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Abstract. In this paper, an iterative learning control method is proposed for a class of nonlinear discrete-time
systems with well-defined relative degree, which uses the output data from several previous operation cycles to
enhance tracking performance. A new analysis approach is developed, by which the iterative learning control
is shown to guarantee the convergence of the output trajectory to the desired one within bound and the bound
is proportional to the bound on resetting errors. It is further proved effective to overcome initial shifts and the
resultant output trajectory can be assessed as iteration increases. Numerical simulation is carried out to verify
the theoretical results and exhibits that the proposed updating law possesses good transient behavior of learning
process so that the convergence speed is improved.
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1. Introduction

Discrete-time iterative learning control (ILC) has been an active research area for years.
Researches dealt with this method for linear discrete-time systems by applying optimiza-
tion approaches [17], 2D system theory [5,9], the impulsive response sequences [7], the
pulse transfer function [16], and the transfer matrix representation in terms of the system
Markov parameters that make up the entries of the transfer matrix [2,10,12]. Recently,
discrete-time ILC for certain classes of nonlinear systems has received much attention.
The analyses for convergence and robustness have been obtained by using discrete-time
A-norm [1,4,8,13,14,18], and analysis techniques without using such a norm [6,19].

Most of the literature mentioned above are concerned with first-order updating laws.
Namely, the current control input is generated by the updating law with the information
including the input and the output error at the last cycle. In continuous-time ILC, higher-
order updating laws were suggested in [3] to enhance tracking performance. It is already
known that the suitably designed higher-order schemes usually achieve fast convergence
speed, mainly due to updating actions constituted by the information from several previ-
ous operation cycles, and more freedom in selection of the learning gains [15]. However,
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higher-order ILC has not been well investigated for nonlinear discrete-time systems. In [4],
the robustness issue is addressed in the presence of resetting errors, state disturbances and
output measurement noises. The result is restricted to systems with relative degree one.
Note that the derived sufficient conditions [1,4,13,18] fail to hold for the systems with
higher relative degree. Further efforts are still needed for more extensive applicability.
The relative degree of discrete-time dynamic systems is the time delay between the in-
put and the output of the system which is inherent in many practical applications. In [8],
a first-order updating law was proposed using relative degree of the controlled systems.
The updating law uses the multi-step output errors in one operation cycle which can ap-
proximate derivatives of continuous-time updating laws. The convergence was established
without considering uncertainties and disturbances. In particular, the initial condition at
each cycle should be reset to the same as the desired one.

In this paper, higher-order iterative learning control is applied to a class of nonlinear
discrete-time systems with well-defined relative degree. The updating law uses the control
inputs and the output errors from several previous operation cycles but adopts only one-
step output error in one operation cycle based on the pair of action taken and its resulting
variable. With the aid of an inequality, we develop a new systematic technique for the
analysis purpose, instead of applying discrete-time A-norm and also different from [6,19].
Boundedness of the output error is established in the presence of resetting errors and in
the absence of resetting errors convergence of the output trajectory to the desired one is
ensured. The terms in the derived sufficient condition reflect all of the learning gains which
can be responsible for the performance improvement. This iterative learning control is also
proved effective against initial shifts and the resultant output trajectory can be assessed by
the initial shifts as iteration number increases. Finally, the performance improvement of
the higher-order ILC is demonstrated by a numerical simulation.

2. Problem Formulation and Preliminaries

Consider a class of nonlinear discrete-time systems described by the state space equations

x(t+1) = f(x®) + B(x(@®)u(), (1)

y(1) = g(x(1) ()

where 7 is the discrete time index, x € R, u = [u,...,u;]¥ € R" and y =
[y, ..., ym]T € R™ denote the state, the control input and the output of the system, re-

spectively. The functions f(-) € R”?, B(-) € R"" and g(-) = [g1(), ..., gmn()]T € R"
are smooth in their domain of definition.

Before stating the control problem under consideration, it is necessary to introduce some
notations and the definition for relative degree to characterize system (1)—(2). The com-
posite function of f:R” — R” and g:R"” — R™ is denoted by g o f, and f' is the ith
composite function of f satisfying

i) = 7o (),
o) = x.
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The partial derivative of the function h = [hq,..., hm]T with respect to a vector u =
[u1,...,u,]" is denoted by

on [ o
du  |ou; |

Definition 2.1. The (vector) relative degree of system (1)—(2) is associated with vector
w={ut, ..., un} satisfying, for x € R”,

9 .
8¢ 0 f1(f()+Bu) =0, 0<i<uy =2, 1<g<m,
u

and the m x r matrix

% gro fAU7H(f(x) + B(x)u)

D(x,u) =

% gm o fEn =1 (f(x) + B(x)u)

is of full column rank.

