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systems with time delay
MINGXUAN SUN and DANWEI WANG*

Most of the available results on iterative learning control address trajectory tracking
problem for systems without time delay. The role of the initial function in tracking
performance of iterative learning control for systems with time delay is not yet fully
understood. In this paper, asymptotic properties of a conventional learning algorithm
are examined for a class of non-linear systems with time delay in the presence of initial
Sfunction errors. It is shown that a non-zero initial function deviation can cause a lasting
tracking error on the entire operation. Impulsive action is one method to eliminate such
lasting tracking error but it is not a practical approach. As an alternative, an initial
rectifying action is introduced in the learning algorithm. The initial rectifying action is
finite and used over a specified interval. It is shown to be effective in the improvement of
tracking performance, in particular robustness and uniform convergence. The results
are further extended to systems with multiple time delays. An example is given and
computer simulations are presented to demonstrate the performance of the proposed
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1. Introduction

Iterative learning control is a trajectory tracking
improvement technique for systems performing a pre-
scribed task repeatedly, which is characterized by repo-
sitioning, input updating and zero-error tracking in the
presence of unmodeled dynamics and/or parameters
uncertainties (Bien and Xu 1998, Moore 1998, Sun
and Huang 1999). A common assumption in iterative
learning control is that the initial condition at each
cycle is reset to the desired initial condition, or inside
a neighborhood of the desired initial condition (Arimoto
et al. 1984, Hauser 1987, Arimoto 1990, Heinzinger et
al. 1992, Saab et al. 1997). This requirement was relaxed
in Lee and Bien (1996), Wang and Cheah (1998) and
Sun et al. (1998a) so that the initial condition at each
cycle remains the same but different from the desired
initial condition or within a neighborhood of any fixed
point, under which asymptotic tracking is ensured. To
eliminate the effect caused by the initial condition
shifting, initial impulsive action is needed in a learning
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algorithm (Porter and Mohamed 1991). The learning
algorithm enables zero-error tracking on the entire
operation interval. However, the use of an impulsive
action is not practical.

Up to now, most works focus on systems without
time delay. However, delays are inherent in many
applications such as batch processes, and remote con-
trolled robots, vehicles and man-machine systems.
Because of inaccuracy in estimation and/or uncer-
tainty of time delay, feedback controls are usually
unsatisfactory, especially in transient responses. This
motivates researches on iterative learning control for
systems with time delay (Sun et al. 1994, 1988b, Hideg
1995, Park et al. 1998). The convergence issues were
investigated for LTI systems with time delay (Hideg
1995, Park et al. 1998). In Sun et al. (1994), a higher-
order learning algorithm was studied for a class of
non-linear systems with time delay. However, the con-
sidered initial condition is simple but somewhat
obscure. Recently, Sun et al. (1998b) showed that
under certain conditions the output error is asympto-
tically bounded when the initial function at each cycle
is deviated from the desired initial function within an
admissible level. If the deviations are eliminated, uni-
form convergence of the system output to the desired
trajectory can be guaranteed.
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This paper aims to examine asymptotic properties of
iterative learning control for a class of non-linear
systems with time delay in the case where initial function
at each cycle need not be close to the desired initial
function as required in the published literature. First,
we consider the case where the initial function at each
cycle remains the same but different from the desired
initial function. It is shown that a conventional learning
algorithm will lead to a constant tracking error, similar
to the case for systems with no time delay (Lee and Bien
1996). Then, we focus on the case where the initial func-
tion varies about a fixed function. An initial rectifying
action is introduced in the learning algorithm to
improve tracking performance. A proof is provided to
analyse the robustness of the proposed learning algor-
ithm with respect to such initial function errors.
Compared with the initial impulsive approach (Porter
and Mohamed 1991), the initial rectifying action is
finite and implementable. These results are also
extended to systems with multiple time delays. Finally,
numerical simulations are given to illustrate the theor-
etical results.

2. Problem formulation

Consider a class of non-linear systems with time delay
described by the state space equations

X (1) = f (xie(2), X (1 = 7), 1)
+ Bl (1), xi (1 = 0), D) (1) (1)
(1) = g(xi (1), 1), (2)

where 7 is the time in the operation interval [0, 7] and k
is the number of operation cycles. For ¢ € [0, 7| and for
all k, x,(t) € R", u,(t) € R" and y,(t) € R™ are the state,
control input and output of the system, respectively.
Both 7> 0 and o > 0 are constant time delays. For
re [_/J'a O]aﬂ' = max {Ta 0'}, xk(l) = wk([) and wk([) is
the initial function of the system.

