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Abstract

Statistical inferences for sample correlation matrices are important in high dimen-
sional data analysis. Motivated by this, this paper establishes a new central limit
theorem (CLT) for a linear spectral statistic (LSS) of high dimensional sample cor-
relation matrices for the case where the dimension p and the sample size n are com-
parable. This result is of independent interest in large dimensional random matrix
theory. Meanwhile, we apply the linear spectral statistic to an independence test for
p random variables, and then an equivalence test for p factor loadings and n factors in
a factor model. The finite sample performance of the proposed test shows its applica-
bility and effectiveness in practice. An empirical application to test the independence

of household incomes from different cities in China is also conducted.

KEYWORDS: Central limit theorem; Equivalence test; High dimensional correlation

matrix; Independence test; Linear spectral statistics.



1 Introduction

Big data issues arising in various fields bring great challenges to classical statistical
inferences. High dimensionality and large sample size are two critical features of big
data. In statistical inferences, there are serious problems, such as, noise accumula-
tion, spurious correlations, and incidental homogeneity, arisen by high dimensionality.
In view of this, the development of new statistical models and methods is necessary
for big data research. Thus, our task in this paper is to analyze the correlation ma-
trix of a p-dimensional random vector x = (X1, Xo, ..., X,,)*, with available samples
X1, X, . . . , Xy, Where x; = (X3, X, ..., Xpi)*, where * denotes the conventional con-
jugate transpose. We consider the setting of the dimensionality p and the sample size
n being in the same order.

Correlation matrices are commonly used in statistics to investigate relationships
among different variables in a group. It is well known that the sample correlation ma-
trix is not a ‘good’ estimator of its corresponding population version when the number
p of random variables under investigation is comparable to the sample size n. Thus,
it is of great interest to understand and investigate the asymptotic behaviour of the
sample correlation matrices of high dimensional data. Sample correlation matrices
have appeared in some classical statistics for hypothesis tests. Schott (2005) utilized
sample correlation matrices to test independence for a large number of random vari-
ables having a multivariate normal distribution. Concerning statistical inference for
high dimensional data, furthermore, there are many available research methods based
on sample covariance matrices such as Johnstone (2001). As the population mean
and variance of the original data are usually unknown, sample covariance matrices
cannot provide us with sufficient and correct information about the data. To illus-

trate this point, a simple example is that we will make an incorrect conclusion in an



independence test if the variance of the data under investigation is not identical to
one while the statistics based on sample covariance matrices require the variance to
be one. Moreover, the main advantage of using sample correlation matrices over sam-
ple covariance matrices is that it does not require the first two population moments
of the elements of x to be known. This point makes the linear spectral statistics
based on sample correlation matrices more practical in applications. By contrast,
linear spectral statistics for sample covariances involve unknown moments, and are
therefore practically infeasible.

Large dimensional random matrix theory provides us with a powerful tool to estab-
lish asymptotic theory for high dimensional sample covariance matrices. Bai and Silverstein
(2004) contributed to the establishment of asymptotic theory for linear spectral statis-
tics based on high dimensional sample covariance matrices. Meanwhile, there are few
results available in the literature for investigating high dimensional sample corre-
lation matrices. Jiang (2004), among one of the first, established a limiting spec-
tral distribution for sample correlation matrices. Cai and Jiang (2011) developed
some limiting laws of coherence for sample correlation matrices. In addition, both
Bao, Pan and Zhou (2012) and Pillai and Yin (2012) established asymptotic distri-
butions for the extreme eigenvalues of the sample correlation matrices under study.
By moving one step further, this paper develops a new central limit theorem for a
linear spectral statistic (LSS), which is based on the empirical spectral distribution
(ESD) of the sample correlation matrix of x. LSS is a general class of statistics in
the sense of being able to cover a lot of commonly used statistics. This new CLT is
also of independent interest in large dimensional random matrix theory.

In addition to the establishment of a new CLT, we discuss two relevant statistical
applications of both the linear spectral statistic of the sample correlation matrix and

the resulting asymptotic theory. The first one is an independence test for p random
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variables included in the vector x. A related study is Schott (2005), who discussed this
kind of independence test for p normal random variables. The second application is
to test the equivalence of factor loadings or factors in a factor model. As we discuss in
Section 3 below, sample correlation matrices can be used directly for testing purposes
without estimating factor loadings and factors first.

The rest of the paper is organized as follows. Section 2 introduces a class of
linear spectral statistics. An asymptotic theory is established in Section 3.1 and its
applications are established in Section 3.2. The finite sample performance of the
proposed test is reported and discussed in Section 4. An empirical application to
test independence for household incomes from different cities in China is provided
in Section 5. Section 6 concludes the main discussion of this paper. The proofs of
the main theory stated in Section 3.1 is given in an appendix. The proofs of some

necessary lemmas are provided in Section 8.

2 Linear Spectral Statistics

Given a p-dimensional random vector x = (Xi, X, ..., X,)* with n random samples
X1, Xy, ..., X,, Where x; = (Xy;, Xog, ..., Xp)* 4 = 1,2,...,n. Let X,, = (y1 —
Y,¥2 — Yo, -, ¥p — ¥p)*, where y; = (X, Xio, ..., Xin)" for i = 1,2,...,p and
yi = %2?21 X,;e with e being a p-dimensional vector whose elements are all 1, in

which T" denotes the transpose of a matrix or a vector.

Consider the sample correlation matrix B,, = (pi)pxp With

(i Y)Yk — i)
Pik = — _ )
lyi = ¥ill - llyx — ¥l



where || - || is the usual Euclidean norm. B,, can also be written as

B,=Y'Y,=D,X:X,D,,

with

v :<Y1—}_’1 Y2 — Y2 }’p—}_’p>
"Ny =l Ny =32 ye — 9ol

and D,, = diag <+> is a diagonal matrix.
llyi—y:ll pXp

Let us consider a class of statistics related to the eigenvalues of B,,. To this end,
define the empirical spectral distribution (ESD) of the sample correlation matrix B,
by FBr(x) = i P I\ <), where Ay < Xy < ... < )\, are the eigenvalues of B,
and I(-) is an indicator function.

If X1, Xs,...,X, are independent, FB»(z) converges with probability one to the
Marcenko-Pastur (simply called M-P) law F.(z) with ¢ = lim,_,o.p/n (see Jiang

(2004)), whose density has an explicit expression of the form

1 b—x)(x—a), a<z<b
o) BV E 0

0, otherwise;

and a point mass 1 —1/c at the origin if ¢ > 1, where a = (1—+/c)? and b = (1++/c)%.

Linear spectral statistics of the sample correlation matrix are of the form:
1 p
03500 = [ f@)iFt(a),
P

where f is an analytic function on [0, 00).



We then consider a normalized and scaled linear spectral statistic of the form:

To(f) = / F(2)dG(x), (2.1)

where G, (z) = p[FB"(x) — F,.,(x)].
The test statistic T,,(f) is a general statistic in the sense that it covers many

classical statistics as special cases. For example,

1. Schott’s Statistic (Schott (2005)):
file) =~z T(R) = tr(B2) = p—p [+ a)dE, (o).
2. The Likelihood Ratio Test Statistic (Morrison (2005)):

fala) = log(e) = Tu(f2) = 3 log() —p / log(x)dF,, (z),

where \; : 72 =1,2,...,p are eigenvalues of B,,.

One important tool used in developing an asymptotic distribution for 7,,(f) is the

Stieltjes transform. The Stieltjes transform mg for any c.d.f G is defined by

me(z) = / )\isz(A), 3(2) > 0.

The Stieltjes transform mg(z) and the corresponding distribution G(z) satisfy the

following relation:

G([x1,29]) = Lyim - S(me(z + ic))dx,

T e—0 z

where x; and x5 are continuity points of G.
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Furthermore, the linear spectral statistic can be expressed via the Stieltjes trans-

form of ESD of B,, as follows:

1
271

/ F@)dF® (z) = ]ﬁ F(2)mpmn (2)dz, (2.2)

where the contour C contains the support of F'B» with probability one.

3 Asymptotic Theory and Two Applications

First, we establish a new central lint theorem for the linear statistic (2.1) in Theorem
3.1. Second, we show how to apply the linear statistic and its resulting limiting
distribution for an independence test for p random variables and then an equivalence

test for factor loadings or factors respectively.

3.1 Asymptotic Theory

Before we establish our main theorem, we introduce some notion. Let B, =Y, Y.
The Stieltjes transforms of ESD and LSD for B,, are denoted by m,,(z) and m,.(z),
respectively. Their analogues for B,, are denoted by m,(z) and m.(z), respectively.
Moreover, m, (z) and m.,(z) become m,(z) and m.(z), respectively, when c is re-

placed by ¢,. For ease of notation, we denote m.(z) and m.(z) by m(z) and m(z), re-

1\"P E| X —EX; |*
p L~i=1 (E|X;1—EX;1(2)2)

spectively with omitting the subscript c. Moreover, let k = lim,_,
and m'(z) denote the first derivative of m(z) with respect to z, throughout the rest
of this paper.

The following theorem is to establish a joint central limit theorem for the linear

spectral statistic of the correlation matrix B,,.



Theorem 3.1. Assume that {X;; : 1 = 1,2,...,p;5 = 1,2,...,n} are independent
with sup, <;<, B[ X |* < 0o. Let p/n — ¢ € (0,400) asn — co. Let fi, fa, ..., fr be

functions on R and analytic on an open interval containing

Then, the random vector (ffl(x)dGn(a:), . .,ffr(x)dGn(x)) converges weakly
to a Gaussian vector (Xy,,..., Xy, ).

When X; are real random variables, the asymptotic mean is

K—1 em(z)(2(1+m(2)) +1—¢)
E. | X | = - z dz
[ fJ] ﬁf( )((z(l —|—m(z))—c)2 )( (I1+m(z)) — c)
K= [y — 2 ]{ £2) czm(z)mQ(z)(l —i—m(z)) (z(l +m(z))+1-— c)
- 2

2mi Je m(z)(z + zm(z) — c) ( z2(14+m(z)) — 0)2 - c)

1 P )c(l + 2m(2) — zm(2)m(z) — 2°m(2)m?(z) (1 + m(z)) (z(l +m(z))+1— c) ;

omi Joo 2L+ em(2) (2(1+ m(2)) — )2 — 0) ‘
1 em(z) /

2 b ( )( . czm(z)m (2) |dz

and the asymptotic covariance function

CO’UT(Xf Xf

= z z an (zl)m/(zg) dz1dz
2%27{ f f] lfr 2 1+C( ( )_|_m(z2))+c<6—1)m(zl)m(22))2 1422

k-1 R em (z1)m (22) o de
I S Tt i

K — 2 _
_ro -2 ]{ Fi(z0) fr(z2)V (¢,m(z1),m(z2))dz1 dzs,
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—EX
i which Y = E\XliiEXih)? = 1 under the real case,

Vie,m(z1),m(z2)) = c(m(zl)m(zl) + zlm(zl)m/ (z1) + zlm/(zl)m(z1)>
X (m(zz)m(zg) + zgm(z:g)ml(zz) + ng/(ZQ)m(ZQ))

for j,k=1,2,...,r, and the contour fc 1s closed and taken in the positive direction in the

complex plane, each enclosing the support of Fe(-).

When {X;;} are complex variables, assuming that ¢ = % are the same for

1=1,2,...,p, the asymptotic mean is

Ee [ij] = Er [ij]
1 zm! (2) _ cl|*m?(2)
2 Jo f(z)((l +m(2))(z+zm(z) —¢)  (1+em(2)[(14 cem(z2))? —
c(1+m(2)(2(1+m(z)+1—-c)
X | — dz;
( (1+m(:) ~¢)* ~c) )

o)

and the asymptotic variance is

C’ovc(Xf, Xy.) = Covp(Xy;, Xy,)
?{ 7{ fJ 2 fr(zg)cm (z1)m (22)dz1d2s
aJe (14 c(m(z1) +m(22)) + clc — 1)m(21)m(22))2

|¢|2y{ y{ f] 21 ) fr(z2)em’ (z1)m’ (22)dz1dzy
o Joo (L4 cem(21))(1 + em(z2)) — ciPm(z1)m(z2)]?

Remark 1. Especially, when X;; ~ N (pi,02), i=1,2,...,p; j=1,2,...,n, we have k = 3.
Although the asymptotic means and variances given above look complicated, they are
easy to calculate in practice. In fact, the LSD’s m(z) and m(z) can be estimated by
%tr(Bn—lep)*1 and Ltr(B,, — 21,) " respectively. Moreover, asymptotic distributions
are still the same after plugging in such estimators due to Slutsky’s theorem. The

integrals involved in Theorem 3.1 may be calculated by the function ‘quad’ or ‘dblquad’
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in MATLAB.

