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Abstract

Let X, = (s1, -+ ,8n) = (Xij)pxn Where X;;’s are independent and identically distributed

(ii.d) random variables with EX;; = 0,EX? = 1 and EX}; < oo. It is showed that the

largest eigenvalue of the random matrix A, = 2\/1@(XZ,X;, —nl,) tends to 1 almost surely as

p — 00,n — oo with p/n — 0.
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1. Introduction

Consider the sample covariance type matrix S = %XPX;, where X, = (81, ,8p) = (Xij)pxn and
Xij,t=1,---,p,7=1,--- ,n are ii.d. random variables with mean zero and variance 1. For such
a matrix, much attention has been paid to asymptotic properties of its eigenvalues in the setting
of p/n — ¢ >0 as p — oo and n — oco. For example, its empirical spectral distribution (ESD)
function F*S(z) converges with probability one to the famous Marcenko and Pastur law (see [7] and

[4]). Here the ESD for any matrix A with real eigenvalues \; < A < ... <\, is defined by

FA(x) = ]1)#{2 thi <z},



where #{...} denotes the number of elements of the set. Also, with probability one its maximum
eigenvalue and minimum eigenvalue converge, respectively, to the left end point and right end point
of the support of Mar¢enko and Pastur’s law (see [5] and [3]).

In contrast with asymptotic behaviors of S in the case of p/n — ¢, the asymptotic properties
of S have not been well understood when p/n — 0. The first breakthrough was made in Bai and

Yin(1988). They considered the normalized matrix

and proved with probability one
FA - F(x),

which is the so-called semicircle law with a density

2y1—22, if|z| <1,
0, if |z| > 1.

Fl'(z) =

One should note that the semicircle law is also the limit of the empirical spectral distribution of a
symmetric random matrix whose diagonal are i.i.d. random variables and above diagonal elements
are also i.i.d. (see [10]).

We investigate the maximum eigenvalue of A, under the setting of p/n — 0 as p — oo and

n — oo in this paper. The main results are presented in the following theorems.

Theorem 1 Let X, = (Xij)pxn where {X;; 11 =1,2,...,p;j = 1,2,...,n} are i.i.d. real random
vartables with EXq11 = 0, EX 11 =1and EXH < 00. Suppose that n = n(p) — oo and p/n — 0 as
p — o0o. Define

Ap = (Aij)pxp = (X X —nlp).

Then as p — o0

Amaz(Ap) — 1 a.s.,

where Apagz(Ap) represents the largest eigenvalue of A,.

Indeed, after truncation and normalization of the entries of the matrix A,, we may obtain a

better result:



Theorem 2 Let n =n(p) — oo and p/n — 0 as p — co. Define a p X p random matriz Ay:

1 /
(Aij)pxp = %(XPXP o

where X, = (Xijp)pxn- Suppose that X;jp,’s are i.i.d. real random variables and satisfy the following

Ap = nlp),

condilions

1) EX11, =0,EX}, =1, EX{), < 0o and

2) | Xijp| < 6p¢/mp, where 6, | 0, but 6,¢np T +00, as p — oo.
Then, for any € > 0,£ >0

p(Amax(Ap) >1+¢€) = 0(p_£)-

So far we have considered the sample covariance type matrix S. However a common used sample

covariance matrix in statistics is

where

Similarly we re-normalize it as

Theorem 3 Under assumptions of Theorem 1, as p — oo
Amaz(Ap1) — 1 a.s.,
where Apaz(Ap1) stands for the largest eigenvalues of Apy.

Estimating a population covariance matrix for high dimension data is a challenging task. Usu-
ally, one can not expect the sample covariance matrix to be a consistent estimate of a population
covariance matrix when both p and n go to infinity, especially when the orders of p and n are very
close to each other. In such circumstance, as argued in [8], operator norm consistent estimation of
large population covariance matrix still has nice properties.

Suppose that ¥ is a population covariance matrix, nonnegative definite symmetric matrix. Then

21/25j,j =1,---,n may be viewed as i.i.d. sample drawn from the population with covariance



matrix ¥, where (£1/2)2 = 3. The corresponding sample covariance matrix is

1 n
S, — — 21/2 L 21/2— 21/2 L 21/2— /'
2= ;:1( Sj s)( 8j s)

Theorem 3 indicates that the matrix Sy is an operator consistent estimation of ¥ as long as p/n — 0

when p — oco. Specifically, we have

Theorem 4 In addition to the assumptions of Theorem 1, assume that ||X|| is bounded. Then, as
p—00

IS -5 = 0/2) as.,

=

where || - || stands for the spectral norm of a matriz.