Given a desired trajectory y,(t),t € [0, T], the objec-
tive is to find a control input such that the system output
follows the desired trajectory. A conventional learning
algorithm takes the form of

U1 (1) = wi (1) + L (1), ) (24 (1) = 3(1)), (3)

where the learning gain L(-,') is piecewise continuous
and bounded on R™ x [0, T]. It was shown (Sun et al.
1994, 1998b) that if L(-,-) is chosen such that

11— L(g(x(2), 1), )gx(x(1), ) B(x(1), x(t — o), 1)
<p<l,tel0,T] (4)
and
(1) = a(0), 1 € [=p,0], k=0,1,2,.... (5)

where ,(¢) is the desired initial function, then the
system output y,(z) converges uniformly to y,(f) on
[0, T] as k — oo. Furthermore, if the initial function at
each cycle is allowed to deviate from ,(¢) such that

||¢d([)_¢k(l)|| Sc'l/)dal‘G [—/J,,O], k:()ala Y
(6)

then the asymptotic bound of the output error
Va(t) — yi(2) is a class-K function of ¢,.

This paper allows larger initial function deviations,
1Va(t) = Yr()|| > cypq. However, the initial function
Y (2) at each cycle aligns with a given function *(z),
namely,

wk(l):w*(l)ale [—/J,,O], k=0,1,2,... (7)
or within a ball centered at *(¢), i.e.
||¢*([)_¢k(l)|| SC,I/),IE [_/J'?O]? k:()ala IR (8)

We shall analyse the effect due to the initial function
errors on the converged system output and propose an
approach to eliminate such effect.

The following assumptions on the system (1-2) are
imposed.

Al. The desired trajectory y,(t) is differentiable on
[0, 77.

A2. The functions f:R"xX R"x[0,T] - R" and
B:R" X R" x [0, T] — R™" are piecewise continu-
ous in 7; g:R" x [0, 7] — R™ is differentiable in x
and 7 with partial derivatives g.(-,) and g,(-, ).

A3. The functions f(-,-,-) and B(:,,+) are uniformly
globally Lipschitz in x on [0,7], ie.
lla(xi (1), x1(t = 0),1) — a(x,(1), xo(1=0), || <
ly(Ix1 (1) = x2 ()| + [|x1 (2 = 6) — x2(2 = O)]),  for
te€0,T]), 6 €{r,0} and some finite constant
l,>0, ae{f, B}. The function B(:,-, ) is uni-
formly bounded on R"x R"x [0,7] with the
norm bound cp.

A4. The functions g,(-,'), g.(+,:) are uniformly glob-
ally  Lipschitz in x on [0,7], ie.
lla(xi(2), 1) = a(xy(2), )| < Lllxi (1) = x2(1)]],  for
t€[0,7] and some finite constant [, >0,
a€{g,g.}. The function g.(+,+) is uniformly
bounded on R" x [0, 7] with the norm bound c,,.

AS5. The input—output coupling matrix g.(-,-)B(:,+, ")
is of full column rank.

Because of the boundedness of g.(-,'), assumption
(A4) implies that g(+,) is uniformly globally Lipschitz
in x on [0, 7T]. Assumption (A5) guarantees that there
exits a bounded L(:,-) satisfying (4). In particular, let
L=a|(g.B) g.B ' (g.B)". We can find o € (0,2) so
that p = |1 — a| < 1. The boundedness of L(:,:) can be
concluded by boundedness of B(:,:,) and g.(,).
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In the sequel, || || is the vector norm defined as
|la|| = max,.,, |a;|] for an n—dimensional vector
a=lay,...,a,|". For a matrix 4= {a;} € R™", |4
is the norm induced from the vector norm,
4]l = max, <, 37 lay|- The following A—norm is
used for the analysis purpose.

Definition 2.1: The \-norm for a vector-valued func-
tion b(z) € R",t € [0, T}, is defined as

1511, = sup {e~[lb(r)II}

1€[0,7]
where A\ > 0.

Definition 2.2: The oo-norm for a vector-valued func-
tion b(z) € R",t € [0, T}, is defined as
6]l = sup [[b()].
1€[0,7]
From both definitions, note that |b]|, < |5l <
e*||b||,. The A— norm is thus equivalent to the co—
norm.