3.2 Two Applications

In this section, we provide two statistical applications of linear spectral statistics
for sample correlation matrices. They are an independence test for high dimensional

random vector and an equivalence test for factor loadings or factors in a factor model.

3.2.1 Independence Test

For the p random variables grouped in the vector y, our goal is to test the following

hypotheses:

Hyo : Xy,..., X, are independent; vs Hy, : Xi,..., X, are dependent.

(3.1)

For this independence test, we make the best use of the linear spectral statis-
tic (2.1) based on the sample correlation matrix of x with the available n samples
X1,Xs,...,X,. As stated in the last section, under the null hypothesis, the limit spec-
tral distribution of B,, is the M-P law. We use this point to imply independence when

applying linear spectral statistics. For simplicity, we choose f(z) = 2% in (2.1).

3.2.2 Test for Equivalence of Factor Loadings or Factors

Since it is difficult to find consistent estimators for unknown factors and loadings, this
section proposes to use the proposed linear spectral statistic of the sample correlation
matrix for directly testing equivalence for either the factor or the loading without

requiring consistent estimators.
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Counsider the factor model
Xy =XNTFi+ey, i=1,2,....,p;t=12,...,n, (3.2)

where A; is an r-dimensional factor loading, F; is the corresponding r-dimensional
common factor, {e;; : 1 =1,2,...,p;t =1,2,...,n} are the idiosyncratic components
and they are independent for i = 1,2,...,pand t =1,2,... n.

One goal is to test
H201A1:A2:...:Ap. (33)

The proposed statistic is the linear spectral statistic based on the sample correla-

tion matrix B,,. Under Hyy, model (3.2) reduces to
Xy = ATFy + 4. (3.4)
From (3.4), we have
Xy — Xy =eu — &,

where X; = % Zf\il X and & = % ZZ]\LI Eit-

In view of this, under the null hypothesis Hyj, the sample correlation matrix
of x = (Xi1, Xy, ..., Xin)T is the same as that of € = (g51,640,...,6m)7. Since
the components of & are independent, the linear spectral statistic (2.1) follows the
asymptotic distribution in Theorem 3.1. This is the reason why the proposed statistic

works in this case.
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Another goal is to test

H301F1:F2:...:Fn. (35)

Similarly, we also propose the linear spectral statistic based on the sample corre-

lation matrix B,,. Under Hsp, model (3.2) reduces to
Xit = X[ F +e, (3.6)
From (3.6), we have

Xip — Xi =i — &,

v 1 n — 1 n
where X; = -3 Xy and & = - > 7" | eqr.

Then under the null hypothesis Hsg, the sample correlation matrix of X = (X4, Xoy, . . .

is the same as that of € = (g4, €2, . .., €p¢)" . This point makes the proposed statistic

(2.1) applicable and useful in this situation.

Remark 2. We consider a special example of interactive factor model (5.2) of the

form:

Xit:ai+ft+€it7 2217277277 t:1727"'7n7 (37)

where «; is the specific fized effects corresponding to section i fori=1,2,....n, f; =
f(%) is a trend function, {ey : i = 1,2,...,p;t = 1,2,...,n} are the idiosyncratic

components and they are independent fori=1,2,... ., pandt=1,2,...,n.

13
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For model (3.7), we consider the null hypothesis test
H4010[12042:"':Oép. (38)

We may propose the same statistic as that for (3.3).

4 Finite sample analysis

The finite sample performance of the proposed linear spectral statistic in the two
applications are being investigated. We present the empirical sizes and powers of the

proposed test.

4.1 Empirical sizes and powers

First, we introduce the method of calculating the empirical sizes and powers. Since
the asymptotic distribution of the proposed test statistic R, is a standard normal
distribution, it is not difficult to compute the empirical sizes and powers. Let z;_ 1
and z3, be the 100(1 — 3)% and ja quantiles of the standard normal distribution.
With K replications of the data set simulated under the null hypothesis, we calculate
the empirical size as

{ﬁ Of RnH 2 Zl—%aor RTI;I S Z%a}
K 9

(4.1)

o=

where R represents the value of the test statistic R, based on the data simulated
under the null hypothesis.

In our simulation, we choose K = 1000 as the number of the replications. The
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significance level is a = 0.05. Similarly, the empirical power is calculated as

{ﬁ Of Rﬁ Z Zl—%aor Rﬁ S Z%a}
K )

5= (4.2)

where R represents the value of the test statistic R, based on the data simulated

under the alternative hypothesis.

4.2 Independence Test

First, we generate the data x = (X3, X5, ..., X,,) with n random samples x;, X2, ..., X,
in the following data generating process. Let x; = Tz;, where z; = (Z1;, Zai, - - -, Zpi)©
with the first [p/2] components (Zy;, Za;, . .., Zjp/2) being generated from the stan-
dard normal distribution and the rest of the components (Z,/9141,i: Z[p/24+2,» - - - » Zpi)
being generated from Gamma(1,1), in which [m] < m denotes the largest integer of

m. The p X p deterministic matrix T is generated in the following scenarios:

1. Independent case: T = L,, where I, is an identity matrix;

2. Dependent case(1): T =1, + \/LﬁuvT, where u and v are p X 1 random vectors

whose elements are generated from the standard normal distribution;

3. Dependent case(2): T =1, + de’ + ed”, where d = (0.5,0,0,...,0)T isp x 1
vector with the first element being 0.5 and the rest of the elements being 0, and

e is a p x 1 vector whose elements are all 1.

The empirical sizes corresponding to the independent case are listed in Table 1.
The table shows that, as the pair (n, p) increases jointly, the sizes are close to the true
value 0.05. The empirical powers under the two dependent cases above are presented

in Table 2 and Table 3 respectively. The tendency of the powers going to 1, as (n, p)
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increases, illustrates both the finite—sample applicability and the effectiveness of the

proposed test statistic.

Table 1: Independent test: size(half gamma)
mc 02 04 0.6 0.8 i
20 0.0248 0.0310 0.0376 0.0366 0.0374
30 0.0360 0.0376 0.0440 0.0400 0.0416
40 0.0360 0.0424 0.0446 0.0452  0.0436
50 00410 0.0482 0.0484 0.0512  0.0440
60  0.0428 0.0486  0.0448 0.0482  0.0516

Table 2: Independent test: power(1+%ﬁupv;)

n\c 0.2 0.4 0.6 0.8 1.0
10  0.1640 0.2902 0.4704 0.6404 0.7682
20 0.4092 0.7342 09114 0.9816 0.9952
30  0.6244 09384 0.9942 0.9998  1.0000
40  0.8076  0.9890 0.9994 1.0000  1.0000
50  0.9022 0.9986 1.0000 1.0000 1.0000

Table 3: Independent test: power(a=0.5)
moNd 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

(20,0.4) 0.2916 0.6368 0.6310 0.8082 0.8930 0.9318 0.9506 0.9534
(20,0.8) 0.2416 0.3700 0.5806 0.6662 0.7808 0.8452 0.8692  0.9066
(30,0.4) 0.3102 0.6916 0.9326 0.9668 0.9784 0.9884 0.9892 0.9928
(30,0.8) 0.2580 0.6384 0.7828 0.9048 0.9444 0.9622 0.9836  0.9902
(40,0.4) 0.7000 0.8826 0.9762 0.9874 0.9974 0.9976 0.9988  0.9996
(40,0.8)  0.4080 0.7628 0.9284 0.9730 0.9870 0.9944 0.9984 0.9994

4.3 Equivalence Tests for Factor Loadings or Factors

As for the equivalence test (3.3) for factor loadings, we generate data for factors
and idiosyncratic components as follows. The idiosyncratic components {e; : i =
1,2,...,p;t = 1,2,...,n} are generated from the standard normal distribution and

the factors F; is AR(1), i.e.

Ft:athl_'_nta t:1727"'7n7
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where a = 0.2 and {n;} is generated independently from the standard normal dis-
tribution. The initial value Fy = 0. The number of factors takes values of 2 and 3,
respectively, in the simulation.

Factor loadings are generated in the following two scenarios.

1. DGP(1): Ay = A for i = 1,2,...,p, where X is generated from the standard

normal distribution.

2. DGP(2): A;=Afori=1,2,...,[d-p|, where d = 0.1; A, is generated indepen-

dently from the standard normal distribution for each j = [d-p], [d-p]+1,...,p.

For this test, the empirical sizes under DGP(1) are shown in Table 4 while the
empirical powers under DGP(2) are given in Table 5 and Table 6. As (n,p) increases
jointly, the empirical sizes tend to the nominal level of 5%. The powers show that
our proposed test statistic can capture some local alternatives effectively. As p = 30,
there are 3 different factor loadings under the alternative hypothesis which can be

distinguished by the proposed test statistic.

Table 4: Factor loading test: size
n\c 0.2 0.4 0.6 0.8 1
20 0.0234 00320 0.0348 0.0324 0.0346
30 0.0328 0.0374 00376 0.038 0.0404
40 0.0338 0.0386 00462 0.0444 0.0454
50  0.0348 0.0440 0.0456 0.0460 0.0424

Table 5: Factor loading test: power(r=2, different factor loadings are at n-direction)
(mp\d 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
(10,10)  0.0690 0.1096 0.1446 0.1812 0.2070 0.2256 0.2486  0.2526  0.2394
) 00726 0.1100 0.1536 0.1886 0.2180 0.2392 0.2646 0.2682 0.2700
) 00742 0.1134 0.1624 0.1964 0.2214 0.2432 0.2586 0.2634  0.2782
(20,20) 0.1100 0.2070 0.3068 0.3964 0.4616 0.5216 0.5578 0.6092 0.6264
)
)

0.1010 0.1830 0.2884 0.3744 0.4464 0.4954 0.5486 0.6062 0.6126
0.1412 0.2624 0.4088 0.5266 0.6172 0.7004 0.7464 0.8050 0.8368
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Table 6: Factor loading test: power(r=3, different factor loadings are at n-direction)
(mp\d__ 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
(10,10) 0.0942 0.1648 0.2074 02418 0.2854 0.2056 0.2834 0.2964 0.2920

(20,10) 0.1618 0.2970 0.4078 0.4862 0.5642 0.6044 0.6466 0.6854 0.6826
(30,10)  0.2202 0.4230 0.5646 0.6578 0.7318 0.8028 0.8342 0.8612 0.8766
(20,20) 0.1692 0.2816 0.4252 0.5226 0.5998 0.6518 0.7026 0.7406 0.7438
(30,20) 0.2068 0.4228 0.5774 0.7024 0.7808 0.8478 0.8812 0.9074 0.9348
(30,30) 0.1954 0.4052 0.5770 0.6918 0.7768 0.8372 0.8848 0.9092 0.9320

Similarly, for the equivalence test (3.5) for factors, the idiosyncratic components
are generated in the same way as the test above. The factor loading {A;} is generated
independently from the standard normal distribution.

Factors are generated in the following two scenarios.

1. DGP(3): F; =F fort = 1,2,...,n, where F is generated independently from

the standard normal distribution.

2. DGP(4): F, =F fori=1,2,...,[d-n], where d = 0.1; F, is generated indepen-

dently from the standard normal distribution for t = [d - n|,[d-n| + 1,...,n.

The empirical sizes under DGP(3) are shown in Table 7 while the empirical powers
under DGP(4) are given in Table 8 and Table 9. The behaviours of the sizes and

powers are similar to those discussed in the factor loading test.