Remark 1 Related work is [1], where the authors investigated quantitative estimates of the conver-
gence of the empirical covariance matrix in the Log-concave ensemble. Here we obtain a convergence

rate of the empirical covariance matrixz when the sample vectors are in the form of Zl/zsj.

1 Proof of Theorem 1

Throughout the paper, C' denotes a constant whose value may vary from line to line. Also, all
limits in the paper are taken as p — oo.

It follows from Theorem in [2] that

liminf Apax(Ap) > 1 a.s.. (1)
p—00
Thus, it suffices to show that
lim sup Amax(Ap) <1 a.s.. (2)
p—00

Let Ap = ﬁ(XpX; —nlp), where Xp = (Xij)pm and Xl-j = X;;I1(|Xsj] < 0py/np) where 6, is
chosen as the larger of §, constructed as in (3) and &, as in (5). On the one hand, since EX{; < 0o
for any 6 > 0 we have

lim 574E\X11|4I(’X11‘ > d+/np) = 0.
p—00

Since the above is true for arbitrary positive ¢ there exists a sequence of positive ¢,, such that

lim 5, =0, lim 5, ' E| X1 | (| X11] > 6p¢/mp) =0, by ¥/mp 1 +oo. (3)

p—00

4



On the other hand, since EX{; < oo for any € > 0

e k
S 2P (yXH\ > 521) < .
k=1

In view of the arbitrariness of € there is a sequence of positive number ; such that

e, — 0, as k — oo, ZQkP (\X11| >5k2§> < 0. (4)
k=1

For each k, let py be the maximum p such that n(p)p < 2*. For p(k — 1) < p < p(k), set
0p = 2¢. (5)

Let Z; = X;j,t = (i —1)n+ j and obviously {Z;} are i.i.d. We then conclude from (4) and (5) that

P(Ap#Apio)< lim P ) U {1x35 > 6,9/mp}

K—oo . g
k=K px—1<p<pg i<p,j<n

< lim U U |Zty>5k2}

Pr—1<p<pi t=1

= lim {121 > &2}

< lim 22 P(|Zl|>€k24)

=0 a.s.

It follows that Amax(Ap) — )\maX(Ap) — 0 a.s. asp— oo.
From now on we write § for J, to simplify notation. Moreover, set Ap = 2—\/1@(5(1,5(;, —nlp,),
where X, = (X;;)pxn and X;; = M Here 02 = E(X1; — EX;1)? and 02 — 1 as p — .

We obtain via (3)
E|X11[*I(| X11| > 6, ¢/np) __C

EXq| < , 6
B3l = 33 (np)3/4 = (np)?/t ©
and
E|X11)* (| X11| > 6 ¥/np) 1
2_1|< 2 4 < — ).
0% — 1| < CE| X112 I(|X11| > 6 &/np) < s 0 N (7)

We conclude from the Rayleigh-Ritz theorem that

‘)\max (Ap> - Ama;r (Ap) ’



p n

g sup Z ZiZj Z szXJk + Z 222 Z X
Plllzl=1 \ = k=1 k=1
p n
— sup ZZ’LZ] ZXZkXJk + Z'Z?Z X
”z”:1 i;éj k=1
1 1 Y ;
1——2 sup ZZZZ] Zsz k—i—szZ(ka—
7 ||z||=1 itj =1 k=1
1 2/EXq| - .
4+ ————-— sup ZiZj Xik
2ynp 0% g1 ;; ;
n 1 n\EXH\ 1
Zizj| + 7= |1 — =
2 7 n | S S \”T i

= A1+ Ay + Az + Ay,

By (7) and the strong law of large numbers, we have

lo? — 1] .
A =
2 /ipo? 10, P12 :

k=1

|0_ _ 1| np 1 n p R V4 n .
<o (2D XA+ ZZ(Xizk_l)
p k=1 i=1 i=1 k=1
o2 —1|/ap 1 &
p k=1 i=1
—0 a.s.

