify special points in G, we use some
ideas in [13] by utilising the group operations. Fix G and d as in the proof of
Theorem 3.2. The first lemma below is designed to implement the idea sketched in
Remark 4.5, but in the absence of c.e. ‘formal inclusion’.

Lemma 4.6. Given a basic open set B; in G, there exists a computable sequence
of basic open sets {B;, }sew such that:

(1) Bi, = B; and B;_ ., C B;, for every s.

(2) dm (B;,) ==sup{d(z,y) | z,y € B;,} <27° for every s.

(3) f*(Bi,,Bi,) C Vs for every s, where f*(z,y) = 2~ 'y.

Notice that we only claim that the sequence {B;, }scw is computable (uniformly
in % iio). We make no claims about how difficult it might be to approximate

Proof. Let B;, = B;. Since Vo = G, d(x,y) < 1 for every z,y € G and so properties
2 and 3 are trivially true for s = 0. Now suppose inductively that B, satisfying
the desired properties has been defined. Since f* is both effectively open and
effectively continuous, and since eg € f* (B;,, Bi,) N V41, we can search for some
basic open set B s.t. f*(B,B) C f*(B;,,B;,) N\ Vsr1 and BN B, # (. Take B;_,,
to be any basic open set contained in B N B;,. This gives property 1. Note that
f (BZ-S+1,BZ-S+1) C Vg1 which gives property 3.

It remains to check property 2. Let z,y € B;, be given. Since the original
topology on G is compatible with the topology on G induced by the metric d, we can
find sequences (z,,)new and (Yn)new such that x,,y, € B;, and d(zy,, z), d(yn,y) <
27" for all n. Therefore, Ve > 0, Im,n for which d(z,,z) < § and d(ym,¥y) < §,
then

d(z,y) < d(z,2,) + d(Tn, Ym) + d(Ym, y)

< % +ot % (since f* (B, Bi.) C V)
<27%4¢
Since the above holds for any ¢, then d(z,y) < 27°. O

Since d is complete and compatible with the original topology, by property 3 of
Lemma 4.6, there is a unique point o; € G s.t.
o; € ﬂ B—“
SEw
Here a; corresponds to the sequence {B;, }scw with B;, = B;. Repeating this for
all ¢ produces an infinite sequence ag, a1, --- such that a; € B; for each i. When
we want to distinguish between the different sequences {B;_}sc., we will use the
notation {BZ}SEUJ if Bfo = Bj,.

We claim that the set {a;};c. produced in Lemma 4.6 is dense in the original
topology of G.

To see why, fix a basic open set B; and let g € B;. Since G is metrisable, G is also
(classically) regular. Then 3F 3 g s.t. F C B; and F is a closed neighbourhood
of g. Since the basic open balls form a basis for the topology of G, 3B; C F, and
hence E C F' C B;. Then we must have that o; € E C B;.
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We now finish the proof of the theorem. Since {e;};c. is dense in 7 and using
the procedure in Lemma 4.6, given any ¢,s, we are able to effectively identify a
basic open set B; for which Vg € B;, d(a;,g) < 27°. By Lemma 4.2, we have that
T is effectively compatible with 74.

Finally notice that d(a;, ;) is a right-c.e. real uniformly in ¢,j. To see this,
note that an easy modification of the right c.e. approximation procedure of d in
Theorem 3.2 by requiring that B, N By s41) # 0 and By, N Byis+1) # ¢ and
enumerating 27°+ >, 27" allows us to produce the right cut of d(a;, o;). But
since {«;}icw are uniformly computable points with respect to 74, and since 7 and
74 are effectively compatible, and also that d is right-c.e., we conclude that {o;}icw
are also uniformly computable points with respect to 7.

4.3. Consequences of Theorem 4.1. A topological space will be called topolog-
ically complete if it admits a metric under which it is complete. Recall also that
a metric is invariant if it is both left and right invariant. For instance, every left-
or right-invariant metric in an abelian group is invariant. Klee [23] proved the fol-
lowing result. Suppose G is a group with invariant metric d. If the space (G, d) is
topologically complete, then G is actually complete under d. We therefore obtain
the following, rather satisfying:

Corollary 4.7. Let G be a computable topological group that is Polish(able) abelian.
Then G admits an effectively compatible right-c.e. Polish presentation.

