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Abstract

A general central limit theorem of the linear spectral statistics for sample covariance ma-
trices has been established. Such a theorem is then used to obtain the asymptotic channel
capacity of a multiple input multiple output system.
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1 Introduction

Consider a MIMO (multiple input multiple output) system with n antennas at the transmitter
and p antennas at the receiver. Such a channel can be modeled as

y = Zx + n,

where y € CP denotes the received signal vector, x € C" denotes the transmitted signal vector,
Z is a complex channel matrix of size p X n consisting of independent and identically distributed
(ii.d.) {Zi;} and n € CP represents circularly-symmetric complex Gaussian noise with E(nn*) =
I. Here n* denotes the transpose conjugate of n. The signal power is constrained by Ex*x < p.
We also assume that the realization of Z is known at the receiver but not at the transmitter
and that Z,x and n are independent.

It is of interest to evaluate the capacity of the above system. According to (Telatar (1999))
the MIMO instantaneous capacity is given by

C(Q) = logdet(I+ ZQZ"), (1.1)
where Q is the covariance matrix of x with trQ < p and the MIMO channel capacity is

C= sup E[C(Q)]. (1.2)
Q>0,trQ<p

Note that when the entries of Z, {Z;;}, are i.i.d complex Gaussian with mean zero and variance
one, the distribution of Z is the same as that of ZU where U is any constant unitary matrix U
of size n x n. As in Section 4.1 of Telatar (1999) one then has

C = Elogdet(I+ 222%),
n
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which implies that the optimizing @ is £I. Therefore, as in Kamath and Hughes (2005) and
Hachem et al. (2008), we consider the random variable

Oz = logdet(I+ 222%), (1.3)
n

referred to as Shannon’s mutual information.
Another quantity associated with the capacity is the outage rate. Given an outage probability
0 < g < 1, the outage rate is defined by

Cy=sup{R>0: P(Cz < R) <q}, (1.4)

the largest rate of reliable communication for a fixed outage probability.

As pointed out in Kamath and Hughes (2005) Shannon’s mutual information and outage
rate are often evaluated by simulations since there is no explicit expression for Cz except a few
special cases. To overcome this, Telatar (1999) obtained a closed-form asymptotic formula for
the capacity (ECz) by using random matrix theory and assuming that £ — ¢ > 0. The formula
obtained is more informative than finite-array results. Furthermore, Kamath and Hughes (2005)
investigates the fluctuation of Cz around its limit and obtains its central limit theorem (CLT).

When doing so, Telatar (1999) considers the classical Rayleigh fading model that the entries
of Z are assumed to be i.i.d. zero mean complex Gaussian with independent real and imaginary
parts sharing the same variance. Having independent real and imaginary parts, which share the
same variance, implies EZ%, = 0. Indeed, Kamath and Hughes (2005) and Hachem et al. (2008)
also impose such a condition that EZ%, = 0 to develop CLT of Cz when p/n — ¢ > 0. However,
as pointed out by Fraidenraich et al. (2009) there is the case where the real and imaginary parts
of the entries have different variances, their modulus being therefore distributed according to
the Hoyt distribution (see Fraidenraich et al. (2009)). Indeed, the Hoyt distribution has found
applications in the error performance evaluation of digital communication, outage analysis in
cellular mobile radio system, or satellite channel modelling (see Fraidenraich et al. (2009)).

One of the aims of this work is to develop CLT of Cz when p/n — ¢ > 0 without the
constraint that EZ#; = 0. Specifically, we consider the matrix Z = Z,, under the following basic
assumptions.

(a) For each n, Z;; = AR <i<p1<j <n areiid complex variables. And the

1y
variables satisfy the following moment conditions

EZi1 =0, E|Zi1|* =1, [EZ}| =@, E|Z11|* = V. (1.5)
(b) Assume p =: p(n) and p/n — ¢ € (0, +00).
Then we have the following.

Theorem 1. Suppose that Z satisfies conditions (a) and (b) above. Let

1 1
M= —5(1=p+pc)+ 5V —p+pe) +4p,
1 1
A= —5(=p+pe) = 5V —p+pe) +4p.
We have
log det(I + BZZ*) - /log(l + px)dF,, (z) — N(u,0?), (1.6)
n
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where ¢, =: p/n, F,, () is the Marcenko and Pastur (M-P) law with parameter c,,

(T—-32—2)c/ Ay \> 1 s [ Ar )
= —log[l — @ e 1.
a 2 e ) Talel ‘\itx) (17)
and
A\ ) 1

o? = (\I'—<I>2—2)c< a ) —log (1_,0+> + log 5 (1.8)

1+ A4 p— A 2 At

1 — ®2¢ AT

2 Random matrices

To establish Theorem 1, we generalize an important CLT of Bai and Silverstein (2004) in the
field of random matrices. Random matrices have been used in wireless communication since
Grant and Alexanders 1996 conference presentation [9] and it has proven to be a powerful tool.

Let Z,, = [Z;j]pxn satisfying (a) and (b). We consider the sample covariance matrix B,, =
%ZTLZ:‘1 in this section. To present our main results, we first introduce some notation. Define
the empirical spectral distribution (ESD) of an Hermitian matrix A by

12
FA(z) == I\ < x),
(z) . ; ( )
where A\, k = 1,--- ,p denote the eigenvalues of A. Then FB» converges with probability one

to the M-P law with the density function

mwex) —z)(x—a) a<lzx .
m):{@ )Vl -a)@—a) a<z<b

0 otherwise.

It has point mass 1—c~! at the origin if ¢ > 1, where a = (1—+/c)? and b = (1++/c)?. Moreover,
we denote ¢, =: p/n and F,, to be the M-P law with parameter ¢,. Set

Gul(x) = p(FP"(2) — Fy, (2)).

For any test function f(z) we write

Lo(f) = / F(2)dGo ().

