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Abstract

Soft sets were introduced as a means to study objects that are not
defined in an absolute way, and have found applications in numerous ar-
eas of mathematics, decision theory and in statistical applications. Soft
topological spaces were first considered in [21], and soft separation axioms
for soft topological spaces were studied in [6, 7, 4].

In this paper we introduce the effective versions of soft separation
axioms. Specifically we focus our attention on computable u-soft and
computable p-soft separation axioms and investigate various relations be-
tween them. We also compare the effective and classical versions of these

soft separation axioms.

1 Preliminaries

1.1 Soft sets

Set theory classifies members of a set as whether those members belong to the
set or not, but, in some situations we need to classify elements of a set based on
some parameters. The need for such a classification motivated Molodtsov to in-
troduce soft set theory in [14]. Soft set theory is considered a mathematical tool
that deals with objects that are not defined in a definite way. Such objects can
be found in complicated mathematical problems in economics and engineering
applications when classical mathematical tools cannot be used due to the uncer-
tainties associated to such problems. There are already existing mathematical
tools for dealing with uncertainty in mathematical problems, such as the use
of probability theory [10], fuzzy set theory [12] and interval mathematics [9].
However those three mathematical tools have their own shortcomings that the

use of soft set theory overcomes as argued in [14].



Due to the unique properties of soft set theory that allow it to be more suit-
able in certain situations compared to the other mathematical tools mentioned
above, it is often a major mathematical tool used in decision making problems
as in [13] and [8]. Soft set theory, when combined with fuzzy set theory [12]
can be used in decision making as in [28] and [18], and also used in forecast-
ing problems as in [27]. There are also some applications of soft set theory in
algebraic structures as in [1], [2] and [11]. When soft set theory is combined
with rough set theory [16], we get new approximation spaces with interesting
properties [20].

Topological spaces are introduced for soft sets [21], and some of the prop-
erties associated with soft topological spaces are explored in [15]. Several soft
separation axioms were defined and studied in [6] and the further applications of
those soft separation axioms are explored in [7] and [4]. Soft separation axioms
are of importance in soft topological spaces as shown in the existing literature,
much like how classical separation axioims have played a key role in the clas-
sification and the understanding of classical topological spaces. In this paper
we will define and explore further soft separation axioms for soft topological
spaces. We also define the computable versions of these soft separation axioms
and investigate their properties in the effective setting. This paper is intended
to investigate how computability interacts with soft topological spaces and soft
separation axioms. Hence we will compare the various principles that arise by
considering computable separation axioms in the soft setting.

The paper is organised as follows. In section 1.2 we recall some basic notions
of soft sets and soft topological spaces as defined in the literature. In section
1.3 we briefly recall some notation and definitions that we will require from
computable analysis, including computable topological spaces and computable
separation axioms that were studied in the literature. In section 2 we define a
new separation axiom for soft topological spaces, called u-soft separation, and
give some of its basic properties. In section 3 we define and study computable
u-soft separation axioms for computable soft spaces, and in section 4 we define
and study various computable p-soft separation axioms. Finally in section 5 we

compare the various principles introduced in sections 3 and 4.

1.2 Soft topological spaces

In this section, we recall some definitions and results of soft set theory and soft

topological spaces. This section is meant to provide a self-contained introduction



to the basics and background of soft set theory. The intitiated reader may skip

ahead to section 1.3.

1.2.1 Basics of soft sets

Definition 1.1. [14] A pair (G, E) (usually denoted as Gg) is called a soft set
over a universe X if G is map from the parameter set F into 2%. We usually
identify Gg = {(e,G(e)) : e € E and G(e) C X}. S(Xg) denotes the set of all
soft sets over X with respect to the parameter set E. The relative complement
of G is denoted by G%, where G¢ : E — 2% is defined by G(e) = X \ G(e).

Where the context is clear we do not refer to the universe X.

Definition 1.2. [13, 17] Soft union and soft intersection are taken parameter-
wise. For two soft sets Gg,, Hg, over X, their soft union, Gg, | Hg,, is the
soft set Fg,up, where F : E; U By — 2% is defined as follows

G(e), if e € By — Ey,
F(e) = { H(e), if e € By — Ey,
G(e)UH(e), ifee€ E1NE,.

The soft intersection Gg, (| Hg, is the soft set Ig,ng, where I(a) = G(a)NH(a)
for every a € E1 N Fs.

Given z € X and a soft set Gg there are four ways one can define member-

ship or non-membership:
Definition 1.3. [14, 6] For a soft set Gg € S(Xg) and x € X, we say that
e 1 € Ggifz € G(e) for each e € E.
o © ¢ Gg if © ¢ G(e) for some e € E.
e 1 €Ggif z € G(e) for some e € E.
o ¢ &(Gpif x ¢ G(e) for each e € E.

Hence € and & are “strong” membership and non-membership respectively.
Depending on the version of membership that one uses, the usual set theoretic

operations might or might not be compatible:

Proposition 1.4. [6] For two soft sets Gg and Hg in S(Xg) and x € X, we
have the following,



1. If x € Gg, then x € Gg.

2. x & Gg if and only if v € G5.

3. x @ GgUHE if and only if t @ Gg or x € Hg.
4. If vt @ Gg(\Hg, then t € Gg and x € Hg.

5. Ifr € Gg orx € Hg, thenx € Gg|JHE.

S8

x € G Hg if and only if t € Gg and x € Hg.
Definition 1.5. [6, 13] A soft set Gg over X is said to be:
e A null soft set if G(e) =0 for each e € E. It is denoted by 0.
e An absolute soft set if G(e) = X for each e € E. It is denoted by X.
e A stable soft set if for some M C X we have G(e) = M for each e € E.

There are two different ways one can define a point, either as a soft singleton

or as a soft point:

Definition 1.6. [5, 21] The soft set xp (called a soft singleton) is defined by
x(e) = {x} for each e € E. A soft point, denoted by pZ, is the soft set Pg where
P(e) = {z} and P(k) = () for each k € E'\ {e}.

Definition 1.7. [17] A soft set G, is a soft subset of a soft set Hpg,, denoted
by GE1 - I{E27 if

o [y C FEs, and
e Ve € Ey, G(e) C H(e).
Two soft sets are soft equal if each one of them is a soft subset of the other.

Definition 1.8. [19] The Cartesian product of two soft sets F4 and I, denoted
by (F'xI)axp over universes X and Y, respectively, is defined as (F x I)(a,b) =
F(a) x I(b), for each (a,b) € A x B.

1.2.2 Soft topological spaces

The study of soft topological spaces was initiated in [21]. We quickly recall some

of the definitions and results of soft topological spaces.



Definition 1.9. [21, 15] A collection 7 of soft sets over a universe X w.r.t. a
parameter set E is said to be a soft topology on X if the following conditions

are satisfied,
1. X ,@V €T
2. 7 is closed under finite intersection.
3. 7 is closed under arbitrary union.

The triple (X, 7, E) is called a soft topological space, or STS. Members of T are
called soft open sets. A soft set is soft closed if its complement is soft open. The
closure of Hg, denoted by Hy is the intersection of all soft closed sets containing
Hp. p? is called a soft limit point of Gg if [Fg \ p*|(\GE # 0, for each soft
open set F'p containing pf.

Let Y be a nonempty soft subset of an STS (X, 7, E). 7v = {Y(Gg :
Gp € 7} is said to a soft relative topology on Y and the triple (Y, 7y, E) is a
soft subspace of (X, 7, E).

Fact 1.10. [21] Given an STS (X,7,E) and e € E, 7. = {G(e) : Gg € T}
forms a topology on X (classically).

Theorem 1.11. [19] Let (X, 7, A) and (Y, 0, B) be two STSs. Let Q = {Ga x
Fp:Ga €7 and Fp € 0}. Then, the family of all arbitrary unions of elements
of Q is a soft topology on X x Y.

We now recall the partial soft separation axioms based on the partial mem-

bership (€) and strong non-membership (&) relations:
Definition 1.12. [6] An STS (X, 7, E) is said to be:

e p-soft Ty if for every two distinct x,y € X, there exists a soft open set Gg
such that x € Gg and y  Gg, or y € Gg and = & GE.

e p-soft T3 if for every two distinct x,y € X, there exist soft open sets Gg
and Fg such that x € Gg,y & Gg,y € Fg and x & Fg.

e p-soft Ty if for every two distinct x,y € X, there exist disjoint soft open
sets Gg and Fg such that x € Gg and y € Fg.

e p-soft regular if for every soft closed set Hg and x € X such that z & Hp,
there exist disjoint soft open sets Gg and Fg such that Hg C Gg and
x € Fg.



