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Abstract

Suppose that {X;,,j=1,--- ,pi;k=1,--- ,n} are independent and identically
distributed (i.i.d) real random variables with EXy; = 0 and EX? = 1, and that
{Yir,j = 1,---,pask = 1,--- ,n} are ii.d real random variables with EY;; = 0
and EY? = 1, and that {Xj5,j = 1,---,p1;k = 1,--- ,n} are independent of

{Yir,j=1,--- ,p2sk=1,--- ,n}. This paper investigates the canonical correlation
coefficients r1 > ro > --- > 1,,, whose squares \; = 7’%,)\2 = r%, LA = 7"}2,1 are

the eigenvalues of the matrix

Say = A AL A AL

Ty’

where
1 < 1< T 1< T
A, = ;Zxkxga Ay = ﬁzy.’c}’ka Axy = szk}’kn
k=1 k=1 k=1

and
xp = Xk, s Xpuk) s Yo = Yiky o Yoou) 'y k=1,--+ .

When p; — 00, pg — 00 and n — oo with 2L — ¢y, 22 — ¢, ¢1, ¢ € (0,1), it is
proved that the empirical distribution of 7,792, , 7, converges, with probability
one, to a fixed distribution under the finite second moment condition.
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1 Introduction

Canonical correlation analysis (CCA) deals with the relationship between two random
variable sets. Suppose that there are two random variable sets: x = {xy,..., 2, }, y =
{v1,...,Yp, }, where p; < py. Assume that there are n observations for each of the p; + ps
variables and they are grouped into p; x n random matrix X = (Xj;)p, xn and ps X n

random matrix Y = (Y;;)y,xn respectively. CCA seeks the linear combinations a’x and
c’y that are most highly correlated, that is to maximize
T
a’ YyyC
r=Corr(a’x,c’y) = = ; 11
( ) valYay/cTSy,c (1.1)

where Yy, Xy, are population covariance matrices for x, y respectively; Y, is the
population covariance matrix between x and y.

After finding the maximal correlation r; and associated combination vectors ai, ¢y,
CCA considers seeking a second linear combination alx, ¢y that has the maximal cor-
relation among all linear combinations uncorrelated with al'x, ¢I'y. This procedure can
be iterated and successive canonical correlation coefficients ry,...,r, can be found. Sub-
stituting population covariance matrices with sample covariance matrices, rq,...,7,, can
be recast as the roots of the determinant equation

det(Am A AL —1r?A,) =0, (1.2)

where ) . )
A, =-XX" A, =-YY", A, =-XY".
n n n

About this point, one may refer to page 284 of Mardia, Kent and Bibby (1979). The roots
of the determinant equation above go under many names, because they figure equally in
discriminant analysis, canonical correlation analysis, and invariant tests of linear hypothe-
ses in the multivariate analysis of variance. These are standard techniques in multivariate
statistical analysis. Section 4 of Wachter (1980) described how to transform these statisti-
cal settings to the determinant equation form. Johnstone (2008) also gave its applications
in these aspects in multivariate statistical analysis.

The empirical distribution of the canonical correlation coefficients 7,79, -+ , 7,
defined as

L s

Flz) = pil#{z' i < ), (13)

where #{---} denotes the cardinality of the set {---}. When the two variable sets x
and y are independent and each set consists of i.i.d Gaussian random variables, Wachter
(1980) proved that the empirical distribution of rq,7y,--- 7, converges in probability
and obtained an explicit expression for the limit of the empirical distribution when pq, po
and n are all approaching infinity. From the determinant equation (1.2), it can be seen

that Ay =77, \y = 13,..., A, = 7> are eigenvalues of the matrix S,, = A;'A, A TAT .
Hence the analysis of the empirical distribution of ry,r9, -+ , 7y, is equivalent to analyzing



the ESD of the matrix S,,. Here for any p x p matrix A with real eigenvalues z; < o <
... < x,, its ESD is defined as

FA(z) = %#{i 25 < 1), (1.4)

The aim of this paper is to prove that the result in Wachter (1980) remains true
when the entries of X and Y have finite second moments but not necessarily Gaussian
distribution.