Theorem 2. Assume that Z,, = [Z;j]pxn satisfy the conditions (a) and (b). Let m be any fized
positive integer. Let fi1,..., fm be functions analytic on an open region containing the interval

[L0,1y(c)(1 = V/€)?, (1 + /¢)?]. Then the random vector

(LulF): La(fo). o Ll Fn)

forms a tight sequence in n and converges weakly to a Gaussian vector (L, Lyg,,..., Ly, ) with
mean vector p whose components are, for any £ =1,2,...,m,

(I)2
1— ®2¢(1 + zs(z))

ELj, — — 1 c(1+ zs(z))3

2mi Je ‘ 1—c(l+ zs(z))2 [(\II -2+

Q]dz (2.1)



and covariance matriz ¥ whose units are, for any b, v =1,2,...,m,
COV(LfZ, qu)
1
= —Hc(\ll - 3% -2) / / fg(Zl)fy(ZQ)(218/(Zl) + s(zl)) (ZQS/(ZQ) + 3(22))dzlsz
C1 JC2

1 D?c(21'(21) + s(21)) (228 (22) + s(22))
T 4r? /01 /CQ fe(z1) fu(22) - (1 B ‘I>2a(z1,z2))2 dz1dzo

_4712/& /C2 fg(zl)fl,(ZQ)C(zw (21)J(rls(z;)(lfzz)(;z)+s(zz))dZ1dZ2’ 2.2

where
a(zi, z2) = c(l + zls(zl)) (1 + 223(22)).

The contours in (2.1) and (2.2) are contained in the analytic region of the functions f1, fa, ..., fm
and enclose the support of F, (z) for all large n. Moreover, C1 and Cy are selected to be disjoint.

Remark 1. Theorem 2 is a generalization of the result of Bai and Silverstein (2004) by removing
the assumptions IEZ121 = 0 and E|Zy1|* = 2 and also a generalization of that of Pan and Zhou
(2008) by removing the assumptions EZ2 = 0 under the special setting of T = I,. Moreover,
our results can imply the classical real case (¥ = 3,® = 1) and the classical complex case
(¥ =2,® =0) in Bai and Silverstein (2004) directly (by setting T = I, in Bai and Silverstein
(2004) and using the relation (3.3) below). And from our result it can also be easily seen that the
covariance function for the classical real case is 2 times of that for the classical complex case.

3 Proof of Theorem 2

To prove Theorem 2, we will follow the main strategy in Bai and Silverstein (2004). A lot of
existent results can be borrowed from their paper directly. Thus at first, we will introduce
some necessary known results without proofs. To present them, we shall further introduce more
concepts and notation below.

For any distribution function G(z), its Stieltjes transform is defined to be

1
sG(z):/)\_sz(A), 2eCh={:€C,S2> 0.

For convenience, we denote the M-P law with parameter ¢ and its Stieltjes transform by Fi(x)
and s(z) respectively. It is well known that s(z) satisfies the following equation

1
S 1l—z—c—czs(2)

s(z) (3.1)

Now define B,, = 1/nZ}Z, and denote its LSD and limiting Stieltjes transform by F', and
s = s(z) respectively. Noting that B,, and B, share the same non-zero eigenvalues, thus it is
not difficult to see

F.=(1-¢)lp) + cFe



Consequently, we can derive the relation between s(z) and s(z) as

s(2) = — 2= 4 es(2). (3.2)

z

Moreover, by the equation (3.1) and the relation (3.2) we have

Hence

Consequently, we also have

cs?(2) 9
e 1)2.
01300 c(zs(z) +1)
To lighten the notation we replace the symbols sps, (2), s, (2), spB, (2), sF,, (%) by

50(2),82(2),5,(2),8%(2) in the sequel. Let vy be some small positive constant. Then basically,

if &z > vy one has

[sn ()], sn(2)], [0 ()], |sn (2)], Is(2)] s(2)] < 05,

and
Now we set

By definition, we also have

M (2) = nls,(2) — sp(2)].

To prove Theorem 2, the basic idea in Bai and Silverstein (2004) is to use the Cauchy integral

formula
[ @) =~ [ s

valid for any c.d.f G and any function f analytic on an open set containing the support of G.
In our case

G(x) := Gn(z) = p(FP" (x) — F, (2)).

Note the support of G,,(z) is random. Fortunately, it is well known that the extreme eigenvalues
of B,, are highly concentrated around two edges of the support of the limiting M-P law F.(x).
Then the contour C can be appropriately chosen. Moreover, it was shown in Bai and §i\1verstein
(2004) that one can replace the process {M,(z),C} by a slightly modified process {M,,(z),C}.
Below we present the definitions of the contour C and the modified process ]/\4\%(2) Let x, be



any number greater than (1 + y/c)2. Let z; be any negative number if ¢ > 1. Otherwise we
choose x; € (0, (1 — 1/c)?). Now let

Co={x+ivy:x € [z, 2]}
Then we define
Ct={z;+iv:ve0,v)}UC,U{x, +iv:v e [0,v)},

and C = CT UCT. Now we define the subsets C,, of C on which M,,(-) equals to ]\/Zn() Let {e}
be a sequence decreasing to zero satisfying for some a € (0, 1),

en>n %

Now we set
c {x;+iv:v € [ntep, v} if 27 >0,
! {z14+ v :v € [0,v0]} if 21 <0,

and
Cr = {x, +iv:v e [n"te, v}

Then we define C,, = C; U C,, UC,. The process ]/W\n(z) is defined as

- M, (2) for z € Cy,
My (2) = { My(z, +in"tey) for x = x,,v € [0,n" ey,
My (z; +in"tey,) for x = x7,v € [0,n"Le,].

And we set J/\/[\n(f) = ﬁn(z)
To prove Theorem 2, it has been shown in Bai and Silverstein (2004) that it suffices to prove
the CLT for M, (z) with z € C. We state the result as the following lemma and then prove it.

Lemma 1. Under the assumptions of Theorem 2, {]/W\n()} forms a tight sequence on CT. And

{M,(-) converges weakly to a two-dimensional Gaussian process {M(-)} satisfying for z € C*
(I)2

1—®2¢(1+ 2s(2))?]’

c(1+ 25(2))?

