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Abstract

Let A = XTX — plI,) where X is a p x n matrix, consisting of independent and identically
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Vnp

distributed (i.7.d.) real random variables X;; with mean zero and variance one. When p/n — oo, under
fourth moment conditions a central limit theorem (CLT) for linear spectral statistics (LSS) of A defined
by the eigenvalues is established. We also explore its applications in testing whether a population

covariance matrix is an identity matrix.
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1 Introduction

The last few decades have seen explosive growth in data analysis, due to the rapid development of modern
information technology. We are now in a setting where many very important data analysis problems are
high-dimensional. In many scientific areas the data dimension can even be much larger than the sample
size. For example, in micro-array expression, the number of genes can be tens of thousands or hundreds of
thousands while there are only hundreds of samples. Such kind of data also arises in genetic, proteomic,
functional magnetic resonance imaging studies and so on (see [12], [13], [14]).

The main purpose of this paper is to establish a central limit theorem (CLT) of linear functionals of
eigenvalues of the sample covariance matrix when the dimension p is much larger than the sample size n.
Consider the sample covariance matrix S = %XXT, where X = (X )pxn and X;5,i=1,--- ,p,j=1,---,n
are i.i.d. real random variables with mean zero and variance one. As we know, linear functionals of eigenvalues

of S are closely related to its empirical spectral distribution (ESD) function FS(z). Here for any n x n



Hermitian matrix M with real eigenvalues A1, ..., \,, the empirical spectral distribution of M is defined by

n
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where I(-) is the indicator function. However, it is inappropriate to investigate F'S(x) when p/n — oo since
S has (p — n) zero eigenvalues and hence F'S(x) converges to a degenerate distribution with probability one.
Note that the eigenvalues of S are the same as those of %XTX except (p—n) zero eigenvalues. Thus, instead,

we turn to the eigenvalues of %XTX and re-normalize it as

A= \/EC?XTX—I”), (1.1)

where I, is the identity matrix of order n.
The first breakthrough regarding the ESD of A was made in Bai and Yin [7]. They proved that with
probability one
FA(z) = F(a),

which is the so-called semicircle law with the density

i\/él—xz, if || <2,
0, if |z > 2.

Fl(x) = (1.2)
In random matrix theory, F(x) is referred to as the limiting spectral distribution (LSD) of A. For such
matrices, Chen and Pan [10] proved that the largest eigenvalue converges to the right endpoint of the support
of F(x) with probability one. When X;; ~ N(0,1), El Karoui [21] reported that the largest eigenvalue of
XX after properly centering and scaling converges in distribution to the Tracy-Widom law, and Birke and
Dette [8] established central limit theorems for the quadratic function of the eigenvalues of A. Recently,
Pan and Gao [25] further derived the LSD of a general form of (1.1), which is determined by its Stieltjes

transform. Here, the Stieltjes transform for any distribution function G is given by

mg(z) = / . i ZdG(m), 3(z) > 0,
where 3(z) represents the imaginary part of z.

Gaussian fluctuations in random matrices are investigated by different authors, starting with Costin and
Lebowitz [11]. Johansson [20] considered an extended random ensembles whose entries follow a specific class
of densities and established a CLT of the linear spectral statistics (LSS). Recently, a CLT for LSS of sample
covariance matrices is studied by Bai and Silverstein [5] and of Wigner matrices is studied by Bai and Yao
[6].

We introduce some notation before stating our results. Denote the Stieltjes transform of the semicircle

law F' by m(z). $(z) is used to denote the imaginary part of a complex number z. For any given square



matrix B, let ¢trB and B denote the trace and the complex conjugate matrix of B, respectively. The norm
| B|| represents the spectral norm of B, i.e. ||B| = y/A1(BB) where A\; (BB) means the maximum eigenvalue
of BB. The notation % means “convergence in distribution to”. Let . denote any open region on the real
plane including [—2, 2], which is the support of F(x), and .# be the set of functions which are analytic on
. For any f € ., define

+oo n —m?
Gn(f) 2 n/ f(@)d (FA(z) - F(z)) - f[j fem- m )X (m) " dm, (1.3
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vy = EX{; and /B2 — 4AC is a complex number whose imaginary part has the same sign as that of B. The

(1.4)

integral’s contour is taken as |m| = p with p < 1.
Let {T}} be the family of Chebyshev polynomials, which is defined as To(x) = 1, T1(z) = z and Ti41(z) =
22Ty (x) — Tr—1(x). To give an alternative way of calculating the asymptotic covariance of X (f) in Theorem

1.1 below, for any f € .# and any integer k > 0, we define

1 i .
U (f) & Py f(2cos 8)e*?dg
17 e 1
=5 . f(2cos0) cos kOdh = . /_1 f(2x)Tk(x)ﬁdx.

The main result is formulated in the following.
Theorem 1.1 Suppose that

(a) X = (X;j)pxn where {X;; :1=1,2,...,p;5 =1,2,...,n} are i.i.d. real random variables with EX1 =
0,EX% =1 and vy = EX{; < o0.

(b1) n/p — 0 as n — oco.

Then, for any f1,..., fr € A, the finite dimensional random vector (Gn(fl), ooy G (fk)) converges weakly

to a Gaussian vector (Y(fl), . 7Y(fk)) with mean function EY (f) =0 and covariance function

covY (f1),Y(f2)) = (va=3)T1(f1)T1(f2) +2D  kUp(f1)Vk(f2), (1.5)
k=1
A
~ 2 [ [ f@nEE (16)

where

H(z,y) = (s — 3)V4— 22\/T— 2 + 2log (j—xw (4—x2)(4_y2)>.

—ay— /A=) )



Remark 1.1 Note that X, (m) in (1.3) and X, (m) & =B=vB=4AC W are the two roots of the equation Ax?+
Bz +C =0. Since n/p — 0, an easy calculation shows X,(m) = o(1) and X,,(m) = Lom?® | o(1). Hence in

m

practice, one may implement the mean correction in (1.3) by taking

B2 —4AC
2A

B2 —4AC
2A

Xn(m) = min{ ‘ —

and m = pe? with § € [~27,27] and 0 < p < 1.

The mean correction term, the last term in (1.3), can be simplified when n3/p = O(1). Indeed, if

n®/p = O(1), we have 4AC = o(1), B=m? — 1. By (1.4),

—B+ VB2 —4AC —2nC
nX,(m)=n- =
2A B++vVB?* —4AC

) B
= — V4 — — o .
1—m2\1—-m?2 4 p 1—m?

Hence, by using the same calculation as that in Section 5.1 of Bai and Yao [6], we have

n _ 1 —m?
~ 35 o f(=m —m™ Y, (m) — dm
1 _ m? n3
=5 |m|:pf(_m_m 1)m[m—y4—2—|—“;m}dm+o(l)
1 ) 1
= )+ f(=2) - */ f( 255 2(va — 3)a? — (va — 5)} ﬁdiﬁ (1.7)

/n3 43 —Sx
T /f 1—x2 de

Define
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+o0 n3
Qn(f) = n/ f(@)d (F*(z) = F(x)) - \/;‘1’3(f)~ (1.8)

Under the condition n3/p = O(1), we then give a simple and explicit expression of the mean correction term

of (1.3) in the following corollary.
Corollary 1.1 Suppose that

(a) X = (X;j)pxn where {X;; :1=1,2,...,p;5 =1,2,...,n} are i.i.d. real random variables with EX11 =
0,EX? =1 and vy = EX}, < oc.

(b2) n®/p=0(1) as n — .



Then, for any f1,..., fx € A, the finite dimensional random vector (Qn(fl), RN Qn(fk)> converges weakly
to a Gaussian vector (X(fl), cee X(fk)> with mean function

1

EX(f) =

F(2) + F(-2)) — 2Wo(f) + (4 — 3)Ta(f) (19)
and covariance function cov(X (f), X (g)) being the same as that given in (1.5) and (1.6).

Remark 1.2 The result of Bai and Yin [7] suggests that, for large p and n with p/n — oo, the matriz /nA
is close to a n x n Wigner matriz although its entries are not independent but weakly dependent. It is then
reasonable to conjecture that the CLT for the LSS of A resembles that of a Wigner matrix described in Bai
and Yao [6]. More precisely, by writing A = f(wl]) where wi; = (sI's; — p)/\/p, wi; =s}s;/\/p fori#j

and s; is the j-th column of X, we have
Var(wi) = vq — 1, Var(wis) =1, B(w?y —1)* = (v — 3).

Then, (1.9), (1.5) and (1.6) are consistent with (1.4), (1.5) and (1.6) of Bai and Yao [6], respectively, by

taking their parameters as o>

=wvy — 1, k =2 (the real variable case) and = 0.
However, we remark that the mean correction term of Q,(f), the last term of (1.8), can not be speculated
from the result of Bai and Yao [6]. Note that this correction term will vanish in the case of the function f

to be even or n®/p — 0. By the definition of Wi (f), one may verify that

n3 43 — 3m
\/>/ 1 Vi-a? da
—l‘lfo(f)+(u4—3 Uo(f / I 233 1/4—3) — (g 5) ;dl‘.
2 2
Remark 1.3 If we interchange the roles of p and n, Birke and Dette [8] established the CLT for Q,(f)
in their Theorem 8.4 when f = z? and Xi; ~ N(0,1). We below show that our Corollary 1.1 can recover

their result. First, since f = x>

is an even function, it implies that the last term of (1.8) is exactly zero.
Therefore the mean in Theorem 3.4 of [8] is the same as (1.9), which equals one. Second, the variance in
Theorem 3.4 of [8] is also consistent with (1.5). In fact, the variance of Birke and Dette [8] equals 4 when
taking their parameter y = 0. On the other hand, since X;; ~ N(0,1), we have v4 = 3 and the first term of

(1.5) is zero. Furthermore, by a direct evaluation, we obtain that

1 (7 1 (7
Ui(f) = 2—/ 460530d9=2—/ (00839+3c030)d9:0,
) ) _x
() = 2 [ dcostbcos20a0 = = [ (cos49+1+200529)d0:1
2 2 ). 2 ). ’
1, 1"
U(f) = Py 4 cos 9cosk:9d9=2— 2(60829+1)cosk9d9
) T ) x
1 ™

= = (cos(kz —2)0 + cos(k + 2)8 + 2 cos k@)d@ —0, fork>3.
7T —T

It implies that cov(X (z%), X (22)) = 4, which equals the variance of Birke and Dette [8].



The main contribution of this paper is summarized as follows. We have established the central limit
theorems of linear spectral statistics of the eigenvalues of the normalized sample covariance matrices when
both the dimension and the sample size go to infinity with the dimension dominating the sample size (for
the case p/n — 00). Theorem 1.1 and Corollary 1.1 are both applicable to the data with the dimension
dominating the sample size while Corollary 1.1 provides a simplified correction term (hence CLT) in the
ultrahigh dimension cases (n3/p = O(1)). Such an asymptotic theory complements the results of Bai and
Silverstein [5] for the case p/n — ¢ € (0,00) and Bai and Yao [6] for Wigner matrix.