Of course, the metric is invariant in this case.

Since all compact metric spaces are complete, by Theorem 4.1 we see that any
compact computable topological group must have an effectively compatible with a
right-c.e. Polish presentation too. In fact, we will se that the same is true of locally
compact groups; this fact will be established at the end of the next section.

5. LOCALLY COMPACT GROUPS AND PROPER METRISATION

Recall that a metric d is proper if every closed bounded ball {y | d(z,y) < r}
is compact; equivalently, every closed bounded set is compact. As we have already
mentioned above, Struble showed the following;:

Theorem 5.1 (Struble [46], see also [14]). Let G be a topological group which
is Hausdorff, second countable and locally compact. Then G admits a compatible
left-invariant proper metric.

We refer the reader to [46] for the classical proof. This section is devoted to
proving that the following effective version of Theorem 5.1. (Recall that all our
groups are Hausdorff and second countable.)

The first observation made about Struble’s proof is the following:

Lemma 5.2. Let G be a computable topological group that is (classically) locally
compact. Then the metric produced by Theorem 3.2 is complete.

Proof. Let § be the left-invariant right-c.e. compatible metric produced in Theorem
3.2. Struble (see [46]) used § to produce another metric d on G such that d is
compatible with § and d is a proper metric. Furthermore there is some N such that
d and ¢ are equal whenever d(z,y) < N or §(z,y) < N. Since every proper metric
space is complete, this means that (G, J) is complete. (|

This gives us the immediate corollary:

Corollary 5.3. Let G be a computable topological group that is locally compact.
Then G admits an effectively compatible right-c.e. Polish presentation.
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Proof. By Lemma 5.2 we know that (G, ¢) is complete, where § is the metric pro-
duced in Theorem 3.2. By Theorem 4.1, G is effectively compatible with a right-
c.e. metric space. O

Now we prove an effective version of Struble’s result.

Theorem 5.4. Let (G, 7) be an effectively locally compact computable topological
group. Then G is effectively compatible with an effectively proper right-c.e. metric
space. Furthermore the metric is left-invariant.

Proof. By the proof of Theorem 4.1, and applying Lemma 5.2, we see that (G, )
contains a dense set of uniformly computable (wrt 7) points {«;}ic,,. By Lemma
4.4, G is effectively compatible with ({;}icw,d) where ¢ is right-c.e. Furthermore
0 is left-invariant.

By Lemma 2.22 we fix the triple ({ By }new, {Km tmew, R). Note that each B,
is T-effectively open (uniformly in n) and collectively form a basis for (G, 7). We
may also assume that for every n there is some m such that (n,m) € R. By set
product and power we mean the corresponding operation with respect to the group
operation.

Note that the group identity e is (in any computable topological group) a com-
putable point with respect to 7, therefore there is some T-effectively compact set
K and some T-open set B such that e € B C K. Since ¢ is compatible with 7 we
fix some r € Q7 such that Bs(e,7) C B C K. By scaling § we can assume that
r = 2, and so we may assume that Bs(e,2) C K. Note that we do not claim that
B;(e,2) or BéS (e,2) is effectively compact, merely that some open ball around e is
contained in an effectively compact set K.

We now define a collection {U,},cq+ of T-effectively open sets satisfying the
following properties.

(1) For each r € Q*, U, is contained in some T-effectively compact set.

(2) For each r € Q*, U, = U, L.

(3) For each r,s € QT, U, - Us C U, 4.

(4) Vr <2, U, = Bs(e,r).

(5) Ure@+ U, =G.

(6) For each r € QT, e € U,.
For 0 < r < 2, define U, = B;s(e,r). To check that the properties hold, since
5(g,e) = 6(g7,e) for any g € G, U, is closed under inverse for r < 2. For
r+s <2 let x € U, and y € U, then by triangle inequality and left-invariance of
J, d(zy,e) < §(xy,x) + 6(x,e) = 6(y, e) + 0(x, ), thus giving that zy € U,y .