EM(z) = [1—c(1+ 2s(2))?]

(U — ®? —2) +

and for z;,z; € C

Cov(M(zi), M(z))) =T(zi,2) = (¥ =& —2)c(zis'(zi) + 5(2:))(25'(25) + s(25))
D2e(z8 (z:) + 5(2:)) (258 (25) + 5(25))
(1 — ®2a(z;,25))?
c(zis'(2i) + 8(2:)) (28 (2)) + s(z)))
(1 —a(zi, 2j))? 7

where

a(zi, 25) = (14 zis(2:) ) (1 + z;5(25))-



By the discussions in Bai and Silverstein (2004), we see that Theorem 2 holds if Lemma 1 is
proved. Thus the remaining work will be devoted to the proof of Lemma 1. To this end, we shall
truncate the variables at first. By the discussion in Bai and Silverstein (2004), one can truncate
|Zi;| at mp/n without altering the limiting behavior of (L, (f1),--- , Ln(fx)). Here n, is some
positive number slowly converging to 0. For instance, one can choose 7, | 0 such that n,n'/> —
oo. Moreover, one can further recentralize and renormalize the truncated variables to be with
means zero and variances 1 without altering the limiting behavior of (Ly(f1),- - , Ln(fx)). Thus
without loss of generality, we can always assume that |Z;;| < n,/n and

EZij =0, E|Z;>=1, |EZ}|=®+o0(1), E|Z;|'=T+o(1). (3.5)
Write for z € Cp,, M, (z) = ngl)(z) + MT(LQ)(z), where
MD(2) = plsa(z) — Esn(2)]
and
MP)(2) = plEsn(2) — sp(2)].
By the discussion in Bai and Silverstein (2004), it suffices to show the following four statements.
(i): MT(LI)(z) is tight on Cy,.
(ii): Finite-dimensional convergence of M,gl)(z) on Cp.
(
(

iii): {MT(LQ)(Z)} for z € Cy, is bounded and equicontinuous.
iv): The following convergence holds.

MP(2) = EM(z), ze€Cy.

In Bai and Silverstein (2004), the proofs of (i) and (iii) do not rely on the additional as-
sumptions of EZZ = 0 and E|Z;1|* = 2. So they still work under our assumptions. We will
not present the proofs of these two statements here. Therefore, we will focus on the proofs of

(ii) and (iv) in the sequel. At first, we deal with the convergence of My(LQ)(z), i.e. the statement
(iv). Our result can be stated as the following proposition

Proposition 1. Under the assumptions of Theorem 2, for z € C,, one has

@2
1—®2¢(1+ zs(2))?

(14 2s(2))?
M) = G i 2a ()

n

(U — d? —2) +

+o(1).

Proof. For ease of presentation, we will omit the variable z from s,(2),s2(2),s,,(2),s2(2), s(z)
and s(z) when there is no confusion. To derive the limit of

MP(2) = plEs, — s,

n

] = n[Es, — )],

n n

we use the following equation provided in Bai and Silverstein (2006)(see (9.11.1) of Bai and Silverstein
(2006)).

Cn§9L
E 0 1— (1+E§n)(1+§91) —F OR 3.6
( S §n) o 1+C]]EL§H o Rn SpSndin, ( )




where

Ry =con™ ') EB;d;(Es,) ",
j=1

1

~ Es, +1

Bt =1+471;(By) —20) ;.

dj = dj(2) (—r;(B(j) — zI)_lrj + n_ltr(Bn — zI)_l),

Here r;j is the j-th column of 1/y/nZ, and B(j) = Bn —ryrj. Some arguments in Chapter 9 of
Bai and Silverstein (2006) (see pages 272-273) show that

sup [Es, (z) — s(2)| = 0, sup |sp(z) — s(2)| = 0,

2€Cn 2€Cp
sup |R,| — 0, n — oo. (3.7)
2€Chp,
Combining the fact
c 1
— = 3.8
i 1+s(2)  s(z) (38)
with s0(z) — s(z), we obtain
cnﬁ(y)l 2
(1+Es, ) (1+s3) cs
- & — . 3.9
—z+ e — R (1+35)? (3:9)

Thus by (3.6), (3.7) and (3.9), it suffices to evaluate the quantity nR,. Therefore, our task is

to estimate
n
CnZEﬂjdj (3.10)
j=1

in the sequel. To this end, we shall further define some notations. Let

D:=D(z) =B, —zI, Dj;:=Dj(z) =D —r;r; = B(; — 2,
Dij = D”(Z) =D - I'iI‘;< - rjrj.

and
1 - 1
bi=———o b=
141D r; 1 +n~1trD;
1
bn(z) ¥ = erj_lrj — niltrDj_l.

- 1+ nflEterl ’

Using the identity 5; = Bj— B?’yj —i—BJQ Bj’yjz, then some routine arguments as those in Bai and Silverstein
(2006) (see the last line of page 273 therein) lead us to the estimation

n n n
§ : 1 2 : 2222 1 § : 2 xTy—2
J=1 - j=1 =n j=1
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It was shown in Bai and Silverstein (2004) that both 3; and j3; can be estimated by —zs(2) in
the evaluation of the quantity (3.10). In fact one has

EBj = b, +0(n™Y), ElBj —ba> < EKnY, by =—zs(2) +o(1), (3.12)

where K is some positive constant. Moreover, b, (z) and |(z —b,(z))~!| are bounded. For details
of these results, we refer to (4.14) of Bai and Silverstein (2004) and the discussion above it. The
boundness of b,(z) can be found in page 581 of Bai and Silverstein (2004). Consequently, one
has

1

IEBQ D r (1). (3.13)
Moreover,
1 - =9 .92 2252 & 9
EB24% = 2= E47(1 1 3.14
T BB = T D ER L+ o1) (314)
Jj=1 j=1
Thus a key step is to estimate the values of Iﬁl’yj2 for j =1,--- ,n. We see from definition that
]E’ij2 is in the form of
E(r;Pr; — trP)(r;Qr; — trQ)
P
=> (B|Zu|* - [EZ})? — 2)Epiiqii + [EZ} "EtrPQ’ + EtrPQ. (3.15)
=1

