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The main purpose of this paper is to answer two questions about the distributional
complexity of multi-branching trees. We first show that for any independent distribution d
on assignments for a multi-branching tree, a certain directional algorithm DIR, is optimal
among all the depth-first algorithms (including non-directional ones) with respect to d. We
next generalize Suzuki-Niida’s result on binary trees to the case of multi-branching trees.

By means of this result and our optimal algorithm, we show that for any balanced multi-
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branching AND-OR tree, the optimal distributional complexity among all the independent
distributions (ID) is (under an assumption that the probability of the root having value 0
is neither O nor 1) actually achieved by an independent and identical distribution (IID).

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we investigate the optimal depth-first al-
gorithms and equilibria of independent distributions on
multi-branching trees, in which every node may have dif-
ferent numbers of children. The height of a tree is the
length of the longest path from the root to its leaves. Here,
a balanced multi-branching tree means a tree such that all
the non-terminal nodes at the same level have the same
number of children and all paths from the root to the
leaves are of the same length.

We first review some basic notions and results on game
trees. An AND-OR tree (OR-AND tree, respectively) is a
multi-branching tree such that the root is labeled AND
(OR), and sequentially the internal nodes are level-by-level
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labeled by OR and AND (AND and OR) alternatively. An as-
signment for a tree is a mapping from the set of leaves
to Boolean values {0, 1}. By evaluating a tree, we mean to
compute the Boolean value of the root. For a given assign-
ment, the cost of computation is defined to be the number
of leaves that are queried to evaluate a tree. When we con-
sider probability distributions on the set of assignments,
the cost of computation is the expected cost under the
given distribution.

An algorithm tells us a priority of searching leaves. An
algorithm is called alpha-beta pruning if it checks only suf-
ficiently many nodes to determine the value of the current
subtree [1]. We assume that all the algorithms discussed
here are deterministic alpha-beta pruning algorithms. A di-
rectional algorithm is one that queries the leaves on a given
tree in a fixed order. SOLVE is a directional algorithm which
evaluates a tree from left to right [3]. A depth-first algo-
rithm is one that never jumps to another subtree until it
completes evaluating the current one. For a given probabil-
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ity distribution on the assignments, we are seeking for the
optimal algorithms that can minimize the expected cost of
computation under the given distribution.

The deterministic complexity is defined to be the mini-
mum cost to compute the worst assignment for a tree, i.e.,
rginmae}xC(AD,w), where C(Ap,w) is the cost of an al-

D

gorithm Ap on an assignment w, Ap ranges over all the

deterministic algorithms and w ranges over all the assign-

ments. A randomized algorithm is a distribution over a fam-

ily of deterministic algorithms. Then the randomized com-

plexity to evaluate a tree is defined as rgin mae)GC(AR,w),
R

where C(Ag, w) is the expected cost over the correspond-
ing family of deterministic algorithms, Ag ranges over all
the randomized algorithms and w ranges over all the as-
signments. Obviously, the randomized complexity is not
larger than the deterministic complexity.

Saks and Wigderson [5]| calculated the randomized
complexity for any balanced n-branching tree (each non-
terminal node has n children) with height h to be
@ (it ldntl y”ZJrM"“)h). Yao’s principle [9] indicates that the
randomized complexity is equivalent to the distributional
complexity, mdaxrl/}inC(AD,d) with Ap ranging over the

D

deterministic algorithms and d over the distributions on
assignments. Yao’s principle provides a profound perspec-
tive to analyze randomized algorithms.

Liu and Tanaka [2], subsequent to the study of Saks
and Wigderson, investigated the uniform binary trees from
the viewpoint of distributional complexity. A distribution §
is said to achieve the distributional complexity (or equi-
librium) if and only if rginC(AD,S) = m;lxrginC(AD,d).

D D

They assert that for any uniform binary AND-OR tree, if
the equilibrium is achieved by an independent distribution
(ID), then it is, in fact, an independent and identical distri-
bution (IID). However, [2] does not include a proof of the
assertion. Recently, Suzuki and Niida [7] gave a proof for
the case where the probability of the root is constrained
for uniform binary trees and showed Liu-Tanaka's asser-
tion.