Now we define Uy = Bs(e,2) U Wy, where Wan is defined as follows. For each n,
take Wan = B, U B;;1. Then Wan is 7-effectively open (uniformly in n) and closed
under inverse. If B, C K,,, then by the effective continuity of ~!, K ! D B!
is also effectively compact. We get that U, is contained in K U K,,, U K,! which
are effectively compact. It is then clear that we have {U,},<2 with the desired
properties.

Suppose inductively that U, for r < 2™ have been defined s.t. each U, is 7-
effectively open and Usn is contained in some 7-effectively compact set. For each
2" < r < 271 list out all finite sequences of positive rationals (ti)i<m S.t. t; <27
for each ¢ and ), _, t; = r. For each such sequence listed out, enumerate [ [, U;
into the open name of U,. By inductive hypothesis, since each Uy, is effectively
open, and multiplication is effectively open, then U, must also be effectively open
(uniformly in the index r). Finally take Uyn+1 = Wont1 U (Uan - Ugn - Ugn - Uan).

To see that property 3 holds, if  + s < 2"+, then the desired property follows
easily from the definition of U, ,,. Suppose then that r + s = 2"+ If r = 5 = 2",
then U, Uy = Ugn -Uan C Ugn+1 (note that e € Uan). Therefore we may assume that

i
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r > 2" and s < 2". Then for any sequence (t;)i<m where > . t; =r, Img, my s.t.
St <2 Yt < 2% and 0Tt < 27 By inductive hypothesis,
we have that T2 U, [T, 41 Utis [Timpm, 41 Ur; € Uan. Thus this gives us that
U, C (Ugn)3. Then note that Ugs C U - Ugn_s C Usn (again by the inductive
hypothesis and the fact that e € Usn_g), and thus U, - Us C (Ugn)4 C Upn1.

To check that property 1 holds, note that if » < 27! then U, C U, - Uyns1_, C
Usn+1 by property 3 above, and so it is enough to check that Usn+1 is contained in
an effectively compact set. By the inductive hypothesis, Us» is contained in some
effectively compact set K*, so Uynt1 is contained in K,,, U K.} U (K*)4, where m
is s.t. (n,m) € R. It is not hard to check that (K*)* is effectively compact, and
hence Usn+1 is contained in some effectively compact set.

From the definition of U,., for any r where 2" < r < 2"*1 U, = U ! and so
property 2 holds as well.

Finally, since {B;}ne. is a basis for (G,7), we have |, Wa» = G and hence
U, U =G.

Now we define the metric d on G by d(z,y) = inf{r | 27y € U,}. To see that
d is a metric, note that d(z,y) = 0 gives that VO < r < 2,271y € U, = Bs(e,r),
meaning that §(x~'y,e) = 0. Since § is a metric, it has to be that = y. By
property 6, d(z,z) = 0. The symmetry of d and triangle inequality follow from
property 2 and 3 of {U, },cq+ respectively. d is obviously left-invariant. It remains
to check that (G, d, {;}icw) i a right-c.e. metric space, G is effectively compatible
with (G, d, {a;}icw), and that d is effectively proper. First of all, we have:

Lemma 5.5. For all z,y € G, if d(z,y) <2 or §(x,y) < 2 then d(x,y) = d(z,y).

Proof. If d(x,y) < 2 then d(z,y) = inf{r <2 |27y € U,} = inf{r < 2| d(z,y) <
r} = 0(x,y). If 6(z,y) < 2 then 271y € U, for some r < 2, which means that
d(x,y) < 2 and so by the above, d(z,y) = 6(z,y). O

Recall that the sequence {a;}iey, apart from being used as special points for d
and ¢, are also uniformly computable points with respect to 7. Then together with
the fact that U, are 7-effectively open (uniformly in the index r), one can obviously
give a right-c.e. approximation to d(c, a;j), uniformly in ¢, j.