Similarly, (6) and the strong law of large numbers yield

n

1 2/EXy| u
Ay < . sup Zj
2ynp 0% = ; ’

N 2
1 2EX LN
< . | 211| \/ﬁ Z sz
2y/np g i=1 \k=1

p
PIE
=1 k

Xik
1

1/2

C 1 K V2
R
~ o2(np)/4 np;ZX
n 1/2
c p
< -
= o2(np)V4 |np ;k ‘

— 0 a.s..



It is straightforward to conclude from (6) and (7) that
A3 —0 a.s. Ay —0 a.s.

Thus, we have )\max(Ap) —/\max(Ap) — 0 a.s.. By the above results, to prove (2), it is sufficient
to show that lim sup )\maX(Ap) <1 a.s.. To this end, we note that the matrix Ap satisfies all the
p—oo

assumptions in Theorem 2. Therefore we obtain (2) by Theorem 2 (whose argument is given in the

next section). Together with (1), we finishes the proof of Theorem 1.

2 Proof of Theorem 2

Suppose that z = (z1,- -, 2p) is a unit vector. By the Rayleigh-Ritz theorem we then have
)\max = max zlzj U
lli=1
p
= “rnHaxl(Z ziZinj + Z Z; A“)
P
oy i=1

0, if i = 7,
ﬁ Yoie1 XikpXjrp, i i # J.
To prove Theorem 2, it is sufficient to prove, for any ¢ > 0,¢ > 0

P ()‘max(Bp) >1+4¢€) = O(I)_l) (8)

and
n

D] >e€) =o(p™). (9)

Z<p A/ =
We first prove (9). To simplify notation, let Y; = Xlsz — 1 and C; = E|Y1|%. Then EY; = 0.

Choose an appropriate sequence h = h,, such that it satisfies, as p — oo

h/logp — o0

52h/logp — 0 (10)
5
o = VP



We then have

n

<p-P Xz 1
Z<p \ﬁ [ >e)<p- !jz;( tjp — D > ey/np
n
< ¢ "p(yap) "Byl
j=1
h/2 Bl , , ,
< e "p(y/np) " Z Z Z PR EY;,["EY),|* ... E[Y;, [
m=1 1<y <ja<jm<n i1 +iottim=h 2 m
11>2, 012
h h2 n! h! , , ,
<e np) "> > ————— EVi|["Ei[2. . B[V

ml(n —m)!iqglig) .. .4
m=1 iy +ig+-+im=h ( )inliz m

112>2,...,11>2
h/2

) S e L

7119 .
m=1 iy tigtotip=h T %
112>2,...,11>2

h/2

—m h 52h h
< 2h o ~h, "
= pz ( ) ety <log<64p/cl>)

oY 252n L\ A
§<<2> Toap € 1) §(6> =o(p™),

where £ is a constant satisfying 0 < £ < e. Below are some interpretations of the above inequalities:

a) The fifth inequality is because, m <n™, |Yi| < §%,/np.

b) We use the fact > % < m" in the sixth inequality.

L . irligl...
1142+ +im=h
1122,...,01 22

c¢) The seventh inequality uses the fact that for any a > 1,6 > 0, > 1

’loa

b
—t b b
>1,a" "t (loga> .

d) The last two inequalities are due to (10).
e) With the facts that & > < 1,h/logp — oo, the last equality is true.

Thus (9) follows.

Next consider (8). For any € > 0, we have

k Etr(BE
P(Amax(Bp) 21 +¢) < E(Alm fﬁp) = (1t+(ef’3

Z E(Xi1j1 Xinji Xinjo Xigjo - - - Xik-ijiljk)v

1 1
= 0toF @ym)t




where k = k, satisfies, as p — o0

k/logp — oo

63k /logp — 0

52 ¢
REP!

and the summation is taken with respect to ji, jo,...,jr running over all integers in {1,2,..,n}
and i1, 149, ..., 9% running over all integers in {1,2,..,p} subject to the condition that i1 # ig,is #
3y ey b 7 11-

In order to get an up bound for | ) EX;, j, Xiyj, - XijuXij,. |, we need to construct a graph
for given i1,--- i and j1, -+, Jk, as in [5], [9] and [3]. We follow the presentation in [3] and [9] to
introduce some fundamental concepts associated with the graph.