3. Conventional ILC and its constant tracking error

In this section, by exerting the control inputs generated
by the updating law (3), the system output is shown to
converge to a trajectory that is different from the desired
trajectory by a constant, and this constant is determined
by the error between the initial function and the desired
initial function at time 7 = 0.

Theorem 3.1:  Given a desired trajectory y,(1),t € [0, T,
let the system (1-2) satisfy assumptions (A1-5), and the
updating law (3) be applied. Define a trajectory

y*(1) = ya(1) = (a(0) — g(4*(0),0)), 9)

with the initial function *(t),t € [—u,0], being realiz-
able. If the learning gain is selected such that (4) holds
and the initial function at each cycle satisfies the align-
ment condition (7), the system output y,(t) converges
uniformly to y*(t) on [0, T) as k — oo.

Proof: The proof can be found in appendix A. [ |

Theorem 3.1 shows that the converged output trajec-
tory follows y*(z) that shifts from y,(z) with a fixed
error, y,(0) — g(1*(0),0), for all ¢ € [0, T]. The initial
function over the interval [—u,0) has no effect on the
converged output trajectory. This property implies that
the convergence of the updating law (3) can be guaran-
teed if g(4/*(0),0) = y,(0) and the initial function on the
interval [—pu,0) keeps the same at each repetition.

To examine the implications of Theorem 3.1, consider
the linear systems with time-delay described by

X (1) = Ax (1) + Ay x; (t — 7) + Buy (1) (10)
V(1) = Cx(0). (11)

The updating law (3) becomes

Ui (1) = uie (1) + L(pa(t) — yi(1)), (12)
and the condition (4) reduces to
[ — LCB|| <p< 1. (13)

The converged trajectory will be

Y1) = ya(1) = (4(0) = C¥*(0)). (14)
Note that similar convergence result is obtained for
linear systems without time-delay in Lee and Bien
(1996). As an extension, however, Theorem 3.1 implies
that by using the same learning algorithm, the conver-
gence of the learning algorithm is independent of the
time delay in the state variable, and the converged tra-
jectory does not depend on the initial function over the
interval [—pu,0).

4. ILC with initial rectifying action

To overcome the deviated convergence shown in
Theorem 3.1, a rectifying action at 1 =0 is added as
the third term in the updating law (3), in the following
form

gy (1) = wi (1) + L(yy (1), 1) (9 (1) = 3 (1))
+ on () L(y(1), ) (ya(0) = y£(0)),  (15)
where §,,:[0, T] — R is defined as

J2( -4 re€]0,h]
6h(l)_{h 0 h tehT

with

h
J Sp(s)ds =1
0

and / is a design parameter.

In the following, when the updating law (15) is
applied to the system (1-2), we are going to consider a
more realistic case where the initial function ), (z) varies
within a ball centered at 1*(¢). The following theorem
specifies asymptotic properties of the learning algor-
ithm.

Theorem 4.1:  Given a desired trajectory y,(1),t € [0, T,
let the system (1-2) satisfy assumptions (A1-5) and the
updating law (15) be applied. Define a trajectory

1

Y1) = ya(t) + Jh 6p(5)ds(v4(0) — g(¢*(0),0)),  (17)

with the initial function *(1),t € [—pu,0], being realiz-
able. If the learning gain is selected such that (4) holds
and the initial function at each cycle satisfies (8), the
asymptotic bound of the output error y*(t) — y (1) is a
class-K function of c,, on [0, T] as k — oo.
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Proof: As in the proof of Theorem 3.1 given in
appendix A, for the initial condition x*(¢) = ¢*(¢),
t € [—p,0], let u*(¢),z€[0,T] be the control input
which generates the trajectory y*(¢),t€[0,7] and
x*(t),t € [0, T]. The notations in the proof of Theorem
3.1 are also adopted here. Using y*(z) defined in (17),
(15) can be written as

uppr = + Li(5* = yi) + Li(9a — 3*)
+ 0, Ly (g(1*(0),0) — yx(0)) + 6, Ly (v4(0)
—g(1*(0),0))
=y + Li(5* — yi) + 0Ly (g(¥*(0),0) — 3, (0)),

which implies

A*

iy = Auk — Lilgh + g¥(f* + B*u*) — gy
— gk + By
— 6, Ly (g(4*(0),0) — »(0))
= (I — LiguBi)Aui — Li{g7 — gu
+ (8% — g (f* + B*u¥)
+&ul(/* = fi) + (B* — Byu*|}
— 6Ly (g(¥%(0),0) — y4(0)).
Taking norms and applying the bounds and the
Lipschitz conditions, we have
[Awi |l < 1T — LiguBillll Auk (O]l + I1Lell g7 — gl
+ llg% — gl IL/* + Bu¥|
+ gl CIL/* = fell + [1B% = By|| [lw*[])]
+ 164l Lell11g(4*(0),0) = yic (0)]]
< Pl AWK + ep (g + lox® + cqeer) | AXT]|
+ Coe (I AXE (1 = 7| + Il | AxE (= o)]])]

2
+ 4 el [AXEO)], (18)

where ¢; is the norm bound for
= SUP;cio,1) /* + B*u*|,
and ¢ = Iy + lgc,s.