By Lemma 5.5, we have ({a;}ticw,d) = ({@i}icw,d) D G, so it is sufficient
to show that 74 and 75 are effectively compatible on G. Let By(a;,r) be given.
Since d is right-c.e., <4 is a c.e. relation, where <4 is the usual formal inclusion
relation for basic metric balls. Consider the 7s5-effectively open set consisting of all
Bs(ayj, q) such that ¢ < 2 and Bg(a;,q) <q Bg(o,r). This shows that Bg(oy, ) is
Ts-effectively open. To show that each Bs(a;, ) is T4-effectively open is similar.

Finally to check that d is effectively proper, we note that by definition of d,
By(e,r) C U, C Usn for some sufficiently large n. Given a closed set F' and an
open ball By(«;,q) 2 F, take r = d(ay, €)[0]+¢, where d(a, €)[0] is the first rational
enumerated by the right cut of d(w;,e), then note that F' C Bg(a;,q) C By(e,r) C
U,.. For any n > logy(r), F C Usn C K, where K is 7-effectively compact. But
this means that K is also 74-effectively compact and a compact name can be found
uniformly in n. O

We see that the metrics 6 and d are complete and effectively compatible assuming
that the group is effectively locally compact, by Theorem 5.4. Thus, by Theorem 4.1
combined with Theorem 5.4, we have:

Corollary 5.6. If G is an effectively locally compact computable topological group.
Then G admits a right-c.e. Polish presentation in which the metric is (effectively)
proper and left-invariant.
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In particular, effective local compactness (and the effective compatibility of &
and d in the notation above) implies the proper metric in the corollary above is
also effectively locally compact. But of course, being effectively proper is nicer than
just being effectively locally compact.

A natural question arises whether we can strengthen these corollaries further
and additionally assume that the metric is computable in each of the corollaries
above. In the next section we show that the answer is ‘no’ in both cases. In fact,
our counter-examples corresponding to Corollaries 5.3 and 5.6 are compact and
discrete, respectively.

6. COMPARING AND SEPARATING THE NOTIONS

In Sections 4 and 5 we produced (left-invariant) right-c.e. Polish presentations
of locally compact groups. We now aim to show that this is tight, i.e. we show
that there are computable topological (Polish) groups which are not effectively
compatible with any computable metric space. In this section we give two examples,
one discrete and one profinite. In the process of proving the results we will establish
several lemmas that are perhaps more valuable (or interesting) than the counter
examples.

6.1. Discrete groups. Recall that a computable presentation of a discrete count-
able group is its isomorphic copy of the form F/H, where F is the standard decid-
able presentation of the free group upon omega generators, and H is its computable
normal subgroup [42, 28]. If H is merely c.e., then we say that the group is ‘c.e.-
presented’. (These correspond to ‘recursive’ groups with solvable and not necessar-
ily solvable Word Problem, respectively.) We can pick representatives in each class
and assume that the domain of a computable group is N; then the group operations
are computable (as functions on N). In the c.e.-presented case, we have to also
introduce a computably enumerable congruence on N, but we can still keep the
operations computable. The difference is that two elements can be at some stage
declared equal. Note that this is very similar to the difference between computable
and right-c.e. Polish presentations of a group. This intuition is made formal below.

Lemma 6.1. A countable discrete group is computably presentable iff it admits a
computable Polish presentation.

Proof. Suppose that a group G is computably presentable, i.e. G is generated by
{@;}icw, on which the group operations and the equality relation are computable.
We consider the standard discrete metric defined on the elements of the computable
presentation of G, i.e. d(a;,a;) =0 iff a; = a; and d(o, ;) = 1 otherwise. Since
testing of equality is computable by assumption, the metric is also computable.

To check that - is effectively continuous with respect to 74, given aj € G and
r € QF, if r > 1, we simply enumerate G x G as the preimage. If » < 1, then find
all pairs a;, o; such that «; - aj = oy and enumerate By(ay, 1) X Bg(aj,1). The
proof of the effectively continuity of ~! is similar.