Table 7: Factor test: size
n\ec 0.2 0.4 0.6 0.8 1

20 0.0286 0.0330 0.0348 0.0384 0.0390
30 0.0322 0.0352 0.0396 0.0398 0.0412
40  0.0322 0.0362 0.0410 0.0420 0.0414
50  0.0360 0.0442 0.0462 0.0456  0.0440

Table 8: Factors test: power(r=2, different factors are at n-direction)
(mp\d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
(10,10)  0.0696 0.1170 0.1528 0.1822 0.1994 02248 0.2272 0.2530 0.2474

(20,10) 0.1146 0.2016 0.3024 0.3684 0.4386 0.4850 0.5316 0.5606 0.5710
(30,10) 0.1582 0.2970 0.4260 0.5338 0.6088 0.6850 0.7192 0.7564 0.7734
(20,20) 0.1024 0.2038 0.3002 0.3918 0.4612 0.5214 0.5548 0.5988 0.6158
(30,20) 0.1354 0.2896 0.4130 0.5492 0.6340 0.7116 0.7574 0.8096 0.8310
(30,30) 0.1358 0.2810 0.4058 0.5304 0.6268 0.6988 0.7594 0.8094 0.8302
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Table 9: Factors test: power(r=3, different factors are at n-direction)
mpNd 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(10,10) 0.0996 0.1590 0.2088 0.2566 0.2688 0.2910 0.3004 0.2960 0.2930

(20,10) 0.1606  0.2996 0.3968 0.4984 0.5556 0.6016 0.6298 0.6632 0.6784

(30,10) 0.2272  0.4100 0.5502 0.6568 0.7334 0.7912 0.8298 0.8620 0.8748

(20,20) 0.1554 0.2988 0.4358 0.5252 0.5906 0.6592 0.7010 0.7336 0.7584

(30,20) 0.2138 0.4166 0.5762 0.7024 0.7880 0.8506 0.8826 0.9120 0.9256
)

(30,30 0.2074  0.4028 0.5660 0.6960 0.7850 0.8362 0.8842 0.9210 0.9304

Another equivalence test (3.8) is also analyzed. The idiosyncratic components
{eiw 11 =1,2,...,p;t =1,2,...,n} are generated independently from the standard
normal distribution, and the trend function f; = t/n.

The specific character «; for each section 7 = 1,2, ..., p is generated in the follow-

ing two scenarios.

1. DGP(1): a; = aowithi =1,2,...,p where « is generated from standard normal

distribution.

2. DGP(2): oy = awithi=1,2,...,[d- p|] where d = 0.1; o is generated from

standard normal distribution independently for each j = [d-p|,[d-p]+1,...,p.

The empirical sizes and powers are illustrated in Table 10 and Table 11 respec-
tively. In contrast with the powers in the factor loading test, the powers are relatively
lower. It is reasonable because the specific characteristic «; is not affected by the com-
mon factors. In summary, the proposed statistic still works well numerically in this

case.

Table 10: Specific characteristic test: size
(mpN\d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(10,10)  0.0286 0.0302 0.0292 0.0318 0.0276 0.0348 0.0324 0.0344 0.0328
(20,10) 0.0364 0.0334 0.0350 0.0392 0.0366 0.0400 0.0360 0.0350 0.0334
(30,10)  0.0360 0.0424 0.0334 0.0338 0.0386 0.0400 0.0398 0.0360 0.0360
(20,20) 0.0372 0.0344 0.0392 0.0388 0.0402 0.0378 0.0386 0.0414 0.0392
(30,20)  0.0390 0.0408 0.0388 0.0356 0.0432 0.0418 0.0418 0.0390 0.0382
(30,30) 0.0440 0.0420 0.0434 0.0412 0.0432 0.0396 0.0434 0.0442 0.0436
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Table 11: Specific characteristic test: power
(mpNd 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.0912 0.1852 0.2924 0.3946 0.4972 0.5766 0.6544 0.7102 0.7638

(10,10)  0.0560 0.0892 0.1298 0.1644 0.1998 0.2292 0.2544 0.2726 0.2822

(20,10) 0.0638 0.0940 0.1266 0.1670 0.1970 0.2256 0.2368 0.2664  0.2562

(30,10) 0.0532 0.0864 0.1158 0.1572 0.1768 0.2058 0.2150 0.2480  0.2392

(20,20) 0.0758 0.1534 0.2258 0.3076 0.3756 0.4428 0.5078 0.5430 0.5826

(30,20) 0.0644 0.1434 0.2056 0.2738 0.3404 0.4106 0.4608 0.5094 0.5396
)

5 Empirical Application

In this section, we analyze the relationship of the household incomes among different
cities for rural China. The main goal is to test whether they are independent or not.
The data set is drawn from the ‘Rural Household Income and Expenditure Survey’
conducted by the State Statistics Bureau of China (SSB) and the Chinese Academy
of Social Science (CASS). The data set was collected in 1995 and provides useful
information about 7998 households in rural areas of 19 Chinese provinces.

In this study, we focus on testing independence of the household incomes among
different cities. After deleting observations with missing or implausible values of the
household income variables, a sample of 96 households is retained for 69 different
cities.

The proposed linear spectral statistic is applied to this independence test. Differ-
ent number of cities and various number of households are considered. The p-values
of the proposed test are reported in Table 12. The p-values decrease as the number
of cities increases. This phenomenon makes sense since the possibility of the depen-
dence becomes larger as the number of cities becomes bigger. Since the p-values are
all greater than 0.01, we conclude that the household incomes from different cities

are independent.
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Table 12: P-values of independence test for household incomes from different cities

(o.n) (5, 10) (15, 20) (40, 50) (50, 60) (60, 70) (69,30) (69, 96)
p—values 05260 0.4430  0.5620  0.5290  0.0890  0.0680  0.0540

6 Conclusions

In this paper, we have established a new central limit theorem for a linear spectral
statistic of sample correlation matrices for the case where the dimensionality p and
the sample size n are comparable. Two useful statistical applications are considered.
The first one is an independence test for p random variables while the second one is an
equivalence test in factor models. The advantage of using the linear spectral statistic
based on sample correlation matrices over sample covariance matrices is that we do not
require the knowledge of the first two moments or the underlying distribution of the p
random variables under investigation. The finite sample performance of the proposed
test is evaluated. An empirical application to test cross-section independence for the

household income in different cities of China is discussed.

7 Appendix: Proof of the main theorem

We start by listing some necessary lemmas.

7.1 Lemmas

Lemma 1 (Jiang (2004); Xiao and Zhou (2010)). Suppose p/n — ¢ € (0,+00). IfE|X11[* <
0o and EX11 = 0, then Amax(Bn) ©3 (1 + /€)% and Amin(B) 3 (1 — /)2,
Lemma 2 (Corollary 7.38 of Horn and Johnson (1999)). Let A and B be two complex p xn

matrices. Define r=min{p,n}. If o1 > o9 > ... > o, are the first r largest eigenvalues of
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A*A and Ay > Ay > ... > N\, are the first r largest eigenvalues of B*B, then

max |\/o; — \/Ai| < [|[A - B,
1<i<r

where ||A — B|| denotes the largest eigenvalue of (A — B)*(A — B).

Lemma 3 (Burkholder (1973)). Let { Xy} be a complex martingale difference sequence with

respect to the increasing o — field {Fy}. Then for ¢> 1,

E| Y X! < K, (E (ZEk—ﬂXk\Q)q/Q +E [Z |Xk:|q]> -

Lemma 4 (Theorem 35.12 of Billingsley (1995)). Suppose for each n, Yn1,Yno, ..., Yar,
is a real martingale difference sequence with respect to the increasing o-field {Fy;} having

second moments. If as n — oo,

Tn

ZE(Yfﬂfn,g’—l) & o2, (7.1)
j=1

where o2 is positive constant, and for each e > 0,
Tn
ZE(Yr?jI\YnﬂZa) — 0, (7.2)
j=1

then 3700 Yo et N(0,0?).
The proofs of Lemmas 5-7 below are given in the supplementary.

Lemma 5. Suppose that {X;}}_, are i.i.d. random variables with EX1 = 0 and E|X;|? = 1.

Lety = (X1,.... Xp)T andy = #e, where e = (1,1,...,1)T is an n-dimensional vector.

Assuming that A is a deterministic complexr matriz, then for any given g > 2 , there is a

positive constant K, depending on q such that

q

Ela*Aa — %trA <K, {n_q(vgqtr(AA*)q + (vatr(AAF))2) 4 P(B;;(e))HAHq} . (7.3)
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where By (€) = {y : |w -1 < e} and o = %, in which € > 0 is a constant.

Remark 3. Note that P(BS(e)) = O(n~v20%? + n=0%1uy,). If Al < K and |X;] < v/ndn,

we have
q
< Knto2a (7.4)

El|la*Aa — ltrA
n

Remark 4. Similar to Lemma 5, one can prove that under the same conditions of Lemma

5 (replacing ax by o ), we have

< Ky {n 7 (vagtr(AA")" + (ostr(AAY))Y?) + B(Bg () | Al }

EX?2
Ela’Aa — LirA
n

(7.5)
Lemma 6. In addition to the condition of Lemma 5, if E|X1|* < oo, ||A|| < K and
IBJl < K. then

n

E(a’Aa — —trA)(a’Ba — —trB Z —( (E|X1)* — |E(X?))? — 2)AyiBy;

[EXF
+
n2

1 1—E[X,|* 1
tr(ABT) + —tr(AB) + ﬁt AtrB + o ( )

n n3 n
In the sequel, we assume that {X;;} satisfies

(7.6)

1 p
| Xij| < nv/n, EXyy =0, E[Xy” = 1, E|Xj|* <00, and k= lim =Y E|Xu[".
p—0o0 P 1

Lemma 7. For any | € N, p1 > (14 /) and 0 < pa < Ig1)(c)(1 — /¢)?, under

condition (7.6), we have

P(|By]| > 1) = o(n") (7.7)
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and

P(ABr < pig) = o(n7h). (7.8)

min —

7.2 Proof of Theorem 3.1

The overall strategy of our proof is similar to that in Bai and Silverstein (2004). Since many
tools proposed in Bai and Silverstein (2004) can not be utilized for the sample correlation
matrix case, we therefore develop a number of new techniques for the proof of Theorem 3.1.
Among them, to apply the Cauchy integral formula in (7.9) below and prove tightness, we
develop Lemma 7 to make sure that the extreme eigenvalues of B,, are highly concentrated
around two edges of the support. To convert random quadratic forms into the corresponding
traces, we establish a moment inequality for random quadratic forms in Lemma 5. Lemma
6 also establishes a precise estimator for the expectation of the product of two random
quadratic forms before we may apply central limit theorems for martingale differences.
Moreover, we find out the limit of the quadratic form 17E(B,, — 2I)~'1/n is independent of
m(z), which is quite different from what may be obtained in the case of covariance matrices
(here all entries of the vector 1 are one). One can refer to Lemma 8 in the supplementary
for detail.

By the Cauchy integral formula, we have

/ F(@)dC(a) = 5 /C f(2)me(z)dz (7.9)

valid for any c.d.f G and any function f analytic on an open set containing the support of
G. In our case, G(z) := Gy (x) = p(FB»(z) — F., (z)).

Note that the support of Gy, () is random. Fortunately, it is well known that the extreme
eigenvalues of B,, are highly concentrated around two edges of the support of the limiting

M-P law F.(x) (see Lemma 7). Then the contour C can be appropriately chosen. Moreover,
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as in Bai and Silverstein (2004), by Lemma 7, we can replace the process {M,(z),C} by
a slightly modified process {]\/Zn(z),C} Below we present the definitions of the contour
C and the modified process ]\//.Tn(z). Let x, be any number greater than (1 + /c)?. Let
x; be any negative number if ¢ > 1. Otherwise we choose x; € (0,(1 — /¢)?). Now let
Cu ={z+ v : x € [, 2]}

Then we define CT = {;+iv : v € [0,v0]}UC, U {2z, +iv : v € [0,v0]}, and C = CTUCT.
Now we define the subsets C,, of C on which M, (-) equals to ]\/Zn() Let {e,} be a sequence

a

decreasing to zero satisfying for some « € (0,1), &, > n=*.

Now we set
c {x;+iv:v € [n"tey,vo]}  if 2 >0,
l =
{z;+iv:v €[0,v9]} if x; <0,
and C. = {x, +iv:v € [n "1, v]}.

Then we define C,, = C; UC, UC,. The process ]\//.Tn(z) is defined as

M, (2) for z € C,,
Mn(2) = M,(z, +in"'e,) for x = x,,v € [0,n e,
M, (z; +in"ey,) for x = x;,v € [0,n " te,].

To prove Theorem 3.1, as in Bai and Silverstein (2004), it suffices to prove the CLT for

]/\4\”(2) with z € C. We state the result in the following proposition and then prove it.

Proposition 1. Under the conditions of Theorem 3.1, {]/W\n()} forms a tight sequence on

Ct. And {]\//.Tn()} converges weakly to a two-dimensional Gaussian process { M (-)} satisfying
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for z € CT. Under the real random variable case,

em(2)(2(1+m(2)) +1—c)
EM(z) = —(k—1
) ( )((2(1 +m(2)) —¢)” =) (2(1 + m(2)) — )
B B czm(z)m?(2) (1 +m(2)) (2(1 + m(2)) +1 —¢)
+H(n = 0P -2 (G0 +m(2) —0)? — ) (L 1 em(2))
em'(2) (2(1+ m(2)) +1 - c)

em(z)

+ czm(2)m (2)

(7.10)
and for z;,z; € C
em/ (z1)m’ (22)
Cov(M(z;), M(z; = 2
(M (2), M(z5)) (1 +c(m(z1) + m(z2)) + (¢ — C)m(zl)m(z2))2

B (H B 1) cm/(21)m/(22)

(1+m(21))2(1 + m(22))?
+(,§ — |y - 2)V(c,m(21), m(z2)),

(7.11)

where V(c,m(z1), m(z2)) is defined in Theorem 3.1.