Note that two soft sets are disjoint if their soft intersection is 0.
The following well-know fact about 77 spaces holds in the p-soft setting:

Theorem 1.13. An STS (X, 7, E) is a p-soft Ty space if and only if xp is soft
closed, for all xz € X.

1.3 Basics of computable analysis
1.3.1 Type-2 theory of computability

Turing provided [22] in his pioneering work in 1936 an abstract model of a
Turing machine. This is a central notion in the study of computability the-
ory. In classical computability theory we deal with natural numbers and the
domain and co-domain of computable functions are subsets of the natural num-
bers N. However, in the study of effective analysis we are often concerned with
potentially uncountable objects such as subsets of the real numbers, or sets of
functions, etc. In order to apply the tools of classical computability we will
need to “encode” these objects by means of names. Through systems of nota-
tions and representations in which the objects of study are represented as finite
or infinite sequences of natural numbers we can make sense of the notion of a
computation in which these names can be used as an input or the output of a
computation.

Computable analysis has provided us with the formal framework in which
we can conduct investigations of computablity in the realm of analysis and
topology. We introduce the notations that will be used throughout the paper.
The reader is referred to [23, 25] for more details and background. Let 3 be a
finite set of symbols that contains 0 and 1. The set of all finite words over X
is denoted by X*, and the set of all infinite sequences over ¥ is denoted by X“
where ¢ € ¥ means that ¢ : N — X and we write ¢ = ¢(0)g(1) - -, and |w|
denotes the length of w € ¥*. ¢<! € ¥* represents the initial segment of length
1 of g € X% and w C ¢ means that w is a prefix of q.

We use the wrapping function ¢ : ¥* — X*, where for a,b,c,d,e € %,
t(abede) = 110a0b0c0d0e011 to encode the concatenation of finite strings in a
way which can be effectively decoded. For instance, we cannot recover ¢ and
7 from o7 but we can do so from u(o)i(r). We fix the pairing function on
the set of natural numbers as (i, j) = % + j. We also consider the

standard tupling function on ¥* and X% where (v1, -+ ,v,) = t(vy) - t(vy),
(v,9) = v(v)g, (p,q) = P(0)g(0)p(1)q(1) - -, and (qo,qu,---) ((i, 7)) = @i(j) for



V1, ,Un,0 € B* and p,g € X¥. For r € ¥* let r' be the longest subword
s € 11X*11 of r and then for u,ry,7 € ¥%, (u < 11 Vu < 1) & u <K 147y
where u < r iff t(u) is a subword of .

For X1, X5 € {¥*,3“}, a (partial) function f:C X7 — X is computable if
there is a type-2 machine M that computes f (see [23, 25] for more details if
the reader is unfamiliar with the basics of effective type-2 theory). In TTE, we
use representations or names to denote objects and type-2 machines can work
with them via names. This is formalised through the notion of a represented
space: a representation J of a set S is simply a surjective (partial) function
0 :C ¥¥ — S, while a notation v of a countable set S is a surjective (partial)
function v :C ¥* — S. Examples include the canonical notations of the natural
numbers and the rational numbers vy : £* = N, g : X* — Q, respectively.

For representations or notations v :C X¥UX* — M and +' :C X¥UX* — M/,
a partial function h :C 3¢ UX* — ¥« U X* realizes f :C M — M’ if fo~(p) =
~" o h(p) for every p € dom(y). The function f is called (v,~')-computable if
it has a computable realization h. These definitions extend readily to multi-
representations and multi-functions.

We say that « is reducible to 7/ (denoted byy < +') if M C M’ and the
identity function id : M — M’ is (v,~')-computable, i.e. there is a computable
function that translates y-names to 4’-names. Two representations v and v’ are
equivalent iff v <+ and 4" < .

Given a notation « :C ¥* — M we can extend it naturally to a notation
af*® for the set of finite subsets of M, and a representation ac® for the set of

countable subsets of M in the natural way:
¥ (w) =W & (Vu < w)u € dom(a), W = {a(u) : u < w};

a®(p) =W & (Vu < p)u € dom(a), W = {a(u) : u < p}.

If o :C ¥¥ — M’ is a representation of M’, we can also define representa-
tions pf* and p® for the set of finite and countable subsets of M’ accord-
ingly: p/*(p) = W < (In)3Bq1,.....qn € dom(p)), p = 1%, q1,.cc0; qn), W =
{u(q), - 1(qn)}, and p({aoqo,a1q1,...)) = W & (Vi)(a; = 0 = ¢; €
dom(p)) and W = {u(q;) : a; = 0}. Here w € ¥*, p,qo,q1,.... € ¥ and

ag, ai, ...are symbols of .



1.3.2 Computable topological spaces

In this section, we define computable topological spaces as introduced in [24, 26]

and mention some of the useful results in the literature that are relevant to us.

Definition 1.14 (Weihrauch and Grubba [26]). An effective topological space
is defined to be a 4-tuple X = (X, 7,, ) such that (X,7) is a topological
Ty space and p :C ¥* — « is a notation of a countable base o of 7. X is a
computable topological space if dom(u) is recursive and there is some c.e. set

S such that for all u,v € dom(u) we have

plu) 0 p(v) = (Jlu(w) : (u,0,0) € 53

In other words, the intersection of any two basic open sets is effectively open,

uniformly in the notation for the basic open sets.

Definition 1.15 (Weihrauch [24]). Let X = (X, 7, @, 1) be a computable topo-

logical space. We define the following representations.

1. §:C X% — X is a representation of the set X, where

dp) =z VweX ) (w<Kpexe pw)).

2. ¥ :C ¥“ — 7 is a representation of the set of open sets where

Ip) =W e Vwe T (w <K p=we dom(p)), and W = U{M(w) Tw <K p}l

3. Y :C 3% — Ais a representation of the set of closed sets where

Y(p) = Ao Vw € S (w < p e AN p(w) £ 0).

4. »:C ¥¥ == K is a multi-representation of the set of compact subsets of
X where

x(p) =K & [(Yw e X" (w < p e K CUp'*(w))].

5. 0 :C ¥ — X is a representation of the set X, where

5(p) =z = 9(p) = X \ {a}.



6. ¥ :C X“ — 7 is a representation of the set of open sets, where
9(p) = X\ ¥(p).

7. 9 :C ¥ — A is a representation of the set of closed sets, where

v(p) = X\I(p).
We introduce some existing results that we will be using implicitly through-
out the paper.
Lemma 1.16 (Weihrauch [24]). We have the following:
1op<Upl® <.
2. §(wx®) = N\ p'*(w) for all w € dom(u'*).
3. The space is SCTy (see definition 1.19) iff 6 < 0.

The following theorem illustrates how we can compute unions and intersec-

tions of open and closed sets computably.
Theorem 1.17 (Weihrauch [24]). We have the following:

1. Finite intersection on open sets is (u'*,0)-computable and (95 9)-

computable.
2. Union on open sets is (9°°,9)-computable.

3. Finite union on closed sets is (@fs,i)-computable, and intersection on

closed sets is (@CS,E)—computable.
4. Finite union of compact sets is (3/°, 3¢)-computable.

Lemma 1.18 (Weihrauch and Grubba [26]). Given a point x, an open set W,

a closed set A and a compact set K, we have the following:
1. “ceW” is (6,9)-c.e.
2. ‘K CW?” is (s,9)-ce.
3. CANW #07 is (,9)-c.e.

4. “KNA=0"1is (5,9)-ce.



1.3.3 Computable separation axioms

Weihrauch [24] introduced effective versions of separation axioms in computable
topological spaces and discovered several interesting properties that hold for
the computable separation axioms but not for their classical counterparts. For
instance, he proved that the computable versions of 75 and 77 are equivalent
[24] although they are clearly not classically equivalent.

In this section, we recall some of the computable separation axioms defined
in [24] and the relationships between them. The main goal of this paper is to
further this line of investigation for soft topological spaces. In the subsequent
sections, we define different types of computable separation axioms for soft
topological spaces and establish the relationships between them. We also show

that certain implications are proper.

Definition 1.19 (Weihrauch [24]). We define the following properties for a
computable topological space (X, 7, «, u):

e CTy: The multi-function tg is (8, d, u)-computable, where t, maps every
pair of points (x,y) € X? such that 2 # y to some U € « such that z € U
andy ¢ U,orx ¢ U and y € U.

e CTy: The multi-function t; is (8, d, u)-computable, where t; maps every
pair of points (x,y) € X? such that 2 # y to some U € « such that z € U
and y ¢ U.

e CTy: The multi-function 9 is (4, d, [1, p])-computable, where t5 maps ev-
ery pair of points (x,y) € X? such that x # y to some (U, V) € a? such
that UNV =0,z €U and y e V.

e SCTy: Thereis a c.e. set H C ¥* x ¥* such that
1. Vo #y I(u,v) € H (x € pu(u) Ay € u(v)).
2. Y(u,v) € H (p(u) Nu(v) =0).

e CTY®: The multi-function 7¢ is (9, », [u, |J u'*])-computable, where tP¢
maps every ¢ € X and every compact set K such that z ¢ K to some pair
(U, W) of disjoint open sets such that € U and K C W.

e CTs°: The multi-function #°¢ is (¢, s, [J p*, U p/*])-computable, where
t°¢ maps every pair (K, L) of non-empty disjoint compact sets to some
pair (V, W) of disjoint open sets such that K CV and L C W.