Conversely suppose that G = {a; }ie,, i a countable group and there is a com-
putable discrete metric d defined on G in which the group operations are effectively
continuous with respect to 74. Even though d is computable, the isolating radius for
each «; might not be. Nonetheless we (not effectively) fix some rational r > 0 for
which By(eg,r) which isolates eg. Since the metric is computable, we can decide
given any «;, whether or not eq = «, by computing d(eq, ;) to an accuracy of
5. Therefore equality in G is computable if we can show that the group operations
are computable.
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To compute a;l, enumerate the preimage of By(eq,r) under - and wait for
(U,U") to show up where a; € U. Then the center of U’ is necessarily the inverse
of a;, as By(eg,r) isolates eq. Now given «,a;, to compute «; - ¢, search for
three basic metric balls U, U’, U" such that U - U’ - (U"”)~! C By(eg,r) and where
a; € U and a;; € U’. Then the center of U” is necessarily equal to «; - ¢;. O

Lemma 6.2. A countable discrete group is c.e. presentable iff it admits a right-
c.e. Polish presentation.

Proof. Suppose that a discrete group G is c.e. presentable, i.e. G is generated by
{a;}icw on which the group operations are computable but the equality relation
is c.e. We consider the standard discrete metric defined on the elements of the
computable presentation of G, ie. d(o;, ;) = 0iff o; = a; and d(wy,05) =1
otherwise. Since equality is c.e. by assumption, the metric is right-c.e. To see that
the operations are effectively continuous w.r.t. the topology induced by d, repeat
the same procedure as in Lemma 6.1.

Conversely suppose that G = {«;}ie., is a countable group and there is a right-
c.e. discrete metric d defined on G in which the group operations are effectively
continuous with respect to 74. Again we fix some rational r > 0 such that Bg(eg,r)
which isolates eg. To see that the group operations are computable we follow
exactly as in Lemma 6.1, noting that the predicate “oy; € By(aj,r)” is still c.e.
Since the metric is right-c.e., and the operations are computable, equality in G is
c.e. (]

Corollary 6.3. There exists a computable topological discrete abelian group (thus,
right-c.e. Polish) that is not topologically isomorphic to any computable Polish
group.

Proof. Consider the group G = @, c g Zyp, where S is a %9 set that is not c.e., and
pr is the k-th prime number. Then G is c.e. presentable [22, 33] with no computable
presentation. By Lemma 6.2, the group admits a right-c.e. (thus, computable
topological) presentation. By Lemma 6.1, it is not topologically isomorphic to
any computable Polish group. O

6.2. A profinite counterexample. Recall that in Corollary 5.6 we produced a
right-c.e. proper Polish presentation which, by effective compatibility, was also ef-
fectively locally compact. Can we produce a computable (proper) metric, say, in
the simplest compact case? Note that in the case of a compact Polish group we
vacuously have a proper metric. We now prove that the answer is ‘no’.

Proposition 6.4. There exists a profinite group G that admits an effectively com-
pact right-c.e. Polish presentation but has no computably compact (effectively com-
pact computable Polish) presentation.

Proof. The proof that we outline below resembles similar counter-examples in [44],

[30], and [15]. However, in our case a bit more care is needed.

We construct G to be isomorphic to the direct product of cyclic groups
Gs = H L,
ics
where S C w and p1, pe, ... is the fixed natural enumeration of all primes.

Lemma 6.5. Gs has a computably compact (effectively compact and computable
Polish) presentation iff S is c.e.
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Proof of Lemma. It has been established in [6] that, for a profinite G to be com-
putably compact it is necessary and sufficient that G has ‘recursive’ presentation
in the sense of Smith [44]. As was illustrated in [30], for GS it is also equivalent
to computable presentability of the dual discrete group €D, g Zy,, and the latter is
evidently equivalent to S being c.e. (]

By the lemma above, it is sufficient to construct an effectively compact right-
c.e. Polish (ecrp) presentation of G, where K is the halting set. This is done
as follows. Fix an enumeration (Kj)scw of K. We can assume that, for each s,
K41 \ K5 has at most one number that we denote k(s + 1).

Fix the natural order on the (indices of) the elements of each cyclic Z

0<l<...<p;i—1,

and then (lexicographically) extend this order to []
shortest-path ultra-metric d on []

Zyp,. Also, fix the natural

1€W
zew i)

d(€,m) =1inf{27% : & n agree up to first k coordinates}.