This paper is organized as follows. Section 2 provides a calibration of the mean correction term in (1.3),
runs simulations to check the accuracy of the calibrated CLTs in Theorem 1.1, and considers a statistical
application of Theorem 1.1 and a real data analysis. Section 3 gives the strategy of proving Theorem 1.1 and
two intermediate results, Proposition 3.1 and 3.2, and truncation steps of the underlying random variables
are given as well. Some preliminary results are given in Section 4. Sections 5-6 are devoted to the proof of
Proposition 3.1. We present the proof of Proposition 3.2 in Section 7. Section 8 derives mean and covariance

in Theorem 1.1.

2 Calibration, application and empirical studies

Subsection 2.1 considers a calibration to the mean correction term of (1.3). A statistical application is

performed in Subsection 2.2 and the empirical studies are carried out in Subsection 2.3.

2.1 Calibration of the mean correction term in (1.3)

Theorem 1.1 provides a CLT for G, (f) under the general framework p/n — oo, which only requires zero
mean, unit variance and the bounded fourth moment. However, the simulation results show that the asymp-
totic distributions of Gy, (f), especially the asymptotic means, are sensitive to the skewness and the kurtosis
of the random variables for some particular functions f, e.g. f(z) = 2z(2%—3). This phenomenon is caused
by the slow convergence rate of EG,,(f) to zero, which is illustrated as follows. Suppose that EX, < oo.
We then have |EG,(f)| = O(y/n/p) + O(1/y/n) by the arguments in Section 6. Also, the remaining terms
(see (2.1) below) have a coefficient (v4 — 1)y/n/p which converges to zero theoretically since p/n — oco.
However, if n = 100,p = n? and the variables X;; are from central exp(1) then (v4 — 1)\/n/p could be as
big as 0.8.

In view of this we will regain such terms and give a calibration for the mean correction term in (1.3). From

Section 6, we observe that the convergence rate of | EG,,(f)] relies on the rate of |nEw,, —m3(2)(m/(z)+vs—2)|

in Lemma 6.1. By the arguments in Section 6, only Sz below (6.13) has the coefficient (vg — 1)4/n/p. A



simply calculation implies that

Sgg = —2(vg — 1)y/n/pm(z) + o(1). (2.1)

Hence, the limit of nEw, is calibrated as

nEw, = m®(2) [u4 2w (2) — 2(va — 1)\/7%m(z)] +o(1). (2.2)

We then calibrate G, (f) as

+oo

G (f) £ / f(@)d (FA(x) - F(x))

— 00

where, via (2.2),

s —B+ /B2 —4ACCa®

3
Calib _ ™~ { _9
2A ¢ n = +

Xfalib(m) 7_77’

1—m

i - —2(vs - l)m\/%} - \/Zm4, (2.4)
A, B are defined in (1.4) and VB2 — 4ACCalib is a complex number whose imaginary part has the same sign
as that of B. Theorem 1.1 still holds if we replace G,,(f) with GS@®(f).

We next perform a simulation study to check the accuracy of the CLT in Theorem 1.1 with G, (f)
replaced by the calibrated expression GS*(f) in (2.3). Two combinations of (p,n), p = n?,n*?, and
the test function f(z) = %x(axQ — 3) are considered in the simulations, as suggested by one of the referees.
To inspect the impact of the skewness and the kurtosis of the variables, we use three types of random
variables, N(0,1), central exp(1) and central ¢(6). The skewnesses of these variables are 0, 2 and 0 while the
fourth moments of these variables are 3, 9 and 6, respectively. The empirical means and empirical standard
deviations of GS*(f)/(Var(Y (f)))/? from 1000 independent replications are shown in Table 1.

It is observed from Table 1 that both the empirical means and standard deviations for N(0,1) random
variables are very accurate. The empirical means for central exp(1) and central ¢(6) also show their good
accuracy. We note that the standard deviations for central exp(1) and central ¢(6) random variables are not
good when n is small (e.g. n = 50). But it gradually tends to 1 as the sample size n increases.

QQplots are employed to illustrate the accuracy of the normal approximation in Figures 1 and 2 cor-

responding to the scenarios p = n? and p = n?®

, respectively. In each figure, QQplots from left to right
correspond to n = 50, 100, 150, 200, respectively with random variables generated from N(0,1) (red), central
exp(1l) (green) and central ¢(6) (blue). We observe the same phenomenon that the normal approximation is
very accurate for normal variables while the approximation is gradually better when n increases for central

exp(1) and ¢(6) variables.

2.2 Application of CLTs to hypothesis test

This subsection is to consider an application of Theorem 1.1 which is about hypothesis testing for the

covariance matrix. Suppose that y = I's is a p-dimensional vector where I' is a p X p matrix with positive



eigenvalues and the entries of s are i.i.d random variables with mean zero and variance one. Hence the

covariance matrix of y is ¥ = I'T'7. Suppose that one wishes to test the hypothesis
Hy: Y¥=1I1, Hy: Y#I,. (2.5)

Based on the ii.d. samples yi,...,y, (from y), many authors have considered (2.5) in terms of the
relationship of p and n. For example, John [18] and Nagao [23] considered the fixed dimensional case; Ledoit
and Wolf [22], Fisher et al. [16] and Bai et al. [3] studied the case of £ — ¢ €(0,00); Srivastava [27],
Srivastava et al. [28], Fisher et al. [15] and Chen et al. [12] proposed the testing statistics which can
accommodate large p and small n.

We are interesting in testing (2.5) in the setting of £ — co. As in Ledoit and Wolf [22] and Birke and
Dette [8], we set f = 22. We then propose the following test statistic for the hypothesis of (2.5):

b= gl [t [atare) -G e ra e S )] o

m2

where X% (m) is given in (2.4) and B = \/Z (%YTY — In) is the normalized sample covariance matrix
with Y = (y1,...,¥n). The asymptotic mean and variance of L,, are 0 and 1, respectively, see Theorem 1.1
or Remark 1.3 for details. Since there is no close form for the mean correction term in (2.6), we use Matlab

to calculate this correction term. It shows that as n/p — 0,

1—m?

m?2

n (m + m71)2XnCalib(m)

m|=p

— dm = vy — 2.
211 ‘ m =

We also note the fact that
E{n/xQd(FB(x) - F(x))} = E[trBBT - n] =y —2.

Thus, we use the following test statistic in the simulations:
1 2 ;B 2 _ 1 T
L, = 5[71(/3: dF®(z) /:v dF(x)) (4 2)} = 2(trBB n— (vy 2)) (2.7)
Since I''T = I, is equivalent to IT? = I,,, under the null hypothesis Hy in (2.5), we have

L, % N(0,1). (2.8)

By the law of large numbers, a consistent estimator of vy is Uy = nip Zl j Y;jl under the null hypothesis Hy.
By Slutsky’s theorem, (2.8) also holds if we replace vy of (2.7) with 7.

The numerical performance of the proposed statistic L, is carried out by Monte Carlo simulations.
Let Zy 2 and Z;_, /2, respectively, be the 100a/2% and 100(1 — a/2)% quantiles of the asymptotic null
distribution of the test statistic L,. With T replications of the data set simulated under the null hypothesis,

we calculate the empirical size as

{# Lyl < Zoj2} +1# Ll > Zi_aj2}
T b

OA[:




where # denotes the number and L represents the values of the test statistic L,, based on the data set
simulated under the null hypothesis. The empirical power is calculated by

{# L;zllter < ZQ/Q} + {# L;zllter > Zlfa/2}

f= T

where L2 represents the values of the test statistic L,, based on the data set simulated under the alternative
hypothesis. In our simulations, we fix 7" = 1000 as the number of replications and set the nominal significance
level o = 5%. By asymptotic normality, we have Z,/, = —1.96 and Z;_, /5 = 1.96.

Our proposed test is intended for the situation “large p, small n”. To inspect the impact caused by the

sample size and/or the dimension, we set
n = 20,40, 60, 80,

p = 600, 1500, 3000, 5500, 8000, 10000.

The entries of s are generated from three types of distributions, Gaussian distribution, standardized Gamma(4,0.5)
and Bernoulli distribution with P(X;; = +1) = 0.5.
The following two types of covariance matrices are considered in the simulations to investigate the em-

pirical power of the test.

1. (Diagonal covariance). ¥ = diag(v/21[,p), 11_[,p)), Where v = 0.08 or v = 0.25, [a] denotes the largest

integer that is not greater than a.

2. (Banded covariance). ¥ = diag (Al,diag(lp,[vzp])), where A is a [vap] X [vep] tridiagonal symmetric
matrix with the diagonal elements being equal to 1 and elements below and above the diagonal all

being equal to v;.

Since the test in Chen et al. [12] accommodates a wider class of variates and has less restrictions on the
ratio p/n, we below compare performance of our test with that of Chen et al. [12]. To simplify the notation,
denote their test by the CZZ test. Table 2 reports empirical sizes of the proposed test and of the CZZ test
for the preceding three distributions. We observe from Table 2 that the sizes of both tests are roughly the
same, when the underlying variables are normally or bernoulli distributed. It seems that the CZZ test looks
better for skewed data, e.g. gamma distribution. We believe additional corrections such as the Edgeworth
expansion will be helpful, which is beyond the scope of this paper. However, our test still performs well for
skewed data if p > n.

Table 3 to Table 5 summarize the empirical powers of the proposed tests as well as those of the CZZ
test for both the diagonal and the banded covariance matrix. Table 3 assumes the underlying variables
are normally distributed while Table 4 and 5 assume the central gamma and the central bernoulli random

variables, respectively. For the diagonal covariance matrix, we observe that the proposed test consistently



outperforms the CZZ test for all types of distributions, especially for “small” n. For example, when n = 20,
even n = 40, 60, 80 for v = 0.08, the CZZ test results in power ranging from 0.2-0.8, while our test still gains
very satisfying power exceeding 0.932.

For the banded covariance matrix, we observe an interesting phenomenon. Our test seems to be more
sensitive to the dimension p. When p = 600, 1500, 3000, the power of our test is not that good for small
v(=0.4). Fortunately, when p = 5500, 8000, 10000, the performance is much better, where the power is one
or close to one. Similar results are also observed for vo = 0.8. We also note that large vy outperforms smaller
v9 because when vs becomes larger, the corresponding covariance matrix becomes more “different” from the
identity matrix. As for the CZZ test, its power is mainly affected by n. But generally speaking, our test

gains better power than the CZZ test for extremely larger p and small n.