Theorem 1. Assume that
(@) X = (Xij)1<i<pr1<j<n where X;;,1 <1 <p;,1 < j <n, are i.i.d real random variables
with EXU =0 and E|X11|2 = 1.
(0) Y = (Yij)1<i<psi<j<n where Y, 1 < i < py, 1 < j <mn are i.i.d real random variables
with EYy; = 0 and E|Yy)? = 1.
(c) p1 = p1(n) and py = pa(n) with 2 — ¢1 and 22 — ¢35, ¢1,¢5 € (0,1), as n — oo.
(d) Suy = A;leyAglAfy where A, = %XXT, A, = %YYT and A, = %XYT.
(e) X and Y are independent.

Then asn — oo the empirical distribution of the matriz ry,79,- -+ , 1)
surely to a fized distribution function whose density is

, converges almost

p(r)=((r—L)(r+ L)(H —r)(H + T))%/[Wclr(l —r)(1+r)], re[L, H], (1.5)

where L = |(cy — ¢2¢1)% — (¢1 — €162)2| and H = |(c3 — ¢2¢1)% + (¢1 — ¢162)2|; and atoms
of size max(0,1 — cy/c1) at zero and size max(0,1 — (1 — c2)/c1) at unity.

Remark 1. The inverse of a matriz, such as A" and A", is the Moore-Penrose pseu-
doinverse, i.e. in the spectral decomposition of the initial matriz, replace each nonzero
ergenvalue by its reciprocal and leave the zero eigenvalues alone. This is because under
the finite second moment condition, the matrices A, and A, may be not invertible un-
der the classical inverse matriz definition. However, with the additional assumption that
EX}, < 00 and EY}} < oo, we have the conclusion that the smallest eigenvalues of the
sample matrices A, and A, converge to (1 — \/c1)? and (1 — \/c3)? respectively/Theorem
5.11 of Bai and Silverstein (2009)], which are not zero since c¢1,co € (0,1). So A, and
A, are invertible with probability one under the finite fourth moment condition.

As stated previously, it is sufficient to analyze the limiting spectral distribution (LSD)
of the matrix S,,, where LSD denotes the limit of the empirical spectral distribution as
n — oo.

The strategy of the proof of Theorem 1 is as follows. Since the matrix S, is not
symmetric, it is difficult to work on it directly. Instead we consider the n x n symmetric
matrix

pP,P.P, (1.6)

where
P, = X"(XX")"'X, P, =Y"(YY")'Y.



Note that P, and P, are projection matrices. It is easy to see that the eigenvalues of the
matrix P, P, P, are the same as those of the matrix S,, other than n—p; zero eigenvalues,
ie.

n—Dp1

FPiPPy(q) = ZLFSe(2) + Tio.+00) (). (1.7)
By (1.7) and the result in Wachter (1980), one can easily obtain the limit of FPvP=Py(z)
when the entries of X and Y are Gaussian distributed. To move from the Gaussian
case to non-Gaussian case, we mainly use Lindeberg’s method (see Lindeberg (1922) and
Chatterjee (2006)) and the Stieltjes transform. The Stieltjes transform for any probability
distribution function G(xz) is defined as

ma(z) = / ! dG(x), 2€Ct={z€C, v=Sz>0}. (1.8)

r—Zz

An additional key technique is to introduce a perturbation matrix in order to deal
with the random matrix (XX*)~! under the finite second moment condition.

2 Proof of Theorem 1

We divide the proof of Theorem 1 into 4 parts:

2.1 Step 1: Introducing a perturbation matrix

Let
A=P/P,P,

In view of (1.7) it is enough to investigate F'* to prove Theorem 1. In order to deal with
the matrix (XX7)~!, we make a perturbation of the matrix A and obtain a new matrix

B=P,P,P,

where Py, = 1XT(1XXT + ¢I,,)7'X, ¢ > 0 is a small constant number and I, is the
identity matrix of the size p;.
We claim that, with probability one,

lim lim L(FA,FB> ~0. (2.1)

t—0n—oo

where L(F#, FB) is the Levy distance between two distribution functions F4()\) and
FB()\). By Lemma 6 in the Appendix,