We treat probability distributions on multi-branching
trees. In Section 2, for any ID d, we define a directional al-
gorithm DIRy, and show it is optimal among all the depth-
first algorithms with respect to d for any multi-branching
tree. Recall Tarsi’s theorem [8] that SOLVE is optimal for
IID. Our result is on ID among all the depth-first algo-
rithms (with certain conditions) while Tarsi’s theorem is
on IID among all the algorithms not necessarily depth-first.
In Section 3, we first extend the fundamental relationships
between the minimum expected cost and the probabil-
ity of the root of tree being 0 in [7] to balanced multi-
branching trees. Based on this, we show that, for any ID d,
there exists an IID d’ such that the expected cost with d
is not larger than that with d’ following DIRy. Then we
establish Liu-Tanaka’s assertion for any balanced multi-
branching AND-OR tree (under an assumption that the
probability of the root having value O is neither 0 nor 1).

2. DIRy is optimal among all the depth-first algorithms

Let ©2 be the set of assignments for a given tree. We say
d:Q — [0,1] is an independent distribution (denote d € ID)
if there exist p;’s (the probability of the i-th leaf being 0)
such that for any w € Q, dlw)= ] pi I Q-

{i: w()=0} {i: w(i)=1)
pi). We say d € IID if d is an ID satisfying p1 = p2 =
-+~ = pp. By C(A,w), we denote the number of leaves
checked by an algorithm A with an assignment w.

Given d € ID and an algorithm A, for each node o on T,
we define C, (A, d) and py(d) to be the evaluation cost of
o and the probability of o being 0. Remark that if o is
a leaf, then C5(A,d) =1 and ps(d) = p;. If o is a non-
terminal node and A is an algorithm on T4, Cs(A,d) is
the expected cost of computing the value of o following A,
and py (d) is the probability of o being 0.

For any non-terminal node o in T, T, denotes the sub-
tree of T rooted from o. For a node o with n children,
To«i (1 <i<n) denotes the i-th subtree under o from left
to right, and particularly for the root A, its subtree is sim-
plified as T;. For simplicity, we denote C(A,d) = C,(A,d)
at root A, and s = ps(d) at any node o. By q;, we denote
the probability of the root of T; being 0 with respect to d.

Definition 1. For any uniform binary tree T and d € ID
on T, the depth-first directional algorithm DIRy is defined
inductively as follows. The basic case is trivial. For the in-
duction case, let o i (i=1,2) be a child of non-terminal
node o, and assume DIR; . has been defined for each sub-
tree Tqoyi.

o ki

(1) In the case that o is labeled A, DIRy, is the concatena-
tion of DIRy,,, and DIRy,, (denote DIRy, :=DIRy,, -

.o Coxt (DIRdU*] s dos1) Cos2(DIRg, s dos2)
< T %2
DleU*z) if q - Jox2

o1
wise DIRy, :=DIRy,, - DIRy_,,-
(2) In the case that o is labeled v, DIRy, :=DIRg,, -

. Cox1(DIRg, dos1) Cox2(DIRy dos2)
DIRy , if Tk <

wise DIRq, :=DIRy,, - DIRq, ;.

, other-

%2’
1-Go2

gl

, other-

Theorem 1. For any uniform binary tree T and d € ID, if A is
any depth-first algorithm, then C(A, d) > C(DIRy, d), i.e., DIRy
is optimal among all the depth-first algorithms.

Proof. We prove this by induction on height h. The base
case is trivial. For the induction step, let T be a uniform bi-
nary tree with height h + 1, where the root X is labeled A.
The other case can be shown similarly.

Suppose that DIRg; is optimal for each subtree T; with
height h. Let Q.1 be the set of assignments for T, Qp
and €} the set of assignments for T1 and T,. For any d €
ID on T, there exist d; for Tij(i =1,2) such that d(w) =
di(w1) x da(w3), where @ = 1wz, w1 € 2 and w; € ;.
For any depth-first algorithm A and d € ID, if A evaluates
the subtree Ty first, then C(A,d)= Y  C(A,w)-d(w)=

WEQp 41
Y CA w)-dw)+ Y C(A ) -dw), where Q' :={we
weQ0 weQ!
Qp41 | the root of Tq has value i with w}.