2.3 Empirical studies

As empirical applications, we consider two classic datasets: the colon data of Alon etal. (1999) and the
leukemia data of Golub etal. (1999). Both datasets are publicly available on the web site of Tatsuya
Kubokawa: http://www.tatsuya.e.u-tokyo.ac.jp/. Such data were used in Fisher [15] as well. The sample
sizes and dimensions (n, p) of the colon data and the leukemia data are (62,2000) and (72, 3571), respectively.
Simulations show that these two datasets have zero mean (1078 to 1071!)) and unit variance. Therefore,
we consider the hypothesis test in (2.5) by using the test statistic L, in (2.7). The computed values are
L,, = 33933.7 for the colon data and L,, = 60956 for the leukemia data. It is also interesting to note that the
statistic values of Fisher [15] are 6062.642 for the colon data and 6955.651 for the leukemia data when testing
the identity hypothesis. Also, the statistics of Fisher [15] and L,, in (2.7) are both asymptotic normality
(standard normal). As in Fisher [15], we conclude that p-values of the test statistics are zero which shows

evidence to reject the null hypothesis. This is consistent with Fisher [15]’s conclusion for these two datasets.

3 Truncation and strategy for the proof of Theorem 1.1

In the rest of the paper, we use K to denote a constant which may take different values at different places.
The notation oy, (1) stands for a term converging to zero in L, norm; 22, means “convergence almost surely

i.p. . e
to”; —> means “convergence in probability to”.

3.1 Truncation

In this section, we truncate the underlying random variables as in Pan and Gao [25]. Choose ¢, satisfying

lim STAEIX 11| (|1 X 11| > 0, ¢/mp) =0, 6,10, 8,¢np T oc. (3.1)

10



In what follows, we will use é to represent J,, for convenience. We first truncate the variables Xij =

;I1(| X5 < 6 np) and then normalize it as X;; = (X;; — EX,;)/o, where o is the standard deviation of
Xij. Let X = (Xy;) and X = (X;;). Define A, A and G,,(f), Gy (f) similarly by means of (1.1) and (1.3),
respectively. We then have

P(A # A) < npP(|X11| > 0 ¥/np) < K6 E|X 11 |*I(|X11| > 6 ¢/np) = o(1).
It follows from (3.1) that

1= 0% < 2ABXAI( X0 > 8 p))| < 20np) /202 E| X011 Xn1| > 6 ) = o (np) /%),

and
EXn| < 67 (np) ™ EIX0 [ T(1X 1] > 0 /mp) = o ((np) ).
Therefore
< T (% < ¢ 12 (1- 0)2 2 1 o2
Bir(X = X)T(X = X) < 30 B|Xy - Xy < Kpn (=57 BIXu + S|EX,[?) = o().
2V
and

EtrXTX < ZE|X”|2 < Knp, E&rXXT < ZE|XZJ|2 < Knp.
1,5 ]
Recalling that the notation \;(-) represents the j-th largest eigenvalue, we then have \;(X7X) =
/1pAj(A) + p. Similar equalities also hold if X, A are replaced by X, A or X,A. Consequently, ap-
plying the argument used in Theorem 11.36 in Bai and Silverstein [4] and Cauchy-Schwarz’s inequality, we

have

j=1
< Kp ) EN(A) - )(A Z A (XTX) — 2\ (XTX)|
i=1 =
I g [tr(X “X)T(X-X)- (trXTX + trXTXﬂ i
< =
2Ky T T T z
< —= — _
< [Et X -X)T(X-X)- (EtrX X + BtrX X)}
= 0<1)’

where K is a bound on |f/(x)|. Thus the weak convergence of G,,(f) is not affected if we replace the original

variables X;; by the truncated and normalized variables X” For convenience, we still use X;; to denote
Xi;, which satisfies the following additional assumption (c):
(c) The underlying variables satisfy

| Xi5| < 6¢/np, EXy; =0, EX]; =1, EX}; = vy +o(1),

where 0 = §,, satisfies nh—>nolo STAE|X 11 [*T(|1 X 11| > 6,¢/mp) =0, 8, 1 0, and 6, &/np T o0.

11



For any € > 0, define the event F,(¢) = {m<ax [X;j(A)| > 2+ €} where A is defined by the truncated and
i<n

normalized variables satisfying assumption (c). By Theorem 2 in Chen and Pan [10], for any ¢ > 0
P(F,(€)) = o(n™"). (3.2)

Here we would point out that the result regarding the minimum eigenvalue of A can be obtained similarly

by investigating the maximum eigenvalue of —A.

3.2 Strategy of the proof

We shall follow the strategy of Bai and Yao [6]. Specifically speaking, assume that ug,v are fixed and
sufficiently small so that ¢ C . (see the definition in the introduction), where ¢ is the contour formed by
the boundary of the rectangle with (+ug, +iv) where ug > 2,0 < v < 1. By Cauchy’s integral formula, with
probability one,

Gulf) = =gz f FEIn[malz) = m(z) = Xulm()]

~2mi
where m,,(z), m(z) denote the Stieltjes transform of FA(z) and F(z), respectively.
Let
M,(z) = n[mn(z) —m(z) — Xn(m(z))}, z €.

For z € ¢, write M, (z) = Mr(Ll)(z) + M,(LQ)(Z) where
MD(2) = nlma(2) = Emn(2)], MP(2) = n|Ema () = m(z) = X (m(2))]

Split the contour ¢ as the union of ¢, <, ., Where ¢ = {z = —ug + v, < |v] < v}, = {z =
up +iv,Ent < |v| < i} 0 = {2 = Fug + v, [v] < EnTt and ¢, = {2z = u £ vy, |u| < up} and where &,
is a slowly varying sequence of positive constants and vy is a positive constant which is independent of n.

Throughout this paper, let C; = {2 : 2 = u + ‘v, u € [—ug, ugl, |v| > v1}.

Proposition 3.1 Under Assumptions (b1),(c), the empirical process {M,(z),z € C1} converges weakly to

a Gaussian process {M(z),z € C1} with the mean function
A(z)=0 (3.3)
and the covariance function
’ ’ -2
A(z1,22) = m/(z1)m' (22) [1/4 -3+ 2(1 — m(zl)m(zg)) ] . (3.4)

As in Bai and Yao [6], the process of {M(z),z € C1} can be extended to {M(z),R(z) ¢ [-2,2]} due to

the facts that i) M (z) is symmetric, e.g. M(Z) = M(2); ii) the mean and the covariance function of M(z) are



independent of v; and they are continuous except for R(z) ¢ [—2,2]. By Proposition 3.1 and the continuous

27TZ/f dz—>f—/f

Thus, to prove Theorem 1.1, it is also necessary to prove the following proposition.

mapping theorem,

Proposition 3.2 Let z € Cy. Under Assumptions (b1),(c), there exists some event U, with P(U,) — 0,

as n — 00, such that

lim lim sup £ / MY ()I(US)dz| =0, (3.5)
v1J0 n— oo U Si
i=l,r,0

hmhmsup/ EM,(2)I(U;)dz| =0, (3.6)
v1d0 n—ooco U <
i=l,r,0

and )
lim E M (2)dz

Jimy =0, limF
1

= 0. 3.7
limy (3.7)

Since E|M™M(2)|> = A(z,2) and E|M(2)]> = A(2,2) + |[EM(2)|?, (3.7) can be easily obtained from
Proposition 3.1. For ¢ = 0, if we choose U,, = F},(€) with the ¢ = (ug —2)/2, then when US happens, Vz € ¢,
we have |my(2)] <2/(up —2) and |m(z)| < 1/(up — 2). Thus

‘/g Mﬁl)(z)I(Ur‘j)dz‘ < ”(u04—

where ||so|| represents the length of ¢y. Furthermore,

2 1 ny\ 2
anIUﬁdzlgn( + 7> Soll-
FRACLCA 5t 5+ K5) Tl

These imply that (3.6) and (3.5) are true for z € ¢y by noting that &, — 0 as p — oo.

2 4n
< 2"
2) H§0|| = (UO — 2)27

Sections 5 and 6 are devoted to the proof of Proposition 3.1. The main steps are summarized in the

following:

e According to Theorem 8.1 in Billingsley [9], to establish the convergence of the process {M,,(z), z € C;1},
it suffices to prove the finite dimensional convergence of the random part My(bl)(z) and its tightness,

and the convergence of the non-random part Mg)(z).

e For the random part Mél)(z), we rewrite it in terms of a martingale expression so that we may apply

the central limit theorem of martingales to find its asymptotic mean and covariance.

e For the non-random part M,(LQ)(Z)7 by the formula of the inverse of a matrix and the equation satisfied
by m(z) we develop an equation for (Em,(z) — m(z)). Based on it we then find its limit under

assumptions n/p — 0 and n®/p = O(1) for Theorem 1.1 and Corollary 1.1 respectively.

13



Section 7 uses Lemma 4.4 below to finish the proofs of (3.5) for i = I, 7 so that the proof of Proposition
3.2 is completed. Section 8 uses Bai and Yao’s ([6]) asymptotic mean and covariance function to conclude

the proof of Theorem 1.1.

4 Preliminary results

This section is to provide simplification of MTSI) (z) and some useful lemmas needed to prove Proposition 3.1.

4.1  Simplification of M. (2)

The aim of this subsection is to simplify M,(Ll)(z) so that M,(ll)(z) can be written in the form of martingales.
Some moment bounds are also proved.

Define D = A — 21,,. Let sy be the k-th column of X and Xy, be a p X (n — 1) matrix constructed from
X by deleting the k-th column. We then similarly define Ay = L(Xka —pl,_1) and Dy = A — 21, 1.

Vo7
The k-th diagonal element of D is a%jg = ﬁ(sgsk —p) — z and the k-th row of D with the k-th element
deleted is qf = \/%SEX;C. The Stieltjes transform of F* has the form my,(z) = ttrD~!. The limiting
Stieltjes transform m(z) satisfies
1
M) =~y M) < (1)

(one may see Bai and Yao [6]).
Define the o-field Fj, = o(s1, sa, ..., sg) and the conditional expectation Ej(-) = E(+|Fk). By the matrix

inversion formula we have (see (3.9) of Bai [2])

(1+ o} D; qx)

-1 -1
tr(D D, ") —a%jg n quglqk. (4.2)
We then obtain
n n
MP(z) = D' —EtD ' =) (Ey— B )tr(D =D = ok (4.3)
k=1 k=1
= (Ek — Ek—l)bk — Eklﬂik, (44)

where

ok = —(Ex — Er—1) Bk (1 + quIZzCIk;)

u, = =B Beme (L+ ai Dy aqr)

1 . 1
e = ——=(SkSk —DP) — k1, Bk = - —,
v P —ap? + af Dy ay
1 s ,
R R— M) = X, D *XT, s = 1,2,

z+ niptrl\/[,(ﬂl) ’

s = AL D qy, — (np) MY kg = B ke

14



In the above equality, g is obtained by (4.2) and the last equality uses the facts that

B = Bi" + BrBy e, (4.5)

and

(B — Ek—l){ (1 + trM(2)> } =0, FEp_1rk=0.