1 1
L}(FA FB) < —tr(A-B)? < —tr(P, — P;,)?
n n
1 1 1 1 9
= —tr(=XXT[(=XX")"! — (=XXT +¢1, )7t
—tr(CXXT[(CXXT) - XX+ T,) )
< t2t (1XXT+tI )2 (2.2)
—ir\{— .
~ n '‘n Pz

4



where the second inequality uses the fact that ||P,|| = 1 with the norm being the spectral
norm and the last inequality uses the definition of the Moore-Penrose pseudoinverse so
that we may write

1 1 1
—XXT[(=XXT)"! — (=XXT +1,,) !
CXXT[(ZXXT) - (XX L)
t
H1 p1(p1+t)
_t
- U7 fm uu? pnen D U
0 Tt
0 _1
t
t
p1+t
t
= U’ pmFt U.
0
0
Here pq, ..., 4, are the nonzero eigenvalues of the matrix %XXT and U7 is the eigenvec-

tors matrix of 1XX.
Given t > 0, by Theorem 3.6 in Bai and Silverstein (2009) (or see Jonsson (1982) and
Marcenko and Pastur (1967)) and the Helly-Bray theorem, we have with probability one

Ldxxr 1 =t L ar ) /b;dF )
nn T ) et T e

V(b — V(b —
<
/ (A+1) 227r)\ / )\327T d)\ M,

where F),, is the ESD of the sample matrix %XXT, F., is the Marcenko-Pastur Law,
b= (1+/c1)? and a = (1 — /c1)?. Here and in what follows M stands for a positive
constant number and it may be different from line to line. This, together with (2.2),
implies (2.1), as claimed.

Let B and A, respectively, denote analogues of the matrices B and A with the elements
of X replaced by i.i.d. Gaussian distributed random variables, independent of the entries
of Y. By (2.1) and the fact that, for any A € R,

[FAQ) = AN < [FAQ) = FPO)| + [FP(\) = FEO)| + [FB() = FA(N)],

in order to prove that, for any fixed t > 0, with probability one,

lim |[FA(\) — FA(\)| =0, (2.3)

n—oo



it suffices to prove with probability one,

lim |FB(\) — FB()\)| = 0. (2.4)

n—o0

If we have (2.3), then for any A € R, with probability one,
lim |FPPv()\) — FP&Pv())] = 0. (2.5)

n—oo

Since P, and P, stand symmetric positions in the matrix P,P,, as in (2.3) and (2.5),
one can similarly prove that for any A € R, with probability one,

lim |FP#Pv()\) — FPEPI(\)| =0, (2.6)

n—oo

where P? is obtained from the matrix P, with all the entries of Y replaced by i.i.d
Gaussian distributed random variables, independent of PJ. Then (2.5) and (2.6) imply
that for any A € R, with probability one,

lim |FP<Pv()\) — FPEPI ()] = 0. (2.7)

n—oo

With the theorem obtained in Wachter (1980) and (2.7), our theorem is easily derived.
Hence the subsequent parts are devoted to proving (2.4).

2.2 Step 2: Truncation, Centralization, Rescaling and Tightness
of FB

With (1.8) of Bai and Silverstein (2004) and the arguments above and below, we can

choose €, > 0 such that &, — 0, n'/%¢, = 0o as n — oo, and P(|X;;| > n'/%,) < 2.
Define 3 R ) )
Xij = XUI(|XU| < nl/Qen), X = )(ZJ — EX117
1 1 ~ 1 o 1~ ~ -
P, = — X' (=XX" +1,,)'X, Py, = —XT( XX" +tL,, )X,
n n

. 1.~ 1.~ A N~ ~ N .
P;, = —XT(—XXT +1tL,,)"'X, B=P,P,,P,, B=P,P, P,

where X = (Xyj)1<icpia<jcn and X = (Xij)1<icpia<jcn-

UM

Let n;; = 1 — I(]X;;] < n'/%e,). We then get by Lemma 4 in the appendix

; 1 . 1 N
sup |[FB(\) — FB(\)| < —rank(P, P, P, — P, P, P,) < —rank(Py — Py,)
A n n

1 5 o B 4 Pr n
< “[rank(XT - X E(XXT — XX* E(X -XD)) < =
< —[rank( ) + rank( ) + rank( )]_nZZn]

n
i=1 j=1

Denote ¢ = P(n;; = 1) = P(|X;;] > n'/2%¢,). We conclude from Lemma 5 that for any
0 >0,

P(sup [FP(A) = F ()] > 0) ZZ% > 9)

7,1]1



p1 n
)
= P(ZZ%’ —npiq = npl(p—l —q))
i=1 j=1
n?pi(x —q)?