For the sequence (i1, 12, ..., i) from {1,2,...,p} and the sequence (j1, j2, ..., jx) from {1,2,....,n},
we define a directed graph as follows. Plot two parallel real lines, referred to as I-line and J-line,
respectively. Draw {i,ia,...,i;} on the I-line, called I-vertices and draw {ji,j2, ..., jx} on the J-
line, known as J-vertices. The vertices of the graph consist of the I-vertices and J-vertices. The
edges of the graph are {ej,eq, - ,eqr}, where for a = 1,--- |k, eaq—1 = i4jq are called the column
edges and es, = jalq+1 are called row edges with the convention that i9x11 = 7;. For each column
edge eg,_1, the vertices i, and j, are called the ends of the edge i,j, and moreover i, and j, are,
respectively, the initial and the terminal of the edge i,j,. Each row edge ey, starts from the vertex
Jp» and ends with the vertex ip4 1.

Two vertices are said to coincide if they are both in the I-line or both in the J-line and they
are identical. That is i, = 43 or j, = jp. Readers are also reminded that the vertices i, and j; are
not coincident even if they have the same value because they are in different lines. We say that
two edges are coincident if two edges have the same set of ends.

The graph constructed above is said to be a W-graph if each edge in the graph coincides with

at least one other edge. Below is an example of a W-graph:



i]: i4:i6< i2: ijw i3: igu i5u

11= 1+ 12~ J7+ B 14~ J5+

Two graphs are said to be isomorphic if one becomes another by an appropriate permutation on
{1,2,...,p} of I-vertices and an appropriate permutation on {1,2,...,n} of J-vertices. A W-graph
is called a canonical graph if i, < max{iy,i,...,iq—1} + 1 and j, < max{ji,j2,..., ja—1} + 1 with
i1=71 =1, wherea=1,2,..., k.

In the canonical graph, if i,41 = max{i1,2,...,%a} + 1, then the edge jyiqs+1 is called a row
innovation and if j, = max{j1, j2, ..., Ja—1} + 1, then the edge i,j, is called a column innovation.
Apparently, a row innovation and a column innovation, respectively, lead to a new I-vertex and a
new J-vertex except the first column innovation 1 j; leading to a new I-vertex ¢; and a new J-vertex
J1-

We now classify all edges into three types, T1, T3 and Ty. Let T1 denote the set of all innovations
including row innovations and column innovations. We further distinguish the column innovations
as follows. An edge i,j, is called a Tq; edge if it is a column innovation and the edge juiq+1 is a
row innovation; An edge iyjp is referred to as a T2 edge if it is a column innovation but jyip,; is
not a row innovation. An edge e; is said to be a T3 edge if there is an innovation edge e;,7 < j so
that e; is the first one to coincide with e;. An edge is called a T} edge if it does not belong a T3
edge or T3 edge. The first appearance of a Ty edge is referred to as a 75 edge. There are two kinds
of T5 edges: (a) the first appearance of an edge that coincides with a T3 edge, denoted by T; edge;
(b) the first appearance of a single non innovation, denoted by Ths edge.

We say that an edge e; is single up to the edge e;,j > 4 if it does not coincide with any other
edges among e, -- ,e;j except itself. A T3 edge e; is said to be regular if there are more than one
innovation, adjacent to e; and single up to e;_1, among the edges {e1, - ,e;_1}.

Corresponding to the above classification of the edges, we introduce the following notation and

10



list some useful facts.
1. Denote by [ the total number of innovations.

2. Let r be the number of the row innovations. Moreover, let ¢ denote the column innovations.

We then have r + ¢ = [.

3. Define r1 to be the number of the T77 edges. Then r; < r by the definition of a 771 edge.

Also, the number of the 115 edgesis | —r —ry

4. Let t be the number of the T5 edges. Note that the number of the T3 edges is the same as
the number of the innovations and there are a total of 2k edges in the graph. It follows that
the number of the Ty edges is 2k — 2[. On the other hand, each 75 edge is also a Ty edge.
Therefore ¢ < 2k — 21.

5. Define i to be the number of T5; edges. Obviously, 4 < ¢t. The number of T5y edge is then
t — p. Since each T edge coincides with one innovation, we let n;,7 = 1,2, ..., u denote the

number of T edges which coincide with the i-th such innovation, n; > 0.
6. pp =#{i:n; =1,0=1,2,....,u}, where #{-} denotes the cardinality of the set {-} .