10



e SCTY®: There is a c.e. set H C ¥* x ¥* such that

1. Vz € X V compact K such that z ¢ K J(u,w) € H (x € p(u) NK C
Un'*(w)).
2. V(u,w) € H (u(u) NYp's(w) = 0).

o SCTy5¢: There is a c.e. set H C ¥* x ¥* such that

1. V compact sets K, L such that KNL = () 3(u,v) € H (K C Jp'*(v)
and L C Jpu'*(v)).

2. V(u,v) € H (Jp/*() nUn'*(v) = 0).

2 u-soft separation axioms

In section 1.2.2 we had mentioned soft separation axioms for STS based on
strong membership and strong non-membership.

In this section, we define u-soft separation axioms. This type of separation
axioms is based on soft points which is the natural way to define separation
axioms analogously to the classical separation axioms. We investigate the rela-
tions between the u-soft separation axioms and p-soft separation axioms defined
in [6]. we will note that some implications between the two different notions
of soft separation axioms hold when the set of parameters is finite, however,
when the parameter set is infinite those implications do not hold as what will
be seen then from the counterexamples. We also answer a question proposed
in [3] about whether u-soft Ty spaces imply p-soft T spaces where we find out
that the answer is yes and we give a counterexample to show that the reverse

implication is not true in general.
Definition 2.1. An STS (X, 7, E) is called

o u-soft Ty iff V pl, p¥ € X7 there exists a soft open set Gg such that p? € Gg
and p¥ ¢ Gg, or p¥ ¢ G and pY € Gg.

o u-soft Ty iff V pZ,p¥ € )Z', there exist two soft open sets Gg and Fg such
that p? € Gg and p¥ ¢ G, and p* ¢ Fr and p¥ € Fg.

o u-soft Th iff V p?,p¥ € X , there exist two soft open sets Gg and Fg such

that p* € Gg and p¥ € Fg and Gg(\ Fr = 0.

Immediate implications between u-soft separation axioms are given in the

next proposition.

11



Proposition 2.2. Fvery u-soft T; space is u-soft T;_1 space for i =2,1.

Proof. Straightforward. O
Now, we give counterexamples to the above implications.

Example 2.3. Let X = {2}, E = {e1,e2} and 7 = {X,0, {(e1, {z}), (e2, 0} }.
It can be easily seen that this space is u-soft Ty but not u-soft 7.

Example 2.4. Let E =N, X be an infinite set, T = {)?,6, Gg : G is finite }.
Clearly, this space is u-soft T but not u-soft T5.

Proposition 2.5. : An STS is a u-soft T1 space iff V p¥ € )Z', pE = pZ.

Proof. Straightforward. O

The following propositions illustrate the relation between u-soft T; and p-
soft T; spaces for i = 2, 1. Those implications are based on the finiteness of the
parameter set and counterexamples are given to show that the implications are

proper.
Proposition 2.6. Every u-soft Ty space is p-soft To space if E is finite.

Proof. Let x # y and E has m parameters. V p7. V pe € X \p¢,, there exist two
disjoint soft open sets G B, and F) B such that pf, € G B, and p? € F B, .Then,

Pe, € m GEij and y & GEij Vi < m, also, y € U FEij and pf ¢ U FEij'

j=1 j=1 j=1
Thus,
m m m m
HARS U[ﬂ GErij]andy S ﬂ[U FE'i7»L
i=1 j=1 ' i=1 j=1 '
UiN e NINIU Es, 11 =1
=1 j=1 =1 j=1
Therefore, the space is p-soft Tb. O

Proposition 2.7. : Fvery u-soft T1 space is p-soft T1 space if E is finite.

Proof. Let x # y and E has m parameters.V pg, V pe, € X \ p¢,, there exists
m

an open set GEij such that pg. € GEij and pY ¢ GEij' Then, pg, € m GEl.j,

Jj=1

12



Vi < m. Therefore,

m m m

T € U[ﬂ GEij]andy & U[ﬂ GEiJ]~

i=1 j=1 i=1 j=1

Similarly, if we switch y and x we will get soft open sets G B, such that

Yy E U[ﬂ FEJ] andx & U[ﬂ FE]]
i=1 j=1 i=1 j=1
Therefore, the space is p-soft T7. O

The converse of the above propositions is not true in general as shown in the

following example.

Example 2.8. Let X = {z,y}, E = {e1,ea} and
T= {)?a @v {(61, {x})’ (627 {x})}v {(617 {y})7 (627 {y})}a {(617 (Z))v (627 {‘T})}v
{(617 {:L‘}), (627 ®)}a {(elﬂ {y})a (627 (Z))}v {(61, X)? (623 {I})}v {(ele)a (627 {y})}ﬂ

{(617 {y})7 (62’ X)}’ {(61, X)v (62’ (Z))}’ {(617 {y})a (62’ {l‘})}} This space is p—soft
Ts but not u-soft T;.

When the parameter set is infinite, the above inclusions do not hold in

general as shown in the following examples.

Example 2.9. Let X = {z,y}, E = {e1,ea,---}. We define a STS 7 on
X with respect to E as follows, T = {X,F@,Gzilaizmai’“ : Gzilai"‘ma"k’ =
{(e1, f(ai,), (e2, flaiy), -, (ens f(ai), (€1, X)y o i, -+ sk €
{0,1,2,3}; f(ag) = 0, f(ar) = {z}, f(a2) = {y}, flaz) = X}. Clearly,
this space is u-soft T but it is not p-soft Ty or even p-soft Ty.

Example 2.10. Let X = {a,b}, E = {e1,ea,---}. We partition N into in-
finitely many infinite partitions N=Fy|JFoJ--- . we define a STS on X with
respect to E where its basic open sets are defined as follows, for each finite set
G C N we have {p{, : i € G} and for each finite set G C N, n € N we have
{p YU{ps :i € F, — G}. Clearly, this space is u-soft Ty but it is not p-soft
Ts.

The following two examples show that u-soft Ty and p-soft T spaces are

incomparable.

13



Example 2.11. Let X = {z,y}, E = {e1,e2} and

T= {gaa’ {(elv {y})v (6%1{‘%})}7 {(613 Q)’ (623 {y})}v {(61, {y})v (eQ’X)}’
{(617 @), (627 {.13})}, {(61, @)7 (625X)}}'

This space is u-soft T but not p-soft Tj.

Example 2.12. Let X = {xz,y}, E = {e1,e2}
and T = {)?’ 0, {(e1,{z}), (e2, {z})}}.

This space is p-soft T but not u-soft Tj.

3 Computable u-soft separation axioms

In this section, we define the new notions of computable soft topological spaces
and computable u-soft separation axioms that are based on soft points. We
investigate some properties and implications of those newly defined computable
u-soft separation axioms. We also introduce some counterexamples to prove

that some implications are not true in general.
Definition 3.1. A computable STS is a tuple (X, 7, A, 8, v) such that
1. (X, 7, A) is a u-soft Ty space,

2. v : X" — [ is a notation of a base of 7 with respect to soft points with

recursive domain,

3. There is a computable function h : X* x ¥* — 3¢ such that for all

u,v € dom(v),

v(u) ﬂu(v) = U{r(w) : w € dom(v) and 1(w) < h(u,v)}.

Note. In computable soft topological spaces when we encode soft points we
need to consider the parameter of the soft point so that it is encoded as well
in the name. That is, 6%(p) = pZ where p is a list of all basic soft open sets
containing p? and the first bit of p encodes the parameter of the soft point,
which is e in this case. When the parameter set F is infinite, we require it to
be computable and countable, and to be given of the form E = {e1,ea,--- }.

The following are the computable u-soft separation axioms where they are

based on separating soft points by basic soft open sets.
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Definition 3.2. A computable STS (X, 7, A, 5,v) is computable u-soft Tj
(CuTy, for short ) if (X,7,A) is a u-soft Ty and the multifunction uty is
(6", 8", v)-computable where uto maps every (p?,p¥) € X x X such that pE # pY,
to some Uy € [ such that

(pe € Ua and p4 & Ua)or (pe ¢ Ua and pj € Ua).