For evaluating the state errors of the right hand side
of (18), we integrate the state equations to obtain

L(:);
Cpr & SUP o, 1) ||Ll*(l)||,

AxE = Ax%(0) + J; [/* + B*u* — (f;, + Beuy)| ds

1

= Ax%(0) + J [f* — fi + (B* — By)u* + B Au¥]ds.

0

Taking norms and using their properties yield
t
[AXE] < [[AxE0)] + JO(IIf* = Jill + 11B* = By |[[[u*]]

+ Bl Aukl) ds
t
< [|[AxE(0)] + L(Cl [AXE] + [l AXE(s = 7)
+ Ige, |AXE(s — 0)|| + cpl| Auk]]) ds. (19)
Note the facts that, for ¢ € [0,0] with § € {7, o},

t—0

[ 1At -olas= [ et - wlas
0 0

and for ¢t € (6, T,
t 0
j |AxE(s — 0)]] ds =j 16 (s) -t (5)]] ds
0 —0

1—0
+j | AxE(s)]]ds
0

t—0
<pey+ | lavElds @)
0
Combining (20) and (21) produces, for ¢ € [0, T},
t t
| navit -0l ds < ey + | Iaxioas (@)
0 0

Substituting (22) into (19) gives rise to

t
IAXEI < (1+ erp)ey + J ey |AXE] + epll Auf]l) ds.
0

Then applying Bellman—Gronwall Lemma, we obtain

1
A < (14 eqp)e,d + j 205 | At d,
0
(23)
which implies

AXE(t—0)]] < (1 + cyp)e 0
(e

t1—0
+ J P el Au] ds, 1 € (6, T).
0

—2¢;

Because of e 2% < 1,

JAYE( = 8)] < (1 + cp)e e

1
+ j P Aut]| ds, 1 € (0, 7], (24)
0

which is also true for 7 € [0,6] since ||Ax}(z—0)| =

[*(t = 0) = (1 = O)|| < ¢y, 1 €10, 6].
Now, substituting (23) and (24) into (18) produces



Initial condition issues on iterative learning control for nonlinear systems

t
Aut || < pllAuk]| + cpescg | 9] Auk| ds
+ p o

: 2
+crer(1+ cm)cwez"" + Zcngcw

c3t

* L. (1—s) * 1+e
< pllAuill +es | = Aullds + ———c3cy,
0
where ¢; = Iy, + lp,.c* + 2¢,,¢; and
h

Multiplying both sides by e with A > 0 gives

Y Y
e M Auf |l < pe || Auk]]

4
¢3 = max {ZCl,chzcg,Zchz(l + clu),—cng}.

t
+ ¢ J NI o= | Ayt ds
0
e—)\t_'_e(c;—)\)t
+ — %
Taking supremum for 7 € [0, 7] and A > ¢; according to
the A\-norm definition, we get

||Auﬂlz>+l||>\ < :5||Auﬂ1;||>\ + €3¢y, (25)

where p = p+ ¢3(1 — e NT) /(X = ¢3). Since p < 1, it
is possible to find a A\ > ¢; sufficiently large such that
p < 1. Then (25) is a contraction in ||Au¥||,. Iterating k
leads to

—k * 1 — ﬁk
Al < o7l Augll, =5 e

When the iterations increase, k — oo, the error ||Auf]|,
is bounded in the sense that, due to p < 1,

C
lAully < NAuglly +q==eps k=120, (26)

lim sup || Auf], < —

Cy- (27)

k—o0
Furthermore, using (23) and similar manipulations, we
have
1 — e((?;—)\)T

[AxE], < (14 cp)ey + cp———
A— C3

(sl 12 6). k=01 @8

lim sup [|AxF],

k—o0

_ 6‘(03_>\)T

)\—(/'3

S )cw. (29)

§<1+01M+03 -5

To obtain the result for y* — y,, we use the fact that
g(+,+) is uniformly globally Lipschitz in x on [0, T].
Therefore, ||y* — yi|l, < /||Ax%||, for some positive
constant /, and thus,

1369
7* = yielly < (14 cjp)ey
(e3=N)T ,
— e 63
+lycp oo (”AHO*HA + —5 Cw>,
k=0,1,... (30)
lim sup 7% = el
(3=NT .