Observe that Gz = [[,¢x Zp, can be viewed as a 19 class in Hzew p;; consider
the tuples in [[, ., Z,, having zero projections onto the Z,, when i € K. Let H be
this TI9 class.

Define
ds(&,m) = kienlg {27F . ¢,n agree up to first k coordinates}.

(In particular, we declare two strings equal if they differ only at the j-coordinates
for j € Kj.)
It is clear that &, induces a A functional acting on infinite strings; set

6 = lim ;.

It is evidently equal to d when restricted to H; this is because j € K entails that
the jth projection of any € € H is 0. On the other hand, we claim that for each
€ € [licw, Zp, \ H there is a string n € H such that

lim é5(¢,n) = 0.

For that, just take the string n by replacing the ith component of £ with 0. Also,
ds is clearly non-decreasing in s, on any input, and therefore § is a right-c.e., as
required. The computable dense set in H with respect to d is given by strings in
[lic., Zp, having finite support (identified with the respective finite strings). This
shows that (] ];c,, Zp,,0) is a right-c.e. Polish presentation of H. Since (] ],c,, Zp,,9)

is computably compact, and since § < d, the covers witnessing computable com-
pactness of ([[,., Zp,,0) witness the effective compactness of ([[,., Zp,,0) = H

P€Ew i€Ew

It remains to check that the group operations on H are computable With respect
to §. The idea is to use that the group operations + and — in [], that are
(evidently) computable with respect to the natural ultrametlc d.

For a finite string o (which is identified with o0 € [,

1Ew pz

Zy,) let

i€w
Dy(0,27™) = {£: 05(0,&) < 27"},
which is the basic open 27"-ball centred in o, with respect to ds. Since evidently
ds is non-increasing in s,
Dy(0,27") € Dyy1(0,27"),
for any s,n € w and any string o. In the claim below, + and — are the group

operations of ], Zp,. Claim 6.6 below guarantees that, once a triple of basic
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open sets is put into a name for 4+ or — with respect to d, it can be re-used in the
name for the same operation with respect to d541.

Claim 6.6. Suppose we have D,(p,27%) + Ds(7,27™) C D,(0,27"). Then for
every t > s, Di(p,27%) + Dy(1,27™) C Dy(0,27™). (The same holds if we replace
+ with — throughout.)

Proof. 1t is sufficient to check the property for ¢ = s + 1 assuming ds # 0541, i.e.,
j=k(s+1) € Kgy1 \ Ks. Without loss of generality, we may assume that the
length of p is equal to k, and similarly the lengths of 7 and ¢ are equal to m and
n, respectively. It also has to be that n < m, k since these clopen sets are cosets.

Fix (a;); € Dsy1(p,27%) and (b;); € Dyy1(7,27™). Let (al); and (b}); be strings
that differ from (a;); and (b;); only at the jth coordinate, and the choice of a; and
b; guarantees (a;); € Dy(p,27%) and (b;); € Ds(7,27™). Since the definition of
ds41 ignores the jth coordinate, but otherwise is equal to d5, we have that such a}
and b; exist. By our assumption,

(a}); + (b); = (a; +b; mod p;); € Ds(0,27™).

The two strings & = (a; + b; mod p;); and £ = (a) + b, mod p;); may differ only
at position j. Since d541 ignores this coordinate in its computation, and since
ds11 < 05 in general, we have that

6s+1(07 é-/) = 6S+1(0-7 f) S 5S(U7£) < 2—7L7
and thus
¢ = (a; + b, mod p;); € Dsy1(0,27™),

as required. (The case of ‘=’ is similar, mutatis mutandis.) 0

As before, fix a finite string o. In the claim below, + and — denote the group
operations in [];., Z,,. As noted earlier, these operations are computable with
respect to d, but they are also computable with respect to ds, uniformly in s.

Claim 6.7. The preimage of B(c,2™™) ={¢:0(§,0) < 27"} under + is equal to
H{(B(p.27%),B(r,27™)) : Dy(p,27%) + Dy(7,27™) C Dy(0,27") is listed in N;"}
t

where N;; the name for + w.r.t. §;. (The same holds if we replace + with —
throughout.)