Assume A is a depth-first non-directional algorithm. By
A1, we denote the algorithm of A for Ty, and by Ay,
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the algorithm of A for T, depending on the assignment
w1 in T1. Thus, C(A,d) = > Cua(Ar, @1) - di(wr) +
01€Q)
> Y (Cui(Ar, o1) + Cuua(Aw,, @2)) - da(w2)d1 (w1),
w1€Q} w2EQ,
where 9}1 = {w7 € Qp | the root of T{ has value i
with wi}. We calculate that C(A,d) = Cy41(A1,d7) +
> di(@1) - Crs2(Aw,.d2). By induction hypothesis, we
w19}
can take algorithms DIRy, and DIRy, such that C(A,d) >
Cix1(DIRg,, d1) + (1 — q1)Crs2(DIRg,, d2). Let A} = DIRy, -
DIRy,, then clearly C(A,d) > C(A},d).

Using the similar arguments as above, if A evaluates
T, first, we can get algorithm A’ = DIRy, - DIRg,. Thus,
C(A.d) > C(A,.d). If CA*I(D‘;lfdlqdl) < CA*Z(DQIZRdzqu)' then
C(A}.d) = C(Ah.d) — (q1Crsa(DIRg,.d3) — G2Crs1 (DIRg,
d1)) < C(A}. d). By Definition 1, DIRg is A if “1 00 <
Cox2(Ad, .d2)

> , otherwise A),. Clearly, DIR; is optimal among
all the depth-first algorithms. O

Now we define DIR; for multi-branching trees.

Definition 2. For any multi-branching tree T, given d € ID,
the depth-first directional algorithm DIRy is defined induc-
tively as follows. The basic case is trivial. For the induction
case, assume T, has n subtrees Ty, (i =1,---,n) and
DIRg,,; has been defined for each subtree Ty ;.

(1) In the case that o is labeled A, for the lexicograph-
ically minimal permutation f of {1,---,n} such that
CowpyDRa, ¢y dosp) - - Cosxray DRy, o doxfm)

Aoxf(1) - - o f(n)
DIRg :=DIRg,, DIRg, . -
(2) In the case that o is labeled Vv, for the lexicograph-

’

ically minimal permutation f of {1,---,n} such that
Ca*f(l)(D]Rd”*f(l)vda*fﬂ)) < < Co*f(n)(DleU*fm)-do*f(n))

1—Goxf(1) - - 1=Gosfm ’
DIRg :=DIRg,, DIRq,. (-

Theorem 2. For any multi-branching tree T, ifd € ID and A is
any depth-first algorithm, then C(A, d) > C(DIRy, d).

Proof. We prove this by induction on the height of T and
the number of children of the root, that is, by induction on
the sum of the height and the number of children. Sup-
pose that T is a tree with height h + 1 where the root A
is labeled A. The case where A is labeled v can be shown
in the similar way. Without loss of generality, we assume
T has n subtrees denoted by T; (i € {1,---,n}).

At first, we look at the case that A evaluates Tq first.
The remaining parts of T is denoted by Tj. For any distri-
bution d € ID and depth-first algorithm A that evaluates Tq
first, by induction hypothesis, we can find depth-first di-
rectional algorithms DIRy, and Dler1 for T and T} respec-
tively, where d; (d}) is an ID distribution of d restricted to
Ty (T}). Let A} =DIRy, -DIRy, . We have C(A,d) > C(A%,d).

Similarly, for all the subtrees T;’s under the root of T,
we can get n directional algorithms A, .-, A}, such that

A} evaluates subtree T; first. Then our desired algorithm
DIRy is at least one of Af’s.