2np1q + np1 (- — q)

< 2e$p< - ) < 2exp(—nh),

for some positive h. It follows from Borel-Cantelli’s lemma that

sup|FB()\)—FB()\)|—>O, a.s. asmn — oo.
A

Next, we prove that

sup|FE(A)—FB(A)|—>O, a.s. asmn — 0o.
A

Again by Lemma 4 we have

. . 1 . 1 . .
sup |[FB(\) — FB()\)| < —rank(B — B) < —rank [Pm - Pm}
A n n

1 lar/ 1o low )
<= k[—XT( SXXT 4L, ) — (CXXT 41 *)X}
> n”m n (n +tL,,) (n +tL,,)
1 lop loor 1 1 I orvloer e
+—mnk:[—x (=XXT +11,,) EX} —|——mnk:[—(EX J(=XXT +11,,) X]
n n n n n n
1 I B )
= rank [—(EXT)(—XXT n tIpl)_lEX] .
n n n

Since all elements of EX are identical, rank <E)~() = 1. Moreover, from (2.10)

1oo 1o
(EXXT + tIpl)_l - (EXXT + tIpl)_l
1o loor loor 1o
= (EXXT - tIpl)’l(ﬁXXT — XX (=XXT +11,)7!

n n

11,5 _ S . ool oo _
= E(EXXTHIPI) 1(—EXEXT+XEXT+(EX)XT)(EXXT+tIp1) L

Hence M
sup |[FB(\) — FB(\)| < — — 0.
A n

(2.8)



Let 62 = B(|X;5|?) and B = -5 X7(-L,XXT +1I,,)"'X. Then by Lemma 6, we have

52 1)242 1o 1 oan 1.5 2
_ - tr(=XXT (XX + 6%41,,) 7 (XX 4 1,,) )
n n n n
52 1)242 1. . 1. . 1~ n 2
I ) tr((SXXT + 6%, — 6°,,) (- XXT + 6%1,,) " (- XX+ 11,,) )
n n n n
52 1)242 1. . 1. . 1~ n 2
N Cah)) (XX 4 11,,) 7 = %= XX 4 64T, ) (XX 4+ T,) )
n n n n
52 — 1)2¢2 1~ ~ 1.4 | N 2
Gty - ) P <|I(5XXT +11,) |+ 62t||(5XXT +6%L,,) 7] - ||(5XXT + ﬂp1>_1||>
52— 1)%2 4
(U ) pl_ — 0,
n 12

because 62 — 1 and p;/n — c; as n — oo; where the first equality uses the formula

(2.10); the second inequality uses the matrix inequality that
tr(C) < p[C|,

holding for any p; x p; normal matrix C; and the last inequality uses the fact that

1o 1o 1
XX+ 6%,) 71| < oy [IGXXT 4 41,,)7) < o

o2t’
In view of the truncation, centralization and rescaling steps above, in the sequel, we
shall assume that the underlying variables satisfy

Xl <n'?e,, EXy=0, EX}=1, (2.9)

and for simplicity we shall still use notation X;; instead of )A(”
We now turn to investigating the tightness of FB. For any constant number K > 0,

1 11
dFB < — [ \dFB® = —=¢r[P PP
//\>K _K/ Knr[ ytt y]

Since the largest eigenvalue of P, is 1 and Py, is a nonnegative matrix we obtain

t?"[PmePy] = tT[PyPtz]
1 1
< tr[Pu) = tr[- XX (=XXT +¢I,,) '] < n.
n n
The last inequality has used the facts that ¢ > 0 and that all the eigenvalues of %XXT(%XXT—F
tI,,)"" are less than 1.
It follows that F'B is tight.