When {X;;} are complex variables, assuming that ¢ = w are the same for

E[X;1—EX|
1=1,2,...,p, the asymptotic mean is
m(2) c|Pm?(2)
1)+ (T a6t e =9 a+mm>nu+amaﬂ—dw%ﬂ@ﬂ)
'(7 c(14+m(2))(z(1+m —|—1—c)>
<m@u+m1» o) ~c)

(7.12)



and the asymptotic variance is

(7.11) — em (z1)m’ (22) (7.13)

(1 + c(m(z1) + m(z2)) + c(c — 1)771(2'1)771(,2'2))2
cm/(zl)m/(zg)
[(1+ em(z1))(1 + em(22)) — c|ypPm(z1)m(z)]*

+ |y

By the discussions in Bai and Silverstein (2004), we see that Theorem 3.1 holds if Propo-
sition 1 is proved. Thus the rest of the work will be devoted to the proof of Proposition

1.

Before proving Proposition 1, we need to truncate the elements of X,, as follows.

7.2.1 Truncation, Centralization and Rescaling

By the same method as that in page 559 of Bai and Silverstein (2004), we can choose a

positive sequence of {J,} such that
5 — 0, 6,0t/ = 0o, 67AEXHI(|X11] > 60v/n) — 0.

Let B, = ]ananL]jn, where X, is pxn matrix having (i, j)th entry Xij —% > orq Xk,

Xij = XijI{IXij|<5n\/ﬁ} and f)n is D,, with X,, replaced by Xn We then have

P(B, # By) < np- P(|X11| > 6pv/n) < K5, [ Xu1|* = o(1).
{IX11]20nv/n}

Define ]§n = %ﬁnini;‘lf)n, where )~(n is p X n matrix having (i, 7)th entry )Z'ij —
LS Xk, Xij = (Xij — EXy5) /0, with 02 = E|X;; — EX;;[?; and D, is D,, with X;;
replaced by )~(U Throughout this paper, we use M and K to denote a constant which can
represent different constants at difference appearance.

From Lemma 1 and Yin, Bai and Krishnaiah (1988), we see that
max max

|limsup)\B” | < M(1++/e)?, |limsup AB» | < M(1++c)%
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Let Gp(z) and G (2) be Gp(x) with B, replaced by B,, and B,, respectively. Then for

each j =1,2,...,k,

|/f] )dG( /fj )dG ( |<MZ|)\B" )\B"]

p
k:l
Moreover, similar to Bai and Silverstein (2004) (page 560), we have

S AB — ABy?
k=1

(

A

tr(f)an —

5

1
< —
- n

where K is a bound in |f]/(z)|
Meanwhile, we have

lo2 —1| <M | X1 (7.14)
{IX111>26n+/n}

< 2(5n2n1/ X1 |* = o(62n7Y)
{IX11[20nv/n}

and [EX11] < 2| [ix,, 155, vm) X11| = 0(6,07%/2).

We therefore obtain

(7.15)
tr[(D,X, — D, X,)(D,X, - D,X,)*])"’
tr[(Dn(Xy — X)) + (D — D)X, (Dn(X, — X)) + (D, — D,)X,0) )
tr[(Dn(Xn — X,)(Xy — X5)D,, + D, (X, — X,,)X5 (D, — D)

~ L~ ~ S ~ ~ NS T 1/2
n Dn)Xn(Xn - Xn)Dn + (Dn - Dn)Xan(Dn - D”)]) / '

~ o~ o~ o~

O 3I=31—3~

For the first term on the right hand side above, under the condition of Theorem 1, By
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(7.14), we can see

%Etr (X, — X)X, — X,)"D)] (7.16)

_ 1 S E [Xiy = Xy — 5 30 (K — Xg)?

n i,j Zzzl(Xik - % Z?:l Xa)?
(-5, S E (Xij — 5 2 Xa)® P L st
" i S (X — ED I Xg)2 n In " '

The remaining terms of (7.15) can be similarly verified to have an order of o(1/n) and
so (7.15) =o(n~Y/2). In view of above, we obtain [ f;(x)dG,(z) = ffj(az)dén(a:) + 0p(1).
Since ]E]X,'jﬁ = E]Xij\‘l—l—O(n’l), it will not affect &£ = limy_,o % P E|X;1|*. To simplify

notation we below still use X;; instead of f(ij and {X;;} satisfy (7.6).

7.2.2 Convergence of M,(z)

Let B,, = Y,, Y. The Stieltjes transforms of ESD and LSD for B,, are denoted by m,,(z) and
m,(z) respectively. Their analogues for B,, are denoted by m,(z) and m.(z) respectively.
Moreover, m,. (z) and m,(z) are m,.(z) and m.(z) respectively with c replaced by c,. For
ease of notation, we also denote m.(z) and m.(z) by m(z) and m(z) respectively with
omitting the subscript c.

Since My (z) = p[ma(2) — me,(2)] = n[m,(z) — m,, (2)], we write for z € Cp, My(z) =
Mél)(z)—i—Mff)(z), where M,(ll)(z) = n[m,(z)—Em,,(z)] and MP (z) = n|[Em,(2)—m,, (z)].

Following the steps in Bai and Silverstein (2004), it suffices to show the following four

statements:
1. Finite-dimensional convergence of M,Sl)(z) in distribution on Cy;
2. MT(ZI)(Z) is tight on Cp;
3. {Mr(f)(z)} for z € Cy, is bounded and equicontinuous;

4. My(LQ)(z) converges to a constant and find its limit.
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Step 1:
First, we introduce some notations. In the following proof, we assume that v = Sz >

vg > 0. Moreover,

r]:@7v]:17277p7 Bgn):Bn_rjrja D(Z):Bn ZIn7
||YJ YJH
1 ~ 1
D;(z) = D(z) — rjr;f, Bi(z) = —1 e Bi(z) = 1 1.\
1+riD; (2)r] 1+ 5trD;(2)
1 1
by(2) = , gi(2) =D (2)r; — —trD; 1 (2),

and d;(z) = r;D;2(z)rj — %trD;Q(z). By Lemma 5, we have for any r > 2

Ele;(2)[ < v%n—lafj—‘* (7.17)
and
E|5; ()] < v—]\in_léir_4. (7.18)
It is easy to see that
D 1(2) - D;l(z) = —D;l(z)rjr;ijfl(z),Bj(z), (7.19)

where we use the formula that Afl —A; 1= A, LAy — A1)A1*1 holds for any two invertible
matrices A and A,. Note that |5;(2)|, \gj(z)\ and |by,(2)| are bounded by ‘,Uil

Let Eq(-) denote expectation and E;(-) denote conditional expectation with respect to
the o-field generated by ri,ra,...,rj, where j = 1,2,...,p. Next, we write M,(ll)(z) as a
sum of martingale difference sequences(MDS), and then utilize the CLT of MDS which is

listed in Lemma 4 to derive the asymptotic distribution of Mél)(z), which can be written
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as

MV (2) = n[m,,(2) — Em,,(2)] = tr[D~"(z) - ED'(2)] (7.20)
= ) [trE;D7(2) — trE;_1D ' (2)]
j=1
-y (trEj [D}(z) - D;'(2)] — trE;_1[D () — D;l(z)])
j=1
= =) (B —Ej-1)Bj(2)r;D;2(2)r;.
7j=1

Evidently, 8;(z) can be written as
Bi(2) = Bj(2) = Bi(2)B;(2)e5 (=) = Bi(2) = B}(2)es (2) + B (2)8;(2)<5 (2).
From this and the definition of 0;(z), (7.20) has the following expression

(7.21)
(Ej — Ej—1)8;(2)r;D; % (2)r; = (B; — B 1) [(B;(2) — B (2)e(2)
LR ()85(2)2(2) (65(2) + %trDj_ (2))] = (E; — 5 1) [B;(2)65(2)
— B2, (2)05(2) — B2y (D3 2(2) + B8, () (e D; Ao
= B [B(2)6,() ~ B(2)e5(2) - trD; ()]
— (Bj = Ej-1) [5}(2) (£5(2)0;(2) = B;(2)r;D; 2 (2)rse5 (2))] — Bj-1[B;(2)8;(2)],

where the second equality uses the fact that (E; — ]Ej,l)gj (z)%trD;2(z) = 0.

By making a minor change to Lemma 8(i.e. Replace D71(2) by Dj_l(z) ), we have
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2
E[117D; ! (2)1 + [ = 0. Thus

(7.22)

- ZEJ 105( (nl_ 1) Z ZEJ—l(Dj_Q(Z))M
J=1 k£t
= ; iEjfl(lTD;2(Z)1 — t?"D;Q(Z)) z_p> % '

n(n—1) ot

where the last step uses the fact that lTDj_Q(z)l = (1TDJ-_1(z)1)/ — Z%, %trDj_Q(z) —
m (z) in Ly by Lemma 2.3 of Bai and Silverstein (2004).

It follows from (7.22) that

p .
S B 1B (2)85(2) % T e (), (7.23)
where we use the fact that

B[ S8 (5 ) 1)) 5, 2)

=1
p
1 3 — —
< ;ME‘@'(Z) - b1(z)’ : ’1TDJ. Y(2)1 —trD;'(2)| = 0.

By (7.17) and (7.18), we have

E|Y (B~ Ej-))(2)ei(2)0;(2) 7 = D E|(E; — Ejm1)B2(2)ej(2)05(2)|
j=1 j=1

where the first equality uses the fact that (E; — Ej,l)gjz(z)ej (2)d;(2) is a martingale dif-

ference sequence. Therefore, 3 ¥_, (E; — Ej_l)gjz(z)aj(z)dj(z) converges to 0 in probability.
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By the same argument, we have

S (B — By 1)B2(2)8,(2)r; D) 2(2)rsed(2) B 0. (7.25)

7j=1

With (7.20)—(7.25), we need to consider the limit of the following term:

T p p T
Zaizyj(zi) = ZZ%Y}'(Zi)a (7.26)
=1 j=1 j=1i=1
where $(z;) # 0, {a; :i=1,2,...,7} are constants, and

Yi(2) = B (B(2)55(2) — B2)es(:)rD2(2)) = ~By- i (By(2)e5(2)).
By Lemma 5, we obtain,

E|Y;(2)]* < KEle; (2)]* = 0 (;) . (7.27)

It follows from (7.27) that

2

>

J=1

1 p
LS, axieze) | €5 D E
j=1

From Lemma 4, it suffices to prove that

> E;- Yj(22)] (7.28)

Jj=1

converges in probability to a constant. Once it is proved, we can conclude that Mél)(z)

converges in finite dimension to a normal distribution.
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Since

32
621822

(DB [ (B (212 (20) B (B (z2)e5(2))] ) = (7.28),
j=1

and by the same arguments as those on page 571 of Bai and Silverstein (2004), it is enough

to consider the limit of

Z E]‘_1 [Ej (gj(zl)sj (2’1))Ej (Bj(ZQ)&‘j (2’2))] . (729)

=1

By the fact that

2
lim ”’E (D (Z)> —m(z)‘ =0, (7.30)

\Bj(z)r;f ( )I‘j\ < |2 and Lemma 3, we obtain
E|8;(2:) — bu(z)|” < % (7.31)

By (7.31), we have
E[E;-1[E; (Bj(21)ej(21)) By (B (22)e(22))] = Bj1[B; (bn(21)2;(21)) By (b (22)25(22))]| = O(n 7).

From this, it follows that

> B [E (B (1) (20) By (B (2)e5(22)) | — bre1)bu(22) D By By (2(20) By (e5(22)) ] B 0.
Jj=1 j=1
Then it is enough to prove that
P
bn(zl)bn(zg) Z Ej_l [Ej (6j(Z1))Ej (e’;‘j(ZQ))] (7.32)
j=1
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converges to a constant in probability, which further gives the limit of (7.26).

