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Truncated Gamma Drop Size Distribution Models for
Rain Attenuation in Singapore

Lakshmi Sutha Kumar, Yee Hui Lee, Member, IEEE, and Jin Teong Ong, Member, IEEE

Abstract—A model that is less sensitive to errors in the extreme
small and large drop diameters, the gamma model with central mo-
ments (3, 4 and 6), is proposed to model the rain drop size distribu-
tion of Singapore. This is because, the rain rate estimated using
measured drop size distribution shows that the contributions of
lower drop diameters are small as compared to the central drop
diameters. This is expected since the sensitivity of the Joss distrom-
eter degrades for small drop diameters. The lower drop diame-
ters are therefore removed from the drop size data and the gamma
model is redesigned for its moments. The effects of the removal of a
particular rain drop size diameter on the specific rain attenuation
(in dB) and the slant-path rain attenuation calculations with for-
ward scattering coefficients for vertical polarization are analyzed
at Ku-band, Ka-band and Q-band frequencies. It is concluded that
the sensitivity of the Joss distrometer although affects the rain rate
estimation at low rain rates, does not affect the slant path rain at-
tenuation on microwave links. Therefore, the small drop diameters
can be ignored completely for slant path rain attenuation calcula-
tions in the tropical region of Singapore.

Index Terms—dead-time problem, drop diameters, gamma dis-
tributions, rain, rain attenuation, rain drop size distribution.

I. INTRODUCTION

AIN drop size distribution model is required for the eval-
R uation of microwave propagation attenuation due to rain.
The prediction of rain attenuation is very important to commu-
nication engineers since the microwave attenuation caused by
rain limits the performance of the microwave link. Rain attenu-
ation is much more severe in the tropical and equatorial regions
due to higher precipitation rates. In the design of both terrestrial
and earth-satellite communication links, detailed knowledge of
the drop size distribution (DSD) becomes imperative for the cal-
culation of the rain-induced attenuation.

In 1943, Laws and Parsons examined the relationship be-
tween raindrop size and rain intensity [1]. For a long time, the
exponential DSD has been the most widely used analytical pa-
rameterization for the raindrop size distribution:

N(D) = Ny exp(—AD) (1)

where N (D) is the number of drops per unit volume per unit in-
terval of drop diameter D and the parameters N, and A can be
determined experimentally. Marshall and Palmer [2] suggested
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that Ng = 8000 m~3 mm~"! and A = 4.1R%?! mm~"' where
R is the rainfall rate in mm/hr. However, subsequent DSD mea-
surements have shown that the exponential distribution does not
capture rain DSDs and a more general function is necessary.

Although some authors [3] have considered using a log-
normal distribution, Ulbrich [4] and Willis [5] have suggested
that the DSD is best modeled by a gamma distribution (which
has the exponential distribution as a special case) though Smith
[6] recently has argued that the exponential distribution is
preferred because of its simplicity. In this paper, the use of the
gamma distribution for modeling the DSD in the tropical and
equatorial regions will be examined. Before considering how
best to estimate the parameters of a gamma DSD, we need
to understand the limitations of the Joss distrometer (JWD),
which is the instrument used to measure DSD in this study.

JWD tends to underestimate the number of small drops during
a heavy rain event because of ringing of the Styrofoam cone
when it is hit by the rain drops. This is known as the distrom-
eters’ dead time. To correct for it, the correction matrix, sup-
plied by the manufacturer is used [7]. In the presence of nu-
merous large rain drops during intense tropical rain events of
R > 20 mm/hr, drop sizes smaller than 1.0 mm are underrep-
resented [8]. This problem is due to an automatic threshold cir-
cuitry that monitors the ambient noise level to reject spurious
pulses. However, under intense rain, the high noise level of the
drops themselves is interpreted as ambient noise and small-drop
signals are rejected. The larger drops produce longer dead times
and therefore, requires greater correction. However, if there are
no drops in a given bin, the correction matrix does not add any
drops to the bin. Rather, it modifies the DSD and increases the
high moments of the drop size such as rain rate significantly.
This is a problem of the correction matrix, and thus, many users
choose not to implement it [8], [9]. At the largest drop size end,
drops larger than 5.0-5.5 mm in diameter cannot be resolved at
their true size; rather, they are assigned to the largest size bin.
The sensitivity degradation of the JWD has been discussed in
the comparative studies carried out between the JWD and other
drop size measurement instruments in [7] and [10].

In the present study, the dead-time correction has been ap-
plied using the software provided by Distromet, Inc. The cor-
rection is intended to correct up to 10% of the accuracy. The
distrometer was installed on the rooftop of a 50 m high building
where the environmental noise is minimal.