2.3 Step 3: Convergence of the random part

The aim in this section is to prove that
1 . 1 .
—trB™(2) — E—trB™ " (2) - 0 a.s. asn — oo.
n n

To this end we introduce some notation. Let x;, denote the kth column of X and e, the
column vector of the size of p; with the kth element being 1 and otherwise 0. Moreover,
define X;, to be the matrix obtained from X by replacing the elements of the kth column
of X with 0.

Fix v = Tz > 0. Define Fj to be the o-field generated by xi,--- ,x;. Let Ei(-)
denote the conditional expectation with respect to F; and E, denote expectation. That

is, Ex(-) = E(:|Fx) and Ey(-) = E(-). Let
B7'(2) = (P,P,,P, —21)}, B, =P, PP, B;'(z) = (P,PP, —2I)7",

where Py, = 2XT(EXXT 411, )7'X, PjF = $XT (L X XT +t1,,) 7' X,
Define H; ' = (1X,X{ +¢I,,) ™' and H™! = (:XX* 4 ¢I,,) L.
Note that X = X, + xkef, that the elements of X ey are all zero and hence that

XXT — X, X{ = xpx].
This implies that

1 1 1
-1 -1 “1y, JTyy-1 “1, TEr-1
H -H = EH xpx, Hy " = T *1xkﬁHk xpx, H, o,
2 X Hy

where we make use of the formula

AT A = AN A, - ADAY (2.10)
holding for any two invertible matrices A; and Aj;
and —_
Ty—1 u

holding for any invertible matrices U and (U + uv”), vectors u and v. We then write
By, —B=P,(P¥ —Py,)P, =P,(C, + Co + C3 + Cy)P,, (2.12)
where

_IXEH e HE X, 1 X{H; 'xpef

C s = 5
"n 1+ XTH x ? n1+ ixI'H; 'x,
1 exiH_'X, 1 epxiH; 'xpel
= Rk TR o o - SRk TR (2.13)



Now write

n

%trBl(z) - E%trBl(z) - %Z[Ek“”Bl(Z) — E_1trB71(2)]

k=1

n

= S (B BB ) - B (:))

k=1
1 n 4
— 2N (B, - E,_ [ / (B*I P,C;P, B! )]
3 2B B[ Tir (B PLCPB
where the last step uses (2.10) and (2.12). Let || - || denote the spectral norm of matrices
or the Euclidean norm of vectors. It is observed that
B <~ IBIGI< [PI<L —#H <> (214
— v’ k 0’ Y= —t '
and since xZ H; 'x; > 0 we have
! <1 (2.15)
1+ %Xzlelxk - '
It follows that
1 x'H'X,P,B~'(2)B, ' ()P, X H, 'x
_1 -1 _ kLl Nk y k y2 e Rk
trB, (2)P,C,P,B™ (2)| = ﬁ 11 leH_lxk
1 _ t
< WHXfHkIXkHQ < |XkH x| tos |XkH ’X|, (2.16)

where the last inequality uses the facts that ||X;€H,;1Xk|\2 = xI'H,'X; XTH, 'x; and
H, "X, X{H; ' =nH; ' (1 X, X] +tI,, — tI,))H, " = nH, " — ntH, .
We then conclude from Lemma 2, (2.14)-(2.16) that

n 4

E % Z(Ek — By )trB;Y(2)P,C,P,B7(2)
k=1
< nng‘trB 2)P,C,P,B" ()’4
< FI;E‘ Ty xk‘ +—ZE‘ Ty xk‘
1

where the last step uses the facts that via Lemma 3 and (2.9)

1 i T
EE’foglxk) < FME)x{H,;lxk —trH| + S MEWH [ <M (2.17)

10



and that

1 4
EE‘XgHEQXk‘ < M. (2.18)
Similarly, we can also obtain for ¢ = 2, 3, 4,
IR ~1 M
E|- ;(Ek — Bp)trB7H ()P, CiPy By (2)]" < —. (2.19)

It follows from Borel-Cantelli’s lemma that

1 1
—trB7'(2) — E—trB™*(2) a.s. n — oo. (2.20)
n n

2.4 Step 4: From Gaussian distribution to general distributions

This section is to prove that

E[%trB_l(z)] - E[%trD_l(z)] —0 as n— o0, (2.21)

where D™!(z) = (P, P/, P, — z2I)"*, P}, = LGT(:GG" + I,,)'G and G = (Gyj)p,xn
consists of i.i.d. Gaussian random variables. We would point out that (2.4) follows
immediately from (2.20), (2.21), tightness of FB and the well-known inversion formula
for Stieltjes transform|[Theorem B.8 of Bai and Silverstein (2009)]. We use Lindeberg’s
method in Chatterjee (2006) to prove this result.