Definition 3.3. A computable STS (X,7, 4, 3,v) is computable u-soft T
(CuTy, for short ) if (X,7,A) is a u-soft Ty and the multifunction wut; is
(6", 8™, v)-computable where ut; maps every (pZ,p¥) € X x X such that pE #pY
to some Uy € [ such that

(pf € U and p? ¢ Ua).

Definition 3.4. A computable STS (X, 7, A, 5,v) is computable u-soft T
(CuTy, for short ) if (X,7,A) is a u-soft Tp and the multifunction wuty is
(6", 8™, v)-computable where uty maps every (pZ,p¥) € X x X such that pE #£pY
to some Uy, V4 € B such that

(p? € Ua and pY, € Va4 and Ua[ |Va =0).

The next lemma gives the obvious implications between the computable u-
soft separation axioms that are defined so far. The proof is Straightforward by

definition.

Lemma 3.5. CuT; = u-softT; fori € {0,1,2}.

Proof. Straightforward. O

Lemma 3.6. CuT; = CuT;_; forie {1,2}.

Proof. Straightforward. O
We give a counterexample that is CuTy but not CuTy.

Example 3.7. Let X = {x} be the universe set, E = {e1,ea} be a set of

parameters and T is a STS generated by the following base,

v(01) = {(e1, {z}), (€2, D)}, v(001) = X ,where 8 = range(v).
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We define now some more computable u-soft separation axioms to help us
establish the relation between CuT; and CuTs. At the end of this section we
will see that some of the following notions are equivalent.

Definition 3.8. A computable STS is:
WCuTy: If there is a c.e. set H C dom(v) x dom(v) such that

L (Vp¢ # p8)(3(u,v) € H)(p¢ € v(u) andpf, € v(v)),

2. (Y(u,v) € H):

(v(w) (v(w) = B),
V(@) = (55} € vw)),
V(@) (v) = (pL} C v(w)).

SCuTy: If The multifunction utf is (6%, 8%, [vn, v])-computable where ut maps

every (p%,p%) € X x X such that (p¥ # p¥) to some (k,Ug) € N x 3 such that
(k=1,p € Ug and p% ¢ Ug)V (k=2,pf ¢ Ug and pY € Ug).

CuTy': If there is a c.e. set H C dom(vy) x dom(v) x dom(v) such that
L (vpg # p2)B(w,u,v) € H)(pe € v(u) andpf € v(v)),

2. (V(w,u,v) € H):

0),
— {17} Cv(v)),
= {p%} C v(u)).

(v(uw) (v (v)

V(vn (w) = 1(3pg)v(u)

V(v (w) = 2(3pg)v (v)

CuTy': If there is a c.e. set H C dom(v) x dom(v) such that
L (Vpg # pd)(3(u,v) € H)(pg € v(u) and pf € v(v)),

2. (V(u,v) € H):

(v(w) (v (v) = 0),
V((@E)v(u) = {pi} C v(v)).
CuTy': If there is a c.e. set H C dom(v) x dom(v) such that

L. (Vpg # ) (3(u,v) € H)(pf € v(u) and pY € v(v)),

16



2. (V(u,v) € H):

(v(u) [ v(v) = 0),
V(@pe)v(u) = {p} = v(v)).

SCuTy: 1f there is a c.e. set H C dom(v) x dom(v) such that
L (vpg # pd)(3(u,v) € H)(p¢ € v(u) and pf € v(v)),

2. (V(u,v) € H):
(v(u) () = 0).

Now we investigate the relations between those separation axioms.
Proposition 3.9. CuTy < SCuTy < Culy'.

Proof. SCuTy = CuTy: Straightforward.

CuTy = SCuTy: There is a machine M on input (p,q) € dom(d*) x dom(d¥),
it first runs utg on (p,q) that outputs u. Then M outputs (1,w) if u < p, and
outputs (2,u) if u < g.

CuTy' = SCuTp: There is a machine M on input (p,q) € B¢ x X%, it first
searches for (w,u,v) € H such that u < p and v < ¢ and then it outputs (w, u)
if vy (w) =1 and (w,v), otherwise.

SCuT, = CuTy’: Let M be a machine that realizes uty®. There is another
machine M’ that on input (w,u,v) € (X*)3 halts iff we can find words u’ €
dom(v), f,h € dom(v'*) and t < min(|f|, |h|) such that M on (f1¢,h1¥) halts

in t steps outputting (w,u’) and
u < g(fu(u))andv < g(h)if vy(w) =1,

u < g(h)andv < g(fu(u))if vy(w) = 2.

Now, let H = dom(fa).

We need now to show the two conditions of H. For the first condi-
tion: Let 6%(p) = p? # pY = 6“. Then M on (p,q) halts and outputs
(w,u') in t steps where vy(w) = 1,p% € v(u')andpy ¢ v(v')(whenvy(w) =
2, same argument follows). Then, M also halts on (f1¥,h1¥) outputting (w,
W) where f = p<tand h = ¢<*. Thus, p® € N v/*(fi(v')) and p¥, € Nv/*(h) and
hence there are u,v such that u < v/*(fi(u')),u < p and v < v/*(h),v < q.
Therefore, there exists some (w, u,v) € H such that p? € v(u) and p¥ € v(v).
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For the second condition of H: Let (w,u,v) € H, vy(w) = 1, p% € v(u),
Y € v(u)(v(v) and p* # p¥. Then, there are f,h,u’ and ¢ such that ¢ <
min(|f|,|h]) and M halts on (f1¢,h1%) in t steps outputting (w,u’) and u <
g(fu(u')) and v « g(h). Therefore, p? € v(u) C S*[fE¥]Nv(v) and pY €
v(v) C 6“[hX¥]. We know that p¥ € v(u') and pY¥, ¢ v(u'). But, p¥ € v(u) C
v(u')), which a contradiction. Therefore, it must be the case that p¥ = p¥,

hence,
((w,u,0) € Hyun(w) = Landv(u\v(v) # B) = (3p?)v(u) = {pl} € v(v).

Same argument follows when vy (w) = 2. O

Proposition 3.10. SCuTy = Culs, = Culy = WCuTy.

Proof. Straightforward. O

Proposition 3.11. Culy & Culy < Culy < Culy'.

Proof. CuTy < CuT)': Straightforward as it is a special case of SCuTy <
CuTy'.

CuTy' = CuTy’: Straightforward.

CuTy' = CuTy': Let H be the c.e. set from CuT’. Now, let

H ={(r,s) :r < g(u,v'),s < g(u',v) for some (u,v), (u',v") € H}.

We prove now the two conditions of H' as the c.e. set of CuTy’.

Suppose p* # pY. By the first condition of H there are (u,v), (u',v") €
H such that p? € v(u),p¥ € v(v),p¥ € v(u'),andp? € v(v'). Then, p? €
viuw)v(') and p¥ € v(u')(v(v), and hence there is (r,s) € H’' such that
pZ € v(r) and p¥ € v(s). Thus the first condition of H' holds.

Now, we prove the second condition of H’. Suppose (r,s) € H’ and
v(ir)Nv(s) # (. Thus, by definition of H’ there are (u,v), (w',v") € H such
that v(r) C v(u)(v(v') and v(s) C v(u')(v(v). Hence, v(u)(v(v) # 0 and
v )Nv(') # (). Now, by the second condition of H, v(u) = {p?} Cv(v) and
v(u') = {p%} C v(v'). Therefore, v(r) = {p} = v(s) which shows that the
second condition of H' holds.

CuTy' = CuTy: There is a machine M that on input (p,q) searches for
(u,v) € H such that u < p and v < ¢ and prints (u, v) if the search is successful
and diverges, otherwise.

CuTy = CuTy': By transitivity, which completes the proof. O
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Now, we give counterexample to the above implications.
Proposition 3.12. There is a STS that is WCuTy but not Culy.
Proof. Follows immediately from the next example. O

Example 3.13. Let X = {z;,y; : t € N}, E = {e} be a set of parameters, and T
be the soft discrete topology defined on X w.r.t E. We will define A, B, C, and D
as a partition of N where A is a non c.e. set. We define a notation v of a basis

of T as follows:

0'1 02 03 | 012 | 0113 | 023
i€ AUD | {p*} {(p¥%} 0 0 0 ]
i€B e} | oy} | v} | s | 0| (v
ieC | {prpr} | vy | Ry | Y | ey ] 0

We define now the intersection of soft basic open sets computably,
v(0'm) N v(0'n) = v(0'mn) for m # n. Thus, (X,7,E,B,v) is a computable
STS. Let H = {(0'm,0/n) : i,5 € Nym,n € {1,2};(i # jorm # n)}. Then
H satisfies the two conditions of WuCTy. We show now that this space is not
SCuTy. Letr,s € 38 such that vy(r) = 1 and vy(r) = 2. W.L.O.G. assume
that vy is injective. For i € N let

S; = {(r,0%1), (5,0%3), (r,0°12), (s,0723)},

T; = {(s,0°2), (r,0'3), (s,0°12), (r, 0°13)}.