Let f be a permutation of {1,-.-,n} such that

Cop) DIRg, ¢ gy daxf 1) < Ck*f(n)(DleMf(”)»dx*f(n)). We can
ara - - afm)

show that A/f(1) =DIRq,, ;- --DIRg,, ;,, = DIRg, and com-
n i—1

pute C(A% ). d)=2_ [T (1 =q5(j)Cuxsiy PRa,, ;) » drsfi))-
i=1j=1

Then we have C(A’f(l),d) < C(A’f(,.),d) for all i. Thus DIRy

is optimal among all the depth-first algorithms. O

3. Distributional complexity for independent
distributions on balanced multi-branching trees

For any balanced multi-branching tree T, we consider
an IID on T such that each leaf is assigned 0 with probabil-
ity x. Notice that when the distribution on T is an IID, any
depth-first directional algorithm produces the same cost as
SOLVE. Furthermore, since T is a balanced multi-branching
tree, C5(A,d) and ps(d) are actually functions indepen-
dent from the algorithms. Thus, we may denote the ex-
pected cost as Cy(x) or C, (x), where h is the height of
o on T, and ps(d) as pA(x) or p(x) etc.

3.1. Suzuki-Niida lemma for multi-branching trees

We now prove a technical lemma which is a general-
ization of “fundamental relationships between costs and
probabilities” due to Suzuki and Niida in [7].

Lemma 1. Suppose that the distribution on T is an IID with all
leaves assigned probability x and we follow the algorithm SOLVE
(or equivalently any depth-first directional algorithm A). Then

(1) pgo (%) is a strictly increasing function of x.
(2) Ca ) g strictly decreasing.

Do (X)
(3) g,“ 82 is strictly decreasing if o is not a leaf; and at leaves
o
27 Ei; = 0 is non-increasing, where the primes denote dif-
o

ferentiation with respect to x.

Proof. Statement (1) is easy to prove. When o is a leaf,
Po (x) = x, then the statement holds. Suppose p. j(x) and
Pa.n(x) are strictly increasing and each node at height
h + 1 has n children. Then, pspt1(X) =1— (1 —py ()"
and py p41(X) = p'l,h(x) are both strictly increasing.

Next we prove (2) and (3) by simultaneous induction.
The base case is trivial. For inductive step, fix a node o at
height h + 1 having n children. Suppose that (2) and (3)
hold for all children of o with height h.

Case 1. o is labeled v. Using the similar arguments as
Theorem 1, we have the following recursive equations (we
drop x for simplicity): Cy pp1 = Can(14+pan+--- +p’lfh1),
and Dv,h+1 = pi,h'

From now on, we further drop the subscripts A and
h on the right hand side. For statement (2), we have

Cvnet _ C n-1y _ C(_1 ool
pv.h+1_p”(1+p+ +p )_P(p”’l_l— +p+1)'
c 1 1

By induction hypothesis and (1), the terms BT
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are strictly decreasing and positive; hence gz:ﬂ is also
strictly decreasing, i.e., (2) holds.

Next we look at (3). By differentiating Cy p41(x) and
Pv.h+1(x) with respect to x, we get

Copr _C'1 1
Pl h S pnpr
WICCL L 2 iy,

np pn—2 pn—3
By in/duction hypothesis and similar arguments as

1
+oob—+1)
p

C . . .
above, p,v*"“ is strictly decreasing. Moreover, the second
V,h+1

summand makes it strictly decreasing. That establishes (3)
for this case.

Case 2. o is labeled A. Then we have the following re-
cursive equations (we drop x for simplicity):

Cane1=Cun(+A=pup)+--+A—pyp)™h),
Pant1=1—(Q0—=pyp)"
=pun(+A=pyp)+--+1A—pyp)" .

CA,h+1 Cv,h

Hen = is strictl reasin in ion
ence, ot = g s strictly decreasing by inductio

hypothesis, which establishes (2) for case 2.
To prove statement (3) for case 2, we can first show the
following statements by induction on height h:

Vh, Cy p(x) =Cxn(1 —x)and

()
PvnX®) =1=prn(1—=%).

Consequently, by substituting x by 1 — x, we have the
dual equations C, p(x) = Cyp(1 —x) and p,p(x) =1 —
Cun1® =0
Do ® Pl (=07 By the
C/
results on the v-case, we know that —pi+! Ez
Ah+1
decreasing, which completes the proof of Lemma 1. O

pv.n(1 —x). Then we have

is also strictly

3.2. Getting more uniformity while increasing the cost and
keeping the probability

The next lemma illustrates how to make one step ad-
vance towards uniformity. For this, we focus on a single
node o on T. Let 1q9,...,7, be all children of o from
left to right. We assume that the distribution on T, is a
segment-wise IID, in the sense that for every child t; of o,
the distribution restricted to T, is an IID with probabil-
ity x;. We may assume that xq <--- < xy.