By Lemma 6, (7.32) becomes

J1+2Jy + Js+op(1), under the real case;
(7.32) = (7.33)
J1+ Ja+ Js+ Jy+op(l), under the complex case,

where

Ji = T;bn(zl)bn(@)_éa — E| X;j1[)trE; (D} (21)) 0 (D (22)) |
T2 = 5bua1)bn(2) 'Eitr (20))E; (D; " (z2)) ;
p
Ty = %bnwbn(m) g (ElXn|" -2~ |EX] ’2);:1@]' (D7 (21)) By (D (22))
= b)) | 3 B 8, (D (20) B, (D 20

Q
Il
—

Next, we study the limit of the term Jo. Let Djj(z) = D(z) — rir] — r;r}, bi(2) =

1 - N S
1T 1ErD(2) and f;(z) = 141D (2)r
We have the equality Dj(zl)—i—zlln—%bl (z)I, = nyﬁj rirf—%bl(zl)ln. Multiplying

by (z1I, — pn;lbl(z)ln)*1 on the left-hand side and Dj_l(zl) on the right-hand side, and

using
r;D; ! (21) = Bij(20)r; D (1), (7.34)
we get
D;l(z) = —Hy(n +Zﬁm ) H (2)ri D (1) — 2y (21)Ho(21)D5 (1)
— _H () + ;ngl)A(Zl) 1 B(2) + C(z), (7.35)
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where Hn(Zl) = (ZlIn—p%lbl(Zl)In)_l, A(Zl) = le;éj Hn(zl)(rirf—%ln)DZjl(zl), B(Zl) =
Zf;éj (613(21) — bl (21))Hn(z1)rirfDi_jl(zl) and
p
C(z1) = n"'b1(20)Hn(21) > (D' (z1) — D; ' (21)).
i#]
-1 1 -1
_ : < LB @] atyv)
For any real ¢, |1 z(1+n—1EtrD;21(z))’ = g(Z(anl]EtrDl—Ql(z))) = 0 .
Thus,
1+ 1/’00
|[Hy (21)]] < - (7.36)

For any random matrix M, denote its nonrandom bound by |||M]||. From (7.31), Lemma

5 and (7.36), we get

E‘tT‘B(ZﬂM‘

IN

PEY2(|B1a(21) — bi(21)]?) - EV2(|ri D (21)MH, (21)r4]°)

|Zl 2(1+1 ’U(])
K|||M||\—’ U5/ nl/2, (7.37)
0

IN

For any n x n matrix A, we have

tr(D7'(2) - D;'(2))A| < g‘g)’ (7.38)
With (7.38), we obtain
(trC(enM] < v 20T 1/v0) (7.39)

Yo
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For any nonrandom M, it follows from Lemma 5 and (7.36) that

E|trA(z1)M| < KE'Y2(trD;'(z1)MH,(2) (7.40)
H (El)M*D-_jl(El»
< M,
)

By using (7.19), we can write trE; (A(Zl))Dj_l(ZQ) = Ai(z1,22)+A2(z1, 22)+A3(21, 22)+

R(z1, z2), where

Ai(z1,22) = —tT‘ZH 21)rr B (D '(21))Bij(22)D ]1(z2)r r;D;; (2)
1<J

p
= =) Bij(z2)r]E;(D;; (21)) Dy (22)rirf D (22) Hy (21)rs;

1<j

Ag(z1,29) = —trYy Hy(z)n 'E;(D;'(21)) (D' (22) — Dj;'(22));

1<j

As(z1,22) = trY Ho(z)(rirf —n 1) E; (D' (21)) D' (22);

i<j
1 * 1 —1 -1
R(21,22) = trE; ;H 21) w1 +m1n)Dij (21)D; " (22),
where e is an n-dimensional vector with all elements being 1 and Er;,r;; = —m, k #

Jj(see (8.12)).
It is easy to see that R(z1,22) = O(1). We get from (7.38) and (7.36) that |Aa(21, 22)| <
%. Similar to (7.37), we have E|A3(z1, 22)| < %nlﬂ. Using Lemma 5 and (7.31),

we have, for i < j,

E|8ij(22)riEj (D' (21)) Dy (z2)rir; Dy (20) Hi (1)1

—bl(ZQ)n_2tr(Ej(DUI(Zl))DJ (z ))tr(D (zg)Hn(zl))‘ < Kn~Y2. (7.41)
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By (7.38), we have

‘tT (Ej (D;j1 (21))D;j1 (22))757“ (D;j1 (z20)H, (21))

—tr(E; (Dj_1 (21)) Dj_1 (22))tr (Dj_1 (22)Hn(21)) ’ < Kn. (7.42)

It follows from (7.41) and (7.42) that

j;zlbl(@)tr(Ej (D; (1)) D (22))tr (D ! (22)Ha (21)) | < Kn'/2.

E‘Al(zl, 22) +

Therefore, by (7.35)-(7.42), we obtain that

tr (E; (D5 (1)) D7 (22)) [1 + 2 n_21bl(z1)b1(zz)tr(Dj_l(zg)Hn(zl)]

= —tT(Hn(Zl)Dj_l(ZQ)) + Ay(z1, 22),

where E|A4(z1, 20)| < Kn'/2,

By (7.35) for D;l(zg) and (7.37)-(7.40), we have

tr(; (D5 (1)) D71 (22)) [1 — 2 n_21b1(zl)bl(ZQ)tr(Hn(ZQ)Hn(zl))] (7.43)

= tr(Hn(zg)Hn(Z1)) + As(21, 22),

where E|A5(z1, 20)] < Kn'/2.
From (7.38), we have |by(2) — by(z)| < Kn~!. Using E|1trD~1(z) — E%terl(z)‘k <

Cpn %2, we have

b (2) — EB1(2)| < Kn~Y/2. (7.44)
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As in (2.2) of Silverstein (1995), one may verify that

12
My (2) = s ; Bj(z). (7.45)
It follows from (7.45) that
EBi(z) = —zEm,(2). (7.46)

From (7.44), (7.46) and Lemma 5, we have
b1(2) + zme, ()| < Kn~Y2, (7.47)

Let Q(2) = (I, + p%lmcn(z)ln)fl. So by (7.43), we get

b (; (D71 (21)) D3 (2)) [1 — 2 - L e, (1), (22)trQu(22)Qu(21)]  (7.48)
= L (Qu(2)Qu(21)) + Ag(1, 22),

Z129

where E|Ag (21, 20)| < Kn'/2.

Rewrite (7.48) as

j - 1 mcn (Z]-)mcn (22)

n (1+%mcn(z2))(1+p;—lmcn(zl))] (7.49)

tr(E; (D} (21)) D (22)) [1 -

= ! + Ag(z1, 22)
R (1+ %mcn(m)) (1+ p%lmcn(zg)) 611, <2)-

Then J; can be written as Jo = ay, (21, 22)% SP 1

=1 %4—1‘17(21, 29), where ay (21, 22) =

eSS i £
T Men (21 n Men (22
Note that the limit of a, (21, 22) is a(z1,22) = T CT(Z)I))E’IEFZQ) =)k Thus by (7.49), the
cem(z1 cm(zo
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: o 92 .
i.p. limit of o2 18

2 /a(Z1,z2) 1 dz—i 8a(zl,z2)/azl)
020071 Jy 1—2z 0z 1—a(z,2)

o )
Dz (1 4 cm(21)> (1 + e(m(z1) +m(z2)) + ele — l)m(zl)m(z2))
cm/(zl)m,(22)

(1 + c(m(z1) + m(z2)) + c(c — 1)m(z1)m(Z2))2‘

Cm(ZQ)m,(Zl)

For 52— Ji in (7.33), similar to (7.22), by (7.47) and (7.30), we have

1 ¢ a1 -1 1 -1 m,, (z1)m,, (22) . 4
E n;mxﬂy 17D (21) 17D (22) - - ;E\Xﬂ\ = o(1)

So we can conclude that

em(z1)m(z2)
(14 m(z1)) (1 +m(z2))’

Ji R <1 - /@) czym(z1)zam(z2)m(z1)m(ze) = (1 - /{)

where the equality above uses the relation between m(z) and m(z): m(z) = —

Then the second derivative of J; with respect to z; and z9 is

0? ip. cm’ (2)m (22)
82’182’2 Jl - (1 B ﬁ) 1+ 2

The next aim is to establish the limit of #ng]g in (7.33). It is enough to find the limit
of 7z Yoket X1 (BIXj[* — 2 = [EXF [*)E; (D (1)) 1, By (D} (22)) g

First, we claim that

(7.50)
1 &

n2 J J

(B Xj1|! — 2 — [EXA[2)E; (D} (1) — ED; (1)), B (D (22)) . = Oyl %),
k=1 j=1
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Actually,

(7.51)
1 e~
El 5 (E[Xj1|* =2 — [EX})E;(D; ' (1) — ED; ' (1)), E; (D5 ' (22))
k=1 j=1
K < _ _ _
< a2 Elel(Dy! (1) ED; ! (z1))er| < Kn 2,
k=1

where the last inequality follows from (8.42) (replacing D by Dy). With (7.51), it remains

to find the limit of

=Y E(D;'(21)) ,E(D; ! (22)) (7.52)

It is easy to see that the sum of expectations in (7.52) is exactly the same for any j.

Moreover, we have
1 _ _ i.p.
- > E(D; (1)), E(D; " (22)),, =5 m(z1)m(z2). (7.53)

By (7.6), (7.47) and (7.53), we get J3 S </~1—2— ]IEX%I\Q) cz1zom(z1)m(z1)m(z2)m(z2).

Thus the limit of %{;@Jg is

(7.54)

82 7.p. ’
57107 Js L (H — ]EX121]2 — 2> ce(m(z1)m(z1) + z1m(z1)m (z1) + z1m' (21)m(z1))

x (m(z2)m(z2) + zom(z2)m (22) + z2m/ (22)m(22)).

For the complex case, the limit of %2@‘]4 is derived in Lemma 9.

Step 2:

The tightness of Mr(bl)(z) is similar to that provided in Bai and Silverstein (2004). It is
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sufficient to prove the moment condition (12.51) of Billingsley (1968), i.e.

iy EM 1) = M (o) P

7.55
n;21,22€Cx |21 — 222 ( )

is finite.

Before proceeding, we provide some results needed in the proof later. First, moments
of |[D~1(2)]], HDJ_l(z)H and HDZ-_j1 (z)|| are bounded in n and z € Cy,. It is easy to see that
it is true for z € C, and for z € Cp if y < 0. For z € C, or, if zy > 0, z € Cy, we have from

Lemma 7 that

EI[D; ()| < Ki+v " P(I[Bjl| = 0 or Al < me)

< Ki+Kon™e ™n <K

for large . Here 7, is any number between (1 + /c)? and z,; if y > 0, 7, is any number
between x; and (1 —+/c)? and if zy < 0, 7 can be any negative number. So for any positive

integer m,
max (E[ID~(2)]", EIID} (=), EI[ D' (2)| ") < K. (7.56)
By the argument above, we can extend (7.4) in the remark of Lemma 5 and get

q
’E(a(v) [ (xiBe(v)r: — n—ltrB@(v)))‘ < Kn~12a9), (7.57)
=1
where By(v) is independent of r; and

max(|a(v)], [|[Be(v)[]) < K(1+n*I(|[Ball = 1, or Agin < m0)),

with B being B§n) or B

n-
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By (7.57), we have
Ele;(2)|™ < Kpn~to2m—4, (7.58)

Let vj(2) = r;ijfl(z)rj - n_lEtrDj*l(z). By Lemma 3, (7.57) and Hélder’s inequality,

with similar derivation on page 580 of Bai and Silverstein (2004), we have

Ely(z) - ()" < 22 (7.59)
It follows from (7.58) and (7.59) that
Ely;|™ < Kpn ™ 152m74 m > 2. (7.60)
Next, we prove that by, (z) is bounded. With (7.57), we have for any m > 1,
E|B1(2)" < K- (7.61)

Since b, (z) = B1(2) + P1(2)bn(2)71(2), it is derived from (7.60) and (7.61) that |b,(z)| <
K+ Kgybn(z)|n_1/2.

Then

K
! < K. (7.62)

()] <€ T <

With (7.57)—(7.62) and the same approach on page 581-583 of Bai and Silverstein (2004),
we can obtain that (7.55) is finite.
Steps 3 and 4:

First, we list some results which are used later in this part. The derivations of these
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results are similar to those for sample covariance matrices in Bai and Silverstein (2004):

sup |m,,(z2) —m(z)| =0, as n — oo.
ZEC’H.

sup H cnlEm,, (2 )In+In)_1H < o0. (7.63)
n;z€Cy

m2 z
p | ()

z€Cn, ( + cpEm, (2 ))2‘<§’ € @.1)

E|trD7 ! ()M — EtrD; ! (2)M|* < K|[M]|2. (7.64)
Next, we derive an identity. Let
G (2) = cnEmy (2)1, + I,,. (7.65)

Write B, — 2I,, — ( — 2Gy(2)) as Z§:1 r;r; — (— zcnEmy,(2))I,. Taking first inverse and

then expected value, we get

1

( — an(z))_l — E(En - ZIn)_
— ( — zG Z I']I'j ch]Emn(Z)IN)) (Bn - ZI”)_I]
_ -1 ZEﬁJ rJ J (B?]) - ZIn)_l]

( — zepEmy, (2 ))In (Bn - ZI")_I]

* (an -1 1 _

7j=1

'E[G,

p

%
*&Eﬁj D;'(:) - G, ()ED ()],

rjj
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where the second equality uses (7.34) and the third equality uses (7.46).