Suppose that ut] is realized by f : XY x 39 — ¥*. If6%(p) = p?i and §*(q) = p¥*,
then
S; ifieB
f(p,q) € . (1)
T, ifieC.
Vi € N we define p; = 1(011)c(0%1)..., and q; = 1(0°2)1(0°2)..., where p;,q; € X¥.
Let F={f: f:X% x X% — Y*such that f(pi, q;) exists for alli € A}. Consider
f€F. Then, f':i— f(pi,q) is computable such that A C dom(f’). Since F
is countable, there is a bijective function g : E — F for some E C N such that
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i € dom(g)\ A for alli € E. Then, ANE =0. Let
B={i€ E:gi(pi,a:) ¢ Si},C ={i € E: gi(pi» ;) € Si}, (2)

and D = N\ (AUBUC). Since ANE =0, E =BUC and BNC = 0,
{4, B,C, D} is a partition of N.

Suppose some computable function f realizes uty. Since 6“(p;) = p** and
0%(q;) = p¥i for alli € A, f(pi,qi) exists for all i € A, hence f = g; for some
i € E. Since g; realizes uty, gi(pi,q:) € Si < i € B by (3.1). On the other
hand, g;(pi,qi) € S; < i ¢ B by 3.2. Thus, the space is not CuTy.

Example 3.14. Let X = {z}, E = {e1,ea} be a set of parameters, and T be
a STS defined on X w.r.t. E where 7 = {X,0,{(e1,{z}), (e2,0)}} which is
generated by the following basis:

V(Ol) = {(61, {x})7 (627 @)},

v(001) = X,

Where 8 = range(v). Thus, (X, 1, E,v, ) is a computable STS and it is CuTy
nut not CuTy.

Example 3.15. Let A C N be a c.e. set with non-c.e. complement. Define a

notation v by
v(0°1) = {p=},v(0°2) = {p¥i} fori € A,
v(0°1) = {pf'}, v(0°2) = {p'} fori ¢ A,
for all i € N. Then, v is a notation of a base B of a STS on a subset X C N
w.r.t. a parameter set E = {e} such that (X, 7, E,B,v) is a computable STS.
This space is CuTy as we have a c.e. set H = {(0°m,0n) :i,j € Nym,n €
{1,2}} that satisfies CuTs. Let H be the c.e. set for SCuTy. Thus, by the two

conditions of SCuTy
i¢ A= (01,02) € H,

i€ A= (01,02) ¢ H,
since H is c.e., the complement of A must be c.e., which is a contradiction.

In the figure below, we summarize the all implications of the computable
u-soft separation axioms. Those implications based on what we investigated

above and the non implications are based on the counterexamples introduced
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in this section above. These implications are actually the same as those of the
classical computable separations axioms corresponding to the ones defined in

the computable soft setting.

cu.png

Figure 1: Relations between computable u-soft separation axioms

From the equivalences in figure 1, we can see that we have exactly four
different notions of computable u-soft separation axioms.

In the next section, we will define computable p-soft separation axioms as
the computable versions to those defined in [6]. Then, we define more variations
of computable p-soft separations axioms and investigate the relations between
them.

4 Computable p-soft separation axioms

In this section, we define the computable versions of partial soft separation
axioms defined in [6] and then introduce some of the notions corresponding to
those defined for computable u-soft separation axioms.

We define first 6”7 names for 5y C X in a computable STS (X, 7, F, 5,v),
where a 6P name of i C X contains all soft basic open sets that contain pg.
for all e; € E where F is the parameter set associated with the given STS.

We will define also p-soft separation axioms based on zp C X and then
compare those separation axioms to the u-soft separation axioms defined in the

previous section.
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Definition 4.1. Let F be a finite set of parameters, ¢ be a function defined
as follows ¢ :C ¥* \ {0} — E where o(s;) = e;. Now, 6”(p) = xp where
p = sit(wj)....... , and p?. € v(w;). In other words, p is a list of all soft basic
open sets that contain pg, for all e; € E, and s; tells us what parameter of E is

represented.
Now, we define the p-soft separation axioms.
Definition 4.2. A computable STS (X, 1, E, 5, v) is

e computable p-soft Ty (CpTy, for short) if (X, 7, E) is a u-soft Ty and the
multifunction ptg is (07, 67, #)-computable where pty maps every zg, yg C

X such that Tg # yg to some Ug € 7 such that

(x €Ug and y @ Ug)or (v & Ug and y € Ug).

e computable p-soft T} (CpTh,for short) if (X, 7, F) is a u-soft Ty and the
multifunction pty is (67, 67, §)-computable where pt; maps every xg, yg C
X such that rp # yg to some Ug € T such that

(r €Ug and y & Ug).

e computable p-soft Ty (CpTy, for short) if (X, 7, E) is a u-soft Ty and the
multifunction pts is (07, 67, #)-computable where pto maps every zg, yg C
X such that rp # yp to some Ug, Vg € 7 such that

(r € Ug and y € Vg,, and UEﬂVE:@)_

We can see that CpT; = CpT;_; for i € {1,2}.
Based on the above definitions, we can see that the following implications
hold,
CpT, = CpTy = CpTy

The converses of the above implications are not true in general as shown from

the following examples.

Example 4.3. Let X = {z,y}, E = {e1,ea} be a set of parameters and 7 is a
STS defined on X w.r.t. E generated by the following basis,

V(Ol) = {(61’ {x})7 (62, @)}7 V(OOI) = {(617 @), (627 {Z})}, V(OOOI) = )A(:,
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and B = range(v). Thus, (X, 7, E, 3,v) is a computable STS and it is CpTy since
there is a machine M that realizes CpTy where M on input (p,q) € X¥ x ¥,
prints 1(01)c(001). The space is not CpTy as it is not even pTj.

Example 4.4. Let X = {a; : i € N}, E = {e1,ea} be a parameter set, and T
be a STS defined on X w.r.t. E generated by the following basis notation,

v(0'17) = {(e1,Gy), (e2, Fy)},

where i and j are the canonical indices of G; and F}, respectively. We define
the intersection of finitely many basic open sets by v(0°17) M v(0F1!) = v(0™17),
where m is the canonical index of GS(\GS and n is the canonical index of
F; N F;. Thus, the space is computable STS. The space is CpTh as there is a
machine M that on input (p,q) € X x X%, searches for +(0°17) and +(0™1")
such that 1(0°17) < p and 1(0™1") < g, and j and n are canonical indices of
singletons of X, and i,m € N. If the search is successful, it prints Z0"17,071").
Hence, machine M realizes CpTy. However, the space is not CpTy as it is not

pIs.

Now, we give some more p-soft separation axioms and investigate the rela-

tions between them.

Definition 4.5. A computable STS (X, 7, E, 8,v) is:
WCOpTy: if there is a c.e. set H C dom(v/*) x dom(v?*) such that

1. (Vog #yr)(3(u,v) € H)(x € Uv’*(u) and y € Urf*(v)),

2. (V(u,v) € H): N
(Urf3(u) ﬂ U’ (v) = 0),

V((3Bzg) Urfs(u) = 25 C Ul (v)),

V((3ye) Ur’*(v) =y C U (u)).

SCpTy: if the multifunction pt§ is (67,07, [vn, 6])-computable where pt§ maps
every g, yg C X such that (rg # yg) to some (k,Ug) € N x 7 such that

(k=lxeUgandy @ Ug)V (k=2,y € Ug and = & Up).

CpT}: if there is a c.e. set H C dom(vy) x dom(v/*) x dom(v7*) such that

1. Vag # yp)3(w,u,v) € H)(z € Uv’*(u) and y € Uv/*(v)),
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2. (V(w,u,v) € H):
(W'*(u ﬂUVfS =0),

V(vy(w) = 1(32g) UvP*(u) = zp C U3 (v)),
V(v () = 2(3ys) U’ (0) = g € U7 (w).
CpTy: if there is a c.e. set H C dom(v7®) x dom(v¥*) such that
1. (Vzg # yr)(3(u,v) € H)(z € Ur/*(u) and y € Uv/3(v)),

2. (V(u,v) € H):
(Urf*(u ﬂqus = [Z)

V((3Fzg) Urfs(u) = 25 C UrPs(v)).

CpTy: if there is a c.e. set H C dom(v'®) x dom(v/*) such that
1. (Vzg # yr)(3(u,v) € H)(z € Ur/*(u) and y € Urf*(v)),

2. (V(u,v) € H):
(Uv?s (u ﬂnys —(Z)

V((3Fzg) Urfs(u) = zp = U’ (v)).