We remind the readers that the variable z has been dropped from the expressions such as D™, D;l, By Vs
and so on. When necessary, we will also indicate them as D~1(2),D; ! (2), Br(2), 7xs(2), etc..

We next provide some useful bounds. It follows from the definitions of D and Dy that

D 'X'X = pD~ ! + /np(I, + zD71), @
D, 'XIX; = pD; '+ np(L,—1 + 2D h).

Since the eigenvalues of D~! have the form 1/(\;(A) — 2), |[D7!|| < 1/v; and similarly |D; || < 1/v;.
From Theorem 11.4 in Bai and Silverstein [4], we note that —3j(z) is the k-th diagonal element of D!

that |8k < 1/v1. Moreover, considering the imaginary parts of 1/8;" and 1/, and by (4.6) we have
1 s
B < 1/vr, |1+ n—ptrM,(c <1+ 1/08),5=1,2, (4.7)
and

=1
1+q!D;'D, qi
P p—
v1(1+qf Dy D, qx)

|(1+ai Dy ak) Be| < =1/v;. (4.8)

Applying (4.5), we split ¢, as
1 — r
= (1 + o M(Q)) (BE )1 — i1 (BE ), — (1 + nquDkqu> (BE)?Brni,

= L1 + g2+ Lg3.

As will be seen, t1, tg2 could be negligible by Lemma 4.1 below.
By Lemma 4.1, (4.7) and (4.8), we have

2

E[ > (Bi— Bevus| <Y B ’( + 7519 ™My ) (BK")?Brmi| < KoY,
k=1 k=1

and that

n

E‘Z(Ek—Ek 1 Lk2’ <ZE’%1 B Uk’ <KZ (Bl [*Elnil*)
k=1 k=1

12 o Kn | ks,

Therefore M,(LU(Z) is simplified as
2
]\4(1 E FE |: (1 + fptT’M( )> ( ) N — Rk:| + OLz(l)

= ZEk(ak(z» + o1, (1),

15



where ay,(2) represents the term in the square bracket. Thus, to prove finite dimensional convergence of

M,(Ll)(z), z € C; we need only consider the sum

l n n l
Zaj ZEk (an(z5)) = ZzajEk(ak(Zj)), (4.10)

j=1 k=1 k=1j=1

where aq, - -- ,a; are complex numbers and [ is any positive integer.

4.2 Useful Lemmas

The aim of this subsection is to provide some useful lemmas.

Lemma 4.1 Let z € Cy. Under Assumptions (b1),(c), we have

Elyrs|? < Kn™", Elysl|* < K( + — nip), (4.11)
Bl < K, Bl < KO 4 k(2 +£+nip). (4.12)

Proof: From Lemma 5 in Pan and Zhou [26], we obtain
E|sTHs, — trH|! < K(EXfl)zE(trHH)z < KE(trM;S)MEj))Z < Kn?p*, (4.13)

where H = ME:) — diag(aﬁ), o ,als)) and a ) is the j-th diagonal element of the matrix M( *). To get the
third inequality in (4.13), by (4.6) and the umform bound for ||D} 1||, we obtain

trMOML | =[trD*XT X, D}, XT X, | < )||D IXTX, |12

1
4.14)

n _ B Kn2p (
<ty IPD5 + vAap(Tos + 2D < =5
(% 2

Let E;(-) = E(-| Xk, Xok,- -, Xjk),4 = 1,...,p. Since {Xj;}%_, are independent of als
(Ej —Ej—1)(X3, — aj; () By Burkholder’s inequality and Assumption (c)

p
Z ()4 — E’ZE—Ejl X2, 1)5‘?

(X3 - Daf)) =

Ji>’ 27

N (4.15)
E( 3 E|X11|4|a§.j>|2) LK Z E|X11|3Elay;|* < Kn®p? + n®p®,
j=1 j=1
where we use the fact that, with ij being the j-th row of Xk,
E|a§.j)\4 = Bl87X;D; *X[ ;| = ElwI D, *w;[* <oy *E|w]||® < Kn* + Kn’p. (4.16)
Here for j = 1,...,p, €; denotes the p-dimensional unit vector with the j-th element being 1 and all the

remaining being zero. It follows from (4.13) and (4.15) that

p
Byt < E|Z ~Dal? + THs), — trH[*
Jj=1
1 n 1
< K(—2+ L )
n D np

16



Moreover, applying Lemma 8.10 in Bai and Silverstein [4], we have

K 54 1 1
Ell* < —5 5 Blslse = nl* + KElya () < K= + K (- + 54—,
np D n n np

The bounds of the absolute second moments for 7y, n, follow from a direct application of Lemma 8.10 in
Bai and Silverstein [4], (4.6) and the uniform bound for | D},

]

When z € g Ug,, the spectral norm of D7!(2) as well as the quantities in (4.7) or Lemma 4.1 are
unbounded. In order to prove Lemma 6.1, we will establish the bounds similar to those in (4.7) and in
Lemma 4.1 for z € ¢ Ug, below.

Let the event U, = {I]IlSaT)L(|)\J(A)| > up/2+ 1} and Uy = {Ijr_lg}l(|)\j(Ak)| > 1+ ug/2}. The Cauchy

interlacing theorem ensures that
A(A) = Ai(Ag) > A2(A) > Aa(Ak) = - > A—1(Ag) = An(A). (4.17)

Thus Uy, C U,. By (3.2) for any £ > 0

P(Uni) < P(U,) = o(n™"). (4.18)
We claim that
max{[[D™(2)[, D™ (2), [Bel} < & 'n; (4.19)
1(U5) g IU) . R
oA = <K,j=1,2,...,n, AL = <K,i=1,2,...,(n—1); (4.20)
D™ () (Uy) < 2/(uo = 2),  [IDL () T(Usy) < 2/(uo — 2). (4.21)

Indeed, the quantities in (4.19) are bounded due to |1/S(2)| < &, *n while (4.20) holds because I(US)/|\;(A)—
z| (or I(US)/|A\j(Ag) — 2|) is bounded by v; ! when z € g, and bounded by 2/(up — 2) when z € ¢ Js.
The estimates in (4.21) hold because of the eigenvalues of D='I(US) (or D~YI(US)) having the form
IUR) [ (Aj(A) = 2) (or I(Ug)/(Aj(Ax) = 2))-

Lemma 4.2 Let z € g,. The following bound
1Bl 1(Uy) < K, (4.22)

holds.

17



Proof: In view of (4.2), to prove (4.22), we need to find an upper bound for [trD~! — trD; ' [I(US) and a
lower bound for |1+ qf D %qx|I(US). Tt follows from (4.20) and (4.17) that

1 c 1 c
|t7"D*1 —trDI(U) < Z N(A) =z Z)\Tk)—z I(Uy)
—Aj(Ag) 1 ¢
Z —z||/\ A —2 Ty = | 1) (1.23)
<K ni:(Aj(A) 1(UF)

Let u;(Ag),j =1,...,n — 1 be the eigenvectors corresponding to the eigenvalues A\;j(Ay),j =1,...,n — 1.

. T
Then ;:11 % is the spectral decomposition of D,;Q. We distinguish two cases:
J

(i) When z € V4 = ¢, U{z : |S(2)| > (uo — 2)/4}, via (4.7), we then obtain
Bl 1(U) < 1/I3(2)] < max{v; ", 4/(uo — 2)} < K.

Thus, (4.22) is true for z € V3.

(ii) When z € Vo = (gl Ugr) N{z:|S(2)] < (up — 2)/4}, if US happens, we have [A;(Ay) — R(z)| > “o-2

since R(z) = tug for z € V5. A direct calculation shows

[ty —R(2))? = |S(2)]?
R((+afDanrn) =1+ 3 SR =B a1 > 1

Therefore, |1+ q? D} ?q|I(UZ) has a lower bound which, together with (4.23), implies (4.22) is true for

z e Vs
Since ¢, = V4 |J V2, we finish the proof of Lemma 4.2.

]

Lemma 4.3 Let z € g, and iy, = ﬁ(s}fsk —p) —qugl(z)qk—|—EniptrXD_1(z)XT. The following bounds
hold

4 & 1 1
Eljis| gK—+K( + 5+ =), (4.24)
n P2 np

and

By = o(n™). (4.25)

18



Proof: Write
Fok :L(STSk —p) =Yk + (1 + Z\/E) (ltrD_l('z) - lfTD*l(Z))
N n)\n n k
_ PN(L, -1 pl,op-1 1
(B - ) o

=L1 — k1 + L3+ Ly + Ls.

When the event US happens, reviewing the proof of the second result of (4.11) and via (4.21), we also have
4 c n
< — = .
Bl 105 < K (- ot ) 1,2
Moreover, by (4.18) and (4.19)
Bl 1(Un) = o(n”").

It follows that

1 1
Byl < K(+ 5+ —)m=12, (4.26)
n p np

Using Lemma 8.10 in Bai and Silverstein [4], (4.18), (4.19) and (4.23) we then have
E|L,|* < Ké*n™', E|Ls|* < Kn™*, E|Ls|* < Kn~?%p~2 (4.27)

As for Ly, by Burkholder’s inequality, (4.3) and (4.23), we have

n 4
E|Ld|* gKn*“E’ S (Bi — Exy)(trD 7 — trD,;l)]
k=1

trD~(2) — trD; ' (2) ‘2>2

n 4 n
<Kn*4ZE‘tTD71(z) —trD;l(z)’ —I—Kn*lE(ZEk
= k=1

Kn™* Xn: E‘trD_l(z) - trD,;l(z)rf(U;;) (4.28)

n Kn—4E( En: E; ‘trD_l(z) — 4D (2) DQI(U;) +o(nb
k=1

<Kn~ 2
Therefore, the proof of (4.24) is completed. Also, the analysis above yields

52 1 1
E|Ly — yia|* < K(* t+ 5+ % + 7) < K&°n~', E|Ls+ Ly + Ls|* < Kn™2. (4.29)
n n p np

It is also easy to verify that, for z € ¢,,

1
E| \/ﬁp(s}fsk —p))? <Kn™', Elygm|* < Kn™. (4.30)
We proceed to prove (4.25). First of all
P 1 P
B8 = Gl (06~ 1) = e 22 B~ 17 < Ko (@31)
j=1 j=1
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For s = 1,2, denoting Ml(:) = (GZ(-JS-))po, we then have

1 . i 3
B = g (30 X Xealy) + Y (X5 — 1))
i i=1

=J1+ Jo + Jg + Jy,

where
1
Ji= n3p3E( Z X ngkthka(S) gt)ag)) (ZX (S) ) = T T,
CRRETR 7
=L B(E )y
2 — n3p3 pat ik 1% )
1 S S
Ja =35 B3 XX — X0 - Dalfaal?).
i#j
2 s) (s) (s
i#£]

The inequality (4.16) can be extended to the range z € ¢, by a similar method as that in (4.26). Therefore,

1
| 2| < KnTp3p52\/np(n4 +n’p)Yt < KoPn!