To facilitate statements, denote

A

X, Xin, Xog, -+, Xy 0 respectively by Xl,--- ,)A(n,f(n“,--- X

Y pin

and

G, -, Gip, Gar, - -+, Gy, TeSPectively by G1,~~ ,én,én+1,~~ ,@pln.
For each 7, 0 < j < pin, set
Zj = (Xl, s 7ijéj+17 ce 7Gp1n> and Zg = (le' .. ,X]’,I,O, Gj+1, ce 7ép1n>~ (222)

Note that X in B~!(z) consists of the entries of Z,,,. Hence we denote 1irB~'(z) by
Ltr(B(Zy,n) — 2I)7*. Define the mapping f from R™* to C as

1 _
F(Zpin) = —tr(B(Zpn) = 21) 7" (2.23)
Furthermore we use the entries of Z;, j = 0,1,--- ,pin — 1, respectively, to replace
X1, -+, X, 0, the entries of X in B, to constitute a series of new matrices. For these new

matrices, we define f(Z;), j =0,1,--- ,pin — 1 as f(Z,,,) is defined for the matrix B.
For example, f(Z) = trD~*(z). We then write

pin
1

BB E)] - BltrD ()] = (/) — [(Z5),

11



A third Taylor expansion yields

112,) = $(8) + X0, + Sxer ) + 155 [ rpors o
0

1
F(Zym1) = F(Z0) + o0, (B + 5 CR0E1(Z0) + 563 [ (1= r0br (@2 ()i
0

where 07 f(-), r = 1,2,3, stand for the r-fold derivative of the function f in the j-th
coordinate, and

A

Z(1)<£> — (Xla v 7Xj_17TXj7GAj+1, e ,Gpn)7

J

N

22\ (1) = (X1, Xj1, 7G5 G, G,

J

Since X; and G, are both independent of ZY, E[X;] = E|G,] = 0 and E[ij] = E[G‘f] =1,
we obtain

E[%trB_l(z)] - E[%trD_l(z)]

1 pin ) 1 . 1
= > B[R /0 (1= 1203 F(2 (r))dr — G /0 (1= )20 (22, ())dr).
j=1
Next we evaluate (‘);’f(Zéll)n(T)) Note that
-1
M- g My (2.24)

0X;j X,
A simple but tedious calculation indicates that

OB 1 1
X = EPyejeiTH_lXPy+ﬁPyXTH_lel-ejTPy

1 _ _
—EPyXTH (esel X" + Xeje] )JH'XP,,

°B 2 2
axXZ —PyejeiTHfleieny - —2Pyeje;fFH’1(eiejTXT + XejeiT)HlePy
ij n n
2 _ 3 2 ~ ~
—EPyXTH '(eje] XT + Xeje] )H 'eje] Py, — EPyXTH le;e/ H'XP,
2

+5PyxT [H ' (e;e] X" + Xeje] )?"H'XP,,

12



o°B 6 6
%% ——QPyejeZ-TH (eie] X" + Xeje/ )H 'eje[ P, — 2PyejeiTH_1eie;fFH_1XPy
o, n

1J
6 6
+$Pyejef [H™'(e;e] X" + Xeje! )"H'XP, — EPyXTH_leieiT H 'ee] P,

6
+EPyXT[H (eie] X" + Xeje] )"H 'eel P,
6 - _
—ﬁPyXT[H '(eie] X" + Xeje] )’H'XP,

+%PyXTH el X" + Xeje] )H 'e;e] H'XP,
n

6 _ _ _
+$PyXTH 'e;e] H ' (e;e] X" + Xeje] )H'XP,.