The DSD over Singapore was studied previously by Li et al.
[11] and Ong and Shan [12], [13]. Li et al. [11], Ong and Shan
[12] have proposed a modified gamma model for DSD. In [13],
they modeled the rain drop size distributions by the lognormal
model. In their paper, Singapore lognormal and gamma models
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are compared with the results from different regions in [13]. In
both the papers [12], [13], the O*", 15¢ and 274 nd moments and
the 02, 224 and 374 moments are used to represent the modified
gamma model. However, for the distrometer data, the use of the
0" moment is impossible and the use of the 1st moment is not
advisable, since the number of drops with diameters less than
Diin is not known [14]. Many authors [6], [8], [9], [15], [16]
prefer to work with central moments, since JWD has degraded
sensitivity at small drop diameters. Kozu and Nakamura [15],
and Tokay and Short [8] used the 3™, 4'" and 6'" moments
(MM346). Smith [6], [16] suggested 2™, 34 and 4" moments
to model gamma DSD (MM234). Ulbrich and Atlas [17] took
into account the maximum value for drop diameters, D,,,,x, and
used the 274, 4t and 6*® moments (MM246). Their method
allows for truncation of the DSD at the large diameter end of the
spectrum due in part to instrumental effects. Timothy [18] used
3td 4th and 6" moments to represent Singapore’s DSD using
lognormal model. He observed a significant decrease in drop
density in small drop bins from visual inspection of Singapore’s
data (year 1997-1998 data).

In recent years, it has become common for DSD to be repre-
sented by a normalized DSD [19], [20]. The normalization al-
lows the shapes of different DSDs from different rain regimes
to be compared relative to the total liquid water content and the
mean drop size. The concept of normalized gamma distribution
was first introduced by Willis [5] and revisited by Illingworth
and Blackman [19] in 2002. Normalized gamma DSD has been
used by Testud et al. [20]. Generally normalization is used to re-
move the dependence of Ny and A in the gamma DSD, allowing
comparison of the shape of the distributions at different rainfall
rates.

Caracciolo [9] used the higher order moments 4", 5" and
6" to form a gamma model (MM456) which is less sensitive to
small drop diameters. She selected these moments because the
higher moments are less dependent on small drops which are
underestimated by Joss distrometer due to dead time problem.
This model is especially effective at higher rain rates, where the
dead time effect is severe. Smith [16] pointed out that the bias
is stronger when higher order moments are used. Brawn [14]
compared the gamma models using different combinations of
moments (MM346, MM234, MM246 and MM456) along with
his new procedure. He found that MM456 model deviates more
from the measured data compared to the gamma models using
lower moment combinations, MM234, MM246 and MM346.
This conclusion is similar to Smith’s [16]. But a model which
is less sensitive to small drop diameters is required as stated by
Caracciolo [9]. Therefore, Brawn [14] suggested that an inter-
esting alternative to develop a less sensitive model is by com-
pletely ignoring the counts in the lower order bins.

This research work started with the modeling of rain drop size
distribution in the tropical region using different models, such
as lognormal, gamma and exponential models. The three men-
tioned models describe the larger drop diameters well. However,
the exponential model tends to overestimate the smaller drop di-
ameters whereas the gamma and the lognormal models follow
the distrometers’ measured DSD at the smaller drop diameters.
Since the measured DSD experiences the dead time effect at the
smaller drop diameters, the accurate modeling of the small drop
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diameters needs to be carefully examined. Therefore, by taking
Brawn’s recommendation to ignore the counts in the lower order
bins, the gamma model can be used as a universal model in-
cluding the tropical region of Singapore.

In this paper an investigation is performed to study the va-
lidity of ignoring the counts in the lower order bin as proposed
by Brawn for rain attenuation calculations. This is done by re-
moving the small drop size bins consecutively starting from the
first bin and redesigning the gamma models using the remaining
bins for each bin removal. The deviations in the redesigned
gamma models as compared to the actual gamma model are
studied. This will aid in the understanding of the importance of
small rain drop sizes to the rain attenuation of the terrestrial and
earth-satellite communication links. Based on these redesigned
models, the importance of small rain drop sizes on communica-
tion links at different frequencies is examined.

II. METHODOLOGY

The measurement of rain drop size distribution has been
conducted since August 1994 at the Nanyang Technological
University (1°21'N, 103°41’E), Singapore (NTU). The rain
data is collected from August 1994 to September 1995, ex-
cluding June and July 1995 using a “Joss-type” Distrometer
RD-69. Rain rates are calculated from measured DSD for seven
rain rates, 1.96 mm/hr, 4.20 mm/hr, 10.45 mm/hr, 22.80 mm/hr,
66.54 mm/hr, 120.30 mm/hr and 141.27 mm/hr.

The Joss distrometer has an integration time of one minute,
therefore, rain rate calculated from the distrometers’ measured
data is directly used. The contribution of individual bins is found
in order to check the effect of the dead time problem at different
rain rates. In our previous work [21], gamma model is used to
find the contribution of individual bins and it is reported that the
error in rain rate calculations from the removal of drop diameters
below 0.77 mm is small as compared to the removal of the larger
drop diameters.

In this paper, the DSD is described by a three-parameter
gamma distribution. The 3™, 4t" and 6 moments are proposed
to model gamma DSD (MM346) in Singapore as suggested
by Kozu and Nakamura [15]. In order to form a gamma DSD
model which is less sensitive to small drop diameters, consecu-
tive bins are removed, meaning; initially, only bin 1 is removed,
and then bins 1 and 2 are removed, followed by the removal of
bins 1 to 3 and bins 1 to 4 starting from the smallest drop size
diameter. Moments are calculated from the remaining bins in
each case. In this way, four different truncated gamma models
are designed. Mean square errors are calculated to compare the
modeled DSDs with the measured drop size distribution.

The study continues by examining the contribution of par-
ticular rain drops on the specific rain attenuation of microwave
signals using forward scattering coefficients for a vertically po-
larized wave at frequencies 11 GHz, 28 GHz, 38 GHz and 48
GHz. T-Matrix code is used to calculate the forward scattering
coefficients which are more accurate over various drop shapes
and radio frequencies.