Here P = (p;;), Q = (gi;j) are p x p matrices independent of r;.
Letting P =Q = D;l we have

1 (&

A -1 —1y-1 -2

EA? = — > (¥ - % - 2)E[D; ']} + @’EtrD; (D) + EtrD; ) :

i=1

)

We claim that
7 i

B[D} '} = *(2) +of1), - ErD;? = es/(z) +o(1). (3.16)

Indeed, the first equation can be seen from the estimation (4.1) in Pan and Zhou (2008) (by
choosing T = I, therein). And the second one follows from

Bu)(x clx
dF (>( )_/(iF_(z))2|:0(1)'

sup IE| trD 2 _§'(2)| = sup E|
2€Cn 2€Cn (z —2)?

Thus the main task is to calculate the limit of the quantity
1 -1 —1y/ .
EEtTDJ‘ (D; ), 1<j<n.

Now we set

1

B () = .
By = By (2) 1+1D;'r;



And we use the following decomposition, which has been presented in Bai and Silverstein (2004)(see
(2.9) therein):

n—1

D;(2) = ~(z = " Lh, )
3 8o — b (2) et DS (2)
i#i
() = P () D ()
(= () T 4 b (2)A(2) + B(2) + C(), (3.17)
where the matrices A(z),B(z), C(z) are
AG)=(-" Lon(2) 1S (vt — n D (2),
i#£]
B(z) = (=~ " bu(=) ™ Yo(8y(2)  bul=)rixiD(2),
i#]j
C(2) = 1 bu(2) (5 — L (2)) L S (D = D (2)).

i#]

Note that by the fact that b,(z) and |(z — b,(2))~}| are bounded, one see for sufficiently large
n, |(z = =1b,(2))7!| is also bounded. Moreover, by (4.15) and (4.16) of Bai and Silverstein
(2004), one has for any p x p matrix M, there exist

E[trB(2)M| < K (E||M|[)Y4n2,  |trC(z)M| < K (E||M]||?)'/2. (3.18)
When M is non-random, we also have for any j,
E|trA(z)M| < K||[M||n'/2. (3.19)
Using this inequality, by the bounds provided in (3.1) of Bai and Silverstein (2004) and the
decomposition (3.17), it is not difficult to see

%Etmgl(z)(ngl(z))' —en(z— 1

— on(z + 25(2)) 2 + %bn(z)EtrA(z)(Dgl)’(z) +o(1)

b)) 2 + %Etrbn(zm(z)(ngl)'(z) o(1)

= ca(z + 28(2)) 2 4 ba(2) (= — b ()"
X %Etr(Z(rirf - n*II)Di_jl(z))(DJfl)’(z) +o(1). (3.20)
i#]
Using the fact
D;!(2) = D' (2) = =Dy (2)rir; D3 () Bis(2), (3.21)

ij
we can write

Etr(Z(rir;‘ — n_lI)Di_jl(z))(Dfl)' = A1(2) + As(2),
i#i



where

A1(2) = =Etr(D_ririD;1(2))(8i(2)D; (2)rir; D3 (2))
i#]
Az(2) = —=Etr Y _n~ "D} (2)(D; ' (2) - D' (2)).
i#]
Similar to (4.18) of Bai and Silverstein (2004), we have
|A2(2)] < K.
Thus it suffices to estimate Aj(z). Note that by definition we have
Ai(z) = —E) _ Bij(2)riD;} (2)(Dy (2)) Tiri(Dy;' (2) v (3.22)
i#]

To evaluate (3.22), we need the following lemma.

Lemma 2. For non-random p X p matrices A, k=1,--- ,m and B;,l =1,--- ,q, there exists
m q
E (H r;Akrt H[I’IBlft — n_lE(ZH)QtrBl]> ‘
k=1 =1

m q
< Kn~ W 0n@aeOVO TT Al T IBil-
k=1 =1

And the inequality also holds if we replace (v, Z11) by (¥4, Z11)-

Remark 2. The proof of Lemma 2 is nearly the same as that of (9.9.6) of Bai and Silverstein
(2006), and thus here we omit it.

With the aid of Lemma 2 and (3.12), it is not difficult to see that

EBij(2)r;D;' (2) (D' (2)) Eiri (D3 () v

= bn(z)izEtrDUl(z)(Dijl(z))’EtrDijl(z) +0(1) (3.23)

by using the bounds provided in (3.1) of Bai and Silverstein (2004). Above we used the fact
that
RZ3EZ? = @2
Further, by (3.1)-(3.3), (3.6) and (4.3) of Bai and Silverstein (2004), one has both
EtrDi—jl(z) - EtrDj_l(z)
and

EtrD;;'(2)(D;' (2)) — EtrD; ' (2)(D; ! (2))’

1] J

are bounded. Thus we also have

EBi;(2)r; D' (2)(D' (2)) Tiri (D3 (2))'r

= bn(z)ijEtrDj_l(z)(D;l(z))'EtrDj_l(z) + o(1).

11



Consequently, we have

n—1

Ai(z) + 5 <I>2bn(z)EtrD;1(z)(D-_l(z))’EtrDj_l(z) = o(1).

Therefore, by using (3.12) one can get

1 -1 1N (1 — B2 #25%(2) _ -2
nETTDj (2)(D; (2))(1 — c® o zg(z))Q) =c(z+2zs(2)) “+o(1),
which implies
CET/D;(2)(D; (7)) = s oW
cs?(2)

T 1= 02(1+ 25(2))2 +oll).

Here we used the fact that 0 < ® <1 and
2
‘C%| <1,
(1+ s(2))
which is implied by (4.5) of Bai and Silverstein (2004). Consequently one has
c®?52(2)
1—®2¢(1+ zs(2))

nd7 = (¥ — ®% — 2)cs*(z) + 5 +cs'(z) +o(1).