— e 63 X
Slg<1+clﬂl+03 )\_03 1_p>cw (31)
This completes the proof. [ ]

Theorem 4.1 implies that a suitable choice of L(:,")
leads to that the system output converges to the trajec-
tory y*(z) for all # € [0, T] as c¢,, tends to zero. Based on
the definition of y*(¢) in (17), y*(¢) = y,(¢),t € (h, T).
Uniform convergence of the system output to desired
trajectory y,(¢) is achieved on (A, T], while the con-
verged output trajectory on [0,4] is specified by the
initial rectifying action which can be viewed as a tran-
sient from initial position to the desired trajectory. The
specified trajectory in the interval [0, 4] is for initial rec-
tifying and the later part for trajectory tracking.

It is already known (Sun et al. 1994, 1998b) that when
the conventional learning algorithm is used, the asymp-
totic bound of the output error between y () and y,(¢)
is a class-K function of ¢, the bound on the initial
function error 1 ,(¢) — 1, (¢). The asymptotic bound of
the output error will be very large when the initial func-
tion at each repetition is in the neighborhood of *(¢)
and |[[¢p, (1) — *(2)|| > ¢y, t € [-p1,0]. On the other
hand, Theorem 4.1 shows that when the proposed initial
rectifying action is applied, the tracking error will be a
class-K function of ¢, and thus substantially reduced
after ¢+ > h. It indicates that the initial rectifying action
in our proposed learning algorithm helps to improve
tracking performance.

Note that 6,(¢) will be the Dirac delta function when
h — 0. For this case, the resulting control input contains
impulsive action at =0 so that zero-error tracking is
achieved along the whole span of operation interval in
the absence of initial function errors. Our work exam-
ines the way to avoid impulsive action by introducing
the initial rectifying action. In the implementation, the
selection of / should be done based on the trade-off
among factors such as the resulting control input, tran-
sient response and the error bounds given in (26-31).

For 0 <t < o, (4) can be rewritten as

11— L(g(x(1), 1), 1) (x(1), 1) B(x(1),9*(t — 0), 1)
<p<l

This implies that the sufficient condition for robustness
and convergence of the learning algorithm (15) depends
on the initial function of the system. However, the
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design of L(-,-) is clearly independent of the time delay
T.

The results in Theorems 3.1 and 4.1 are suitable for
the following non-linear systems with measurement
delay

X(1) = f(x(2)) + B(x(1))u(?) (32)

y(1) = g(x(t = 7)), (33)
and feedback control is used in the manner

u(t) = (1), ya(1), 1) + (1), (34)

and v(7) is the learning control part. State equation of
the closed-loop system is then given by

X(0) = f(x(2),x(t = ), 1) + B(x())v(1), ~ (35)
where
Sf(x(2),x(t = 7),1)
=f(x(1)) + B(x(1))c(g(x(t = 7)), ya(1), 7).

Since the learning update is off-line,

y(t) = y(t+71)
= g(x(1)) (36)

is available after each operation and can be considered
as the output signal of the new formed system.

5. Extension to systems with multiple time delays

The above results can be extended to a class of non-
linear systems with multiple time delays, which is
described by

xk(l) :f(xk(l)axk(l - Tl)a s axk(l - Tnl)a l)
+ B(xp(2), xi(t = 01), ..., X (t = 0p,), e (2) (37)
yi(1) = g(xi (1), 1), (38)

where 1€ [0,7],7;,>0,i=1,...,n, and o0;,>0,i=1,
...,n, are constant time delays. For ¢ € [0, T] and for
all k, x,(r) e R", w(tr) € R and y. (1) € R". For
t€[-p0], p=max{r,i=1,...,n5;0;, i=1,...,m},
X (1) = P (1).