7. Let mj,j =1,2,...,t — u denote the number of T edges which coincide with and include the
Jj-th T55 edge. Note that m; > 2.

We now claim that
Et?’(Bf.f) (2y/np - Z E(Xij Xigjy - - - Xij Xing)

=@2yap) Y Y Y Z E(Xiyj Xigj - - Xiggn Xingi))
com Y Yy S S () () () ()

=1 r=17r1=0 t=0 pu=0pu1=0 =

(11)

% k‘?’t(t + 1)6k—61(5W)Qk—21—2t+u1pr+1nl—r,
where the summation »_’ is with respect to different arrangements of three types of edges at the 2k
different positions, the summation Y " over different canonical graphs with a given arrangement of
the three types of edges for 2k positions, the third summation Y " with respect to all isomorphic
graphs for a given canonical graph and the last notation ) | denotes the constraint that i; # ig, iy #

3
13, ..,ik 7& 1.

11



Now, we explain why the above estimate is true:

(i).
(ii).

(i)

(vi).

(vii).

The factor (2,/ap)~* is obvious.

If the graph is not a W-graph, which means there is a single edge in the graph, then the
mean of the product of Xj; corresponding to this graph is zero(since EX1; = 0). Thus we
have | < k. Moreover, the facts that r <[, ry <r, ¢t <2k —2[, 4 <t and p; < p are easily

obtained from the fact 1 to the fact 7 listed before.

There are at most (f) ways to choose r edges out of the k row edges to be the r row
innovations. Subsequently, we consider how to select the column innovations. Observe that
the definition of 771 edges, there are (:1) ways to select r1 row innovations out of the total r

row innovations so that the edge before each such r; row innovations is a 777 edge, column

k—r1

l—r—rl) ways to choose | — r — r1 edges out of the

innovation. Moreover there are at most (

remaining k—r; column edges to be the [ —r—r; T2 edges, the remaining column innovations.

2k—1

. Given the position of the [ innovations, there are at most ( ) ) ways to select [ edges out of

the 2k — [ edges to be T3 edges. And the rest positions are for the Ty edges. Therefore the
k1 r
. . k(T k—r k-l
first summation Y’ is bounded by > > > (7) (/) (5 )(2l ).

r l—r—r
I=1r=17r1=0 ! !

. By definition, each innovation (or each irregular T3 edges) is uniquely determined by the

subgraph prior to the innovation (or the irregular 73). Moreover by Lemma 3.2 in [9] for
each regular T3 edge, there are at most ¢t + 1 innovations so that the regular T3 edge coincides
with one of them and by Lemma 3.3 in [9] there are at most 2t regular T3 edges. Therefore

there are at most (¢ + 1)% < (t + 1)2¥=2) ways to draw the regular T edges.

Once the positions of the innovations and the T3 edges are fixed there are at most ((Ttl)c) <

(ktz) < k?' ways to arrange the t Th edges. After ¢ positions of Tb edges are determined

t2k—2l

there are at most ways to distribute 2k — 2] Ty edges among the t positions. So

there are at most k2 - t2*=2 ways to arrange Ty edges. It follows that > " is bounded by
2%_:%@ 4 1)2Ck=20) 2t y2k-21
=0

The third summation " is bounded by np" ™! because the number of graphs in the iso-

morphic class for a given graph isp(p—1)---(p—r)n(n—1)---(n —c+1).

12



(viii). Recalling the definitions of I, r, ¢, i, 1, n;, m; we have
2 —p
EXilleizjl : Xlkijlljk = (EXH l 'u HEX”H_ HEXHl)v (12)
=1 =

where > 1 n; + Zf;f m; = 2k — 21. Without loss of generality, we suppose ny = no =

ny, = 1 and ny,41,...,n, > 2 for convenience. It is easy to check that

M(Synp)*—, if s >4, M = mar{EX},|EX} |}

EBIXT| <
(6 ¢/np)>~2, if s > 2.

Thus, (12) becomes

|EXi1j1Xi2j1 X Xlljk|

Uk

Z |EX3 1 [ EXL | (8 /mp) Zima+1 T2 (5 4 S mi=2(t=p)

0 p1

IN

MﬁﬁM“
M‘:

t((s W)2kz—2l—2t+u1

ﬁ
o
=
=
Il
o

k(6 ¢/np)?k 221 when k is large enough.