Taking trace on both sides and dividing by —2, we get

1 z
+ —Em, (2
cn(l + cn]Emn(z)) Cn my,(2)

= ;ZE@'(Z) (7D (2)GL (2)r) — %Etr (G (2)D'(2)],
j=1

Next, we investigate the limit of

1 z
n(cn(l + anmn(z)) + aEmAz))

= %ZE@'(@ (15D (2)Gy (=) — %Etr (G.'(2)D7'(2))]. (7.66)
j=1

We need only to calculate the limit of EB; (2) [r{D7 ' (2) Gy 1 (2)r1— 1Etr (G 1 (2)D 71 (2))].

n n

By similar arguments to Steps 1 and 2, we can get the limit of (7.66). Let v;(z) =

r;Dj_l(z)rj - %EtrDj_l(z). By (7.34) and the fact that 51(z) = bn(2)(1 — Bi(2)m(2)),

we have

Etr(G,'(z2)D1'(2)) — Etr(G,,' ()D7!(2))
= Eﬂl(z)trG;l(z)Dl_l(z)rerDl_l(z)

= bu(2)E [(1 - Bi(2)m(2))riDy (2)G ' (2)Dy  (2)r] - (7.67)
From Lemma 5 and (7.63), we get

[EB1(2)71.(2)r1Dy  (2) Gy (2)Dy (o)1 | < K™t
Therefore,

|(7.67) — nilbn(z)Eterl(z)Gfl(z)Dl_l(z)‘ < Kn~ L.

n

45



Since B1(2) = by (2) — b2(2)71(2) + B1(2)b2(2)7?(2), we have

nEBl(z)rTDfl(z)Ggl(z)rl — Eﬁl(z)EtrGgl(z)Dfl(z)
( trED ! (2)
cnEmy(2) + 1

+82(2) (nEB (22 (2)ri DT (2) G (o) — (BB (=)0} (=) Etr Gy ()Dy ()
b (2) (r’;D;l(z) [Gn(2)] ey — EtrGgl(z)D;I(z)) +o(1)

trEDTL(2)
= — " E b2 (2)————1 77
cnEmy(2) +1 M=) +b.() cnEmy(2) + 1

2 (E[nfi (2073 (2riD; ()G, (o)1 — r(2)2 (2)rD; (2)G, (7))

+b,21(z)Cov (Bl(z)’y%(z), tTDfl (Z)G;Ll (z)) +o(1).

= o E(2) + b (2) Ev1(2) = 03 (2)nEy (2)riD7 ' (2) Gy (2)r1

Evi1(2) = 0 (2)nEyi (2)riDT ' (2) Gy (2)r1
(7.68)
By (7.60) and (7.67), we have

[E[n1(2)73 (DT ()G, ()1 — Bi(2)3 (=)D ()G (2)] | < K2,

Using (7.60), (7.67), (7.64) and (7.61), we have

[Cov(B1(2) (), DT ()G (7))

IN

(BB ) (enBln (2)F) " (B[rDT ()G () — Eterl(z)G_l(z)|2>1/2

IN

K14,

Since f1(z) = bp(z) — bp(2)51(2)71(2), from (7.60) and (7.61), it follows that Ef(z) =
bu(2) + O(n~Y2). Write

Envi (2)r{D; ! (2)G, ()
= nE[(r{D; 'ty — n Dy (2)) (1D} ()G, ()1 — a7 Dy ()G (2))]

+n1Cov (terl(z), terl(z)Ggl(z)).
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n

From (7.64), we see that the second term above is O(n~!). For the other term E3;(2) [r?D;l (2)G, 1 (2)rj—
%EtrG; 1(z)Dj_l(z), repeat the same steps above, we can get a similar result by replacing

the subscript 1 by j. By (7.66) and (7.68), we arrive at

3

( n(1 +chmn( ) +5Emn(z)) (7.69)

—

p -
— 72 W+ Wi + Wiy +o(1),

’@

where

WP =02 (2)n 'EtrD; 1 (2)G,, Y (2)D; L (2),
WQ(j) = —b%(z)nE[(r"{Dj_l(z)rl—n_ltrDj_l(z)) (r’{D._l(z)G,;l(z)rl—n_ltrDj_l(z)G_l(z))],

and
nbn (2) , . trED7(2)

G _ : R
W™ = cnEmy(2) + 1E% (2) + b () cnEmy(2) + 1

B (2).

To calculate the limit of Wl(j ), we need to expand D;l (z) to the form like (7.35). Similar
to Bai and Silverstein (2004), we recalculate (7.37) and (7.18) by (7.58)—(7.60). We omit

the details here. After these steps, we have

zzmQ(z)m/(z)'

li (49 _ — .
500 Wi em(z) + 1 (7.70)
For W5, using Lemma 6 on W5, we have
(7.71)
W) + W( 7) + W) + W( 7) + WY under the complex Case;
W) — 2,1 2,2 2,3 2,4 2,57 D
) =
W2(1) + 2W(J) + WQ(]) WQ(JE)), under the real case,
where
1-E|X;1)*
Wy = —#bi(z)EtrD}l(z)Etr [D71(2)G, ()],

n
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W = - LR (B [D()G(2)].
Wyl = ‘EX%Pbi(ﬂmrD;%zﬂgﬁ%@(D;%z»i
. X* 2X2 n
wg) = —[BXall 2 ) ) S B (D ()65 (2) (D7 ()

and W2(7J5) = or, (1) uniformly for j.

The limits of Wz(jl), WQ(Q) and W2(‘73) can be easily obtained as

: 2
lim W) = (E[x; 4 -1 “m (2) :
Jm Wi = (Bl ~ 1) S T me 9
) 2 (2)
lim W) = —
o 22 (1+m(2))(z 4 2zm(z) —¢)’
2
. ©)) 2 12_cm(z) 1
1 — _|EX :
n60 Was B0 L+em(z) (1+4cm(2))? - c|EXE |2m2(2)’

where the last limit is derived similarly to Lemma 9.

For WQ(Q, similar to deriving the limit of %E@Jg in (7.54), we have

- m?(z
%ZE[(DJ_I(Z))k;k]E[(Dg_l(z)Gﬁl(Z))kk] = ;() (7.72)
k=1

By (7.72) and a simple calculation, we get lim,, o W2(4) = — (E\Xﬂ\‘l — 3) %

For W3, by lemma 8, we have

nEy;(z) = nE<n(n1—1) Z (Djl(z))kg>
k+#e
= ﬁElTDj‘l(z)l - ﬁEtrD;l(z) B2 m(z). (7.73)

Then it follows from (7.73) and (7.47) that

j) ©-p- m(z zmzmzfzm2zmzfz2m2zmzz
W B mEEnCne) e n () ()
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Therefore, it follows from (7.69) and calculations above, we can obtain

nh—>H010 n<cn(1 + cnlIEmn(z)) - iEmMz))

- i S0+ W W)

under the];omplex case, Or;

i LSO g ) )

under thej;eal case. (7.74)

The goal is to find the limit of M,(f)(z) = n(Emn(z) —-m, (z)) It has a relation to the

limit in (7.74). We illustrate this point below.

Recall that m,, (z) and m,, (z) satisfy the following equations

1
Men(2) = 1—cyp—cpzme, (2) — 2’ (7.75)
m,, (z) = —(z — Cin)fl (7.76)
Loey, 1 T mcn (Z) . .
Let An<2) = m + éEmn(Z) Since
1—c¢,
Em,(z) = — . + cnEmy,(2), (7.77)
With (7.77), we have
An(2) 1 + ZEm, ()
n(z) = —Em,,(z
cn + cnEm, (2) + cnl_% Cn
z 1 1 1
) z - :
my,(2) Cn * en+en(l—cn)/z+ (en — DEm,(2) (Emn(z) cn(1+Em,,(2) + 1—;))}
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Then it follows that

(7.78)
Em,(z) = [— i(cn Cn(lz_ n) + (en — I)Emn(z))
1 Cn(l_cn> e m. (z An(z) -1
By (7.76) and (7.78), we have
Em,(z) —m,, (2) = A"'B~Y(B + A), (7.79)
where A = z — ﬁ;(z) and
B= —é(cn + Cn(lz_ Cn) + (e — 1)Emn(2)) + (1 + Em 1(z) ey
+ (et 204 - DB )
By the definition of A,(z) and (7.77), we know
(7.80)
L ! = An(2) — ZEm,(2).
en(14+Em,(2) + =) cu(1+ cpBmy(2)) Cn
Then it follows from (7.80) that
B+ A= —mcn(z) —z—(1—=c¢y) —zEm,,(2)
1 en(1—cp)
+ An(z)(1+ el R )
= cp2 (mcn (2) Emn(z)> + A, (z) <1 + Eml( ] (cn + Cn(lz_ Cn)) (cn — 1)),
(7.81)
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where the last equality uses (7.75) and (7.77).
From (7.79), (7.81) and the fact that n(Emn(z) —m,, (z)) = p(Emn(z) — mcn(z)>, we

have

ndn(2) (14 5l A7 B )
n(Em, () —m,, () = Ty v (7.82)

where U,, = ¢, + @ + (¢n — 1)Em,,(2).
With tedious but simple calculations, we obtain the limit of each part on the right hand

side of (7.82) as follows.

nli_}IgloA:zf%m(z), nli_}ngoB:fzf(lfc)fzm(z),
) Un ze+c(l—c)
1 1 = _— .
s ( + Emn(z)> zm(z) (7.83)
It follows from (7.83) that
14 Y A-1p-! 1 1 1—
o T B, _ i mz) (24 m(z)) +1-¢) (7.84)

n— 14+ A-1B-1y zm(z)((z(l +m(z)) — 0)2 - C)

o1



Thus, it follows from (7.74) and (7.83) that

n(Em, (2) - m,, (2))

1& . , . , . ,
= lim =3 (W + Wi + Wi + Wi + wi + wi)

— 00
oo p i

(cu+m@»@u+m@»+1@>
zm(z) ((z(l +m(z)) — 0)2 - c)

under the complex random variable case, or

1E . , A . A
= Tim = > (W wil) s+ owfd) Wil )
n—00 P = ’ ’ ’

<C(1 +m(2) (2(1+ m(2) +1— c)>
zm(z) ((z(l +m(z)) — 0)2 - c)

under the real random variable case.

8 Supplementary: Some Lemmas and Proofs

In this section, we provide the detailed proofs of some necessary lemmas used in the
proof of Proposition 1, including Lemmas 5-7. Moreover, three additional lemmas,

i.e. Lemmas 8-10 are given and proved in this section.

8.1 Proof of Lemma 5

Proof. To avoid confusion, denote by K, a positive constant large enough depending

on q only. By inequality

- nox2 P A%
‘uy nyu _1’421:7; _1‘+(ZT) | (8.1)

we have P (BS(e)) < P <‘¥ — 1‘ > %) +p <’_Z%1Xi
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By Markov’s inequality and Lemma 3, we have

(8.2)

n 2

n

) < ZELZLOC- D

DN ™

Ky(S EIX? — 12)02 4 BT X2 - 1
(ne)?
= O(n_Q/2UZ/2+n_q+1vgq)_

IN

Similarly, we have

(8.3)

Lai=1""1

P

2g-+1
= On" T+ n """ vy,).

) _ K((T, EX2 + X [X)

(ne)?d

which implies P(B¢(e)) = O(n~ 920" + n=at1yy,).