For the distribution d as above, we define the algorithm
DIRy as follows: if o is labeled Vv, then DIRy evaluates the
value of t;'s following the increasing order of their proba-
bility, i.e., evaluates t; first and t, last; if o is labeled A,
then DIR; evaluates t, first and 77 last. The evaluation of
each 7; is done by SOLVE as the distribution restricted to
T is an IID. The DIR; defined in Definition 2 and that
defined here are the same up to isomorphism of trees,
in the following sense. For DIR; defined here, there is a
permutation f of child nodes, though f is not necessarily
lexicographically minimal, such that the inequality of Def-
inition 2 holds.

Lemma 2. Let d be as above. Suppose that p, (d) # 0, 1. If there
is an i such that x; < x;+1 then we can find another distri-
bution d’ with the following properties: d’ restricted to T is
a segment-wise IID; C(DIRy,d’) = C(DIRg4,d") > C(DIRy, d);
and ps (d) = po (d).

Proof. Let x; <xp) <--- <X =X<Y=Xj41 <--- <X5. We
show that we can adjust the values of x and y so that the
cost strictly increases. We have two cases:

Case 1. o is labeled v. Our new distribution d’ agrees
with d at x; for all j ¢ {i,i+ 1}; and the adjusted values
of x and y still satisfy the constraint xj_1 <x <y < Xj42
(here we assume xo =0 and x;4+1 = 1). Since all param-
eters other than x and y are fixed during the discussion,
we may view the cost and probability functions as func-
tions of arguments x and y, and denote them by C(x, y)
and p(x, y) respectively.

Following the algorithm DIRy, which goes from x; to xy,
we have C(x, y) =y + B(CA(X) + A (CA(Y) + PA(V)X))
and p(x,y) =8pA(X)pA(y), where CA, pr are the cost and
probability functions associated with any child of o; and
o, B,y and § are constants with 8 > 0 if ps(d) # 0. We
may further drop y, B as it does not affect the optimiza-
tion. Since we want to keep ps(d’) = po(d), we may as-
sume pA(X)pA(y) is some constant e. We view x as a func-
tion of y which is implicitly defined by p,(x)pA(y) =e,
and claim that f(y) = C(x(¥),y) = CA(X) + pAX)CA(Y) +
apA(X)pA(y) is strictly decreasing with respect to y.

To show this, it suffices to show f’(y) < 0. We drop
the subscript A. f'(y) = C/(x)g—; +p/(x)g—;C(y)+p(x)C/(y).

Since p(x)p(y) = e, we have g_; = _Z’(X)ppgg'

fl(y) = _C®p®p'y) _ p(xn;g;dy) + p(X)C'(y). Since

. p'®)p(y)
—% < 0, to show f’(y) < 0 it suffices to show

that p(x)C'(y) — W <0.

By Lemma 1, % is strictly decreasing. Since x < y, we
Z:g; g:gg Furthermore the latter is < ﬁ%
p(¥) <1.S0 f'(y) <0. Hence f is decreasing with respect
to y.

Thus if we set y’ to be y — € where € > 0 is chosen so
that the unique X" satisfying p(x')p(y’) = e is strictly less
than y’, we can still keep the constraint x; 1 <x' <y’ <
X2, but increase the cost f(y’). In addition, by the proof
of Theorem 1, C(DIRy, d') = C(DIRy, d).