1
sl < K 3p2EI\WiI\3EIIWj\I3 +o(n™) < Kp~ +o(n™), Jy < Kp~' +o(n”),

where W is the j-row of X.

Consider J; now. We first note that Ji5 = O(p_l). Split Jio as

Jis = Etr(XkD sXT)3 ()49 (=)
i#£t
1 p
EZ“S) i a EZ“ ai)a) + 5B ()’
iF#£] i#£] n°p i=1
<Kn 24+ Kp !l
Thus, we obtain
|Eyis| < K(6°n~t+p7h). (4.32)

It follows from (4.29), (4.30) and (4.32) that

|Efiy| < |E(Ly — v1)®| + |E(Ls + Ly + Ls)*| + 3|E(L1 — k1) (Ls + La + Ls)?|
+3|E(L1 — v1)*(Ls + Ly + Ls)|
<|ELY| + |Eviy| + 3EY2ELY - EY242, + 3EY2L3 - EY 2y + Kn=%/% + Kon™!

=o(n™h).

The proof of Lemma 4.3 is completed.
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The following lemma will be used to prove the first result of (3.5) and (6.15) below.

Lemma 4.4 For z € g, we have

EIMP(2)| < K,
where Mr(Ll)(z) =n(my(z) — Em,(2)).

Proof: Note that the expression Mél)(z) in (4.3) may not be suitable for z € g, since 8} or even Si"I(UY)
may be not bounded. For this reason, we introduce the following notations with the purpose to obtain a
similar expression to (4.3). Let

, 1 . Lo or Loyt (1)

€p = —————, it = ——(SL Sk — D) — VK1 — (—trM — —FEtrM )

2+ 2 EtrMY VP np F g
Hence
Br = éx + Bréfix. (4.33)
As in (4.3) and a few lines below it, by (4.33), we write
MW (z) = Z(Ek — By 1) (g1 + ly2 + (k3 + Fr),
k=1

where

, 1 P , N2,
la(z)=—(1+ *tTM;(f) (k)2 fiky (r2(2) = —yi1 () (i,
np

7z 1 —_ ’ 7 7 7’
lk3(z) = — (1 + ankaz(Z)Qk> Bi(éx)?fiz, ik = éxyra(2).

We next derive the bounds for €, and the forth moment of fi. Since F, 2%, F as n — oo, we conclude

from (4.18), (4.19), (4.21) and the dominated convergence theorem that, for any fixed positive integer ¢
E|lmn(2) — m(2)|" = 0. (4.34)
By (4.6), (4.23) and (4.34), we then have

EitrM,(Cl) = E{(l + z\/Z)mn(z) —(1+ z\/Z);(trDl —trD; ) + Ti/ll — m(z).

np np

Hence
1 2

< <2 4.35
z+m(z)—|—o(1)|_| | (4.35)
On the other hand, via (4.6), (4.23) and (4.28)

|ék| = |
1 1
E|—trl\/[](€1) - E—157’M§€1)|4 <1+ Z\/%)4n4E|trD1 — EtrD7* < Kn2,
np np p
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and this, together with (4.26), implies

5 1 1
E|ﬂk|4§K—+K(—2+%+—>. (4.36)
n n D np

Combining (4.35), (4.36), Lemma 4.2, (4.18), (4.19), (4.21) with Burkholder’s inequality, we obtain

EIMO (=) < K.

The proof of the lemma is completed.

5 Convergence of MT(ll)(z)

To prove Proposition 3.1, we need to establish i) the finite-dimensional convergence and the tightness of
M,Sl)(z); ii) the convergence of the mean function EFM(z). This section is devoted to the first target.
Throughout this section we assume that z € C; and K denotes a constant which may change from line to

line and may depend on v; but is independent of n.

5.1 Application of central limit theorem for martingales

In order to establish the central limit theorem for the martingale (4.10), we have to check the following two

conditions :

Condition 5.1 Lyapunov condition. For some a > 2,

n l )
> B [|Be(D asBilon(z))| | 22 0.
k=1 =1
Condition 5.2 The covariance
An(z1,22) £ > Bro1[Brag(z1) - Eron(2:)] (5.1)

k=1

converges in probability to A(z1, z2) whose explicit form will be given in (5.29).

Condition 5.1 is satisfied by choosing a = 4, using Lemma 4.1, and the fact that via (4.7)

-2
+ v;

1 1
< ——— |kl + — |l
U1 U1

1
o (2)] = ] (1 ; nptrMEf’) (B )2+ BL

Consider Condition 5.2 now. Note that

1 0
ag(z) = — <1 + WtTM;f)) (B e — By = 7(5/?%)-
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By the dominated convergence theorem, we have
AnCer,22) = g Z Bt [Bi (B (z1)me(e) ) - e (B (z2)me(=2) )| (52)

By (4.6), (4.2),(4.8), (4.1) and the fact m,(z) ==+ m(z), and the dominated convergence theorem again, for

any fixed t,
1
E|n—ptrM§€1) —m(z)' =0, E|Y(z)+m(z)|' >0, as n— . (5.3)

Substituting (5.3) into (5.2) yields

An(z1,22) = i [m(zl)m(@) > Eia (Eknk(zl) : Eknk(22)> + Oi.p.(l)]

822821 1 (5 4)
o2 ) '
= 55m [m(zl)m(,zQ)An(zl,ZQ) +ol-_,,,(1)]

By Vitali’s theorem (see Titchmarsh [29], p. 168), it is enough to find the limit of A, (z1,2). To this end,
with notation Ek(M,(fl)(z)) = (aij(z)> , write
nxn

P P
L 2
Eknk Z — - nfp(ZXlkaka”(Z) + Z(sz - l)a”(z)>
j=1 i#£j =1
By the above formula and independence between {X;;}?_; and Ek(M,(cl)), a straightforward calculation
yields
1
Fr_4 [EkT]k(Zl) . Eknk(ZQ)] = ;E(Xlzl — ].)2 + Ay + Ay + Az + Ay, (55)
where
PR Za : L _pixe —1)22pja.-<z)
1 np\/i i1 1 ’ﬂp\/@ 11 : 11\*2)
2 1
Az = S5 5 Zaij(zl)aij(ZZ)a Ay = 5 5 X11 Zau (21)aii(z2).
n?p? n2p?

Note that ay;(z) is precisely Eka( ) n (4.16). From (4.16) we then obtain for j =1,2,4

E|Y Ajl—0.
k=1

Also, we conclude from (4.16) that

n

n n p
SAs=23 7 - zz zzkml
k=1 k=1 k=1 i=1

where

1
Zy = TPQtrEkM;“(zl) - EyMY (2).

Summarizing the above we see that

A, (2:1,22 ZZk+V4_1+OL1( ) (56)
k 1
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5.2 The asymptotic expression of Z;

The goal is to derive an asymptotic expression of Zj with the purpose of obtaining the limit of ]Xn(zl, 29).

5.2.1 Decomposition of Z;

To evaluate Zjy, we need two different decompositions of EkMS)(z). With slight abuse of notation, let
{e;,i=1,--- ,k—1,k+1,--- ,n} be the (n — 1) dimensional unit vectors with the i-th (or (i-1)-th) element
equal to 1 and the remaining equal to 0 according as i < k (or i > k). Write X, = Xy; + s;el. Define

1
Dyi, = Dy — e;h! = \/T—p(xgixk —plyy)) — 2L, 1,
1

Dy =Dy —e;h! —rje] = — (X[, Xy — pli)) — 21,1,
VP (5.7)
hi = . X + ! (s{si —p)e L
/1P \/Np \V/p

1 _ _
Ci = m, 192 = thDki%r(Z)ei’ My; = X]ﬂDkzl(Z)ng

T T
i XkiSi

) r, =

Here I;) is obtained from I,,_; with the i-th (or (i — 1)-th) diagonal element replaced by zero if i < k (or
i > k). With respect to the above notations we would point out that, for i < k (or ¢ > k), the matrix Xy,
is obtained from X}, with the entries on the i-th (or (i — 1)-th) column replaced by zero; hY is the i-th (or
(i — 1)-th) row of Ay and r; is the i-th (or (i — 1)-th) column of Aj with the i-th (or (i — 1)-th) element
replaced by zero. (X7, X —pl;)) is obtained from (X} X}, —pI,,—1) with the entries on the i-th (or (i —1)-th)
row and i-th (or (i — 1)-th) column replaced by zero.

The notation defined above may depend on k. When we obtain bounds or limits for them such as %trD]j
the results hold uniformly in k.

Observing the structure of the matrices Xy; and D} !, we have some crucial identities,

inei = 0, eZTDil = e;rD];il = _z_leia (58)

ki,r

where 0 is a p dimensional vector with all the elements equal to 0. By (5.8) and the frequently used formulas

Y la
Y ' -Wl=—-W Y -W)Y !, (Y+ab")la=—
A%% W W) , (Y+ab') 'a b7y 1a’ .
bTY—l (5 )
bl(Y+ab?)y 1=~ -
(Y +ab’) 14+bTY-1la’
we have
D;' =Dy, = ~GDy; ehi Dy,
-1 —1 L T T (5.10)
Dki,r =Dy = —=Dy; Xj;sie; .

zy/Np
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We first claim the following decomposition of EkM](:)(z), for i < k,

EMY :EMfE(C—MTM) E( Gi Mi)iT
M, (2) kM kznpksszk+kz\/@kssl
+sisiTEk(£Mki> — B, (Cl)slsT (5.11)
N z

Indeed, by the decomposition of Xy, write
MY = X, D' XE + XDy teis? + 5,7 D XY + 5,67 D legsT
Applying (5.7), (5.8) and (5.10), we obtain

XDy ' XY, = XDy, X — GX D eh] D X

ki,r

1
= Mk:i kz S; - —/—8; szD X

Z\/i ﬁ ki,r
Gi
= My; — ——My;s;s! My,.
znp
Similarly,
Xk-iDlzleiSiT = C M;mS,L s S;€e TD_1}(1ﬂ Cz SiSTMki,
z\/np zynp !
s;e TD,C ez = (;8; eTDkZ € ST = —%sisiT.

Summarizing the above and noting Ej(s;) = s; for i < k yield (5.11), as claimed.