Then by (3.11)-(3.14), we have

"~ o 2252 a2 9 c®?5%(2)
cn Y EBjd, (U — % — 2)es?(2) + S) +o(1).

st s+1 1 — ®2¢(1+ 2zs(2))
Therefore, by the discussions in (3.6)-(3.10) we have
n(Esn(2) — sp(2))
2.3
£S5 2,2
s+1 2 2 D2s%(z)
- (T — ®> — 2)s%(2) + }+0(1)
(1- Z5) [ 1—@%c(1+ 2s(2))?
c(14 2zs(2))3 9 2
= U — 07 —2 1
=l +2s(2)77 | U w7 uy ol IO
where at the last step above we have used the relation (3.4). O

Next, we come to prove the finite dimensional convergence of {M,(ll)(z); z € Cp}, i.e. the
statement (ii).
Proposition 2. Under the conditions of Theorem 2, for any set of k points {zs,s = 1,--- .k} of
Cn, the random vector ({M,(ll)(zl) e ,Mél)(zk)}) converges weakly to a k-dimensional zero-mean
Gaussian distribution with covariance matriz given by
P(ziiz) = (U= @ =2)c(zis () + 5(21)) (28" (25) + 5(25))
L Prelis! (1) + 8(20)) (255 (25) + 5(2))
(1 - (Dza(zi7 Zj))z
c(zi8'(2i) + 8(2:)) (%5 (%) + 5(25))
+ 5 )
(1 - a(zia Z]))

12

(3.24)




where
a(zi, zj) = (1 + zi5(2)) (1 + z55(25)).

Proof. By resorting to the CLT of martingale, Bai and Silverstein (2004) showed that it suffices
to develop the limit (in probability) of the following quantity. That is

ZEJ 1[Y;(21)Y;(22)],
where
d - R
Yi(2) = ~B; o Bi(=)(z).

It was shown in Bai and Silverstein (2004) that it suffices to evaluate the limit of

822(%1 ZE] 1[E;j(B;(21)7j (21))E; (B} (22) 5 (22))]-

only for 21,29 € Cy. Thus in the sequel, we always assume that Iz, Sze = vg > 0. On Cy, we
have some more precise bounds such as

I(z - bn(2)) 7 < —2,
Vo

E|ij() — bu(2)” < K/n (3.25)

with some positive constant K. A further step taken in Bai and Silverstein (2004)(see (2.7) of
Bai and Silverstein (2004)) leads us to estimate the following quantity instead. That is

Z by (21)b —1[E; (%5 (21))E; (95 (22))]- (3.26)

82’282’1

To determine the limit (in probability) of (3.26), we use (3.15) again. It is not difficult to
see

nBj1[E;(;(21))E; (35 (22))]

=2 (- 0 - 2D} lulE D el
=1
+@%*rE; (D} (21))E; (Dj_l(zg))'—|—trIEj(Dj_l(21))E]~(Dj_1(22))). (3.27)
By Pan and Zhou (2008), we have
_ P 1
[Eij 1(2)]ii — —m = 5(2). (3.28)

Moreover we also have the following fact proved by Bai and Silverstein (2004),

| cs(z1)s(22)
1— %c(l + 218(21)) (1 + 228(22))

me j (D7 (21)Ej(D; ! (22)) = +or,(1). (3.29)

Here and after or, (1) represents some random variable § := &, satisfying E|{| — 0 as n — oo.
Then it suffices to prove the following lemma

13



Lemma 3. Under the assumptions of Theorem 2, for z1,z2 € Cy, one has

| cs(z1)s(z2)
1— Z202c(1 + 215(21)) (1 + 225(22))

iy (D (1)) (D] (22))' =

f +or,(1).

Proof. To prove Lemma 3, we begin with the decomposition (3.17). Then by using the bounds
(3.18) and (3.19) and the fact that ||D;(z2)|| is bounded in C, we have

SrE, (D] () (D} (22))

1 n—1
= ——(Zl—
n

b)) 0D (20) b (1) (A (1)) (D ) + 01, (1)
(3.30)

Note that the main task is to estimate the second term of the right hand side of (3.30).
Again we can use the definition of A(z) and (3.21) to write

trE;(A(21))(D; " (22)) = Bi(21, 22) + Ba(21, 22) + Bs (21, 22),

where
n—1 1
By(z1,22) = —(21 — bn(21))
Xt?“(z rirf[B;D;;'(2))](8i(22)D;;' (22)riri Dy (22))
Bo(z1,22) = —(21 — —— 1bn(2’1))_1
xtry n ' ED; ! (21)](D;  (22) — D' (),
n—1

bu(21) "M Y (rir} — nD)[E;D; (21)](Dy;' (22))"

1<j

Bs(z1,22) = (21 —

Similar to the discussions on the terms of (2.14) of Bai and Silverstein (2004), we can see that
|By(21,22)] < K, E|Bs(21,22)| < Kn'/2

Consequently, it suffices to estimate Bj(z1, 22) in the sequel. In other words, we have

%bn(zl)trIEj(A(zl))(Dfl(ZQ))/

— —%bn(zl)(zl S 1bn(zl))_1
X Z Bij(z2)rf[E;Dy;! (21)][D;" (22)] Ear}[Dy; (22))'vs + 01, (1).
1<j

Similar to (3.23), by using Lemma 2 and (3.25) , it is not difficult to get
E|Bij(22)r; [E;Dy; (21)][D; (22)) Tiri[Dy;' (22)] s
—bn(Zg)n_Qq)Qt’l”[EjDi_jl(Zl)][D_l(ZQ)],tTDi_jl(ZQ)| < Kn~Y2, (3.31)

ij

14



Consequently one has

b (=1)1E; (A (1) (D] (22))

2 n—
= b (22) 1 — b (e)
X Z tr[EjD;jl(zl)] [D;jl(ZQ)]/tT[D;jl(zQ)} +or,(1). (3.32)