For the realizable trajectory y*(¢) defined in (17), let
u*(t) and x*(¢) be the control input and the state, re-
spectively. Assume that the functions f and B be uni-
formly globally Lipschitz in x on [0, T, i.e.

lla(xy (), x1(t = 01), ..., x1(1 = 6,,),1) — a(xy(1),
xp(t=01), ..., X2(1 = 0,), )| < L[llx1 (1) = x2(1)]
+ 2 (6 =0)) = xo(t = 0| + -+ [[x (2 = 6,,)
= xp(t = 6,)Il],

for t€[0,7); 0 € {r,0}; n; € {n;,n,} and some finite
constant /, > 0, a € {f, B}. Performing manipulations
similar to those in the proof of Theorem 4.1 yields, in
parallel to (19),

1

IAXE] < [|AXE(0)] + JO[&(IIAX’IZ»II +lAxE(s = 7))l

+ o AN (s = 7)) + Lpes(1AXE]
+[|AXE (s — o)
A+ JAXE(s = o)1) + epll Aug]]ds.

Note the fact that
1 1
jnAxﬂs—GMds3uaw+jnAxﬂwnda
0 0

where which

leads to

96{7’1‘,1.:1,...,7’!1,0'“1.: 1,...,7’!2},

||AX7$|| < [1 + (lfnl + ZBcu*nZ)/J']c'l/)
1
+ [ 1+ 1)+ B+ )18
+ eyl s

Defining ¢ = l;(n; + 1) + lgc,x(n, + 1) and applying
Bellman—Gronwall Lemma give rise to

IAXEN < [1+ (fpmy + Lpe,emy) ple e’

t
+ J e =) epl| Aut || ds
0

[AXE(t = O)|| < [1+ ([my + lge,smy) pfeye

t
+ J e e pl| Auk | ds.
0

Now we can make the same claims as in Theorem (4.1).
For the control design one can choose L(-,-) properly
such that

||] —L(g(X([),t),l)gx(X(l),[)B(X([),
xX(t—oy),...,x(t—0,), )| <p<1,

which depends on ¢(t —0;) as 0 < t < o;,i=1,...,m,.

6. Simulation illustrations

The following example and simulations are presented to
illustrate the theoretical results of this paper. Consider
the non-linear system with time delay
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X (8 = T) + X3,(2)

Xy (8) + x5 (2 —7)

—7)
0

+ 1

[sin (1 — o)xoy (1 — 0))

[)’l,k(l)] B [2x5 4 (1) + sin (£ 4(1))
V2 (1) X1 (1)
where 7=0=0.5, x;;(t) =(t), i=123,t¢€

[-0.5,0]. Let the desired trajectories be given as

[J/l,d(l):| _
Y2.4(1)

Note that the non-linear functions 1/1 + |¢z],sin (#z),
and cos (¢z) are all uniformly globally Lipschitz in z
and uniformly bounded for all # € [-0.5,1] and for all
z € R. Itis thus concluded that g, and B satisfy assump-

tions (A3) and (A4). Because g, B is a full rank matrix,
the learning gain in (4) is chosen as

1272(1 — 1)

12:(1 _Z)Z],te [0,1].

S
L= |2+ tcos(txyy)
0 B

We should select o € (0,2) and 3 € (0,2) to satisfy
max {|1 —«af,|1 — 8|} < 1. In this example o = 0.8 and
B = 0.8 are selected. Simulations are conducted for the
following three cases.

4.5 T T T T T

supremum output error Jk

0 1 1 1 L
0 1 2 3 4 5 6
iteration number k

(a)

Figure 1.

T = 0]

1371
1 1
uy k(1)
’ [ l <>]
Uy i t
cos (1= o)xialt =) | ©
6.1. Convergence
Let the initial functions be (1) =¢ and
Yix(t) =2t,i=1,2,3,t € [-0.5,0], respectively. The

updating law (3) is applied with the initial controls
ug=0 and u,y =0 for all 7€ [0, 1]. Define the per-
formance index Ji =sup o |lva(?) —»i(0)][. The
iteration stops when the tracking index J, < 0.005.
For both cases, this requirement of tracking perform-
ance is achieved at the sixth iteration. Figures 1 and 2
show the tracking histories and the resulting control
inputs respectively. The effect of the time delays is
clearly shown by the turning points in the control
inputs at the time ¢#= 0.5, but uniform convergence
of the system outputs to the desired trajectories is
guaranteed due to the zero initial function errors at
t=0.