On the other hand, write

n

Dk = Z elh? — ZIn—l-
i=1(#k)

Multiplying by D;l on both sides, we have

n
ZDlzl = _In—l + Z eithD];1~ (512)
i=1(2k)

Therefore, by (5.8), (5.10) and the fact that X, X ==, sis] , we have

2By (M (2) = —Ee (X XD) + Y B (Xpeh! DX
i=1(k)

=— B Z sis? ) + Z Ei(GsihI Dyl (XE + eisT)
i=1(+h) i=1(+k)

=—(n—KkI,_ 1—Zss + Z (\/TQSZ TMkz)

i<k i=1(#k)

(5.13)

n

+ Z Ey (Ci'ﬂisislr) .

i=1(#k)
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Consequently, by splitting Fj, (Mél)(zg)) as in (5.11) for i < k and z, E}, (Mél)(zl)) as in (5.13), we obtain

z
2Ly = %tTEkM;(:)(Zl) - E M (22)
np (5.14)

= C1(z1, 22) + Ca(21, 22) + C3(21, 22) + Cu(21, 22),
where

1
Ci(z1,22) = —%(n — k)tTEkMI(Cl)(ZQ)’

2
5
Co(z1,22) = — <ZB 22 )51 Zc2j,
7,<k 7j=1
03(21 Zg) = L Ek CZ(Zl)STMkZ(Zl)(iB(ZQ))SZ
7 np* vip =1 ’
L 1 ZEk l:Ci(Zl)STM (Z1)EkM } 26203
np2 >k \/er Jj=1 g
5
Ciler,22) = — 3" By |Gleni0)sT (30 Bi(=2) )
i<k j=1
6
+ szk |:<z 21)0;(z1)sT ExM{Y ( Sz} ZC@,

i>k

where Cy; corresponds to Bj,j = 1,---,5, for example Cy; = —ﬁ Dick s (Bl(zg))si, and C3; and Cy;
are similarly defined. Here both Cs(z1, 22) and Cy(21, 22) are broken up into two parts in terms of ¢ > k or
i < k. As will be seen, the terms in (5.14) tend to 0 in Lj, except Cas,Cs4, Cy5. Next let us demonstrate
the details.

5.2.2 Conclusion of the asymptotic expansion of Z;

The purpose is to analyze each term in Cj(z1,22),j = 1,2,3,4. We first claim the limits of {;,9; which
appear in Cj(z1, z2) for j = 2,3,4:

0, La, m(2)/z, Ci(2) La, —zm(z), as n— 0. (5.15)
Indeed, by (5.8) and (5.10), we have
1 - 1 7
U; = ——s; My;si — ——(s; si —p). (5.16)

znp * Z\/Tp

(™) in 4k (2) by My, by a proof similar to that of (4.11), we have

Replacing M,

< K(le nlp). (5.17)

1
FEl— S; Mkzsz tTMIm
np np

By (4.6), we then have ¢; — %trD;il 240, To investigate the distance between trD; ! and trD; !, let
A} be the matrix constructed from Ay by deleting its i-th (or (i — 1)-th) row and i-th (or (i — 1)-th)
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column and write D;m— e D;ﬂ(z) = Aki —zI,_9if i <k (or i > k). We observe that D,;il can be obtained
from D;;' by deleting the i-th (or (i — 1)-th) row and i-th (or (i — 1)-th) column if i < k (or i > k).
Then trD;} — trD! = —1. By an identity similar to (4.2) and an inequality similar to the bound (4.8),
we also have [trD;' — trDy;| < 1/v;. Hence [trD; " — trD'| < (1/v1 + 1/]2]). From (4.2) we have
[trDyt — trD| < 1/v; as well. As LgrD! EEN m(z) for any fixed ¢ by the Helly-Bray theorem and the
dominated convergence theorem, we obtain the first conclusion of (5.15).

Since the imaginary part of (2¢;)~! is (S(2) + lpc‘( TM};s:)) whose absolute value is greater than vy,
we have |(;| < |z|/v1. Consequently, via (4.1), we complete the proof of the second consequence of (5.15), as
claimed.

Consider C1(z1, 22) first. By (4.6),

1

E|Cl(2’1,22)| =F ‘_nQp(n — k)tTEkM](:) (22)

K
< —n’p=K= 0. (5.18)
np p

Before proceeding, we introduce the inequalities for further simplification in the following. By Lemma

8.10 in Bai and Silverstein [4] and (4.6), for any matrix B independent of s;,
BlsTM,;Bs,|? < K(E|siTM;ﬂ-Bsi — trMBJ? + KE|trM,m-B|2) < Kp*n2E||BJ)%, (5.19)
where we also use the fact that, via (4.6),

‘teriBBMki

_ ’trD,;l/Qx 'BBX,, D, X% X;,D 1/2‘
<02 XTI - IB? - XDy, XE|
=n- B[ Dy X Xl *

=n-|B|* - |pDy;" + vp(ln-1 + 2D |I°
< Knp?||B|>.

For i > k, since ExMy is independent of s;, we similarly have

E|s] B, M,;,Bs;|> < Kn?p?. (5.20)

Applying Cauchy-Schwarz’s inequality, (5.19) with B = I,,_; and the fact that |¢;| is bounded by |z|/v1

we have
E|Cy| < K\/? j=1234 (5.21)

Using (5.19) with B = E;My;(22) or B = Ex;My, in (5.19), we also have

B|Cs;] < K\/7 j=1,2,3,4. (5.22)
y (5.20), (5.15) and (5.19) with B =1I,,_;, we obtain

Oyl <K, j=1.23,456. (5.23)
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Consider Csy now. Define é and My, the analogues of (;(z) and My, (z) respectively, by (sl, ey Sky Skt 1y ooy én)T,
where Sg11, ..., S, are 4.i.d. copies of sg41,...,8, and independent of s, ...,s,. Then (ui, Mki have the same
properties as (i(z), Myi(z), respectively. Therefore, |G| < |z|/v1 and |[My,|| < Kp. Applying (5.19) with
B= Mki(zl), we have

E|C32‘ = 2 ZE E (CZ(Zl) TM ( )Ci(zz)Mki(ZQ)SiS?MM(ZQ)Si)

i<k vItp z2np
K
A

gK\[.
b

Thirdly, consider Cy5. In view of (5.15), it is straightforward to check that

2

. E% SZT].\U/.[]W‘(ZQ)SZ‘ (524)

T My (21) My (22)si

k
Cos = —Em(ZQ) +or, (1). (5.25)
Further, consider Cs4. By (5.15) and (5.19), we have

_ QZ { TMkl(zl)B4(22)]

i<k

e Z {CZ 2 N (1) B <Z%Mkl(@)) sisiTsl}

i<k

= zym(z1)m(z2) n2p2 Z s B My (21) - ExMyi(22)s; + or, (1) (5.26)
i<k

= Zlm<Z1)m(Z2>n2Lp2 > tr (EkMki(Zl) : EkMki(Z2>) +or,(1)
i<k

k
= Z1m(21)m(z2)ﬁzk +or,(1),

where the last step uses the fact that via (5.11), (5.19), (5.8) and a tedious but elementary calculation

_ K
—‘tr (EiMii(=1) - ExMyi(22)) = trEx (XeDy (21)X7) - B (XDy 1(22))(5)‘ <=
Consider Cy; finally. By (5.15), we have
9 k
Cys = —m (Zl)m(ZQ)E + OLl(]-)- (527)
We conclude from (5.14), (5.18), (5.21)-(5.27) and the fact m?(z) + zm(z) + 1 = 0 that
k ko, k
2Ly = — Em(zg) - m (z1)m(z2) + ﬁZlm(Zl)m(ZQ)Zk» +or,(1)
k k
:ﬁzlm(zl)m(@) + EZlm(Zl)m(Zz)Zk +or,(1),
which is equivalent to
pm(z1)m(z2)
7y = —2 +or,(1). (5.28)

1= Em(z1)m(z2)
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5.3 Proof of Condition 5.1

The equality (5.28) ensures that

n

1
trEyMY EyMY z
e Z rEpM; 7 (21) - (22) = ”kZ:l k

_)/ tm(z)m(zs) o, (m(zl)m(22)) 110g (1 —m(21)m(z2)).

1 —tm(z1)m (22)

Thus, via (5.6), we obtain

Ay (21, 22) SEEN A 2(m(21)m(22)) log (1 — m(zﬂm(zg)).
Consequently, by (5.4)

A(z1,29) = 821222 {(1/4 —3)m(z1)m(z2) — 2log (1 — m(zl)m(zg))} ( |
5.29

—m’(z1)m (22) {m —3+ 2(1 - m(zl)m(ZQ))_Q} .

5.4 Tightness of Mygl)(z)

This section is to prove the tightness of M,gl)(z) for z € C;. By (4.7) and Lemma 4.1,

n l n l
EN Y aiBei(aw(z)P < K> laj*Elag(z)? < K

k=1j=1 k=1j=1
which ensures condition (i) of Theorem 12.3 of Billingsley [9]. Condition (ii) of Theorem 12.3 of Billingsley
[9] will be verified by proving

EIM® (1) — MV (z0)]?

<K, 21,29 € Cy. (530)
|21 — 29|

We employ the same notations as those in Section 4.1. Let
T = —sk TX,D (zl)(D,;l(zl) + D;l(ZQ))D,gl(zg)X{sk
- n—pterD,; (21) (D,;l(zl) + D,;l(zz))D,;l(zz)Xf,
Tho = nlp( XD <22>D,:1<z1>X£sk ~ X, Dy (22)D; ' (21)X] ),

Ba() = B2 (14 IMP@s1). diale) = 1+ M),

_ 1 _ _ _
dps =1+ —pter (zg)Dk Ye)XT, dpy = —ptrxk (zl)(Dk Y(z1) + D, 1(22))Dk1(z2)xf.

29



As in (4.3) we write

MW (21) — M (20) Z Ey — Ex_1)(dg1(z1) — di1(22))
=1

n

— (21— 22) Y _(Ex — Era [ﬁk )L + dia) = Br(21)dpa (22) (Thz + dis)
k=1

=— (21— 2) Y (Bx — Exa [ (i +12) + I3 — Br(21) Br(22)di2drs — Bk(zl)ﬁk(zz)dkﬂk(zz)]
k=1

3

n

=—(zn1—22) ) (Ex—Ep_1)(i+la+l3+l+15+1g),

=
Il
-

where

b= Br(21)Tr1, o = Br(21) B8 (z1)mk(21)dka,
ls = —Br(21) Yradr1(21), 1o = —Br(21) By (z1)m(21) Br(22) di2 (22) dis,
ls = =B} (21)Br(22) B (z2) s (22)di2(22)dis,  le = —Bi(21) Br(22)disyi(22).