The Ku-band frequency of 11 GHz [18], representative of
the INTELSAT 602 satellite and the Ka-band frequency of
28 GHz [22], representative of the IPSTAR satellite is used in
this study. A number of sources [23] have identified 38 GHz
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THRESHOLDS OF DROP SIZE BINS AND MEASE?EBDLIE{:AIIN DRoOPS FROM JWD AT SEVEN RAIN RATES
Date : 26-02-1995 / Time (min)
bin Lower — Upper — Mean | g3, 1g9; 747 1856 1846 1828 1711
i bound bound value D; —_
Dy(mm) D, (mm) (mm) Rain rate (mm/hr)
196 420 1045 2280 6654 12030 14127

1 031 0.41 036 2 5 5 X X X X

2 0.41 0.51 0.46 35 26 26 23 X X

3 0.51 0.60 0.55 38 36 43 59 62 7 X
4 0.60 0.72 0.66 68 55 66 50 144 31 5

5 0.72 0.83 0.77 49 41 52 56 123 49 23
6 0.83 1.00 0.91 88 87 99 88 253 169 12
7 1.00 123 112 7 100 158 110 364 446 308
8 123 143 133 2 63 7 114 260 342 277
9 143 158 151 29 41 75 145 231 217
10 158 175 1.67 17 40 89 176 311 214
11 175 2.08 1.91 6 67 148 236 471 417
12 2.08 2.44 226 2 63 168 315 347
13 2.44 2.73 2.58 1 3 20 86 157 168
14 2.73 3.01 287 I 10 37 86 91
15 3.01 339 3.20 1 41 56 89
16 339 3.70 3.54 1 7 20 52
17 3.70 413 3.92 3 5 30
18 413 457 435 1 6 4
19 457 5.15 436 0 1
20 >5.15 530 1 1

X-No rain drops in measured data

as the largest growth area in the supply of fixed radio-relay
systems as lower frequency bands become congested. The
48 GHz [24] band has been allocated world-wide for fixed
service with High Altitude Platform Stations (HAPS). The
main drawback in HAPS is the troposphere effects on the
propagation, particularly rain attenuation that may limit the
link availability. Therefore, in the Q-band, 38 GHz and 48 GHz
are selected for this study.

Slant-path rain attenuation A; exceeding 1% of the time is
calculated using ITU-R P.618-9 recommendations [25] for all
the truncated gamma models at 11 GHz, 28 GHz, 38 GHz and
48 GHz. The first step in applying this method is to obtain the
rainfall intensity for the area of interest, integrated over one
minute, which is exceeded for 0.01% of the time.

The averaged Rg.g1 of 122 mm/hr is used in [26] for the NTU
site from year 1990 to 1996. R 1 is 126.65 mm/hr for the
year 2000, 105.58 mm/hr for 2005 to 2006 and 111.18 mm/hr
for 2007 to 2008 also at NTU site. Therefore, 120.30 mm/hr is
taken as the Ry ; in this paper since it is one of the rain rates
considered. Slant-path rain attenuation A; exceeding 1% of the
time is calculated for all the four frequencies at this rain rate.

Changes in slant-path rain attenuations are calculated by
comparing bins removed MM346 gamma models with the
actual gamma model. This paper presents the contribution of
drop size on specific rain attenuation for different frequen-
cies. The changes in gamma models due to the truncation of
lower bins are analyzed along with slant-path rain attenuation
calculations. The results from this analysis are useful for the

prediction of rain attenuation at Ku-band, Ka-band and Q-band
communication links in the tropical region.

III. DATA ANALYSIS AND MEASUREMENT

A. Measured DSD

The Distrometer is capable of measuring the drop diameters
ranging from 0.3 mm to >5 mm with an accuracy of £5%. It
distinguishes between drops with time interval of about 1 ms.
The total number of drops with diameters ranging from 0.3 mm
to >5 mm is divided into 20 different bins for 1 minute integra-
tion time [27].

It is possible to calculate the rain rate from the measured
number of drops for a minute. Seven different minutes are se-
lected from the rain events that occurred on 26th February 1995.
The measured drop counts at different bins from the JWD for
those seven minutes are listed along with the thresholds for the
drop size bins in Table I.

As can be seen in Table I, as the rain rate increases, the dead
time problem can be observed from the lack of drops in the
lower bins (labeled as “X”). This will be analyzed in detail in
the results section. The diameter D); is a representative diameter
for the sth bin. Generally, the mean value of range is calculated
in (2).

Dzu 5 Dzl Dil + AZDZ
where D;; and D,, are the lower and upper diameter value of
that +th bin respectively. The representative diameter is used

D; =D+

(@)
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for computing DSD, rain rate and specific rain attenuation. The
number of raindrops, n;, in the sth bin with diameters, D;, in the
range of D; + AD, /2 are collected over a sample area of S =
5000 mm? with an integration time of 7' = 60 sec determined
by the JWD.

The rain rate (in mm/hr) can be calculated from the measured
data by

20
36007
= D3n,. 3
6ST &= " 3)

The measured rain drop size distribution N(D;) (m~3 mm~1!)
[12] can be expressed by

n; x 108

N(D;) =
(D3) v(D;) x S xT x AD;

“4)

where v(D;) is the terminal velocity of rain drop in m/s from
Gunn and Kinzer [28].