SCpTy: if there is a c.e. set H C dom(v7*) x dom(v¥*) such that
1. (Vzr # yr)3(u,v) € H)(z € Uv/*(u) and y € Urf*(v)),

2. (Y(u,v) € H):
(Uv’s (u ﬂ uv's (v @

Proposition 4.6. Let C'pT; and SCpTy be the conditions obtained from CpT;
and SCpTy, respectively, by replacing 6 by Uv¥s. Then, CpT; < CpT; for
i €{0,1,2}, and SCpTy < SCpTy, when the parameter set is finite.

Proof. CpT; = CpTy: since Uv/s < 4.

CpT; = CpT;: There is a machine M that on input (p,q) € dom(d”) x dom(6)
where 0P(p) € 0(q) searches for uq,....,u, where u; < p; and u; < ¢ for all i
where p; is a 0* name obtained from p. Then, machine M prints w if the search
is successful where u = t(uy)e(uz)....... and diverges, otherwise. Following the

same argument, we can prove SCpTy < SCpTy, which completes the proof. [

We now introduce some implications between the p-soft spaces defined above.
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Proposition 4.7. CpTy & SCpTy < CpT| = WCpTy.

Proof. SCpTy = CpTjy: Obvious.

CpTy = SCpTy: There is a machine M that on input (p, q) € dom(6P) xdom(6P)
searches for uq,...,u, € dom(v) such that u; < r for all i € {1,...,n} where
pto(p,q) = r, and outputs (1,7) if for all ¢ u; < p; where p; is a d“-name
obtained from p, and outputs £2,r) if for all ¢ u; < ¢; where ¢; is a §“-name
obtained from g. We can see easily the M realizes pt§, which completes the
proof.

CpT} = SCpTy: There is a machine M that on input (p, q) € dom(6?)x dom(6?)
searches for (w,r,s) € H-The c.e. set of CpTj- such that there are for all
i € {1,....n} u;,v; € dom(v) where u; < r, v; < s and u; < p;,v; < @
where p;,q; are é“-names obtained from p, q, respectively. Then, machine M
prints Zw, r) if vy(w) = 1 and (w, s), otherwise. Thus M realizes pt{, which
completes the proof.

CpTj = SCpTy: Obvious. O

We now show that the second and third implications are not reversed in

general as shown from the next two examples.

Example 4.8. Let X = {a;,b; : i € N}, E = {ey1,ea} be a parameter set, and
T be a STS defined on X w.r.t. E generated by the following basis where A is a

non c.e. set,

| 0711 | 0712 | 0751 | 0’52 | 0'5211

i€ A | pn || ph | Y 0
g AL e | vl | ve | PG Ve | pd
The finite intersections are all empty except for v(011) v (0°52) =

v(0°5211). Thus, the space (X,T,E,[,v) is computable STS. Let H be the
c.e. set of WCpTy, then

i€ A= (1(0°11)(0"12),t(0°51)1(0'52)) € H,

i¢ A= (1(011)(0712), t(0°51)1(0'52)) ¢ H.

Thus, A must be an r.e, set which is a contradiction. Hence, the space is not
WCpTy and then not CpTj, however, It is CpTy as there is a machine M that
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realizes pty where M on (p,q) prints 1(0i11).(0112).
Proposition 4.9. There is a computable STS that is WCpTy but not CpTy.
Proof. Follows immediately from the following example. O

Example 4.10. Let A C N be some non c.e. set. Let X = {x;,y},
E = {e1,ea} be a parameter set and 7 be a STS defined on X w.rt. E

generated by the following basis given in the table below.

011 0*12 0%21 022 0*31 | 0932
i€ AUD | pgi e pY Pl 0|0
i€B pei Dei peiUpli | peiUpyo | pY | pY
ieC peiUpdi | ptiUpd pYi pYi el | pes

We define {A,B,C,D} to be a partition of N. We define the intersec-

tion of soft basic open sets as follows, v(0°kl)\v(0'mn) = v(0%kimn)

for k. # m V1l # n. Therefore, (X,7,E,B,v) is a computable STS.

We can see that the space is WCply as we can have a c.e. set
= {((0"r1)(0"r2,L(07s1)e(0782) : i, j € N;rys € {1,2};(i # jVr # s)} that

satisfies the two conditions of WCpTy. Now, we define B and C in a way

that makes the space not SCpTy. Let wy,we € X8 such that vy (wy) = 1 and

vn(we) =2, and W.L.O.G. we assume that vy is injective. For i € N let

S; = {{(wy, L(0711)4(0112)), (w1, L(0111)¢(011222)), (wy, L(011121)4(0112)),

(w1, 1(091121)2(081222)), {wa, t(0°31)1(0732)), (w2, ¢(0°31):(0¢2232)),

wn, 1(0°2131)0(0°32)), (wa, 1(0°2131)0(0°2232))}.

Ty = { (w1, 1(0131)4(0132)), (w1, L(0131)¢(011232)), (wy, L(01131)4(032)),

(w1, 1(071131)2(071232)), (ws, 1(0721)0(0722)), (w, 1(0721).(011222)),

(ws, 1(011121)6(0722)), (ws, 1(011121):(01222)) }

Suppose the function f :C ¥¥ x ¥ — X* realizes pt. If §(p) = ag,
and 6P(q) = bg,, then
S; ifieB

f(p,q) € . (3)
T, ifieC.
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Vi € N we define p; = ¢(0°11)¢(0912)2(0711)2(0%12) - - -,

and q; = 1(0°21)c(0°22)0(0°21)0(0%22) - - -, where p;,q; € X¥. Let F = {f :
f XY x X — Y*such that f is computable and f(p;, q;) exists for alli € A}.
Consider f € F. Then, ' : i — f(p;,qi) is computable such that A C dom(f').
Since F' is countable, there is a bijective function g : E — F for some E C N
such that i € dom(g;) \ A for alli € E. Then, A(VE =0. Let

B={icE:gipiq) ¢S}, C={ickE:gpa)c Si}, (4)

and D = N\ (AUBUC). Since ANE =0, E=BUC and BNC =0,
{A, B,C, D} is a partition of N.

Suppose some computable function f realizes pt§. Since éP(p;) = xg, and
0P(q;) = yg, for alli € A, f(pi,q) exists for all i € A, hence f = g; for some
i € E. Since g; realizes pt§, gi(pi,q;) € Si < i € B by (3.3). On the other hand,
9i(piyqi) € S; i ¢ B by 3.4. Thus, the space is not CpTy.

Proposition 4.11. SCpT, = CpTy <« CpTy < CpTy| = CpT;.

Proof. SCpTs = CpTy: There is a machine M that on input (p,q) € 3¢ x X¢
searches for (7, s) € H such that Vi there are u;, v; € dom(v) fori € {0,1, ...... ,n}
where u; < r, v; < s and u; < p;, v; < ¢;, where p;, ¢; are 6“-names obtained
from p,q, respectively. Machine M prints (r,s) if the search successful and
diverges, otherwise.

Thus, let 6P(p) = zg # yr = 6P(¢). When we apply M on (p, q), the machine
searches for (r,s) € H as described above and the search must be successful
since by definition of H there must exist (r,s) € H such that = € Uv/*(r) and
y € Urfs(s) and Uvfs(r) N Uvfs(s) = 0, and thus, Vi € {1,2,.....,n} there exists
u; K 1, v; < s such that pf € v(u;) and pY, € v(v;). Therefore, the space is
CpTs.

CpTy = CpTy: There is a machine M on input (p,q) € X% x X% searches for
(r,s) € H such that Vi € {1,2,......,n} there are u;,v; € dom(v) and u; < p;,
v; < ;. The machine prints (r,s) if the search is successful and diverges,
otherwise. Thus, machine M realizes pts.

CpTy = CpT{: Obvious.

CpT| = CpTj: We define the c.e. set of CpTy to be Hy = {(7,3) : u; K T =
u; < g(r,s'),v; K 5= g(r',s)for some (r,s),(r',s’) € H} where H is the c.e.
set of CpTy.

We check now the two conditions of Hs. Let xp # yg. There are
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(r,8),(r",s") € H such that = € Uv/s(r)Wvls(s"), y € Uv/s(s)uv/s(r).
Then, = € 0(r") = W/s(r)W/s(s"), y € 0(s") = Uvfs(s)uUr’*(r') and
hence Vi € {1,2,.....,n} there are u; < r” and v; < s” where pf, € v(u;)
and pY . Thus, there is (7,5) where 7 = t(u1).....(u,), 3 = t(v1).....(v,) and
x € U's(F), y € /s (3).