By (2.2) of Bai and Silverstein (2004) we can replace D;; by D; in (3.32), and thus obtain

~on ()07 (A 20) (D} (22))

b1 = "))

x (j — 1)tr[E;D; ! (21)][D; ! (22)]'tr[D; ! (22)] + o, (1). (3.33)

Combining (3.30) and (3.33) we can get

(D} (1) (D} (z2)

x(L+UZQQ%Amwa@xa—”;1%@ﬂr%ﬂ%W@0
1 n—1
:—E(zl—

bn(zl))fltTDj_l(zz) +or,(1),
which implies

l757‘}Ej (D;1(21))Ej (D! (22))

(14 EE D e = ) ensten) o, 1)
= —1(21 _n- 1bn(21))_1cn3(z2) + 0L1(1)'

By taking the relations (3.3) and (3.12) into account, we can further write

%WEAD;%a»EAD;V@D’

1 ) )
x(L—Jn ¢%w&ﬂ@dwﬂm+ww®ﬂ)W@+%w@ﬂ)1+WAD>
= c(z1 + z18(21)) (22 + 228(22)) " + or, (1)

Note that by (2.19) of Bai and Silverstein (2004) and the fact that ® < 1, we have

|c®?s(21)s(22) (1 + 5(21) T (1 +5(22)) 7! < 1.
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Thus finally we have
1B, (D} (21)) (D} (22)
= c(z1 4+ z18(21)) (22 + z28(22))

. -1
X <1 e ; 1<I>221§(zl)22§(22)(21 + z15(21)) Mz + 225(22))_1> +or,(1)

cs(z1)s(z2)
1-— j%lclﬂc(l + 218(21)) (1 + 228(22)) o (D).

Thus we complete the proof of Lemma 3.
By using (3.27),(3.28), (3.29) and Lemma 3 we have
nl; 1 [E; (%5 (21))E; (%5 (22))]

- 02— 9\es(2 (s ®2cs(21)s(20)
= (¥ —®* —2)es(z1)s(22) + = 21021 1 215(o0)) (1 + 225(22))
cs(z1)s(z2) o
IS 4 () (Lt 2a5(20)) (-
By (3.12), one has
D ba(z1)ba(22)Ej-1[E; (55 (21)E;j (5 (22))]
j=1

= c(1 4+ z18(21))(1 + 2958(22)) [(\I/ — 32— 2)

1 < P2
EZ:: 2e(1+ z18(21)) (1 + 225(22))
1 < 1
Eg (14 z18(21))(1 +228(22))} Fon ().
Setting
a(z1,22) = c(1 4 z18(21)) (1 + 2z25(22)),
we obtain

Z bn(21)bn (22) B 1 [E; (35 (21) ) E;j (5 (22))]

1 @2 1 1
= U — P2 -2 dt —  dt 1).
a(21,22) [( )+ /0 1 —t®2a (21, 29) + /0 1 —ta(z1, 22) +or, (1)

Consequently one has

8z1822 Z bn(21)b —1[Ej (45 (21))E; (95 (22))]

82 8 (bZ (Zla 22) 8 8*0/(21, 22)
= (V-0 - T om e  C O VPO
Sl 2)8Z1822a(217Z2) - Oz 1 — <I>2 (21, 22) * 0z9 1 — a(z1, 22) +or, (1).
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By an elementary calculation one has

0 Palzm) (a8 (21) + (1)) (228 (22) + 5(22))
Oz 1 — ®2a(z1,20) (1 —®2a(z1,22))? '

Finally we obtain

62

821 822 -
J

= (U — ®% — 2)c(215'(21) + 5(21)) (225" (22) + 5(22))
+(I)20(2’18/(21) + 5(21)) (225 (22) + s(22))
(1 —®2a(z1,22))?
+c(z15’(21) + 5(21)) (228 (22) + s(22))
(1 —a(z1,22))?

Thus we complete the proof of Proposition 2. O

bn(21)bn(22)Ej—1[E; (95 (21))E; (55 (22))]
=1

+or, (1)

4 Proof of Theorem 1

For convenience, we will focus on the case of ¢ < 1 at first. At the end, we will extend the
result to the case of ¢ > 1 simply by a reciprocal relation. In this section, we will choose the
contours C, C1, Co in Theorem 2 to cross the real axis in the interval (—p~1,0) and (b, c0), where
b= (1++/c)% And we will set fo(z) = f,(2) = log(1 + pz) in the sequel.

We start with (1.7). We use the following elementary relations

s(2) / 5%(2)
L+ 2s(z) = 1+s(z) 8(z) = 1— C(li(z() ))2

1 o s(2) )3
BLy, = ~(0--2) = [ o)
™ Jc 1—¢ 1—7—§(z))
2 .0 8(2) \3
1 (i)
o fo(z) s(z) \2 e 2. 8(2) \2 dz
¢ = (281 - @2e(£EL )
1 cs
= (U -2 -2)— [ log(1 =
( gm0 (1 + p2(a) s
1 d2cs
o /C log(1 + p(s)) ds. (4.1)

(1+s)3 (1 - <I>2c(1fr2§)2)

where C is a contour crossing the real axis in the interval (—(1 + V)71 0) and (s(—p~1), 00).
The choice of C depends on the fact that

(s(=p71),5(0-)) = (s(=p71),00),  (s(b),5(00)) = (—(1++/©)71,0).
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At first, we come to calculate the first term on the r.h.s of (4.1). Note that

log(l +pz(s ))(

CS
;d
i 1+s)3 s

1 ¢ 1 .
- log(1+pz( ))mc@ o /log(1+pZ( ))wc&

= 57 [ G0s(1 + pe() s = o [ (lom(1+ pe(e)], s
_ L[ pl(1 + 5)* — cs?] )
2mi Je1+s s(1+3s)[s(1+s) —p(l+5)+pes] —
1 c pl(1 +5)* — cs”] .
dmi Je (1+5) s(L+5)[s(1+s)—p(L+s)+pes|
1 cpl(1+5)* — cs?) ds_l/ cpll+5)°—cs’]
2mi Je s(1+3)* (s —Ap)(s — A=) = 4mi Jes(1+38)3(s—Ap)(s—A-)

where

1 1
My =—5(1=p+pe) + 5V —p+pe) +4p,

1 1
A=—s(=p+pe) = 5V —p+po)+4dp

are two solutions of the equation
s(1+5) —p(1+s)+pcs=0.
It is not difficult to check that A_ < —1 and

MM+ D) =pl =) +p, AMA=—p, 142X +p(l—c)=Ay — A,

thus

O+ D2 =Xl =p A (A + DO — o).