B. Gamma Modeled DSD

Gamma model is usually expressed in the form
N(D;) = NgD!e AP: &)

where N (D;) is the number of rain drops per cubic meter per
millimeter diameter (m~2 mm™1!), D; is the rain drop diameter
(mm), Ny, p and A are parameters to be determined through the
measured DSD. The estimates from the method of moments are
obtained by equating a sufficient number of measured moments
to the corresponding theoretical moments. The kth experimental
moment is expressed by M,

N
MkzggDi (6)

where n is the number of samples and V; is the particle number
concentration and is equal to My; M}, is obtained through the
experimental data.

The kth theoretical moments can be written as

QO = / - D*N(D)dD (7)
0

By equating the theoretical and experimental moments, it is de-
rived that

M, T(p+k+1). (8)

0
T ApFk41

Using k1 = 3, k2 = 4 and k3 = 6, the gamma DSD parame-
ters are obtained [15] as follows:

11F -8+ /F(F +8 M3
= FVIEES) e M
21— F) M2ZMs
A= (p+4)Ms/My (10
No = AT /T (1 + 4). (11)

C. Specific Rain Attenuation

Specific attenuation due to a rain path depends on the rain
rate, shape of the rain drops, distribution of the rain drops
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size, operating frequency and wave polarization. The scattering
calculations were performed using the T-Matrix method [29]
which enables the computation of the complex forward scat-
tering coefficients, considering spherical drops at 20°C with
the shape according to the Pruppacher-Pitter model [30] for H
and V polarizations. The specific rain attenuation for H and V'
polarizations vy and 7y in dB/km are given by

20
vy = 8.686x10°x Ax Y " Im(fa,v(D;))N(Di)dD; (12)
=1

where fr(D;) and fy (D;) are complex forward scattering co-
efficients (in units of m) for horizontal and vertical polarization
respectively, N(D;) is the number of drops per unit volume per
unit drop diameter in m—2 mm™!, dD; is the drop size interval
in mm and A is the wavelength.

D. The ITU-R Rain Attenuation Model

The ITU-R P.618-9 [25] gives a step by step procedure to esti-
mate the long-term statistics of the slant-path rain attenuation at
a given location for frequencies up to 55 GHz. The earth station
is assumed to be at the rooftop of a building in NTU, Singa-
pore at location (1°21’N, 103°41’E) and the earth station height
is measured using a Symmetricom XL-GPS receiver. The rain
height h, is calculated in (13) using the 0° isotherm height data
ho, given by ITU-R P.839-3 [31]

hgr = ho + 0.36 [km] (13)

The elevation angle, 6, is considered from 10° to 90° in steps of
10°. The trend of slant path rain attenuation is not similar at dif-
ferent frequencies as the elevation angle changes. High Altitude
Platform Stations [32] use the full range of elevation angles for
their different coverage zones (urban, suburban and rural area
coverage). Therefore, different elevation angles are considered
in order to study the variations in slant-path rain attenuation at
the four frequencies.

The effective slant path length Lg is then calculated as ex-
plained in ITU-R P.618-9 (refer to [25] for details) using the
earth station height above mean sea level hg (km), elevation
angle 6, latitude o and the rain height h¢. Using the effective
slant path length, Lg and the calculated vg in (12), the attenu-
ation exceeding 0.01% of the year Ag o1 is calculated as

Ap.o1 = YrLE [dB] (14)

The estimated attenuation to be exceeded for other p percent-
ages of an average year, in the range 0.001% to 5%, is deter-
mined from the attenuation to be exceeded for 0.01% for an av-
erage year using (15)

p \~(0-655+0.0331n(p)—0.045 In(Ag.01)—B(1—p) sin 6)
Ap=Ao.0n (0 01)

where # = 0 when p > 1% in this study.

15)
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F - - - R=1.96 mm/hr
[ — —+— - R=4.20 mm/hr
10° | —* R=10.4 mm/hr | |
E —6— R=22.80 mm/hr | 4
— A— - R=66.54 mm/hr
— —*— R=120.30 mm/hr | ]
‘é 1021 —P— R=141.27 mm/hr | |
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™
£
@ 10" ¢ E
P4
10° F E
10-1 1 1 L 1 L
0 1 2 3 4 5 6

Diameter of rain drop(mm)

Fig. 1. Drop size distribution for seven rain rates.

IV. RESULTS

A. Rain Rate and DSD

1) Analysis of Measured DSD: Fig. 1 illustrates the DSD
obtained from the measured data using (4) for seven one minute
rain rates 1.96 mm/hr, 4.20 mm/hr, 10.45 mm/hr, 22.80 mm/hr,
66.54 mm/hr, 120.30 mm/hr and 141.27 mm/hr. Logarithmic
scale is used to represent N (D;) in the vertical axis. The DSD
increases initially with the diameter of the rain drop and then
decreases for all the rain rates.

The sensitivity of the distrometer at different bins can be
checked by the number of rain drops in the measured data at
different rain rates. The lower bins which are marked as “X”
in Table I have no rain drops in the measured data. It is clear
that the number of lower bins which are affected by dead time
problem increase with rain rate. There are zero rain drops in the
first bin at 22.80 mm/hr and 66.54 mm/hr and in the first two
bins at 120.30 mm/hr.