Remark 2.1. Comparing with the definitions in [8,11], Definition 2.1 allows that the num-
ber of outputs is greater than the number of inputs. As system (1)—(2) has relative degree

w={u1, ..., um}, the gth component of output can be written as, for 1 < g < m,
Yot +i) = ggo fr(x®), 0<i<pg—1, 3)
gt + 1g) = gg 0 [ (f(x(®) + B(x())u()) )

which implies that u, is exactly the steps of delay in the gth output y, (¢) in order to have at
least one component of the control input u(#) appearing. In this sense the defined relative
degree indicates the inherent level between the input and the output.

Remark 2.2. If we assume that, as discussed in [8], the scalar function g, o f M=l f(x) +
B(x)u) is linear in u, the function (9/0u)(g, o fHa=1(f(x) + B(x)u)) will be independent
of u and the matrix D(x, u) is thus independent of u so that it can be denoted by D(x). At
the same time, the gth component of output is evaluated as

Vgt + 1ug)
=gg 0 fMH(f(x®) + Bx)u)],

u(t) 9
[ e £ () + B 0)) d

=g 0 M7 (f(x®)) + ;—ugq o fra=l(f(x®) + B(x(1)u) u(®) (5

u=u(t)
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and the output can be written in the following simple form:

T A
Y&+ ) = [+ p), eyt + )] = 8(x(0) 4+ D(x(®))u) (6)
where g(x (1)) = [g1 0 fY(x(1)), ..., gmo fH(x(t)]T
Throughout the paper, the vector norm is defined as ||x|| = maxjg;<, |x;| for an n-
dimensional vector x = [xj, ..., x,]¥ and the matrix norm as the induced norm by the

vector norm, namely, [|A|| = maxi<;<m Z’;’:l |a;;| for a matrix A = {a;;} € R"™*".

Now, the control problem to be solved in this paper is formulated as follows:

For system (1)—(2) with relative degree u = {u1, ..., Um}, given a realizable trajectory
ya(t) = [yl,d(t),...,ym,d(t)]T with y, 4(t), 0 < t < N + ug, and a tolerance error
bound &, find an input profile u(¢), 0 < t < N, so that the error between the resultant
output y(¢#) and the desired trajectory y,(¢) is within the tolerance error bound ¢, i.e.,
1yg,a(t) = ygOIl <&, pg <t <N+ g, 1 < g <m.

The following properties for system (1)—(2) are assumed, where S denotes a mapping
from (x(0),u(t), 0 <t < N)to (x(r), 0 < ¢t < N + 1) and O a mapping from
x(0),u@),0<t <N)toy®) withy, (1),0 <t <N+ pug, 1 <g <m.

(A1) The mappings S and O are one to one.
(A2) The system has relative degree . = {1, ..., ) forx € R™.
(A3) Forl <g<m
32
Ou;du

ggo PN (f() +Bu) =0, 1<i,j<r )

(A4) The functions f(-), B(-) and g(-) and D(-) are Lipschitz in R". That is,

|7 = r < dr = "]
|B(") = B&")| < ts]x" = x|,
ls() = e (") < Ll ¥ = 2",
[D(") = D) < ip ¥ =27

for x’, x” € R", and positive constants [ ¢, I, [ and [ p.
(AS5) The operators B(-) and D(-) are bounded in R”.

(A1) implies the existence of a unique control input for a realizable trajectory. (A2) re-
stricts the system class being with well-defined relative degree. (A3) implies that the func-
tion g, o f“q_l (f(x) + B(x)u) is linear in u. Note the fact that if a(-) is Lipschitz in its
argument and b(x) is Lipschitz in x, a o b(x) is Lipschitz in x. (A4) and (AS) implies that
g(x) is Lipschitz in x € R”. That is,

[8G") = 8(") < 2¢

for x’, x” € R" and positive constant 2

/ "
x = x|
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3. Systems with Resetting Errors

In this section, we shall prove a lemma which plays a crucial role to the developed analysis
technique, and study the tracking performance of a higher-order ILC in the case where
repeatability of the initial condition at each cycle is not perfect but resetting errors for all
cycles are bounded by

[x2(0) = x4(0) || < cago- ®)

Consider an updating law in the form of

M
w1 (1) = Y Wjugj11(1)

j=1
M yua(t + pm1) = yik—j+1( + 1)

+ YD) : )
j=1 Yim,d( + pm) — ))m,k—j-i-l(t + m)

where k indicates the number of operation cycle. M > 1 is the order of the updating law,
W; e R and ®;_j41(t) € R™™ are the learning gain matrices.