Proof. We claim that, for every finite sigma p and any n, there exists an s such
that
B(0,27") = Dg(0,27™).
This property follows from the definition of B(c,27™) and the fact that only the
change of 0 at the coordinates j with j < length(c) can possibly make Dgyq(0,27") #
Dy(0,27™). Thus, if §+n € B(0,27") then for some large enough stage t and some
strings p, T,
Dt(pv 27’6) + Dt(Ta 27m) C Dt(aa 2771)’
where &€ € Dy(p,27F) = B(p,27%) and € Dy(7,2™™) = B(7,2™™) and
B(p,27*) + B(r,27™) C B(g,27").
Thus, this pair of open sets will eventually be listed. It shows that the set

H{(B(p.27%),B(r,27™)) : Dy(p,27%) + Dy(r,27™) C Di(0,27") is listed in N;"}
t

contains the pre-image of B(c,2™") under +.



26 HEER TERN KOH, ALEXANDER G. MELNIKOV, AND KENG MENG NG

To see why this set does not exceed the preimage of B(o,27") under +, suppose
we have Dg(p,27%) + Ds(1,27™) C Dy(0,2™") for some s. Then, by Claim 6.6,
Dy(p,27 %)+ Dy(1,27™) C Dy(0,27") for any ¢t > s as well. As we noted above, for
a large enough s we have

B(p,27%) = Dy(p,27%), B(1,27™) = Dy(7,2™™), and B(0,27") = Dy(0,27"),
thus, in particular, D;(p,27%) + D;(7,27™) C Dy(0,2™") entails that
B(p,27%) + B(r,27™) C B(0,27"),
holds. (The case of ‘—’ is similar, up to a change of notation.) (]

To finish the proof of the proposition, apply Claim 6.7 to list the c.e. open names
of + and — with respect to 9. O

7. CONNECTIONS TO OTHER NOTIONS IN THE LITERATURE.

‘We now briefly discuss how the notions of effective presentability of Polish groups
studied in the paper are related to other notions of effectiveness in the literature.

In Section 6 we illustrated that, in the discrete case, computable Polish pre-
sentability is equivalent to computable presentability in the sense of Mal’'cev [28]
and Rabin [42]. Also, right-c.e. Polish presentability is equivalent to c.e. presentabil-
ity for discrete groups. Note that, in the discrete case, all our presentations are
vacuously effectively locally compact.

A version of computable (local) compactness seems to be a necessary extra as-
sumption when considering computable topological group presentations of locally
compact groups. As illustrated in [30], computable Polish presentations alone do
not make Pontryagin duality effective in the compact abelian case. In contrast, the
aforementioned [30] and the recent [27, 6] establish effective versions of Pontryagin
duality for computably compact connected abelian groups and “recursive” profinite
abelian groups. We do not know the following;:

Question 7.1. For profinite groups, is co-c.e. presentability equivalent to effectively
compact right-c.e. Polish presentability?

This is certainly the case for some profinite groups, as exploited (implicitly) in
the proof of Proposition 6.4.

In the satellite paper [32] we investigate the especially nice case of computably
locally compact Polish groups. Quite interestingly, we show that in the totally
disconnected locally compact (tdlc) case, a group admits a presentation like that
if and only if it is computably presentable in the sense of [29, 27]. We note that
[29, 27] contains several equivalent definitions of computable presentability of a
tdlc group, all of which turn out to be equivalent. These equivalent definitions also
generalize the profinite and discrete cases discussed above, and additionally make
the Pontryagin - van Kampen duality fully effective for tdlc abelian groups whose
duals are also tdlc.