It is also observed that the first three bins shows low number
of counts compared to the higher bins at all the rain rates even
after the dead time correction is applied. At 141.27 mm/hr, there
are no rain drops in the first 3 bins and only five rain drops at
the 4th bin. However, common amongst all rain rates is that, the
fifth bin always has a reasonable number of rain drop counts. As
stated in the introduction, the numbers of rain drops in the lower
4 bins are severely affected by the dead time problem at high
rain rates. In order to study the significance of lower bins which
are more erroneous due to the dead time problem, the rain rate
estimation is taken. The contribution of individual bins in rain
rate estimation is found using measured data in the following
section.

2) Contribution of Individual Drop Diameters: The rain
rates are calculated using (3) from the measured DSD. Then
the rain rate contribution of individual bin is removed one by
one, starting from the first bin to the last bin (containing rain
drops) for the measured DSD. The rain rate with individual
bins removed is calculated for each case. The difference be-
tween the measured rain rate and the rain rate with the jth bin
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Fig. 2. Normalized deviation (%) for each individual bin removal.

removed is then calculated in order to study the significance of
individual bins with its corresponding range of rain drop size
diameters. This will provide information on the importance and
contribution of each drop diameter range to the overall rain rate.

The normalized deviation (%) is calculated using the true rain
rate and the rain rate with the jth bin removed using the fol-
lowing equation

[R(true) — R(j*" bin removed)]

100
R(true) X

ND;(%) = (16)

where R(true) is found from (3) and R(jth bin removed) is
also found from (3) but with 7 = jth term removed from the
summation.

Fig. 2 shows a normalized deviation (%) using (16) for each
bin removal at the seven rain rates considered. As seen from
Fig. 2, the contribution of bins in rain rate measurement in-
creases gradually with the removal of bin 1 to the middle bins
and then decreases for all rain rates. As the rain rate increases,
the bin that has the major contribution increases. Therefore, it is
clear that at higher rain rates, the contribution of larger drops is
more significant in rain rate estimation as is expected.

At the lower rain rate of 4.20 mm/hr, from Table I, the highest
number of rain drop count appears at bin 7 (D; = 1.12 mm),
however, the most significant bin in rain rate estimation is bin
8 (D; = 1.33 mm). Even though the highest number of rain
drop count appears at bin 7, the most significant bin in rain rate
estimation is bin 11 at 10.45 mm/hr. This shows that the con-
tribution of rain drops to the overall rain fall rate is not only
dependent on the number of drop counts and drop diameter but
also the distribution. At the low rain rate of 1.96 mm/hr, most
drop counts are in bin 6, with the number of drop counts dis-
tributed between bins 4 to 8 (Table I). The most significant bin
at this rain rate is bin 7 (Fig. 2). At the high rain rate of 141.27
mm/hr, the drops are quite equally distributed over bins 6 to 18.
This results in a number of bins (above bin 10) showing sig-
nificant contribution to the overall rain rate. This confirms that
the contribution to the overall rain rate is dependent on both the
drop diameter and drop count distribution.
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Fig. 3. Normalized deviation (%) for consecutive bins removal.

The ND; (%) is very small at rain rates from 1.96 mm/hr
to 10.45 mm/hr for the first 2 bins. The contributions of 3™
and 4" bins are more significant at these rain rates. The total
N D; (%) produced by the first 4 bins is 8.45, 3.75 and 1.71 at
1.96 mm/hr, 4.20 mm/hr and 10.45 mm/hr respectively. After-
wards, the N D; (%) increases with the removal of the succes-
sive bins. The total normalized deviation produced by the first
4 bins is less than 1% at the higher rain rates from 22.80 mm/hr
to 141.27 mm/hr.

In Fig. 3, the percentage of normalized deviation is calcu-
lated, but this time, instead of removing one bin at a time, con-
secutive bins are removed starting from the smallest drop size
diameter. This enables us to study the contribution of the range
of the rain drop size diameters to the overall rain rate. As ex-
pected from Fig. 3, when the number of bins removed increases,
the deviation increases correspondingly. The point of this study
is to find the bin after which there is a sharp increase in devi-
ation. When the first 1 to 2 bins are removed, the deviation is
minimal for all the considered rain rates. However, when bins
1 to 3 are removed, there is a sudden increase in the deviation
for rain rates 1.96 mm/hr and 4.20 mm/hr. After that, with the
consecutive removal of bins 1 to 4, 1 to 5 and so on, the change
in deviation is significant for all the rain rates considered.

This gives a clear indication that the first 2 bins are affected
severely by the distrometers’ dead time problem at rain rates
from 1.96 mm/hr to 10.45 mm/hr. For higher rain rates of
22.80 mm/hr and above, the significant increase in deviation
starts from the consecutive removal of bins 1 to 5. Therefore,
it is concluded from ND; (%) calculations that the first two
bins can be neglected for lower rain rates (< 22.8 mm/hr)
and the first 4 bins can be neglected for higher rain rates
(>22.80 mm/hr).

From the above analysis, it can be assumed that the dead time
problem is severe at the lower four bins. Therefore, taking into
account of both the lower and higher rain rates, the first four
bins are removed consecutively from bin 1 to bin 4 to redesign
the gamma models in the following section. These truncated
gamma models will be used in the specific rain attenuation and
slant-path rain attenuation calculation in the following sections.
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Fig. 4. Truncated gamma models with actual gamma model and measured
DSD. (a) 4.20 mm/hr, (b) 66.54 mm/hr.