(4.2)

(4.3)

(4.4)

Now by the choice of C, it suffices to consider the poles 0 and Ay = s(—p~ 1) in two integrals in

(4.2). Therefore,

[ w CP(<1+A+>2—0A2+)]
27i

AAd AT+ A2 — A0)
_1[ v, cp(<1+m2—cv+>]

[log(1 -+ pa(s ))ﬁc@

AA— AT+ A3 (A — Ao)
c n c B 1 c
2 14X 2(1+Xp)%

18



Now we come to deal with the second term on the r.h.s of (4.1).

2
% /log(l + pz(s)) » s e\
¢ (149 (1~ Beqiy)
1 1 1+s— ®%cs
= — [ log(1 - = =
2mi /(j og(1 + pz(s)) [1 +s (1+8)?2— @2682:| ds
1 11 :
— R 1 1 - = 1 1 2 _ @2 2
2ni ) og(1 + pz(s)) [1 2 (log[(1 + s) cs ])s] ds
= 57 [ 1oBll1 )7 — s (log(1 + p=(s))), s — g [ Tow(1+ 5) Q{1 + (), s
1 1p[(1 4 5)* = es®]log[(1 + 5)* — P?cs?] 1 pl(1+ )% — cs?]log(1 + s)

ds.

i Jo2 s(l+s)(s—A)(s— M) " omi Je s(1+5)(s— M) — M)

Above we have chosen C such that log[(1 + s)2 — ®2¢s?] is analytic in the region enclosed by C.
Such C does exit since we have ®? < 1 and the assumption that ¢ < 1. Therefore,

d2cs
52
(1+9)* (1 - Peqriye)

Then (4.5) and (4.6) together imply that

1 1
— [ log(1+ pz(s)) ds = 5 log[(1 4+ Ay)? — ®%cA3] — log(1 + A+ )(4.6)

211 I

1
ELfZ:(\I/—q)2—2)|:—C+ c c

1 2 $2.02
2 1+ 2(1+)\+)2} + 2log[(1—|—)\+) Q7cAi] —log(1+ Ay ).

Now we start to verify (1.8). Note that we have

/Z)

ﬂ—iﬁ-w’ s(z1)s(z2)

(14 5(21))(1 + 5(22))

28'(2) + s(z) = a(z1,29) = ¢

Therefore, one has

b2 s'(21)s' (22)

D?c(z15'(21) + s(21)) (228 (22) + s(22)) CaFsC))2(Ts(z2))?
(1= D%a(z1, 22))2 RS P H S BT (47)
’ (1- C(1+§(21))(1+§(Z2)))

and analogously,

s'(z1)s'(22)

c(z18'(21) + s(21)) (228 (22) + 5(22)) _  “Ts()?(+s(2)?
(1 - a(zl 22))2 - (1 _ s(21)s(22) )2' (4'8)
’ T2 ) (1 +2(2)

Actually, for (4.8), we can simplify it further as follows. Note that

a(z1, 29) = s(z1)s(22) ( c c )

s(z2) —s(z1) \1+s(21) 1+s(22)

Using the equation



we can get

_ s(a)s(z2)
a(z1,29) =1+ 5(z2) — §(21)( 1— 22). (4.9)
Then by (4.8), it is not difficult to see that
c(z18'(21) + 5(21)) (228'(22) +5(22)) 9 8%1(1(21, 22)
(1 —a(z1,22))? Oz \1—a(z1,20) |’
Now by (4.9) we have
i) ) 1 d(a)
1—a(z1,22)  s(z:1) 21—z s(z2) —s(z)
Consequently, we have
c(z18'(21) + s(21)) (228" (22) + s(22)) _ s'(z1)8'(22) B 1
(L —a(z1,22))? (s(22) = 8(21))* (21— 22)*
Rewrite (4.7) as
PPc(z18'(21) + s(21)) (228" (22) + 5(22)) _ D?cs'(21)8'(22)
(1 — ®2a(z1, 22))2 (14 8(21))(1 + 5(22)) — P2es(21)8(22))%
Therefore, one has
Cov(Ly,, Ly,)
-t — 2 29)c 5'(21)s (22) 21dz
= —ya(v-o? 2)/ . fo(z1) fo(22) L 3o 20 £ sz
(2 D2cs'(21)8'(22) o
4n? / / fez) (= 1 + 5(21))(1 + s(22)) — @20§(z1)§(zg))2d 122
47r2/ / fe(z1) fu(22) G )zs((zl))) dz1dzo
= vty [ / Filete)) uleler) s gy s
1 P2c
g [, [, et (o) e e R
gz L L I ) (410

where the contours C; and Cy cross the real axis in the interval (—(14+/¢)~1,0) and (s(—p~'), c0)
and C; is inside Cy. Note that when fy(x) = f,(x) = log(1 4 pz), the last term on the r.h.s. of
(4.10) has been calculated in Kamath and Hughes (2005), that is

dsydsy = — log <1 - M) .

g [, TR (s o8 pr(sa) —

Sy — 51)
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Now we come to calculate the first term of the r.h.s. of (4.10). It suffices to deal with

filx(s1)) ) [ log(1+px(s) |
b (Lt 52 ‘/e Lrs)?
_/ plsi” —cl+s)7)

& (L)1 —psyt +pe(l+35)71

_ / pl(1+51)* — esil s
e s1(1+8)2(s) — Ap) (s —A)

Again, it suffices to consider the poles 0 and A, thus

L[ s) e plEA?P o]

7 = = —1
omi Jo, (L4502 0 T MAs A L+ A20 —A)  14a,
where the last step follows from (4.3) and (4.4). Therefore, we have
022 [ e o) et
4n? A ()
\ 2
:(\I/—<I)2—2)c< a ) .
W

It remains to calculate the second term of the r.h.s. of (4.10)
P2
(L4 51)(1+s5)

1/
- log(1 + pz(s;))log(1 + pz(sy)) dsydsy.
471'2 él 52 1 2 B (I)2C§1§2 2 1422

At first, using integral by parts we have

1 d2clog(1 + pz(s;)) ds
270 Jey (14 51)(1+ 85) — P2esy s,) .
1 d2%cp §f2 —c(1+s)7?