12 T T T T T T T T T
\ — Y (t)
10_\\v - uz,a() N
\
\
8f .
\
\
X
6 - . \ . B
- N
< \
2 4r N 1
] \
£ N
s \
£ 2r N 7
8 N
N
ok N 4
2|
4
6 I 1 L I I I I L 1
0 0.1 0.2 0.3 04 05 08 0.7 0.8 09 1
time t

Responses when the conventional learning algorithm is used with the initial function ; (t) = t. (a) Tracking errors, (b)

control input uy(t) at the sixth iteration.
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35

I
o0

@

supremum output error Jk
r

[1Y:1 " RERRTEEN

0 1 1 L L

3
iteration number k

(a)

12 T T T T T T T T T

control input uk(t)
-

Figure 2. Responses when the conventional learning algorithm is used with the initial function /; , (t) = 2t. (a) Tracking errors, (b)
control input uy(t) at the sixth iteration.

6.2. Divergence and initial rectifying

The initial functions at each iteration are chosen as
Yir(t)=2t+2,i=1,2,3,t€[-0.5,0]. There exist
initial function errors at ¢ = 0. Figure 3 shows resulting
output trajectories at the sixth iteration when applying
the updating law (3), in which the output trajectories
track the desired trajectories with the error defined by
(9). Figure 4 shows resulting output trajectories at the
eighth iteration when applying the updating law (15)
with 7 =0.2. The output trajectories uniformly con-

6 T T T T T T T T T
—_— y1,d(t) ,/:/’ ‘ ‘ RN
-- - y1,6(t) "// . : N
sk i b N 4
: L AN
: -7 N
-7 N
_-" \
-7 : \
Yy Y
<
53F h
I3
E}
=]
2r- -
1+ _
0 1 1 1 1 1 1 I L 1
o 0.1 02 03 0.4 05 086 0.7 0.8 0.9 1
time t
(a)

verge to the desired trajectories on the interval
[0.2,1]. Meanwhile, the tracking performance
Jk = sup,cioa1) 1va(?) — yi(0)ll < 0.005 is achieved at
the eighth iteration.

6.3. Robustness

Let  the initial  functions  be ¢, (1) =
t+140.0lrandn, i=1,2,3,7€ [-0.5,0] and 1, (1) =
2t+2+0.0lrandn, i = 1,2,3,¢ € [-0.5, 0], respectively.

output y2(t)

()

Figure 3. OQutput trajectories when the conventional learning algorithm is used with the initial function ;  (t) = 2t + 2. (a) Output
trajectory y;(t) at the sixth iteration, (b) output trajectory y,(t) at the sixth iteration.
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time t
(a)

output y2(t)

Figure 4. Output trajectories when the proposed learning algorithm with initial rectifying action is used with the initial function
Vi (t)= 2t + 2. (a) Output trajectory y(t) at the eighth iteration, (b) output trajectory y,(t) at the eighth iteration.

supremum output error Jk

i i i i i i
0 5 10 15 20 25 30 35 40 45
iteration number k

50

(a)

20 T

supremum output error Jk

0 5 10 15 20 25 30 35 40 45 50
iteration number k

(b)

Figure 5. Tracking errors when the conventional learning algorithm is used in the presence of random initial function errors.
(a) ¥; ()= t+ 1+ 0.01randn, (b) ¥;  (t)= 2t + 2+ 0.01randn.

Randn is a generator of random scalar with normal
distribution, mean=0, and variance=1 (white
Gaussian noise). The performance index is still defined
as Ji = sup,coq [va(t) — yi(0)ll, and the repetitions
are conducted until k£ = 50. It can be observed from
figure 5 that the tracking errors generated by using the
updating law (3) move with the initial function errors
and will become very large when the initial functions
at each iteration are far away from the desired initial
functions. However, figure 6 indicates that due to the
initial rectifying action, better tracking performance is

obtained by using the proposed updating law (15)
regardless of the tracking on the interval [0,0.2].

7. Conclusion

In this paper, the trajectory tracking problem is formu-
lated and solved using iterative learning control method-
ology for a class of non-linear systems with time delay.
It is shown that the tracking performance can be poor
due to an initial function shifting when a conventional
learning algorithm is applied. An initial rectifying action
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Figure 6. Tracking errors when the proposed learning algorithm with initial rectifying action is used in the presence of random initial
function errors. (a) ¥;  (t) = t+ 1+ 0.01randn, (b) ¥;  (t) = 2t + 2 + 0.0lrandn.

is introduced for performance improvement and a proof
is provided for analysing its robustness and convergence
against initial function errors. The theoretical and simu-
lation results show that the robustness performance of
the learning algorithm can be improved by the initial
rectifying action. Whenever the initial function of the
system is reset to a fixed function that needs not close
to the desired one, uniform convergence of the system
output to the desired trajectory is guaranteed also due to
the initial rectifying action.