The updating law uses the data of previous cycles including control inputs and out-
put errors, which provides more freedom in selection of the learning gains. The output
errors yg q(t + pg) — Yg.hk—j+1(t + pg), 1 < g < m, are used to produces uy1(t), in-
stead of the output errors at other time, because in the previous cycles the output errors
Vg, d(t + pg) — Vg h—j+1(t + pg), 1 < g < m, are due to the control action ug—;41(t).
In practical implementation, the initial control inputs uo(¢), ..., up—1(t), can be chosen
zero, for convenience.

The following theorem presents one of our main results on applying updating law (9) to
systems with relative degree {ut1, ..., im}-

THEOREM 3.1 Given a realizable trajectory y,(t) = [y1,4(t), ..., ym,d(t)]T with yg 4(2),
0 <t < N+ py, let system (1)—(2) satisfy Assumptions (A1)—-(AS), and updating law (9)
be applied. If the initial condition at each cycle satisfies (8) and for 0 <t < N,

M
ij =1, (10)
j=1
|Wj — @i jr1(OD(xk—j1 ()| < pj. 1< j <M, an
M
ij <1, (12)
j=1

the asymptotic bound of output error y, 4(t) — yq.k(t), 1 < g < m, is proportional to
Cxgo JOr g <t < N + g as k — 00. Moreover, in the absence of resetting errors, i.e.,
Cxgo = 0, output ervor v, q(t)—yq.k(t), 1 < q < m, convergesto zero for g <t < N+piq
as k — oo.
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The following lemma is needed to aid the proof of Theorem 3.1.

LEMMA 3.1 Let {ax} be a real sequence defined as
a < p1ag—1 + paak—2 + -+ pmak—ym +dr, k=M+1, (13)

with initial conditions

ag=a, a=a, ..., ay=ay
where dy is a specified real sequence. If p1, ..., pm are nonnegative numbers satisfying
M
L
Jj=1
then

(1) dv <d,k > M + 1 implies that

ag gmax{él9é2a"'9aM}+—a k>M+19 (14)

and
(i) limsupy_, o dk < doo implies that
d
limsupay < 1;” (15)

k—o00

Proof of this lemma can be found in Appendix.

Proof of Theorem 3.1: For the desired initial condition x4(0), let us denote u, as a
control input satisfying

ya(t) = g(xa(0)) (16)
where x,4(¢) is the corresponding state such that
xqgt+1) = f(xd(t)) + B(xd(t))ud(t). (17)

It follows from (6) and (9) that
M

Auggr(t) = Y (W) — D jp1 () D (i1 (0) ] Aug—jy1 (1)
j=1

M
=Y P i1 O (xa @) — & (v j+1 1))
j=I1

+ [D(xa () — D(xk—j+1(0)) Jua ()}
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where Au(t) = uq(t) — ui(¢). Taking norms, and applying the bounds and the Lipschitz
conditions, we have

M M
|Awri @] < D pj|Au—jrai @] + ) coct | Axi—j1 ()| (18)
j=1 j=1

where Axy (1) = x4(t) — x4 (t), co is the norm bound for ®;_;1(-), c1 = lg, +Ipcy,, and

Cug = Supggr < llua @)l
From (1) and (17), the state error at the kth iteration can be written as

Axp(t) = f(xat = 1) = f(xx(t = 1)+ [B(xa(t = 1)) = B(xx (t — 1)) Jua(r — 1)
+ B(xi(t — D)Aug(t —1), 1<t<N+L.

Taking norms and using their properties, we have

[Axc )| < 2| Axi(t — D + cpl|Auk(t — 1)

. ISt N+1, (19)

where cp is the norm bound for B(-) and ¢; = [y + [gcy,,. By using the lemma in [18], it
follows from (19) that

t—1
|axc@)| < - T en|Aur() | + chergy 1 <ESN AL (20)
i=0

Substituting (20) into (18) yields

M M t—1
|Aueii @] <D ol Auiejia @]+ D 3| Auie j1 ()| + cacnyy
j=1 j=1i=0
1<t <N, (21)
where ¢3 = cocpciw, c4 = Mcociow, and o = max{l, cy, ..., cév}.