B. Truncated Gamma Models

In order to obtain the gamma model less sensitive to lower
bins; the first bin is removed and the moments are calculated
from the remaining bins using (7). Then, the gamma model is
redesigned using (9) to (11); next, the first two bins are removed
and the moments are calculated using the remaining bins and
using these moments the gamma model is redesigned; similarly,
gamma models are redesigned for the removal of the first 3 bins
and the first 4 bins.

Fig. 4 shows the redesigned gamma models at 4.20 mm/hr
and 66.54 mm/hr. From Fig. 4, it can be seen that, in gen-
eral, all the gamma models fit well with the measured data at
both 4.20 mm/hr and 66.54 mm/hr with the exception of one
redesigned gamma model. This is where 4 bins are removed
before the gamma model is redesigned at the rain rate of
4.20 mm/hr as shown in Fig. 4(a). There is slight deviation at
the lower and higher drop diameters. The redesigned gamma
models show the same trend as 4.20 mm/hr at the rain rates
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TABLE II
MEAN SQUARE ERROR (%) FOR TRUNCATED GAMMA MODELS

MSE (%)

Rain rate

(mm/hr)/ MM346 1 2 3 4
Bins Removed
1.96 1.26 1.30 1.63 7.73 65.95
4.20 3.06 3.10 3.81 5.74 13.52
10.45 6.78 695 840 1225 2349
22.80 24.33 X 2612 32.11 3998
66.54 2.89 X 2.99 3.39 491
120.30 492 X X 4.90 4.79
141.27 4.43 X X X 4.42

1.96 mm/hr, 10.45 mm/hr and 22.80 mm/hr, where the removal
of the first 4 bins shows a slight deviation at the lower and
higher drop diameters. The deviation at the large diameter
end is minimal at 66.54 mm/hr for the 4 bins removed model,
however this model also deviates with the measured data at the
lower diameters as shown in Fig. 4(b).

All the gamma models fit well with the measured data at
120.30 mm/hr and 141.27 mm/hr at all drop diameters. The ac-
curacy of the gamma models can be evaluated by calculating
mean square error as a percentage using the formula

MSE(%) = i

N — Jog )12
" [log(Measured N(D;)) — log(Modeled N(D;))] 100

n
7)

where n is the number of bins in the measured DSD with data.
MSE (%) is calculated using (17) for all the rain rates.

Table I shows the MSE (%) for all the rain rates with different
number of bins removed. The second column shows the MSE
(%) of the actual MM346 model. The cells which are marked
as “X” in the Table II have zero rain drops in the measured
data. Therefore, the removal of that bins does not change the
MSE (%).

From Table II, the removal of bins from 1 to 4 will not make
much difference for all the higher rain rates of 66.54 mm/hr
and above. At 22.80 mm/hr, from Table II, the MSE (%) of
the MM346 gamma model itself is high at 24.33%. This high
MSE (%) is because the measured DSD at 22.80 mm/hr devi-
ates more from the gamma model as compared to the DSD at
other rain rates, especially at the lower drop size bins. The re-
moval of bins from 1 to 3 increases the MSE from 24.33% for
the actual gamma model to 32.11% for the redesigned gamma
model, a difference of about 8%. Although the absolute MSE is
large, the increase in percentage due to the removal of the bins
is similar to that at other rain rates.

For the lower rain rates of 1.96 mm/hr, 4.20 mm/hr and 10.45
mm/hr, the removal of the first 3 and 4 bins introduce higher
deviations in MSE (%). It can be concluded that the removal of
the first 4 bins with mean drop diameters of less than 0.77 mm
can be done for the higher rain rates (>22.80 mm/hr) whereas
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Fig. 5. Specific rain attenuation at different frequencies using gamma model.

only lower 2 bins with mean drop diameters less than 0.55 mm
can be removed at lower rain rates (<22.80 mm/hr) and yet the
accuracy of the redesigned model is not affected. However, for
terrestrial and earth-satellite communication links, the contribu-
tions of different rain drop diameters at different frequencies are
important. The importance of small drop diameters increases at
lower rain rates, it is necessary to check their contribution to the
rain attenuation calculations especially at high frequencies. This
is because, as frequency increases, the drop diameters relative to
the wavelength becomes comparable, therefore, the attenuation
caused by these small rain drops becomes significant. In the fol-
lowing section, the rain attenuation contribution of the rain drop
diameters is studied.

C. Specific Rain Attenuation

The specific rain attenuation (in dB/km) is calculated using
(12) at different rain rates for the frequencies 11 GHz, 28 GHz,
38 GHz and 48 GHz. Fig. 5 shows the specific attenuation in
dB/km at different frequencies for both horizontal and vertical
polarization using the MM346 gamma model. The specific rain
attenuation increases with both the rain rate and the frequency
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TABLE III
SPECIFIC RAIN ATTENUATION (DB/KM) USING FORWARD VERTICAL SCATTERING COEFFICIENTS FOR TRUNCATED GAMMA MODELS

Frequency
(GH2) 38 48
Rain rate
mm/ho/ | vivizae 1 2 3 4 | MM346 1 2 3 4
Bins
Removed
1.96 0.49 049 049 049 047 | 084 084 084 083 079
4.20 1.14 1.14  1.14 1.14 1.12 1.81 181  1.81 180 177
10.45 2.93 293 293 293 2091 434 434 433 432 427
22.80 6.32 X 632 631 629 | 865 X 864 860 855
66.54 17.02 X 1701 1699 1692 | 21.99 X 2198 2193  21.75
120.30 29.54 X X 2954 2952 | 36.97 X X 3696 3691
141.27 32.40 X X X 3240 | 38.59 X X X 38.58
increase. As seen in Fig. 5, the specific rain attenuation for ver- 9 ‘ ' ' ' .