— ds
2mi 1 4 59 — D2cs, /51 (14 81)(1 + 85) — P2esy5,) (1 — psy 4 pe(1+5y)7L)

L Pep / (1+51)* —es? .
21 1+ 55 — ®2esy Jo, s1(1+ 1) (14 81)(1+ 59) — P2esy85) (s1(1+ 81) — p(1+ 51) + pesy) 1
1 P2 1 2 .2
T 21 ng 2 / ( J;fsl) = ds; . (4.11)
T ( + 89 — ®2esy) ¢ 5(1 +§1)(§1 + m)(§l —Ap)(s1 — A0)

Let D; be the region enclosed by Ci. Actually we can always choose appropriate Ci and Cs such
that

1+ s,

— =2 40, forall D Cs.
1 +§2 o (DQC§2 7é ’ or a §1 € 1, §2 € 2

51+

To see this, we denote t = 1 — ®2¢ for simplicity. If there are some s; € 131, 89 € CNQ such that

1+ s,
1+tsq

81 =

21



we also have

1+ s
1+ts;

Sy = (4.12)

Note that it is easy to choose C; such that in D; we always have

1+ s
1+1tsy

) < —(1+ Vo)™

Then it is easy to construct ég enclosing C~1 such that (4.12) does not hold for any s, € ég.
Analogously, we only need to consider the poles 0 and Ay in the integral in (4.11). Therefore,
we have

1 ®2clog(1 + pz(sy))
— [ .
27 Jé, ((1 +51)(1+ 89) — @26§1§2)2
= P?ep (I4+X1)? =Xl + 1
g _ 2 2 1_,’_7 1+7
(1489 = @2e89)” |\ (14 A1) (A + i) O = A2) T M A
@20 @20

Ap(14 sy — ®2e59)? + (1 + 59) (1 4 s — P2esy) (1 + 55 — D2esy) (14 s5)

Now recall the notation t = 1 — ®2¢, we can write

1 Prclog(l+pz(s)
270 Jey (1+51)(1+55) — 2esys5)°
1 1
= A = — + A ,
(82 = A4)(s2 — A-) (sg+1)(sy+t71)
where
1—t 1—t
Ay = Nt A = i (4.13)
and
5o —AF2t4 0+ VA E22 0t + 82 =40 +F 1) (012 + 1)
- 2002+ 1)
i —(L+ 224t +1) — /(L + 221t + )2 — 4y + (A2 + 1)
T 2\ 12 + 1) '
Note that

VAF22t+8)2 =40 + D02 +t) =1 — ¢,

thus we have

AR L2 Y

L TS W

| =

22



Hence, when ¢ < 1 we have 0 < ¢ < 1, thus Ay, A_ < —1 < —(1 4 \/¢)~!. Therefore, we have

/ / P2clog(1 + pz(sy)) log(1 + p2(sy))
5 ds,dss
C1 JCy 1 +51)(1+s9) — (1)26§1§2)

) ﬂ log<1+pz<s2>> o Aa [ dog(+pa(s)
2mi J&y (89— A )(sy — A_) 527 o Gy (89 + 1) (8o +t71) 2
= Go= 30 [ tosl(sy = 3)/(sy — A0 (08(1 + () ds,

i Jé,
S )2 dog(sy + 1)/(sp + £ (l0s(1 + p2(sy))'dsy

_ Gt /C log[(SQS;(:\+>/(82 — A )] ((s5 +1)? — es3) is,

2mi Sy(83 +1)(s2 — A4)(s2 — A=)
L1 o pAy [ logl(sy +1)/(sp+ )] ((s2 +1)% — es3) s
=D o /c sl + Diss—An)(ss— ) 2
_ G- logl(A+ = A1)/ = A (A +1)? = eAl)  log[Ay /)]
N AOg +1D)(Ay —A) A A
log| )\++1 Ay +t7Y)] (()\++1)2 —C)\Q) log ¢
—(t = 1) pA, ( MO T 0% =30 + 4 A+A_> . (414)

Substituting (4.4) and (4.13) into (4.14) we have

.y @elog(l + pe(s,))los(L+ p2(s) )
Cl CZ 1 + 31 ]. + 82) - (p C§1§2)

R Ar(Ay — A A +1
= —(A_ =Xyt log M (= 1) U log 2
S 0n - ) L+thy
Note that
- - P2
A=A A= (1 - )y = - _Cl -1

Finally we can get

/ / ®2clog(1 + pz(s;)) log(1 +pz(s2))d8 s
C1 JCo 1 + 81 1 +§2) — (I)QC§1§2)2 S
_ 1og[tA3<A+ - A_>/<A+ =3 = logl(1+ A4)/(1+ 20 + (1 - 82)2)]. (4.15)

Note that we have proved Theorem 1 for ¢ < 1 through the above discussions. For ¢ > 1, by
the simple fact that

log det(I + BZZ*) = log det(I + EZ*Z),
n p

we can use (¢ !, pc) to replace (c,p) in the above discussion. Then it is easy to check that
Theorem 1 still holds when ¢ > 1 by the definition of Ay, A_. Therefore, we conclude the proof
of Theorem 1.
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