To estimate the control input errors, let us define

9 = max max{|Auo(®)|,.... |Aun—1®)]}.
0<t<N
c4
o = Tcxdo,
Mcs
B = +1.
l—p

For the first instant ¢ = 0, we apply Lemma 3.1 to (18) to yield

[ Au(0)| < max{| Auo(0)

g e ey

c
Aup-1(0) ”} + ﬁ Cxqo

Y4+oa, k=M,
C4

l—0p

<
lim sup||Auk(0) || < Cxygo = Q.
k—o00
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For the second instant # = 1, we apply Lemma 3.1 to (21) to yield

[ Aur(D)|| < max{

} T Cxa0
S@+a)B, k=M,
. MC3 C4
lim sup”Auk(l)” < a4+ ——cCyy = ap.
k— 00 - P I—p
Now, by induction, we assume that for the instantsz =0, 1, ..., — 1,
[aue®] < <z? +a>ﬁ k> M,
hmsup“Auk(t) || <«
k—
For the instant t = [, we apply Lemma 3.1 to (21) to yield
[Au ] < max{] .| }
MC3 “ee =1 —C4
1_p[z?+oe+ + @ +a)B ]+1_pcxd0
<S@O+)[1+B-DA+p+--+p7")]
=W+ap, k=M,
M
limsup || Aur ()| < s [+ +ap ]+ “ Cxgo
k—o00 I—p
=a[l+B-DA++---+p71)]
= aﬂl.
Therefore, for0 <t < N,
[Aur®)| < @ +a)p's k=M, (22)
lim sup”Auk(I) | <eap'. (23)
k—
To evaluate the state error Axy(t), we use (20), (22) and (23) to obtain
lax)|] < __11 I<I<N+1, (24)
. B —1
limsup|| Axp (1) || < 1<t <N+1. (25)
k— 00 IB -1

Note that (24) and (25) are also true for r = 0 since || Axx(0)|| < cx,,. To obtain the result
for the output error we can use the relation

[yg.a(t + 1) = ygut + )| < c1]| Axe (]| + ep| Aur (]|
where gy <t < N + py. This completes the proof. ]
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Remark 3.1. For the case M = 1, inequality (11) reduces to
|1 — ®x)D(xx ()| < p < 1.

Only the learning gain matrix ®(¢) is the design parameter. For the Mth order ILC,
the order M and the parameter matrices W;, and ®;_;1(¢) are needed to choose. It
indicates that the Mth order ILC provides more freedom for the control design, which can
be responsible for the convergence speed. The design issue based on the derived sufficient
condition highly depends on knowledge of the system dynamics. Obviously, the difficulty
of the design task increases with the learning order. To deal with resetting errors, one way
to avoid the limitation is to apply it in the selective learning manner [14].

Remark 3.2. The control input u(#) has no effect on the outputs y, x(t) for 0 < t <
ng — 1, 1 < g < m. The robustness performance of the outputs are ensured by the
repositioning requirement || Axg (0)]| < ¢y y. Namely,

”yq-,d(t) — Yq.k(t) ” < ”gq ° f’(xd(O)) —ggof (xk(O))H < pglag

for some positive constant / .

Remark 3.3. The discrete-time A-norm plays a crucial role in the ILC theoretical analysis,
e.g., see [1,4,13,14,18]. In the above proof, a new analysis technique is developed based
on Lemma 3.1, which is also different from that developed by [6,19].

4. Extension to Systems with Initial Shifts

In practice, there exists the case where the controlled system does not reset the initial
condition to the desired one. Instead, there is an initial shift such that ||x;(0) — xz(0)|| >
cx,0- One example is that the system output is expected to track a step function from the
resetting position. In this section, we shall study the tracking performance in the presence
of initial shifts described by

[x0 = x O] < ex, (26)

where xq is a fixed point. As cy, tends to zero, we shall show that the iterative learning
control will produce a transient trajectory from the system resetting position to the desired
trajectory. This transient trajectory can be specified by the initial shift, xg, which joins the
desired trajectory by the delay time.