Note that
1 1 1
a'Aa — —trA = {a*Aa - —trA} I(B,(e)) + {a*Aa — —tTA:| I(B;(€)).
n n n

There exists a positive constant K, such that

q q

1 1 1
Ela*Aa — EtrA (a*Aa — EtrA)[(Bn(e)) +E|(a"Aa — EtrA)I(Bfl(e))

<K, (]E

)
By the fact that |a*Aa — ttrA| < 2||Al|, we obtain

q

E|(a"Aa — %trA)I(Bg(e)) (8.4)

< 2| A[P(B;(€) = O(n~*vf* + 0~ vy, )| Al

23



Observe that

1 1
a*Aa——irA =

_ _ trA 1
- W((y—Y)TA(y—Y)—WA)‘F( - —”A) = a1t as.

ly=yl* n

For 0 < e < 1/2, there exists a positive constant K, such that

(8.5)
1 q
E {a*Aa — EtrA} I(B,(€))| < K, (Ela1I(Bn(€))|* + E|al(Bn(€))]?).
Consider ay first. It is easy to see ||y—ny||2 > 1 — € on the event B, so that
A\ o2
E|asI(Bn ()| < K, (T—) |- Iy =¥ (8.6)
n n
trA\? noX2 q "X\ 2 1
S Kq (T_) . {]E ‘ ZZ:I (. 1 + ]E (2121 )
n n n
<

trA\*?
K, <TT) (n~= 1208?40y,

where the second inequality follows from (8.1) and the last inequality follows from
(8.2) and (8.3).

Therefore, we have

trAN® /2..4/2 —g+1
Ela2I(By(€))|? < K, - (n™920)"" + "1 vy,). (8.7)

o4



Similarly, for a;, by writing 7 = ee’y, we have

(8.8)

1 ) .
ElauI(Ba(e)|* < K, —El(y — y)'A(y —y) — trAl?

K 1 1 e 1 1
< 4 (]E|yTAy —trA|lf+ E|-yTee’ Ay + ~yTAee'y| + E|—y’ee’ Aee'y ) )
nd n n n?
Noting that itree’A = ltrAee’ = Jitree’Aee” < [A| and Lemma 2.2 in

Bai and Silverstein (2004), we have

(8.9)
1 1 1
Ely"Ay — trA|? + E|-y'ee’ Ay + —yT Aee’y|? + E|—2yTeeTAeeTy|q
n n n

< K, (vagtr(AAN)? 4 (vgtr(AA*))?).
Hence, we obtain
Elai (B, (€))7 < Kyn 9(vagtr(AA)? + (vytr(AA*))Y?). (8.10)
Combining (8.4),(8.7) and (8.10) together , we can conclude that

q

1
Ela*Aa — —trA
n

< K, {n’q(vqtr(AA*)q + (v4tr(AA*))q/2) + ('rfq/2vz/2 + nf‘”lvgq)HAHq} ,

where K, is a positive constant depending on ¢ only.
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8.2 Proof of Lemma 6

Proof. At first, we evaluate some expectations. Set E|a;[* = g and E(aya0)? = 1o

for convenience. Note that

n

n 1
doai=0 ) (@) =1 and E(aa) =
i=1 i=1

n .

(8.11)

It follows that for i # j

E(0i0;) = Blanas) = - ! B Y e - E(alal)] (8.12)
. _ 1 B
 nn—1)
E(maonm) = ! E (o‘qal[Z(o‘zi@i) - a1a1]> (8.13)
1 1

" -1 Tn_1M

1 n
E(O_élOélO_élOéQ) = o — 1]E(O710[10_61(2 oy — Oél))
1
= — M4, (814)
n—1
and via (8.13),
E(O_élOélngég) (815)
1 n
= n— QE[O_élOéldQ Zzl(dz — v — 062)]
1 o 1 L
= —n — QE(OQOQO[QOQ) — —n _ QE(OQOQOQO{Q)
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1 . 1
- = (n—1)(n— Q)E[@lalal(izl a; —oq)| — o9 2E(o‘41a1072a2)
B 1 B 1 N 1
T e nn—Dmn-2)  m-D)m-2"
B 2 B 1
T - Dm-2" an—Dn-2)
Analogously, we can get
E(aiaias0s) = ! - (8.16)
a1 Qipa3) = (n — 1)(n — 2>M4 n— 2H12a .
E(d1a2@3a4) (817)
1 n
= n— E[O_QOQO@ (Oéz — Q1 — Qg — 063)]
=1
= L E(@a1ss) — — B(@1000205) — —— B(a10503505)
= n—3 [e5Re 5510 %} n—3 Q10003 n—3 Q1303

- 1 < 2 B 5 it 1 M)
(mn=3)\nn—1)(n-2) (n—-1)(n-2) at Tt )

Let’s calculate py. We claim that py = M + o(n=?). To prove it, we con-
sider the real case only, the complex case can be proved similarly. We below use
the same notation B,(e) as Lemma 5. Suppose that € is a positive constant such
that P(BS(e)) = o(n™!) (by the convergence rate in the law of large numbers that

nlP <‘?=1+24)‘ > e) — 0, which can be referred to Theorem 28 of Petrov (1975)).
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Then, we have

(8.18)

X -2t (X - f)4)
oyl @
Xt s .
B[e(F ) )] | + [ o)
Xomalt BB
= Iy = 910 + by = (B (0) + 7
%E|X1 —z*+o(n %) < Ke% +o(n™?),

g

+

+o(n™?)

IN

where the second part of the second inequality follows from

X, — zl* 1 "X, — | 1
B[X = o) = e[ X ) < L
ly — ¥l n ly =¥l n

o Ki—alt < 1; the third part of the second inequality uses the fact that

=

E|X, - 2*1(B; ()| 0.
It means the inequality holds for any € > 0 and n large enough, so we have proved

Xi -zt | Xy -zt 9
E . - .
(W—W4 2 oln™)

In a similar way, we can obtain

_ JEXTP

H12 = E(O_QO_QOQO[Q) = n2 (819)

+ o(n™?).

o8



It is easy to get

1 1
E(a"Aa — EtrA)(a*Ba — ﬁtrB) (8.20)
1 1
= E(a"Aaa’Ba) — —(trA)E(a*Ba — —trB)
n n

1

1 1
——(trB)E(a"Aa — —trA) — —trAtrB
n n n

and E(a*Ba — %t?“B) = E(@lag) Zk;ﬁl B, = ﬁ Zk;ﬁl BklE[@l(Z?zl o — Ozl)].
By (8.11), we further have

. 1 1 )
E(a'Ba— ~trB) = —— ;BklE[alal] (8.21)

1
= —m ZBkla

kAL

by which we can conclude

1 1 trA
—(trA)E(a”Ba — —trB) = ———= » By.
n(T JE(a"Ba o ) nQ(n_l)Z Kl

kAL

In the same way, we can get

1 1 trB

—(trB)E(a*Aa — —trA) = ————— ) Ay

n(r)(a a— —tr ) ng(n_l)kz#l Kl
To calculate F(a*Aaa*Ba), we expand the expression as

E(a*Aaa"Ba) (8.22)

= ]E(Z O_éiAijOéj Z O_ékAklOél) = Z EO_éiOéjO_ékOélAijBkl.
irj el Y

To calculate (8.22), we split it into the following cases:
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L. i=j=k=1, > (@a;)*A;By;

2. i=j, k=1, i#k, z% (@io)(arar) Ay B

i=j, k# 1, szill (i) (apay) Ay B

i, k=1 30k (@iag) (@rar) Ay B

i, kL i=k=1 30 0 (@) (0g05) Ay Byg;

6. i), kAL i=Li=k o i (@ics)(a;05) AyByi;

T A, kAL i=k, 1§, 3w (Gioy) (@) Ay Bas
8

9

- W

ot

i kAL 1=, 17 K D (Giag) (Gkey) AqjBugs
i kAL k=g i L D0 (Qiag)(aen) Ay B
10. i#j, k#], i=1, k# j, Z#jik (@05) (k) Ay jBig;
11. i#j, k#l, 1#j, i# k, Zi;}.ﬂ;’;;l (i) (apog) Ay By
For ease of presentation, we still keep u4 in the expectations although we have
evaluated the value.

Case 1I E (Zz(dla,)zAuBu) = E(d1a1)2 Zz A’L’LB’L’L = /l4 Zz A“B“
Case 2: By (8.13), we have

E Z(@i@i)(@kak)An‘Bkk = E(@lalazaz)zAiink
! 1 'S AB
= n(n—1) n—l’u4 - i Dkk-

60



Case 3: By (8.14) and (8.15), we have

E Z(diai)(@kal)Aanz
ikl
k£l

= E(maiasas) Z A;By +]E(@1a15410é2)ZAiiBil
1,1l

ik i
+E (oo 0) Z AiiBy;
K
2 1
_ [Lg — ) A;iBp
(n=1)(n-2"" nn—1)(n-2) Z
i kAL

1
_1M4; (Bir + Bui)

I1#i

n

Case 4: Similarly to Case 3, we obtain

ikl
Ikl

(8.23)

2 1
2 (mes)(@en A = (Gopa—g " i) & B
=
1
T 1#4;Bii(Ail + Ay).

146

Case 5: It follows from (8.19) that

]EZ<O_51@iajaj>AijBij = E(O_él@lagag) Z AijBij = H12 Z AUBU

2] ] i5J
i#] i#] i#]
EX2 2 B
2%

i#]

n
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Case 6: By (8.13), we have

E Z(diozi)(djaj)Aiiji = E(d1a1d2a2) Z Aiiji

0,7 2%
i#j i#]
1 1
(n(n—l) n_1u4)izj g
i#]

Case 7: In view of (8.16), we have

E Z (diOéj)(diOél)AijBil = E(dlagﬂlag) Z AijBil

i,7,0 ,7,1
£G4 iAj AL
= L L) S ALB
= oDt gt 2 A
4,5,0
i£j#L

Case 8: Similarly to Case 7, we have

E Z (&iozj)(dkozj)AijBkj = E(d1Q2@1&3) Z AijBkj

i,5,k 1,5,k
i#£j £k i#£j £k
= L L ) A;.B
BN IC D) i 2 AuBu.
i,5,k
i#£jF#k

Case 9: By (8.15), we have

E Z (C_MiOéj)(O_éjOél>A7;ijl = E(O_é1051@2053) Z AijBkl

2 1
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Case 10: Similarly to Case 9, we have

E Z (d1@3>(@kal)AljBkl = E(@l@ldgag) Z AZ]B]“

4,5,k 1,5,k
i#jFEk i#j#Ek
2
= - § ' A,B,
P n(n—l gDk
1,7,k
i#£j#£

Case 11: We conclude from (8.17) that

(8.24)
E Z (O_éza])(o_ékal)Al]Bkl = E(O_éla20_43064) Z AljBkl
Uy Z. ;g;,;;l
1 2 5
- - 4 + M12) A, By,
(n—3) (n(n—1)<n—2) (n—1)(n—2) Z j
i Rl
Summarizing the terms above, we conclude that
1 1
E(a*Aa — —trA)(a*Ba — —trB)
n n
"1 EX2[2
=Y SEX [~ |BEXD)’ - 2)AiBs + EXIT aBT)
—n n2
1 1 -E|X;|*
+ —tr(AB) + #trAtrB +Q,,
n n
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where

2E| X, |4 — 2 ElX -1
i i
2| X, [* — 2 E[X|* -1
_1_% Z B Ay — % ZBii(Ail + Ay)
i;:il l;i
1+ |[Eaff?
w10 —) 2 At B
il
2+ [EX?[? 1
e Dm- w2 ABerelg

Y
itjARAL

We next prove that ,, = o(1/n). Actually, it is straightforward to get the follow-

ing derivations:

Z A;By = Z A;By —2 Z A;iBi — Z A;By+2 Z A;;Bii, (8.26)
il 7

i,k,l i,k,l il
i£kAL

E| ZA“BM] < EjtrAe’Be| = O(n?),

ik,

1,0 i

< (Z AqA)'? (E

1/2
Z e’ Be;e! Be ) = O(n),

Z A;By = trAtrB = O(n?) and Z A;iBii = O(n).
il ‘
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We conclude from (8.26)-(8.29) that ) ik A;;By = O(n?),

> AyBj=e"ABe—trAB -2 B;B; =0(n), (8.30)
ik i
and
1 Z AyAn = [l(eTAe - trA)} [l(eTBe — trA)] (8.31)
n2 o ot kl - n n .
ittt k£l
2
- Z AyBy = O(1).
ik
We have proved the lemma. O]

8.3 Proof of Lemma 7

Proof. Set X,, = (¥1,¥2,---,¥p)" - Denote the i-th largest eigenvalue of B,, by A; and
the i-th largest eigenvalue of C,, = %(Xn —X,,)(X,, — X,,)* by v;. Noticing the trivial
inequalities for any positive constant o small enough such that p; — o > (1 + /c)?

and 12 + 0 < Ig1)(c)(1 — v/¢)?, we have

= P(M2>pu,vi > —o0)+ P > g, v < pig —0)

< Py >p—o)+ P(|A — 1| > 0)
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and

P(Ay < ) (8.33)
= P\ Spo,vp S pia—0) + PNy < pip, vp > i — 0)

< P(Vpgﬂ2_0)+P(|)‘p_Vp|ZU)-

For the moment, we assume that

P(|Cull = 1 = pn — ) = o(n™") (8.34)
and
P(Agh = vp < iz — o) = o(n™"). (8.35)

It then suffices to bound max;<;<, P(|\; — ;| > ). By Lemma 2 , we have

max [\ — 7] < [ln (X, = X)|l[[VAD, — 1|

1<i<p
n}/?