Case 2. o is labeled A. In this case, DIR; goes from
right to left. Thus the cost at o is Cy(xp) + (1 —
pvxn)[Cyv(Xn-1) + (1 — pv(xn-1))(Cv(Xn—2) + -+ + (1 —
pv(x2))Cy (x1))]. Here Cy and p. stand for Cy s and
Pv,o| respectively, and we drop the index |o| for sim-
plicity. By (%) in Lemma 1, this cost is CA(1 — xp) +
PA(1 = xp)[CA(1 — X7—1) + PA(1 — Xp—1)(CA(1 — Xp—2) +
«oo 4+ pa(1 —x2)CA(1 — x7))]. But this is just the cost at a
v-node with probability 1 —x,; <--- <1 — x; with respect
to algorithm DIR;. Together with the fact that keeping
1—1—-py(p)---(1 — pv(x7)) to be a constant is the
same as keeping p,(1 —x;)---pA(1 —x1) to be a constant,
our argument for Vv-case can be transferred to A-case
also. O

Hence

have

<

das
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Corollary 1. Given a node o with a segment-wise IID distribu-
tiond =x1, -+, Xy, there exists d € ID such that C, (DIR;, d) =
manC,,(DIRa,e) where D = {(x1,x2, -+ ,X7):0<x; <.-- <
eec

X <1, and ps(e) = pg(t_i)}. Moreover, when pg((_i) #0,1,
the maximal value is achieved if and only if d € IID.

Proof. Since C, (DIRy, d) is a continuous function of d on
[0,1]" and D a compact subset of [0, 1]", there is some
do € D at which the maximal value is achieved. If p, (d) #
0,1, by Lemma 2, dg has to be an [ID. O

3.3. Analysis of cost for independent distributions with respect
to DIR,

Lemma 3. Given d € ID on T, there exists d’ € IID such that
C(DIRy,d) < C(DIRy,d"), and the probability at the root A,
pa(d) = px(d). Furthermore the equation holds if and only if
dellDor (p,(d)=0o0r1).

Proof. First observe that once d is given, we can calculate
the parameter p,(d) on each node o € T. We define the
algorithm DIRy as follows. For any two nodes o7 and o>
of T, we have the following two cases: case 1, one node is
a descendant of the other, say, o, is a descendant of oy,
then evaluate o> first; case 2, o1 and o, are incomparable.
Let og be the node on T such that 7; and t, are children
of og satisfying that o; is a descendant of t; for i =1, 2.
Suppose that p, (d) < pr,(d). If o9 is labeled v, then eval-
uate 17 first; if o is labeled A, then evaluate 1, first.

We inductively define a sequence of distributions
do,...,dp on T, where h is the height of T, such that

e do =d which is the given distribution, dj is an IID, and
di4+1 is one step more uniform than d;, i.e., if d; restricted
to T4 is a segment-wise IID, then d; restricted to Ty
is an IID and

e for all o of height > i, ps(d;)) = pos(d) and
Cs (DIRg, dj) > Co (DIRy, d).

Let do = d. Suppose that d; has been defined and for
each node o of height i + 1, d; restricted to T, is a
segment-wise IID. To be more precise, let 71, ..., T, be the
children of o, and d; restricted to Tr]. is an IID with x;.
Then let d;+1 be the distribution d’ such that when re-
stricted to T, d’ is an IID with leaves having probability x
such that ps (X) = pr; (X1) - - - P, (Xn) if o is labeled v; and
Po(X)=1—(1—=pg; (1)) - (1 — pg,(xy)) if o is labeled A.

By induction hypothesis, d;;1 satisfies that for each
node o of height i + 1, ps(diy1) = ps(di) = po(do). By
Lemma 2, Cy(DIRy4,di+1) > Cos(DIRy,d;) > Cq (DIRy, dp).
Then we can take d’ to be d,. O

By Lemma 3, we have the following theorem.

Theorem 3. For any balanced multi-branching AND-OR tree T,
suppose that d € ID and p, (d) # 0 or 1. If d achieves the distri-
butional complexity, then, d € IID.

4. Future works

Until now, our results on game trees are all restricted
to depth-first algorithms. Using the method of transposi-
tions at some nodes in [6,4], we can show that for any ID,
the minimum cost among the depth-first directional algo-
rithms is not larger than that among the non-depth-first
directional algorithms for any uniform binary tree with
height 2.

We would like to construct the optimal non-depth-first
algorithms. Another challenge is to consider the distribu-
tional complexity with respect to certain classes of non-
depth-first algorithms. In [5], Saks and Wigderson pro-
posed the notion of leaf cost function. Instead of assuming
unit cost for each leaf, they consider the cost as a function
of leaf and its value. We would also like to investigate the
eigen-distribution for game trees with a leaf cost function.
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