Now, we prove the second condition of Hs. Suppose (7,5) € Hy and
Uvfs(F) Ur/s(5) # 0. Thus, there are (r,s),(r’,s’) € H such that
urfs(F) C uvf*(r)Nurfs(s’), and ur/*(3) C ur/*(')NUr’*(s), and then
urfs(ry N uvfs(s) # 0, and uvfs(ry s (s') # (). Hence, there are z and
yg such that Uv/*(r) = zp C Uv/3(s), and Uv/*(+') = yg C Uvf3(s’). There-
fore, Uv/*(F) C xp and Uv/*(3) C yg, which means that xp = yp. Thus, the
second condition of Hs is satisfied.

CpT| = CpTi: This is a special case of CpT} = SCpTy, which completes the
proof. O

We introduce now counterexamples to show that the implications of the
previous proposition are not reversed in general.

The next example shows a space which is C'pTs but not SCpTs.
Remark 4.12. CpTé = C’pT(;

Proof. Straightforward. O

Example 4.13. Let A C N be a c.e. set with non c.e. complement. We define

a notation of a basis of a topology T on a subset X C N as follows,

| 011 | 0712 | 0721 | 0722

i€ A | plio | piio| pElo| pEl

ig A plio| plio | plo| pl

Thus, (X, 1, E,B,v) is a computable STS. The space is CpTy as we have a
c.e. set that satisfies the two conditions of it, namely,
H = {((0°%k1)c(0'mn)), (L(0K' ) (0Im'n")) @ 4,5 € Nyk,l,m,n, k', I',m',n" €
{1,2}; ((k=mandk’ =m’)and (k ZIlVvm #n)and (k #1Vm' #n))}.

Now, we show that the space is not SCpTs. Let H' be the c.e. set of SCpTy.
then by the first condition of H',

i¢ A= (u,v) € H where011,0°12 < wand 0°21,0°22 < v,
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and by the second condition of H',
i€ A= (u,v) ¢ H where011,0'12 < uand 021,022 < v.

Since H' c.e., the complement of A must be c.e. which a contradiction.
The next example shows that there is a space which is CpTs but not CpTy.

Example 4.14. Let A C N be a non c.e. set, E = {e1,ea} be a parameter
set and X = {x;,y; : i € N} be a set on which a STS T is defined where T is
generated by the following basis which is given by the the following notation,

| 011 | 012 [ 0713 ] 04 | 0°1112 | 0°1113 | 0°1114
i€A|  zp ye pi |0 0 Pe; 0
i¢A|ap UpY | apUps | 0 | pY | ap, 0 0

| 0°1213 | 071214 | 0°1314 | 061 | 06111 | 076112 | 0°6113 | 076114

icA| D 0 0 0 0 ] 0 ]

i¢A| 0 pY: 0|y | pu 0 0 0

Thus, (X, 7, E,B,v) is a computable STS. The space is CpTy as there is a
machine M that on input (p,q) € X% x X searches for 0°13 and 0°14 where on
of the following cases hold:

1. 013 < p and:

(a) 0912 < q, the machine prints (0'11,0712),

(b) 0912 v 0911 < g for some j # i, the machine prints
(0911, 1(09110(0712)))

2. 0113 < q and:

(a) 0912 < p, the machine prints (0°12,0°11),

(b) 0912 v 0711 < p for some j # i, the machine prints
(1(07114(0712), 0711))
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3. 0114 < p and:
(a) 01112 < q, the machine print((0714).(0%61),071112)
(b) 0912V 0711 < q for j # i, the machine prints ((0°11)c(0°12),0°1112)
4. 0'14 < q and:
(a) 0'1112 < p, the machine print(01112,4(0%14)c(061))
(b) 0712V 0711 < p for j # 4, the machine prints (0°1112,:(0°11):(0712))
Hence, M realizes CpTy. Now, we prove that the space is not CpTy. Let H be
the c.e. set of CpTy, then

i€ A= (u,v) € Hwhere0'11 < u,0"12 < v,

i¢ A= (u,v) ¢ Hwhere0'11 < u,012 < v.

Since H is a c.e. set, A must be a c.e. set which is a contradiction. Therefore,

the space is not CpTy.

In the following figure, we represent all implications between the computable
p-soft separation axioms we defined so far. The implications are based on the
results that we got in this section and the non implications come from the

counterexamples that we introduced above.

Cp.png

Figure 2: Relations between computable p-soft separation axioms

We can see from fig 2 that we have exactly seven different notions of p-
soft separation axioms compared to four different notions of u-soft separation

axioms.
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In the next section, we study the relation between computable u-soft sepa-

ration axioms and computable p-soft separation axioms.

5 Relations between u-soft and p-soft separa-

tion axioms

In this section, we investigate how computable u-soft separation axioms are
related to their counterparts computable p-soft separation axioms. We just
consider the case when the set of parameters is finite.

At the end of this section, we will be able to compare the four different
notions of u-soft separation axioms to the seven different notions of the p-soft

separation axioms.
Proposition 5.1. Computable u-soft T; = computable p-soft T;, fori=1,2.

Proof. Case 1: i = 1. Assume u-soft T1. Let dP(p) = xg # yg = 07(q). There
are n machines M; such that machine M; translates p into a J“-name p; for
pg,. Similarly, there are n machines N; where N; translates ¢ into a §"-name
for p¥.. Now, ViVj ut; on input (p;,¢;) outputs w;, where v(w;,) = Up, €
B and pg, € Ug, and p, ¢ Ugp,,. Vi, let w; = t(wi, ).....t(w;,) and since
v < 6 and the intersection of a finite set of open sets is (6%, #)-computable,
there is a computable function f such that (v/*(w;) == 6 o f(w;). Thus,
ViVj,pe, € 0(r;)andp.; ¢ 0(r;) where r; = f(w;). Also, since the union of
a finite set of open sets is open, there is a computable function g such that
uers (1", 7y, ey ) = 00 g((1%, 71, .....,7,)) and hence x € §(r)andy & 0(r)
where r = (1", 71, ....., 7). Therefore, the space is p-soft T;.

Case 2: ¢ = 2. Assume u-soft Tp. Let 6P(p) = vg # yg = 6P(q). There
are n machines M; such that machine M; translates p into a §“-name p; for pg, .
Similarly, there are n machines N; where IN; translates ¢ into a é“-name for
pY.. ViVj uty on input (p;,q;) outputs (us,,v;;) where v(u;,) = Gp,, € B and
v(vi,) = Hp, € B such that pf, € Gp, and p¥, € Hp, and Gp, (\Hp, =0.
Vi, let u; = (ug,)....t(u;, ) and v; = t(vy;)....t(v;,). By functions f and g from
case 1, Vi we have f(u;) = r; and g(v;) = s; where p., € 0(r;) and y € 6(s;)
and 0(r;) [ 6(s:) = (. Now, we use g and f again, where g((1™, 7y, cyrp)) =1
and f((1™,81,.....,8n)) = s. Thus, z € 0(r) and y € 6(s) and 6(r)(0(s) = 0.
Therefore, the space is p — soft T, which completes the proof. O
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We give a counter example that the converse of the above implications is not

true in general.

Example 5.2. Let X = {x,y}, E = {e1,e2} be a parameter set, and
T be a STS defined on X w.r.t. E and generated by the following base
V01 = {(er {o})s (ea{oh)l, w(001) = {(ex, {y}) (earfyh)}.  w(001) =
{(e1,{z}), (e2.{y})}. The space is computable STS and it is CpTy as we have a
machine M on (p,q) € ¥ x ¥ outputs ¢(01) if 01 < p and outputs ¢(001) if
01 <« q. Thus, M realizes pt1 but the space is not Culy as it is not u-soft 1.
We can see also that this space is CpTy but not CuTs.

In the next example, we show that the above result does not hold when the

set of parameters is infinite.

Example 5.3. Let X = {a,b}, E = {e1,ea, - }. We partition N into infinitely
many infinite partitions N = Fy U Fy U --- . we define a STS on X with respect
to E where its basic open sets are defined as follows, for each finite set G C
N we have {p¢, : i € G} and for each finite set G C N, n € N we have
{p YU {p? :i€ F,—G}. Clearly, this space is u-soft Ty but it is not p-soft
Ty. We effectivize this space by introducing a notation v for the set of basic
open sets (3 as follows, v(0¥1) = G where k is the canonical index of G, and
v(0m10"1) = {pt YU {ps :i€ F, — G} where m is the index of F,,, and n is
the canonical index of G. We define the finite intersection of basic open sets as

follows,

v(081) N v(011) = v(071) where r is the canonical index of the intersection
of two sets, the canonical index of the first set is k while the canonical index

of the other one is I.
o v(0m10"1) v(0710°1) = § for m # n.

e (0™10"1) v (0710°1) = v(0™10!1) for m = n, where t is the canonical
index of the set resulting from the union of two sets whose canonical indices

are s and n.

e v(0F1) N v(0™10™1) = v(0°1) where s is the canonical index of H where
H =GN Fn—1 and k,n are the canonical indices of G, I, respectively,

and m is the index of F,,.