= [n"A(X,, = X,)] max | -————
ly: — ¥ill

1<i<p

- 1‘ . (8.36)

In view of the above inequality, it is enough to show that for any fixed e, we have

P (max1§i<p |m 1] > e) = o(n7!), which can be guaranteed by

. v.||2
P (max |M -1 > e) =o(n7).
n

1<i<p
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By the inequality

ly: — ¥ill?

n

> Xyl

n

max
1<i<p

— 1| < max
1<i<p

it suffices to show the following two inequalities:

"X
P <max |—ZJ_1’ i 1] > ) o(n™

1<i<p n

and

({Q%IEZXUI >6> = o(n™") (8.37)

such that we can obtain (7.7) and (7.8).

To prove these two inequalities, one can refer to the proof of inequality (9) in
Chen and Pan (2012) for details, we omit them here (one should note that p and
n here are of the same order, which is different from Chen and Pan (2012), but the
proof is almost the same).

To finish the proof, we need to show that (8.34) and (8.35). Denoting the i-th
largest eigenvalue of S,, = %XnX;; by 7;, referring to Bai and Silverstein (2004), we

know that
P(ISull =7 > p1 — 0/2) = o(n") (8.38)
and

PO =1, <y —0/2) =o(nh). (8.39)

mwn

67



Similarly to (8.36), we have

1<i<p

— 1~ 1o
= < I < =Y 1) X2 4
NG R U ENFIDIP) LD
Combining (8.37), (8.38), (8.39), (8.40) together, we have (8.34) and (8.35). [

8.4 Lemma 8

Suppose that x,, = e/y/n = 1/4/n is a unit vector, then for the truncated random

variable satisfying (7.6), we have E|z;D~!(2)z, + 1[* — 0.

Proof. By Lemma 5, we obtain for any 2 < r € N*
]E|r;ij_1(z)xn:v£D;1(z)rj|r = O(n 262 4).
Rewrite it as a martingale

DY)z, — 2XED 7 (2)z,

n

‘E,D N (2)x, — 2 E; DT (2)2,

n-—7

. <.
M-ﬁ ”ME
[
& &
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By Burkholder’s inequality and (7.61), we have

Elz:D Y (2)z, — 22 ED*(2)z,|* (8.41)
P
< KZEKEJ —E;_1)B3;(2)r;D;  (2) 2Dy (2)ry)?
< KZ (E[B(2)|)(Elr;D} ! (2)zna;, Dy (2)15] )2 = O(37).

Thus, we have E|lz*D~(2)x, — 2XED1(2)z,[? — 0. If Sz > vy > 0, then

18;(2)] < Lio‘, so (8.41) can get a sharper bound

1
Elz:D ' (2)x, — 2 ED ' (2)z,|> = O (ﬁ) : (8.42)

From the proof above, one should note that (8.41) and (8.42) hold for D,(z) and
any unit vector.

Note that D(2) + (cp2EBm,(2) + 2)I = 320 rjr + cpzBm, (2)1

Recalling m,(z) = —piz ];:1 Bi(2), Gu(z2) = c,Em,(2)1, + I, and using the
identity ryD~!(z) = ;(2)r;D; ' (2), we obtain

(—2Ga(2))" —ED_l( )

= —z'Ggt erj— —2¢,Emy,(2)1,)) D7 (2)]

= ! Z EB, [G;l(z)rjr;Dj_l(z)}
—z_lE[G_l( (- canmn(z))InD_l(z)]

_ 1
= -z ZE@ 2)r;r; (B — 21,) = EGEI(Z)ED_I(Z)}

= 2 YER [G (D (2) — %Gl(z)EDl(z)}.

n
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Multiplying by (—7) on the left and x,, on the right, we have

D (2)w, — 25 (—2G,(2)
= 2 'pEB [5G, (2)riri Dy (2)z, — lx;Ggl(z)ED_l(z)xn}
n

L 5+ 0y + 05,

where 0; = 2E(8;(2)o(2)), au(2) = 23,G,  (2)riri Dy ()2, — 225G (2) Dy (2) 2y,

5= LA (2)r G, (3)(Dr (2) - D (),

and 03 = 1ES3(2)2: G, (2)(D~!(2) — ED ' (2))z,.
Recalling the notations defined above (7.17) and by the following equalities: d; =
PEG () (2) — 2E By ()i (2)e (2)on (2)]

Bu(2) = bu(2) — bu(2)A(2)ir(Dr ' (2) ~ ED;(2),

and Ea; = —(c,Em,(2)+1) _1ﬁ[Ex;Dfl(z)xn+o(l)], it is easy to see pEf(2)a;(2)

[m +o(1)|pEa; (2).

Therefore, §; = cn%x;E(Dfl(z’))xn + o(1).

Similarly to Bai, Miao and Pan(2007), one may have J, = o(1) and 03 = o(1).
Hence, we obtain <1 — %)xﬁE(D’l(z))ﬁn + m — 0, which implies

s E(D Y (2))z, — —1.

]

Remark 5. This is an interesting result that the limit of *e"E(D'(z))e is in-

dependent of the corresponding Stieltjes transform m(z). Meanwhile, the limit of
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r*E(D~Y(2))x, depends on the limit of x,,, one can check this by the fact:

%tr]E(D_l(z)) — m(z),

which depends on the Stieltjes transform m(z) different from the result of Lemma 8.

8.5 Lemma 9

For z1, zo € C,, we have

(8.43)
0 iz [EXT [Pem’ (z1)m’ (22)
021020 (14 evm(z0))(1 + em(22)) — ¢|EX2, [2Pm(z1)m(22)]2

Proof. From (7.35) and bounds, we have

D;1(21> = —Hn(21> -+ bl(Zl)A(Zl) + B(Zl) —+ C(Zl). (844)
Therefore, recalling (7.37)—(7.39), we have

1 _ _

—tr [E;(D; " (21))E; (D; ' (22)") ] (8.45)

n

= —Hn(zl)trIEj(Dj_l(zQ))T + %bl(Zl)tr]EjA(Zl)(Dj_l(Zg))T +o(1).
We can write

trE; (A(z1)) (Dj_l(z2))T = Bi(21, 22) + Ba(z1, 22) + Bs(21, 22) + N (21, 22),
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where

Bl<21,22> = —t’f‘ZHn<21)I'ZI'Z<E](DZ_JI(Zl))(BU(ZQ)DZ_]I(ZQ)I‘ZI':DZ_JI(ZQ))T

1<j

= - Z Bij(z2)riE; (D! (1)) (Dy' (22)) "Tiry(Dy; (22)) "Hy (2115

By(z1,22) = —tr Z H,(2)n 'E; (Di_jl(zl)) (Dj_l(ZQ) — Di_jl(zz))TQ
B3(z1,22) = tr Z H, (1) (I'z‘r;'k - ”_1In)]Ej (Di_jl(zl)) (Di_j1<z2))T§
Nawz) = 08 3 Ha(a)(— - (nl_ e’ + ﬁln)D;(zl)(D;l(@))T.

It is easy to see N(z1,22) = O(1). We get from (7.36) and (7.38) that | Ba(z1, 22)| <
1+3%/v0.. Similarly to (7.37) , we have E|B3(z1, 29)| < %nuz'

Using Lemma 5 and (7.31), we have, for i < 7,

(8.46)
E|Bij(22)r]E; (D' (21)) (D! (22)) "Tiry (D5 (22)) " Hiy (211
—by (z0)n 2 [EXT, [*tr (E; (Dy;' (21)) (D' (22)) ) tr (Dy;' (22)) T Ha(21)) |

< Kn= 12,
By (7.38), we have

‘tr (Ej (ijl (21)) (D;j1 (zg))T)tr ((Di’j1 (22))THn(zl)) (8.47)

_tT(Ej (Dfl(zl))(Dfl(22))T)t7”((D;1(22))THn(21))} < Kn.
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It follows from (8.46) and (8.47) that

j;1m@gmxﬁ%dmxnf@ngf@gFﬁmag%@»ﬁh@gﬂ

E|B
{ 1(21, 22) + i

< Kn'/?.

Analogously, recalling (7.48), we may obtain
_ _ T
tr(Ej (Dj 1(21)) (Dj 1(2'2)) ) (8.48)

> [1 — ‘%]EX121|2mcn(zl)mcn(Zz)tT(Qn(@)Qn(Zl))]

= LtT(Qn(ZQ)Qn<Z1)) + Bg(21, 22),
2179

where E|Bg(z1, 22)| < Kn'/2.

Rewrite (8.48) as

mcn(zl)mg(@)

i (,(D}(20)) (D7) ) [1 - L= [ P (15 B () (1 + Bl ()]

1 1 1
= + —Bg(21, 22).
212 (14 Zhmg, (1)) (1 + Z2me, (22)) n“lﬂ
(8.49)

Therefore, we have

Ly (8, (D} (2)) (D} (=0)") (850
an (21, 22) o
2122mcn(21)mcn(22>[ - %|EX121|2%(21722)} +oth)

_p Mey, (21)Mey, (22)
where ay(21,22) = £ (e o) (14 ey ()
n n n n
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B the limit of a, i = —onlamiz) h
ecause the limit of a,(z1, 29) is a(z1, 22) (iomen) (1om) we have
1 _ _ T
ﬁtr(Ej(Dj "(21))(D; ' (22)) ") (8.51)
an (21, 22)
= - + o(1).
zrzam(z)m(z2) [1 — JT1|IEX121|26L”(21, 2)]
Therefore, J; can be written as
1 P
= |EX ‘ (0% 21,22 - + B7(21722),
D ; 1— —|EX |2a, (21, 29)
where E|B; (21, 29)| < Kn™1/2.
Thus, by (8.49), the i.p. limit of Jy is [EX|? fa(zl 72) mdz We can then

directly get the limit of 55—J, and we omit the details here. O

8.6 Lemma 10

When vy = Sz > 0 is bounded, we have
Bm,(2) - m,, (2)] < Kn""2
Proof. First, by (7.20), one can prove that
E\%tTD_l(z) — %]EtrD_l(z)W < Kn™"% VYqe N,. (8.52)

By D(z) = > "_, rirj — zI, we have

P "L D (2)
I=3 rxiD}(z) — 2D '(z) = ) iy o — 2D (2).
i=1 i !

4



Taking trace and expectation on both sides, then divided by n, we have

1
1+ Dy (2)ry

l=¢,—c,E — zEm,,(z).

Denote

1 1
1+1r;D; ' (2)ry 1+ LE6rD;Y(2)

pn(2) = cu(E )/Em, (2).

Combining (8.53) and (8.54) together, we obtain

1

Cnm — 2+ pa(2)

Em,(z) =

As we know that m, (z) satisfies the following equation

Then we have

1
en (B, (2) — e, () Em ey, o)

en

(Cnm —z+ Pn(z))(cnm —2)

+ (Em, (2))m, (2)pn(2).

Em,(z) —m,,(2) =

Rewrite it as

Em,, (2)m,, (%))
1+ Em,(2))(1 +m,, (2))

——Cn

(Em, (2) —m,,(2))(1 = ¢ (

Because Qz is bounded, it is straightforward to obtain m, (2) = O(1).

1)

(8.53)

(8.54)

) = (Em,, (2))m,, (2)pn(2).

By the



definition of p,(z), there exists a constant C such that

1
[Em,,(2)pn(z)| < CE[riDy ! (2)r; — EEtTDfl(ZN
1 1 1
< C(E|riD;(2)ry — —trDY(2)| + E[E—trD1(2) — —trD~1(2)|
n n n
1 1
+]E|—t7"D_1(z) — Eterl(z)D < C’n_l/Q,
n

(8.55)

where the last inequality follows from Lemma 5 and (8.52). Similar to (2.19) of
Bai and Silverstein (2004), combining with [Em,,(2)p,(2)] < Cn~'? and m, (z) =
O(1), we have

Em,(2)m,, (2))
(1 + Em,,(2))(1 + m,,(2))

—=Cn

|cn, | < 1.

Thus, we have proved it, and therefore completed all the proofs in this supple-

mentary document. O
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