Here the last step uses (4.5) for B(z1) and the facts that
D;%(21) - D (z2) = (21 — )y (21) (D (1) + Dy (22) ) Dy (z2),

Br(21) — Br(22) = (22 — 21) Br(21) Br(22) Yo + (22 — 21) Br(21) Br (22) dg3,
(Ek - Ek—l)ﬁ;tf(zl)dm =0, (Ek - Ek—1>ﬁir(zl)ﬁir(zz)dkz(zz)dks =0.

By (4.6) and Lemma 8.10 in Bai and Silverstein [4], without any tedious calculations, one may verify that
dij(2)] S K, j=1,23,4, and ETyP<Kp™', j=12

The above inequalities, together with Burkholder’s inequality, imply (5.30).

6 Uniform convergence of EFM,(z)

To finish the proof of Proposition 3.1, it remains to derive an asymptotic expansion of n(Em,(z) — m(z))
for z € C; (defined in Section 3.2). In order to unify the proof of Theorem 1.1 and Corollary 1.1, we derive
the asymptotic expansion of n(Em,(z) — m(z)) under both assumptions n/p — 0 and n3/p = O(1) in
Proposition 6.1. For the purpose of proving (3.6), we will prove a stronger result in Proposition 6.1, namely
uniform convergence of n(Em,(z) — m(z)) for z € ¢, = |J . For z located in the wider range ¢,, the
bounds or limits in Section 3 (e.g. Lemma 4.1, (5.3), (5.115:)l)7t,1éan not be applied directly. Hence in Section

4, we re-establish these and other useful results. Throughout this section, we assume z € ¢, and use the

same notations as those in Section 3.
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Proposition 6.1 Suppose that Assumption (¢) is satisfied.
(i) Under Assumption (b1): n/p — 0, we have the following asymptotic expansion
n|Emy(z) —m(z) — X,(m(2))| = o(1), (6.1)

uniformly for z € ¢, = | <, where X, (m) is defined in (1.4).

i=l,ru

(ii) Under Assumption (b2): n®/p = O(1), we have the following asymptotic expansion

[Emn \/7m 1 +m/(z ))] =m3(z) (m'(z) +uy— 2) (1 + m'(z)) +o(1), (6.2)

uniformly forz € ¢, = U <.

i=l,ru

This, together with (5.29) and the tightness of M»,(LU(Z) in Section 5.4, implies Proposition 3.1. It remains
to prove Proposition 6.1. To facilitate statements, let

1
z+ EniptrXDfl(z)XT '

1 & L
Wp = ﬁ Zm(z)ﬂkulw €n =
k=1
Here, w,, €, all depend on z and n, and €, are non-random.
Lemma 6.1 Let z € g,. We have
nBw, = m?3(2) (m’(z) + vy — 2) +o(1).

Assuming that Lemma 6.1 is true for the moment, whose proof is given in Section 6.1 below, let us demon-

strate how to get Proposition 6.1. By (3.8) in Bai [2], we obtain

M (2) = ftrD =-= Z/Bk (6.3)

Applying (4.1), (6.3), (4.6) and taking the difference between 3 and we have

1
z+m(z)?’

I 1
Brmn(z) - m(z) = —~ " B+ — =
nkz::1 4§ z+m(z)

S Zﬂkm [uk—wmn()—m(z)) 0+ 2B 2] (6.4

= Ewp, +m(2) Emy, (2)(Emy(2) — fm 2)Emy,(2)(1 4 zEmy(2)).

Under Assumption n/p — 0: Let Em,, m respectively denote Em,(z), m(z) to simplify the notations
below. By (4.1) and (6.4), we have

Em, —m = Ew, +m*(Em,, —m) +m(Em,, —m)? + \/ﬁm(Emn —m)(1+zm)
p

\/>m (1+2zm) \/>zm(Emn m)? + \/ﬁzmQ(Emn —m)
b

= A(Em,, — m)* + (B+ 1)(Em, —m) + C,,
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where A, B are defined in (1.4) and

C, = Ew, — Em4.
p

Rearranging the above equation, we observe that (Em,, — m) satisfies the equation Ax? + Bz + C,, = 0.

Solving the equation, we obtain

~B+ VBT - 4AC, ~B- VBT - 4AC,
= 24 = 24 ’

where /B2 — 4AC,, is a complex number whose imaginary part has the same sign as that of B. By the

assumption n/p — 0 and Lemma 6.1, we have 4AC,, — 0. Then x(;) = o(1) and z(3) = Lom?® | o(1). Since

m

Em, —m = o(1) by (6.5), we choose Em,, —m = x(1). Applying Lemma 6.1 and the definition of A}, (m) in
(1.4), we have

—4A {nEwn —m3(2) (m’(z) +uy— 2)}
24(VBZ=1AC, + VBT~ 14C)

n|{Em,(z) —m(z) — Xn(m(z))} =

— 0.
Hence Proposition 6.1(4) is proved.
Under Assumption n®/p = O(1): subtracting m(z)Em,,(z)(Em,(z) — m(z)) on the both sides of (6.4)
and then dividing 1 (1 — m(z)Em,(z)), we have

B nEw, n3 m(z)Em,(2)(1 + zEm,(2))
n(Ema(2) —m(z)) = 1 —m(z)Em,(z) + \/; 1 —m(z)Em,(2)

m>(z , n3 mi(z n3
(e 2) [ (1),

where we use (4.34), Lemma 6.1, (4.1) and the fact that m/'(z) = ) Proposition 6.1(i7) is proved.

1—-m?2(z)

Hence, the proof of Proposition 6.1 is completed. Now it remains to prove Lemma 6.1.

6.1 Proof of Lemma 6.1

From the definitions of S, €, and [ix (see Lemma 4.3), we obtain
B = €n + Brenfix. (6.5)

By (6.5), we further write S8y as B = €, + €2 fix + € jis + Brés iy, which ensures that

n

nEw, =m(2)e, Y  E(fix) + m(2)e5 Y E(i7) + m(2)és > E(f3) +m(2)e, Y E(Brfif)
k=1 k=1 k=1 k=1 (6.6)

é[’h + Hy + H3 + Hy,

where Hj,j = 1,2,3,4 are defined in the obvious way. As will be seen, H3 and Hy are both negligible and

the contribution to the limit of nEw, comes from H; and Hy. Now, we analyze H;,j =1,...,4 one by one.
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Consider Hy first. It follows from (4.1) and (4.34) that

€, —;:—mz 0
= z+m(z) +o(1) (2) +o().

By Lemma 4.2 and Lemma 4.3,

54 n
2

(6.7)

ElBuiit] < KEIGI(US) + BBt I(Un) < K(% + 5 ) + o(n™) < Ko'n ™!,

n o p

which, together with (6.7), further implies

It follows from Lemma 4.3 and (6.7) that
H3 = 0(].)

Consider H; next. We have, via (4.6) and (4.2),

n
1 1
Hy =m(2)é, Y ( E—trXD'XT — B—trM{”
=\ np np

= (1 + z\/Z)m(z)en; é E(trD_1 — trD;1> + \/Zm(z)en

1 1
= —(1 + z\/j)m(z)enn ];E{ﬂk (1 + nps;;FMgf)sk) } + \/jm(

Applying (4.23), (4.26) and (4.34), it is easy to see

2)€p.

(6.10)

S

1 2 1 1 !
L sEM s = 1 (n—ptrM,i ) Hon,(1) = L4 m!(2) + 01, (1),

This, together with (6.7), Lemma 4.2 and (6.3), ensures that
Hy = —m?(2) (1 + m’(z))Emn(z) +o(1) = —m3(2) (1 + m'(z)).
Consider Hy now. By the previous estimation of Ejij included in H; we obtain
Ep; = E(fix — Efk)” + O(n™?).
Furthermore a direct calculation yields

E(fuy, — Efix)* = S1 + S,

where
1 2
S1= EE (X1 —1)" + Eviys S2 = Sa1 + Saa,
Sor = B (M — ErMP) | Sy = -2 B[] iy
n = g My = BIrMT) S = = B (S~ p) s M s
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We claim that

nS1 — vy —1+2m'(2), nS; =0, nSy» —0, as n — . (6.14)

Indeed, with notation MS) (a 5.71))po7 i,j7 =1,...,p, asillustrated in (4.16), we have ng—lﬁ PRSP E\a \2

0. Via this, (4.34) and (4.6), a simple calculation yields

2
nEy?, = JE 3 X Xjal + Z (X2
i#]
- (1) 1 ¢ 2 (1)y2
= JE ZZsz:X]szktha a + Tpg ZE[(XZ]C - ) ( zz )
i#] s#t i=1

—E(Za Dal}) ) o(1) = nipZEw(M,(j))2 +o(1)

= fEtrDljz +0(1) = 2m (2).
n
Since E|X?, — 1% = v4 — 1, we have proved the first result of (6.14). By Burkholder’s inequality, Lemma
4, (4.6), (4.18) and (4.23)

n|Sa1| = (1+z\f) ZEIMY )PP+ Kn~t < Kn™t. (6.15)
p

Furthermore

il = s B(3 06k ~0) - (S Kl

t=1

_ 2 B} - )X EtrM(1<K\/7

Therefore, the proof of the second result of (6.14) is completed. We then conclude from (6.14), (6.12), (6.13)
and (6.7) that
Hy — m3(2) (2m/(z) +uy— 1). (6.16)
Finally, by (6.6), (6.8), (6.9), (6.11) and (6.16), we obtain
nEw, = m3(2) (m'(z) + vy — 2) +o(1).

Lemma 6.1 is thus proved. This finishes the proof of Proposition 3.1.

7 Proof of Proposition 3.2

Recall the definition of U,, below Proposition 3.2 or in Section 4. For i = [,r, by Lemma 4.4

/ M (2)I(US)dz

Si

E /E|M(1)( )Pdz < K|lsi|| =0, as n — oo,v; — 0.