THEOREM 4.1 Let system (1)—(2) satisfy Assumptions (A1)—(AS) and updating law (9)
be applied. If the initial condition at each cycle satisfies (26) and the learning gain is
chosen satisfying (10)—(12), the asymptotic bound of error y;(t) =Yg k), 1 < g <m,is
proportional to ¢y, for0 <t < N + ug as k — 00. Moreover, in the absence of initial
shifts, i.e., cx, = 0, the output error y;‘(t) — Yq.k(), 1 < g < m, converges to zero for
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0<t <N+ ugask — oo, where y*(t) = [y (t), ...,y;kn(t)]T andfor1 < g < m,
! 0<t< g —1
* t) = gq Of (XO)’ X X q y 27
yl{() {yq,d(t), Mq < t S N+/¢Lq ( )

Proof: Given an initial condition xg, let u* denote the control input satisfying

Y0 = g(x* @), (28)
X+ 1) = f(x"0) 4+ B(x*O)u*@), x*(0) = xo, (29)
where x*(t) is the corresponding state. In view of y*(¢) defined in (27), (9) can be written
as
M M Vit 4+ 1) = Yig—jr1(t 4+ pr)
w1 () =Y W1 () + Y Pr () ;
=l =l Y€+ ftm) = Y1 k—j+1(t + )

which leads to
M
Auf () = Y [W) — Qe j 1 (DD (e j41(0)]Auf_ 41 (@)
j=1

M
= P OfE () — &(xk—j1(D))
j=1

+ [D(x*(1)) = D(xk—j+1 (D) Ju* ()}

where Auj (1) = u™(t) — ux(t). Taking norms, and applying the bounds and the Lipschitz
conditions, we have

M M
|aui @ < Yo pilldui_j O] + 3 coer| A0 (30)
j=1 j=1

where Axj (1) = x*(t) — xx (1), co is the norm bound for ®_;11(-), c1 = I3 +Ipcy+, and

cur = suppg < Il (D)1l
Through the same derivation parallel to arrive at (19), we have

o] < cal v = D + o aui - 1

. I<r<SN+1 (3D

where cp is the norm bound for B(-) and ¢ = [ ¢ + lgcy+. By using the lemma in [18], it
follows from (31) that

t—1
laxp@| < D b ep|Auf@)|| + chexg. 1<t <N +1L (32)
i=0
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Substituting (32) into (30) yields

M M t—1
| O] < 3 osl a0+ 303 sl Aui_ 0] +cacse
j=1 j=1i=0
1<t <N, (33)
where ¢3 = cocpclw, c4 = Mcociow, and o = max{l, cy, ..., cé\'}.

Equation (33) corresponds to Equation (21) in the proof of Theorem 3.1. The rest of the
proof is exactly the same as that of Theorem 3.1 after Equation (21). |

Remark 4.1. Referring to the definition of y;‘(t) in (27), y;‘(t) = yg,dt), ng <t <
N + g, 1 < g < m. Theorem 4.1 shows that suitable choice of the learning gains
leads to the convergence of the system output y, «(¢) to the neighborhood of y; 4(¢) for
g <t < N+pg even when [|xg(0) —xoll > cxyo- As cx, tends to zero, y, (f) converges
to y4,4(t) is achieved for u, <t < N + ug. Itis interesting to note that this result is true
for any value of xq.

5. Simulation Illustrations

In this section, numerical simulation is conducted to illustrate the theoretical results of this
paper. Consider the nonlinear discrete-time system described by

xX1(t + 1) = 0.5sin(x2(1) + (14 0.5 cos(x1 (1)) )u(r),
x2(t+ 1) = x1(0),
x3(t+1) = xa(),
x4(t + 1) = x3(1),
y(1) = x4(1).

The system has relative degree of four. Let the desired trajectory be given as

t t
ya(t) N( N) +

where N = 96.

Case 1. The simulation is conducted by using

(1) the first-order updating law with

0.95 ,
14+ 0.5cos(xy £(2))’

Dp(t) =
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(2) the second-order updating law with
0.95
U, =0.8, WY =0.2, Pp(r) =0.8 and
1+ 0.5cos(x1 k()
0.95
O_1(1) =0.2

14+0.5 COS(Xl,k_l(t))-

For both updating laws, the initial control inputs are chosen as up(f) = 0,0 < t < N.