. . . . . . . —H— 11 GHz
tical polarization is smaller than horizontal polarization at all gl o— 28 GHz L
frequencies. —&— 38 GHz

This is because, as the size of the rain drops increase, their 7r —e— 48 GHz |

shape tends to change from spherical to oblate spheroids. Fur-
thermore [33)], rain drops may also be inclined (canted) to the
horizontal because of vertical wind gradients. Thus, the depo-
larization due to rain can significantly depends on canting and
tilt angle with drop vibration effects. The rain induced depolar-
ization has been studied previously [34] by calculating the dif-
ferential attenuation and the differential phase.

The specific differential attenuation [29] is the difference be-
tween the specific rain attenuation for horizontal and vertical
polarization and the differential propagation phase is defined as
the difference of the imaginary part of the propagation constants
of horizontally and vertically polarized waves. The cross-polar
discrimination [33] (signal moved to orthogonal polarization/
signal in original polarization) will be different for horizontal
and vertical polarization and in absolute value (linear units) will
be higher for horizontal polarization (because horizontal polar-
ization will be more attenuated). At low frequencies [34], as ex-
pected from the Rayleigh theory, the attenuation and the phase
shift is greater in the horizontal polarization compared to the
vertical polarization. Therefore, forward scattering coefficients
for vertical polarization are used to calculate the specific rain
attenuation for the redesigned gamma models.

The specific rain attenuation contributions by individual drop
diameters are calculated using vertical forward scattering coef-
ficients at all the rain rates for all the frequencies. Fig. 6 shows
the specific rain attenuation contribution of each bin for the four
frequencies at 120.30 mm/hr.

It is clear from Fig. 6 that the highest specific rain attenuation
contribution moves to lower drop diameters as the frequency
increases. Similarly, the highest attenuation contribution of all
the other rain rates also moves to lower drop diameters as fre-
quency increases. The smaller wavelengths of higher frequen-
cies are comparable with the rain drop diameters, therefore, re-
sults in more attenuation at smaller drop diameters as frequency
increases. Small drops tend to be Rayleigh scatterers. Larger
drops due to small number and reduced increase of scattering

v (dB/km)

o 1 2 3 4 5 6
Diameter of rain drop (mm)

Fig. 6. Specific rain attenuation contributions at different frequencies using
gamma model at 120.30 mm/hr.

coefficients become less significant [33]—[35]. Therefore, con-
tribution is so a question of number of drops and wavelength.

Most striking effects of bigger drops at high frequency are
the reduction of differential phase that can be observed in de-
polarization measurements [34], [35]. The reversal in sign of
the differential phase at high frequencies is a purely resonance
phenomenon in which large drops produce negative differential
phase outweighing the positive contribution from smaller ones.
Major drops contribute mostly for differential attenuation. As a
whole, less deformed smaller drops make a greater relative con-
tribution to the total specific rain attenuation at high frequencies.

Table III shows the calculated specific rain attenuation
(dB/km) for the redesigned gamma models with 1, 2, 3 and 4
bins removed using (12) at the Q-band frequencies, 38 GHz and
48 GHz, at 0° elevation angle. Only specific rain attenuation
for the Q-band is shown since they have the maximum change
in attenuation. The cells which are marked as “X” in Table III
have no rain drops in the measured DSD.

The specific rain attenuation increases with both the rain rate
and the frequency increase for all the truncated gamma models.
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Fig. 7. Slant-path rain attenuation at the four frequencies using gamma model
at Ro.o1 (120.30 mm/hr).

The point to note from Table III is that there is not much devia-
tion in attenuation values if any of the lower 4 bins are removed
for the redesigned gamma models at any rain rate. Although this
change in specific rain attenuation is small, it is worthwhile to
evaluate the slant-path rain attenuation values using (15), which
are considered next. For slant-path rain attenuation calculations,
the specific rain attenuation at different elevation angles are cal-
culated at the four frequencies using forward scattering coeffi-
cients for vertically polarized waves for the redesigned gamma
models. It is important to note that the specific rain attenuation
increases with the increase of elevation angle for vertically po-
larized waves.

D. Slant-Path Rain Attenuation

The slant-path rain attenuation A; (in dB) exceeding 1% of
the time is calculated using (13) to (15), with Ry o1 = 120.30
mm/hr, for all the redesigned gamma models at the four frequen-
cies. This is for practical application purposes. From [36], the
calculated slant-path rain attenuation (in dB) Ag o1 exceeding
0.01% of the time and Ag; exceeding 0.1% of the time for a
coastal region like Calabar in Nigeria, where the highest av-
erage annual accumulation results in a Ry o1 = 130 mm/hr, the
Ap.o1 and Ag 1 are as high as 37.8 dB and 17 dB for 19.45 GHz
(Ka-band), and 19.6 dB and 8.4 dB for 12.675 GHz (Ku-band)
respectively. These rain attenuation values may exceed the fade
margins of practical systems. Similarly, the calculated slant-path
rain attenuation values for Singapore at these percentages of
time are well above the feasible fade margins especially at high
frequencies. Therefore, the slant-path rain attenuation A; (in
dB) exceeding 1% of the time is selected for the study of the
truncated gamma models.