Also, by the formula
1 0trB1(2) 1 ,0B

N0, = —E”(aXU B~%(2)),
it is easily seen that
%%EBT:{@ — —gtr(%Bl(z)%Bl(Z)%BQ<z))
L S;EB%Z)) + §tr(§;]?; B?@)%B%))
+%tr<g;]?jB—l(z);7iB‘2(z))-

f 18 trB™ (
3X3

all the terms here. By using the formula that for any matrices A, B and column vectors
e; and ey,

There are lots of terms in the expansion o and therefore we do not enumerate

tr(Ae;e; B) = el BAe;, (2.25)
all the terms of + ‘”Z)BTF,() can be dominated by a common expression. That is
1 3trB™1(2) M
-2 \=) < = Hfl XTH 1 XTH 113
Il X X

M

A [[HTH] [ XTH P

A

M Tyy-1 Tyy-1
I H] - [[XT T [[XTHTX
M, Tyy—1 Trr—1~ |2
s IHT] - [XTHT] - [[XTHTX]
M

+— [ XTHTP - [ XTHTX|

n

M

+$HXTH_1H3 - |[XTHTX]?

M rer—13 T 3

13



Obviously

1
< . (2:27)
It is observed that
IXTHX|]? = A XTH XX TH 'X) = Mo (H XX TH X XT)
< P[4 2] [HY| + 2|[H2))) < Mn?, (2.28)

where A\pax(+) denotes the maximum eigenvalue of the corresponding matrix; and the
first inequality above utilizes the fact that H'XX”" = nH'(2XXT +¢I,, — tI,,) =
nl, —ntH™!.

Similarly we can obtain

IX"H™|| < M+/n. (2.29)
We conclude from (2.26)-(2.29) that

1 PtrB71(z) M

< ) 2.30
This implies that
193trB1(2) M Me
3 3 n
E\X; - — X7 | < n5/2E[XiJ] < pont (2.31)
ij

Since all X;; and W;; play a similar role in their corresponding matrices, the above argu-
ment works for all matrices. Hence we obtain

|E[1trB—1<z)] _ E[%trD_l(z)H

Pln

< MZ/ (- rPE|R0 (z§1><7>>ydf+/o (1~ T EIG30} £ (22, () dr]
< Men.
This ensures that
E[%trB_l(z)] — E[%trD_l(z)] —0 as n — oo.

Therefore the proof of Theorem 1 is completed.

3 Conclusion

Canonical correlation coefficients play an important role in the analysis of correlations
between random vectors[Anderson (1984)]. Nowadays, investigations of large dimensional
random vectors attract a substantial research works, e.g. Fan and Lv (2010). As future
works, we plan to develop central limit theorems for the empirical distribution of canoni-
cal correlation coefficients and make statistical applications of the developed asymptotic
theorems for large dimensional random vectors.
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4 Appendix

Lemma 1 (Burkholder (1973)). Let {Xy,1 < k < n} be a complex martingale difference
sequence with respect to the increasing o-field {Fy}. Then, for p > 2,

B XilP < Ky(BEQ | E(1XiP|Facn))”? + B |Xi[P).
k=1 k=1 k=1

Lemma 2 (Burkholder (1973)). With {Xy,1 < k < n} as above, we have, for p > 1,

n

E[Y Xl < KBy [Xl*)2,

k=1 k=1

Lemma 3 (Lemma B.26 of Bai and Silverstein (2009)). For X = (Xy,---,X,)T i.i.d

standardized entries, C n X n matriz, we have, for any p > 2,
E|X*CX — trC|P < K,((E|X;|*%rCC*)P? + E|X,|®tr(CC*)P/?).

Lemma 4 (Theorem A.43 of Bai and Silverstein (2009)). Let A and B be two n X n
symmetric matrices. Then

1
HFA — FBH < —rank(A — B),
n

where || f|| = sup,|f(x)].

Lemma 5 (Hoeffding (1963)). Let Y1,Y5, ... be i.i.d random variables, P(Y; =1) = q
1—P(Y1=0). Then

TL252
P(|Y1+ - +Y, —ng| > ne) < 2e 2natne
foralle >0, n=1,2,....

Lemma 6 (Corollary A.41 of Bai and Silverstein (2009)). Let A and B be two n x n
symmetric matrices with their respective ESDs of F4 and FB. Then,

L3(F4 FP) < lw(A — B)%.

n
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