A.l.
Proof of Theorem 3.1: Given the initial condition
x*(t) = ¢*(1),t € [—p, 0], denote u*(¢),z € [0, T] as the
control input satisfying

Appendix A

(A.1)

(A.2)

where x*(¢),¢ € [0, T] is the corresponding state. For
simplicity, the following notations are used:
Jr=7* ), x*(t=7),10), fr =S (1), x(1=7), 1),
B = Be*(1), x¥(t = 0), 1), By = Blxi (1), x{t = o), 1),
gT = gl(x*([)a l)a glk = gl(xk(l)a l)a gY gY('X*( ) l)v
8xk = gx(xk([)al)a Lk L(yk( ) ) Auk =u ( ) - uk(l)a
and Ax} = x*(¢) — x(1). Using the definition of y*(¢)
in (9), (3) can be written as

Uy = U + L (0" = ) + Li(9g — %)

=y + L (5% — ),

xX*(t—7), 1) + B(x*(t), x*(t — o), Hu*(¢),

which implies

Aufyy = (I — LigyBy) Auj
— Li{gT — gu + (g% — gu) (f* + B*u*)
+&u[(f* = fi) + (B* — By)u*]}.

Taking norms and applying the bounds and the
Lipschitz conditions, we have:

[Auf |l < pllAw*| + e[y
+ ch(lf'”Axﬂl;([ - T)” + ZBcu*

+ lng* + chcl)”Axﬂ/z”
Axi(t = o)),
(A.3)

where ¢; is the norm bound
= SUPco,7) /*+ B*u*|,
and ¢ = [y + lgc,s.
For evaluating the state errors on the right hand side
of (A.3), we integrate both sides of (1) and (A.2) and use
(7) to obtain:

fo-

Taking norms and using their properties yield:

for L(-,);
Cp = SUP;cpo, 1) ||Ll*([)||,

+ (B* — By)u* + B, Auj]ds.

!
jaxil < | (@las)
ARG = ) + e AT = o)

+ cg||Auf|)ds (A4)
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Note that for 7 € [0, 0] with 6 € {r,0}:
t t—0
J, 1t =omas = “urs) - watslas

=0, (A.5)

and for t € (0, T):
0

[ 1At -oas=[ o) - vl ds
0 —0
t—0
+| ravionas

- J;_e 1AXE (s)]] ds. (A.6)
Combining (A.5) and (A.6) produces
[1asts-aa< [ 1avones @)
where toe [0, T]. Substituting 0(A.7) into (A.4) gives rise
to
8521 < | Gallaxt] + eylautias.
Then applying Bellman—Gronwall Lemma, we obtain:

a5t < | & eglantlas (A%
which implies

Jaxtie- o < [ eyt as. € 0,7
Because of ¢ 29? < 1,

[AXE(r—0)|| < J; el Al ds, t € (6, T], (A.9)
which is also true for 7€]0,] since
[AXE(t = 0)l| = lp*(r — 6) — Y (r = 0)[| = 0, € [0,06].
Now, substituting (A.8) and (A.9) into (A.3) produces:

[AuG || < pllAuEll + cpesey J; U Au]| ds,
where ¢y = [y + L ¢ + 2¢400y.

max{2¢c;, c;¢crcp} and multiplying both sides by e
(A > 0) lead to:

- -\
e M Auf |l < pe | Au|

Defining c3 =
Y,

t

+ c3j NI =) Ayt | ds.
0

Taking supremum for ¢ € [0, T] and A\ > ¢; according to

the A-norm definition, we get:

1Aully < pllAugll,, (A.10)

where p = p+ c3(1 — V7Y /(A = ¢3). Since p < 1, it
is possible to find a A\ > ¢; sufficiently large such that
p < 1. Then, (A.10) is a contraction in ||Au}||,. When

the iterations increase, k — oo, we obtain ||Auj|[, — 0
so that w, — uw* uniformly on [0,7] as k — oo.
Furthermore, from (A.8) and using similar manipula-
tions give

_ e(c;—)\)T

— ||AuE,.
—— A,

||Ax’}§||/\ <cp h\

Therefore, x, converges to x* uniformly on [0, 7] as
k — oco. To obtain the result for y,, we use the fact

that g(:,) is Lipschitz in x and the uniform convergence
of Ax¥. This completes the proof. [ ]
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