Fig. 7 shows the calculated slant-path rain attenuation using
the gamma model at the four frequencies. As frequency in-
creases, slant-path rain attenuation also increases. The increase
in elevation angle decreases the slant-path rain attenuation since
the slant-path length decreases. This is clear from Fig. 7 that at-
tenuation decreases with the decrease in path length (increase in
elevation angle) from the elevation angle 10° to 50° at the three
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higher frequencies. Above 60°, the slant-path rain attenuation
increases again.

The increase in slant-path rain attenuation at higher eleva-
tion angles may be due to the presence of convective rain cells
[37]. These relatively small cross-sectional areas of intense rain
extend from, or often above, the accepted freezing level to the
ground. Therefore, the slant-path with the highest elevation will
have its entire path virtually through the column of very heavy
rain.

In contrast, the slant-path with the lowest elevation due to
its long path length may pass through a number of rain cells.
However, because the horizontal extent of a cell is relatively
small, the total rainfall in the path may be less than those for a
higher elevation angle, resulting in less signal attenuation [37].
The calculated slant-path rain attenuation values show that there
are insignificant changes for the redesigned gamma models with
bins removed from actual gamma model at the four frequencies.
The absolute difference between the actual gamma modeled and
the redesigned gamma modeled slant-path rain attenuation is
calculated by (18)

Change inslant — path rain attenuation

= [A1 (M M346) — A, (other ga)] (18)
where Ay (M M346) is the slant-path rain attenuation ex-
ceeding 1% of time calculated from actual gamma model and
Aj (other ga) is the slant-path rain attenuation exceeding 1%
of time calculated from redesigned gamma models with bins
removed. There are no rain drops in the first two bins at 120
mm/hr; therefore, their slant-path attenuation changes are not
plotted.

Fig. 8 shows the slant-path rain attenuation changes for the
redesigned gamma models with bins 3 and 4 removed as com-
pared to the actual gamma model at 38 GHz and 48 GHz. As
seen in Fig. 8, the changes in slant-path rain attenuation increase
at both the frequencies especially at the lower and higher eleva-
tion angles for the redesigned gamma models with 4 bins re-
moved from actual gamma model. From Fig. 8(a), it can also be
seen that the removal of the first 4 bins results in less than 0.03
dB change in slant-path rain attenuation at 38 GHz. However as
shown in Fig. 8(b), at 48 GHz, the removal of the first 4 bins
results in a high change in slant-path rain attenuation of around
0.07 dB at the elevation angle of 90°.

This shows that, as frequency increases, the relative contri-
bution from the smaller drop size increases. At 120.30 mm/hr,
there are few counts in bin 4; however, as the wavelength of the
higher frequency is comparable with the drop diameter, their
contribution to the slant-path rain attenuation increases. At the
drop diameter 0.66 mm, the drop sizes are one twelfth of A and
one tenth of A at 38 GHz and 48 GHz respectively.

Since the change in slant-path rain attenuation are below 0.07
dB at all the frequencies for the redesigned gamma model with 4
bins removed, it can be concluded that, since the dynamic range
of a satellite system is generally above 1 dB, the removal of the
first 4 bins will not affect the satellite communication system for
all frequencies within the Ku-band, Ka-band and Q-band. This
validates Brawn’s recommendations of ignoring the counts in
erroneous bins and the truncated gamma models can be used for
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Fig. 8. Slant-path rain attenuation changes for truncated gamma models com-
pared to the actual gamma model. (a) 38 GHz, (b) 48 GHz.

DSD modeling and rain attenuation calculations. The analysis
of DSD’s will hold for rain attenuation calculations, however,
other uncertainties such as DSD variations along the path, tem-
perature, bright band are also important factors to be considered.

V. CONCLUSION

This paper finds the contribution of drop size diameters from
the calculation of rain rate using measured data for seven one
minute rain rates. Gamma model with 3", 4t% and 6** mo-
ments is used to model DSD of Singapore in order to minimize
the dead time problem. Truncated gamma models (redesigned
gamma model) are designed with removal of lower bins. Spe-
cific rain attenuation (dB/km) and slant-path rain attenuation
Aj (in dB) exceeded for 1% of time are calculated at 11 GHz,
28 GHz, 38 GHz and 48 GHz using forward scattering coeffi-
cients for vertical and horizontal polarization using the gamma
model. Slant-path rain attenuation changes show that the re-
designed gamma models with the first 4 bins removed can be
used at Ku-band, Ka-band and Q-band frequencies in Singapore
(Ro.01 = 120.30 mm/hr). This shows that Brawn’s recommen-
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dation to ignore the small drop diameters due to the dead time
problem is valid for the calculation of slant-path rain attenua-
tion of microwave links in Singapore. Therefore, the truncated
gamma models using 3'4, 4*® and 6" moments, with the first 4
bins removed can be used for DSD modeling and rain attenua-
tion calculations at Singapore.
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