Finite intersections can be obtained directly from the cases above. Thus, the
space (X, 7,E v, ) is a computable STS.
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Now, we show that the space is CuTy. There is a machine M that on input
(p,q) € X% x ¥ scans the first words u,v of p,q respectively, until it finds one
of the following,

o u,v of the form 0°1 for some i, then the machine scans through p, q until it
finds 0"1 < p and 0°1 < q where r,s are canonical indices of singletons.
Then, it outputs (0"1,0%1).

o u,v of the form 0°1071,0™10"1, respectively. If i = m, then the machine
scans through p,q until it finds 0”1 < p and 0°1 <K q where r,;s are
canonical indices of singletons and outputs (0"1,0°1). It outputs (u,v),

otherwise.

e u is of the form 0'1 and v is of the form 0™10"1, then M scans through
p,q until it finds 091 < p and 01071 < g where j is the canonical index
of a singleton. Then, it outputs (071,0m1071).

Thus, machine M realizes uty and hence the space is Culs. However, the space
s not even p-soft Ty .

The following two examples show that CuTy and CpTy are incomparable.

Example 5.4. Let X = {x;,y; : i € N}, E = {e1,ea} be a parameter set, and
7 be a STS defined on X w.r.t. E and generated by the following base notation

where A is a non c.e. set,

| 0711 | 012 | 0721 [ 022 | 0°31 | 0'1131 | 072131 | 071112 | 071231

i€ A pio | pEo| pyo | pY 0 0 0 0 0

i¢A| zp, | vE | ye | 0 | pLiUpY | pli pY TR, pe:

We extend names to the finite intersections as follows v(0'mn) (v (0°kl) =
v(0'mnkl) and the intersection of more than two basic open sets is empty except
for v(0°11) N v(09112) N v(0931) = v(0°111231). Thus, the space is computable
STS. The space is CpTy -and hence Cply- as we have the following c.e. set,

H = {(t(0"m1)(0"m2), t(0°n1)e(0'n2)) : m,n € {1,2};i,j € N}.

Assume now that the space is WCuTy. Thus, there is a c.e. set H' that satisfies
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the two conditions of W CuTy which means the follwoing,
i€ A= (0'11,0"12) € H',

i¢ A= (0'11,0"12) ¢ H'.

Hence, A must be a c.e. set which is a contradiction. Therefore the space is not
WCuTy (Thus not CuTy as well).

Example 5.5. Let X = {z,y}, E = {e1,ex} be a parameter set, and T be a
STS defined on X w.r.t. E and generated by the following base notation,

v(01) = {(e1, {z}), (e2,0)},
v(02) = {(e1, {y}), (e2,0)},
v(03) = {(er, {=}), (e2, {y})},
v(04) = {(ex, {y}), (e2, {z})},

We give names to the finite intersections of basic open sets as follows,
v(0m) v (0n) = v(0mn) for m,n € {1,....,4} and the intersection of any three
basic open sets is empty.

Now, we show that this space is u-soft Tg. There is a machine M that on input
(p,q) € X% x X%, scans p and q and prints 1(u) whenever it scans first u < p or
u < q such that w € {01,02} at any point of the computation. If M scans first
Om < p or Om < q for m € {3,4}, then it prints the first word v of the other
name if v # 0m, otherwise, it prints 1(01) if m = 3 and prints (02) if m = 4.
Therefore, machine M realizes uty and hence the space is Culy. However,

it is not CpTy as it is not pTy.
Proposition 5.6. SCuls = SCpTs.

Proof. Let H be the c.e. set of SCuT5, and n be the number of parameters. Let
H' C ¥*x¥* be the set of all pairs (u, v) of words for which there are some n such
that v = ¢(uq)....t(uy,) and v < 0 o f(1(vy).....(vy)), where f is the computable
function that computes the finite intersection of soft open set and uq,..,us €
dom(v) and vy,...,v, € dom(v'®), and Vi(u; < v/ (w;) wherev?s(w;) =
Pri(N) andv’*(v;) = Pry(N) for some finite set N C H.

Let zg # yg- Then, Vpﬁi € x EVij € yp there are pairs
(Tiys Siy)s-es (T35 80,) € H such that pg € v(ry)and p? € v(si;), and
v(ri,) Nv(siy,) = (. Then, p? € Nvf*(w;) where w; = u(ry)....(r;,) and
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hence there is some u; < v/*(w;) where p? € v(u;), and y € Uv/*(v;)
where v; = t(v;,)...t(vs,). Thus, there are some u € v/* and v € v¥* where
u = t(uy.....(uy)) and = € Urfs(u), and v < 6 o f(1(vy).....(v,)) where
y € Uv/#(v). It is obvious that U/ (u) (N Urss(v) = (). Therefore, H' is the c.e.
set for SCpTs. O

Example 5.7. Let X = {x;,y; : i € N}, E = {eq,ea} be a parameter set, and
T be a STS defined on X w.r.t. E and generated by the following base notation

where A is a non c.e. set,

| 0711 | 012 | 0721 | 0722 | 072122

i€ A | pto| pEo| pY | pY 0

i¢g A plio | P YyE, | YE YE,

We extend names to the finite intersections as follows v(0'mn) (v (0°kl) =
v(0'mnkl) and the intersection of two basic open sets is empty except for
v(0°21) Nv(0%22) = v(012122). Thus, the space is computable STS. This space
is SCpTy as we have a c.e. set Hy where

Hy = {(¢(0'm1)(0°m2),(0'n1)c(0'n2)) : i € Nym,n € {1,2};m # n}. Let Hy
be the c.e. set for SCuTs, then for

i€ A= (0°21,0'22) € Hy,

i¢ A= (0'21,0'22) ¢ H,.

Thus, A must be a c.e. set which is a contradiction. Therefore, the space is not
SCUT2

We now give a counterexample for a space that is CuT] but not CpTj.

Example 5.8. Let X = {x;,y; : i € N}, E = {e1,e2} be a parameter set, and
T be a STS defined on X w.r.t. E and generated by the following base notation

where A is a non c.e. set,
We define names to the finite intersections as follows v(0'm)v(0n) =

v(0'mn) and the intersection of more than two basic open sets is empty except
for v(0°3) N v(0%4) N v(0%6) = v(0°346).
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|01 [ 02 03] 04 [05] 0%

i€ A | pli | pE| pY P 0 pYi

i g A pl | Pl | pel | e UPE | pey | pe VDL,

Thus, the space is computable STS. This space is CuTy as we have the fol-

lowing c.e. set that satisfies the conditions of CuTy,
H = {(0°m,0'n) A (0°46,0°m) : 4,5 € N;m € {1,2,3,5};n € {1,2,3,4}}.

However, it is not CpT], as if it was, there would exist a c.e. set H' that satisfies

the conditions of CpT| and hence for,
i€ A= (r,s) e H',

i¢ A= (r,s) ¢ H',

where

1(0°1),1(02) < r A 1(0°3),1(0t) < s fors € {4,6,46}.

Thus, A must be a c.e. set which is a contradiction. Therefore, the space is not
CpTy.

Remark 5.9. SCuT, and SCpTy are incomparable.

Proof. This follows directly from propositions 3.9, 4.7 and examples 5.3 and
5.4. O

Remark 5.10. CuT} and CpT, are incomparable for i € {0, 1, 2}.

Proof. For i = 0: Use example 5.5 where in which the space is not WCuT, and
example 5.4, and propositions 3.9, 3.10.
For i = 1,2: Use examples 5.5, 5.7, and propositions 3.11, 4.11. O

Remark 5.11. WCuTy and WCpTy are incomparable.

Proof. Use examples 5.5, 4.8 where in the latter example the space is WCuTy

as we have the following c.e. set,
H = {(0"mk,0'nl) : 4,5 € Nym,n € {1,5}; k,1 € {1,2}}.
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However, it is not WC'pTy as shown earlier. O

So far we have defined nine computable separation axioms based on soft
points and another nine separation axioms based on soft singletons. We also
investigated how the ones based on soft points are related and how the other
ones that based on soft singletons are related. Counter examples have been
provided to show the non-implications between them. Some of them turned
out to be equivalent and others turned out to be incomparable. Equivalences
between the ones based on soft points exists, however, these equivalences do not
exist for their counterparts that based on soft singletons.

In the following figure all relations between computable u-soft and p-soft
separation axioms are represented. As seen form the figure, there are some
implications between some separation axioms and some other separation axioms

turn out to be incomparable.
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cup.png

Figure 3: Relations between computable u-soft and computable p-soft separa-
tion axioms.
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