M“
M:

hi
=)
Il
=)

M1

The above points regarding the T, edges are discussed for ¢ > 0, but they are still valid when
t = 0 with the convention that 0° = 1 in the term =2/ because in this case there are only 7}
edges and T3 edges in the graph and thus [ = k.

Consider the constraint > now. Note that for each T15 edge, say i4Jq, it is a column innovation,
but the next row edge jaia; is not a row innovation. Since i,y1 # 14, the edge juiq+1 cannot
coincide with the edge i,j,. Moreover, it also doesn’t coincide with any edges before the edge i,7j,
since j, is a new vertex. So juiq+1 must be a Too edge. Thus, the number of the 715 edges can not

exceed the number of the Thy edges. This implies | — r — r1 <t — u. Moreover, note that p; < u.

We then have
nfk/zpfk/z - rpr+1( )k/27l/27t/2+,u1/4

= (n/p)l/z . n—r—t/2+,u1/4p7«+1_t/2+m/4

<( \/g)r—n pt/2p, (14)

13



We thus conclude from (11) and (14) that

s <233 S (1)) ()

=1 r=17r1=0 t=0 p=0p;=0

r—ry
% (\/g) p_t/ka?’t(t+ 1)6k—6l62k—2l—2t+u1‘

Moreover we claim that

L OIC) GG

—t
o [(le l) <\/I§f3> (t+ 1)6k6152k21] 5 (I=r—r1)+3t—(2k—21) | s2k—21—2t+1

k 2k
243 3
< p? 1«+-\/q’ (1+6)% (1 +-444é§f§
n log” p

Indeed, the above claim is based on the following five facts.

r=0
2 () (VE) =) (VE) T ; O (/2) = (1+2) < (1+2)
3) (Er )T < S (6 = (146 < (14 6%,

s=0

4) By the fact that (2k l) < (22’;), and the inequality a~t(t 4+ 1)® < a(
t > 0 and k}[ > {/p, we have

< —1 <\/>63 > t + 1)6k76152k721

k—6l
_ (2K PO 6k —61 \%° 5221
—\21) k3 \log(\/pd3/k3)

2%

21 logp

2k\ [ 243135 22
() Cogr)
j?é <2k> <243k35)2k_5
s=0 log p

log® p
243k3§
=p(l+ 3
log” p

loga

<p
s=p
p

IA

14

(15)

(16)

b
) fora > 1,6 > 0,



5) When p is large enough, 5~ (=r=ri)+3t=(2k=20) | §2k=21-2t+u1 — 5t=(I=r—r1) . 51 < 1, since § — 0

andl—r—1r; <t—pu.

Summarizing (15) and (16) we obtain that

k 2k
243135
Etr(B]];) <k-l-r-(2k—=20)-t-p-p (1—1—\/5) (1+6)F <1+ log3p>
k 2k
243136
< 8kSp? <1+\/§> (14 0)" <1+ 5 )
n log”p

24335\ 2\ "
= ((8k6)1/’“p2/’“(1+\/g)(1+5) <1+ loggp) >

k
<n,

where 7 is a constant satisfying 1 < n < 1+ €. Here the last inequality uses the facts below:
i. (p?)Y*F — 1, because k/logp — oo,

ii. (8k6)1/F — 1, because k — oo,

iii. (1 + \/%> — 1, because p/n — 0,
iv. (146) — 1, because § — 0,

1/3
— 0, because % — 0.

243.k3§
log p3

It follows that

P(Mas(By) > 14 ) < (7)F = o(p™)

since k/logp — oo and 1, < 1. The proof is complete.

3 Proof of Theorem 3

Note that
S; =S -s¢ (17)

By the Fan inequality
sup |[FA7 (z) — FA (z)] <
x

S =

Thus from theorem in [2] we see that
FA (x) =% F(x),

15



specified in the introduction. It follows that

lim inf Apax(Ap1) > 1.

p—0o0

Let z be a unit vector. In view of (17) we obtain

1 /n
z’Aplz = z’Apz — 2\/;z'§§’z < z’Apz,

which implies that

>\max (Apl ) S )\max (Ap) .

This, together with Theorem 1, finishes the proof of Theorem 3.

4

Proof of Theorem 4

Theorem 4 follows from Theorem 3 and the fact that

182 — = = I=1/2(S1 — L,)SY?|| < [IS1 — L[| Z.
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