Moreover,

/EM I(U;)dz| < /|EM,L z)|dz— 0, as n— oo,v; — 0,

where the convergence follows from Proposition 6.1.
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Calculation of the mean and covariance

To complete the proof of Theorem 1.1 and Corollary 1.1, it remains to calculate the mean function and

covariance function of Y'(f) and X(f). The computation exactly follows Bai and Yao [6] and so we omit it.
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Table 1: Empirical means of G (f)/(Var(Y (f)))"/? (cf. (2.3)) for the function f(z) = Lz(2? — 3) with

the corresponding standard deviations in the parentheses.

p=n’

n 50 100 150 200

N(0,1) —0.314(1.227) —0.221(1.038) —0.188(1.051)  —0.093(0.940)
exp(l)  —0.088(2.476) —0.079(1.447) —0.140(1.400)  —0.161(1.154)
£(6) —0.084(2.813) —0.077(1.541)  —0.095(1.246)  —0.0897(1.104)

p=n25

n 50 100 150 200

N(0,1) —0.068(1.049) —0.053(1.077) —0.0476(0.944) —0.016(1.045)
exp(l)  —0.049(1.879) —0.029(1.390) —0.046(1.162)  —0.045(1.156)
£(6) —0.075(1.693)  0.050(1.252)  —0.044(1.145)  —0.027(1.044)
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Figure 1: The Q-Q plots of the standard Gaussian distribution versus G (f)/(Var(Y (f)))'/? based on

the sample generating from N (0, 1) (red), standardized exp(1) (green) and standardized ¢(6) (blue) with the

sample sizes n = 50,100, 200 from left to right and the dimension p =n
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Figure 2: The Q-Q plots of the standard Gaussian distribution versus G (f)/(Var(Y (f)))'/? based on

the sample generating from N (0, 1) (red), standardized exp(1) (green) and standardized ¢(6) (blue) with the

sample sizes n = 50, 100, 200 from left to right and the dimension p = n
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Table 2: Empirical sizes of CZZ test and L,, at the significant level a« = 5% for normal, gamma, Bernoulli

random vectors.

CZ7Z Test L,

n n

D 20 40 60 80 20 40 60 80

Normal random vectors

600 0.069 0.071 0.052 0.052 | 0.063 0.077 0.066 0.082
1500  0.057 0.059 0.061 0.059 | 0.055 0.058 0.058 0.062
3000  0.067 0.068 0.057 0.053 | 0.048 0.067 0.056 0.052
5500  0.064 0.06 0.067 0.058 | 0.0564 0.055 0.071 0.068
8000  0.071 0.062 0.062 0.054 | 0.055 0.049 0.06 0.059
10000 0.055 0.059 0.063 0.06 | 0.037 0.058 0.057 0.054

Gamma random vectors

600 0.055 0.073 0.056 0.062 | 0.103 0.119 0.125 0.123
1500  0.064 0.047 0.059 0.059 | 0.094 0.072 0.072 0.088
3000  0.069 0.071 0.059 0.052 | 0.066 0.074 0.071 0.061
5500  0.065 0.069 0.048 0.041 | 0.077 0.073 0.047 0.045
8000  0.069 0.065 0.07 0.053 | 0.078 0.075 0.063 0.059
10000 0.072 0.06 0.06 0.057 | 0.078 0.082 0.065 0.06

Bernoulli random vectors

600 0.078 0.079 0.056 0.037 | 0.048 0.064 0.046 0.037
1500  0.065 0.050 0.051 0.053 | 0.039 0.040 0.049 0.050
3000  0.048 0.053 0.058 0.060 | 0.040 0.052 0.052 0.056
5500  0.059 0.061 0.059 0.042 | 0.040 0.052 0.060 0.040
8000  0.065 0.074 0.065 0.059 | 0.046 0.052 0.05 0.051
10000 0.07  0.057 0.047 0.048 | 0.044 0.037 0.038 0.047
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Table 3: Empirical powers of CZZ test and L,, at the significant level o = 5% for normal random vectors.
Two types of population covariance matrices are considered. In the first case, ¥1 = diag(2 X Ljp), Lp—[1p])
for v = 0.08 and v = 0.25, respectively. In the second case, 3o = diag(Ahdiag(lp_[wp]))7 where A, is a
[v2p] X [vap] tridiagonal symmetric matrix with diagonal elements equal to 1 and elements beside diagonal

all equal to vy for v; = 0.5,v9 = 0.8 and v; = 0.5, v3 = 0.4, respectively.

CZZ Test Ly
n n
P 20 40 60 80 20 40 60 80
Normal random vectors (v = 0.08)
600 0.186 0.392 0.648 0.826 | 0.932 1 1 1
1500 0.179 0.397 0.642 0.822 | 0.999 1 1 1
3000 0.197 0.374 0.615 0.867 | 1.000 1 1 1
5500 0.225 0.382 0.615 0.85 1 1 1 1
8000 0.203 0.391 0.638 0.843 1 1 1 1
10000 0.204 0.381 0.639 0.835 1 1 1 1
Normal random vectors (v = 0.25)
600 0.571  0.952  0.997 1 1 1 1 1
1500 0.585 0.959  1.000 1 1 1 1 1
3000 0.594 0.961  1.000 1 1 1 1 1
5500 0.617  0.954 1 1 1 1 1 1
8000 0.607  0.957  0.999 1 1 1 1 1
10000 0.595 0.949 1 1 1 1 1 1
Normal random vectors (vi = 0.5, v2 = 0.8)
600 0.333 0.874 0.997 1 0.443 0.493 0.492 0.488
1500 0.310 0.901 0.999 1 0.987 0.997 0.997 0.998
3000 0.348 0.889  0.998 1 1.000 1.000 1.000  1.000
5500 0.382 0.871  0.998 1 1 1 1 1
8000 0.33 0.867  0.998 1 1 1 1 1
10000 0.359 0.868  0.998 1 1 1 1 1
Normal random vectors (vi = 0.5,v2 = 0.4)
600 0.142 0.364 0.668 0.896 | 0.078 0.089 0.069 0.102
1500 0.131 0.354 0.653 0.890 | 0.220 0.235 0.230 0.226
3000 0.139 0.361 0.662 0.899 | 0.635 0.660 0.647 0.684
5500 0.148 0.352 0.645 0.898 0.97 0.979  0.989 0.989
8000 0.152 0.36 0.688 0.905 | 0.981 0.978 0.986 0.989
10000 0.137 0.328 0.674 0.886 1 1 1 1
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Table 4: Empirical powers of CZZ test and L, at the significant level a = 5% for standardized gamma
random vectors. Two types of population covariance matrices are considered. In the first case, 31 = diag(2x
11p)5 1p—p)) for v = 0.08 and v = 0.25, respectively. In the second case, ¥p = diag(Al,diag(lp_[vw])),
where A; is a [vep] X [vgp] tridiagonal symmetric matrix with diagonal elements equal to 1 and elements

beside diagonal all equal to v; for v1 = 0.5,v2 = 0.8 and v; = 0.5, v, = 0.4, respectively.

CZZ Test Ly,

n n

P 20 40 60 80 20 40 60 80

Gamma random vectors (v = 0.08)

600 0.331 0.638 0.891 0.982 | 0.999 1 1 1
1500 0.356  0.636 0.901 0.979 1 1 1 1
3000 0.197 0.383 0.638 0.823 1 1 1 1
5500 0.178 0.361 0.658 0.845 1 1 1 1
8000 0.199 0.399 0.642 0.85 1 1 1 1
10000 0.216 0.353 0.636  0.843 1 1 1 1
Gamma random vectors (v = 0.25)
600 0.621 0.943 1.000 1 1 1 1 1
1500 0.610 0.946 0.999 1 1 1 1 1
3000 0.579 0.946 0.997 1 1 1 1 1
5500 0.596 0.957  0.999 1 1 1 1 1
8000 0.616  0.962  0.999 1 1 1 1 1
10000 0.614 0.955 0.999 1 1 1 1 1
Gamma random vectors (v1 = 0.5,v2 = 0.8)
600 0.192 0.871 0.998 0.972 | 0.122 0.413 0.423 0.133
1500 0.198 0.883 0.995 0.980 | 0.440 0.992 0.993 0.433
3000 0.343 0.885 0.995 1 1 1 1 1
5500 0.342  0.88 0.996 1 1 1 1 1
8000 0.349 0.877  0.998 1 1 1 1 1
10000 0.337 0.879  0.998 1 1 1 1 1
Gamma random vectors (v = 0.5,v2 = 0.4)
600 0.117 0.353 0.650 0.780 | 0.087 0.111 0.114 0.120
1500 0.138 0.365 0.661 0.799 | 0.183 0.215 0.226 0.157
3000 0.129 0.349 0.646 0.89 0.593 0.621 0.627 0.61
5500 0.124 0.335 0.678 0.889 | 0.945 0.972 0.981 0.986
8000 0.142 0.369 0.668 0.901 | 0.999 1 1 1
10000 0.142 0.336  0.668 1 1 1 1 1
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Table 5: Empirical powers of CZZ test and L,, at the significant level a = 5% for standardized Bernoulli
random vectors. Two types of population covariance matrices are considered. In the first case, 31 = diag(2x
11p)5 1p—p)) for v = 0.08 and v = 0.25, respectively. In the second case, ¥p = diag(Al,diag(lp_[vw])),
where A; is a [vep] X [vgp] tridiagonal symmetric matrix with diagonal elements equal to 1 and elements

beside diagonal all equal to v; for v1 = 0.5,v2 = 0.8 and v; = 0.5, v, = 0.4, respectively.

CZZ Test Ly,

n n

P 20 40 60 80 20 40 60 80

Bernoulli random vectors (v = 0.08)

600 0.216 0.381 0.622 0.849 | 0.972 1 1 1
1500 0.198 0401 0.632 0.837 1 1 1 1
3000 0.203 0.362 0.622 0.823 1 1 1 1
5500 0.196 0.354 0.627 0.829 1 1 1 1
8000 0.203 0.373 0.638 0.834 1 1 1 1
10000 0.213 0.397 0.637 0.822 1 1 1 1
Bernoulli random vectors (v = 0.25)
600 0.594 0.952 0.998 1 1 1 1 1
1500 0.619 0.960 1.000 1 1 1 1 1
3000 0.594 0.964 0.999 1 1 1 1 1
5500 0.609 0.948 1.000 1 1 1 1 1
8000 0.589  0.952 1 1 1 1 1 1
10000 0.603 0.957  0.999 1 1 1 1 1
Bernoulli random vectors (v1 = 0.5,v2 = 0.8)
600 0.356  0.870  0.996 1 0.507 0.512 0.526  0.558
1500 0.359 0.892  0.995 1 0.999 1 1 0.999
3000 0.343 0.877 0.998 1 1.000 1 1 1.000
5500 0.355  0.868  0.997 1 1.000 1.000 1.000 1.000
8000 0.332  0.873 0.997 1 1 1 1 1
10000 0.353 0.872 1 1 1 1 1 1

Bernoulli random vectors (vi = 0.5,v2 = 0.4)

600 0.153 0.348 0.643 0.901 | 0.092 0.086 0.079 0.085
1500 0.154 0.372 0.643 0.878 | 0.239 0.255 0.235 0.241
3000 0.141 0339 0.649 0.882 | 0.682 0.680 0.680 0.674
5500 0.156 0.343 0.656 0.893 | 0.997 0.994 0.994 0.994
8000 0.144 0.353 0.664 0.904 1 1 1 1
10000 0.139 0.356 0.685 0.889 1 1 1 1
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