Beyond local compactness, the notion of a computable Polish group turned out
to be closely related to computable structure theory. Interestingly, many results
in computable structure theory can be viewed as a special case of a computable
Polish group computably acting on a computable Polish space. Also, typically the
more general result requires a simpler proof; see [31]. As noted in [31], many results
in [31] can be carried under the weaker assumption that the group is computable
topological and admits a c.e. strong (or formal) inclusion; see Remark 4.5 for a dis-
cussion. Quite unexpectedly, the proof of our first main result Theorem 1.1 implies
that these seemingly strong extra assumptions in [31] can be completely dropped
when we talk about computable topological Polish groups; recall Remark 4.5.
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Of course, there are other potential notions of computable presentability that
could perhaps work for some special subclasses of Polish groups. For instance, we
have mentioned left-c.e. (lower semi-computable) Polish spaces; these are defined
similarly to right-c.e. Polish spaces, but they seem less well-understood than the
latter. For instance, even finding a natural example of such a space that would
not be obviously computable Polish is a bit of a challenge. It is known however
that there is a left-c.e. Polish space not homeomorphic to any computable Polish
space [32]. Left-c.e. Polish spaces do not necessarily induce a natural computable
topological structure, and thus perhaps are not suitable for representing topolog-
ical groups in general. However, interestingly, every left-c.e. Polish Stone space
is homeomorphic to a computable Polish space [32] and, thus, to a computably
compact one [15, 6]. So it could be that the notion is suitable and well-behaved in
the context of profinite or tdlc groups. The reason behind it is that, while right-
c.e. spaces make formal inclusion c.e., left-c.e. spaces make formal disjointedness
c.e., and thus we can effectively split the space into connected components. We
omit these definitions.

We mention another notion of computable presentability motivated by research
in computable structure theory that we did not include into the diagram in the
introduction. Classically, closed subgroups of S, are exactly the automorphism
groups of discrete structures; see [11]. Every automorphism group of a discrete
computable structure is a I19 (effectively closed) subgroup of a certain natural ef-
fective presentation of Sy; see [12, 29]. However, the converse fails [12, 15]. For
instance, it is known that a compact (thus, profinite) 119 subgroup of S., does
not have to be topologically isomorphic to a A%-Polish group for any fixed com-
putable « [15]. Therefore, already for compact groups, this notion of computable
presentability is (much) weaker than the weakest definition of a computable topo-
logical group that we study in this paper. Strictly speaking, such presentations are
not really computable since one has essentially no access to the evasive domain of
the group.

We have discussed the weak notion of an effectively closed subgroup of S..
Other weak notions include (hyper)arithmetical presentations of higher degree, such
as A%-Polish and right- or left-X0 Polish presentations. Indeed, we have already
mentioned A%-Polish presentations above.

We believe that most of these definitions can be separated from each other by
direct relativisation of the known effective results or using Pontryagin duality and
the corresponding results from the discrete abelian case [21], and leave this as an
open question. However, the importance and the exact role of these notions in the
theory is not yet clear (beyond their use in extreme counter-examples such as the
aforementioned one from [15]).

8. CONCLUSION: THE TWO MAIN DEFINITIONS

The results presented in the present paper, combined with various results in
[29, 30, 27, 32, 6, 15, 12] some of which have been discussed above, establish a solid
foundation for the rapidly emerging general theory of algorithmically presented
topological groups. In particular, it appears that the basic definitions of effective
presentability are robust and nicely align themselves (via direct equivalence or
duality) with the well-established notions that work for profinite and computable
groups. At least in the important case of locally compact Polish groups, the overall
intuition seems to be as follows:

computable Polish + computably locally compact ~ computable

and
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right-c.e. Polish + effectively locally compact ~ computably enumerable,

where ~ stands for “should be viewed as an adequate generalisation of”. The
subtle difference between computable compactness and effective compactness was
elaborated in the preliminaries.

There are many open questions that can be attacked in the new theory; e.g., we
cite [7] for problems related to computable classification. We state a few.
One can consider complexity as measured by enumeration:

Question 8.1. Which classes of profinite or tdlc groups admit a Friedberg enu-
meration?

One can also measure the complexity of a structure via index sets:

Question 8.2. What is the complezity of the index set of, say SO3(R) or any
sufficiently interesting group, up to topological isomorphism?

Also, we wonder if Pontryagin - van Kampen duality works for arbitrary com-
putably locally compact abelian groups; this question has been raised in [27]. We
leave these (and many other) questions of this sort open for future investigation.
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