Define the performance index Jy = maxog;<n+4 [ya(t) — yk(t)|. The iteration stops
when the tracking index J;y < 0.001. Figure 1 shows the resultant output errors when
the initial condition at each iteration is chosen as x; x(0) = ys(4 —i), i = 1,2,3,4,

matching the desired initial condition. This figure depicts the faster convergence rate
achieved by using the second-order updating law. Then let the initial condition be x; x (0) =
vg(4—i)+0.01randn,i = 1, 2, 3, 4. The randn is a generator of random scalar with normal
distribution, mean = 0, and variance = 1 (white Gaussian noise). The repetitions are con-
ducted until K = 100. Figure 2 indicates the output errors by the second-order updating law.

Case 2. To examine convergence performance of the second-order updating law in the
presence of an initial shift, let the initial condition at each iteration are chosen as x; x (0) =
0.1,i = 1,2, 3, 4. Define the performance index Jy = max4<;<n+4 |ya(t) — yr(t)|. The
requirement J; < 0.001 of tracking performance is achieved at the 8th iteration. Figure 3

0.25 T T T T

0.15 \

01

maximum output error Jk

0.05

Figure 1. Convergence rate comparison for M = 1, 2 in the absence of resetting errors.

[
5 10 15
iteration number k

25
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0.25

0.2

0.15

(=]
.

maximum output error Jk

0.05

o ! ! ! ! ! L 1 f 1
0 10 20 30 40 50 60 70 80 90 100
iteration number k

Figure 2. Output errors (M = 2) in the presence of resetting errors.

0.3 T T T T T T T T

025

0.2

0.15

output y(t)

0.1

0.05

—0.05 1 1 | | | | 1 L |
0 10 20 30 40 50 60 70 80 90 100
time t

Figure 3. Output trajectory (M = 2) in the presence of an initial shift.
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0.25

0.2

0.15

0.1

maximum output error Jk

0.05

o} 10 20 30 40 50 60 70 80 90 100
iteration number k

Figure 4. Tracking performance comparison for M = 1, 2 in the presence of initial shifts.

shows resulting output trajectory and the desired trajectory and the output trajectory is ob-
served to converge to the desired one for 4 < ¢t < N + 4. For performance comparison
of the first-order and the second-order updating laws in the presence of initial shifts, let
the initial condition be x; x(0) = 0.1 + 0.01randn, i = 1, 2, 3,4. The repetitions are
conducted until k& = 100. Figure 4 indicates that regardless of the tracking on the in-
terval 0 < ¢ < 3, better tracking performance is achieved by the second-order updating
law.

6. Conclusion

The proposed higher-order ILC is shown applicable to a class of nonlinear discrete-time
systems with well-defined relative degree. Sufficient condition for the learning gain selec-
tion is derived by applying a new analysis technique instead of using discrete-time A-norm.
The bound on the output errors is shown proportional to the bound on resetting errors. The
same condition is also proved sufficient to guarantee the boundedness of the output error
for the case where initial shifts exist. Furthermore, in the presence of an initial shift, the
system output is ensured to converge to the desired trajectory with a transient trajectory
governed by the initial shift.
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Appendix

Proof of Lemma 3.1: (i) Choosing ay, = max{ax_1, ..., ak—m} yields
ar < pag, +d.

Similarly, choosing ax, = max{ag,—1, ..., ax,—m} yields

ag, < pag, + d
and hence
ax < p*ag, + pd +d.

Repeating m times, one obtains

_ _ _ _ 1 — _
ax < p"ag, +p" A4 p"2d 44 pd +d < p"a, + 1 iy
-p
where
k—1
km < M, — | <m<k—M.
M
Moreover, let a = max{ay, az, . .., ay}, inequality (14) is established by observing
1— oM _ 1— k=M
a < pha+—Ld<plkMg L TP g
1—p 1—0p

(i1) Since lim sup;_, o, dx < do, there exists an integer K such that dy < do as k > K.
Thus

ar < p1ak—1 + p2ak—2 + -+ pmak—m + doo, k> K.

Similar to the derivation of (i), for k > K, one obtains

1 —
ar < p"ag, + p" doo + 0" 2 doo + -+ + pdoo + doo < p"ag, + 1 _pp doo
where
k—K+M-—1
km < K, [;]Smék—lﬂ
M
Moreover, let a = max{ax_p+1, ..., ak}, inequality (15) is established by observing
1 — o™ 1— k—M
a < pla+ P e < pl=KTM=1/ Mg — P .
-p -p

This completes the proof. n
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