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Full-State Tracking and Internal Dynamics of
Nonholonomic Wheeled Mobile Robots

Danwei Wang and Guangyan Xu

Abstract—In this paper, the stable full-state tracking problem
is investigated for nonholonomic wheeled mobile robots under
output-tracking control laws. Dynamics of such wheeled mobile
robots are nonholonomic and pose challenging problems for
control design and stability analysis. The dynamics formulated
in terms of full-state tracking errors offer some properties that
allow better understanding of the internal and zero dynamics
of the tracking-error system and more insights to the trajectory
tracking stability. Output functions are chosen as virtual reference
points for various types of wheeled mobile robots in aid of output
controller designs. Sufficient conditions are derived to ensure
the stable full-state trajectory tracking under output-tracking
control laws. A type (1 1) mobile robot of car-like configuration
is studied in detail and further numerical analysis provides
more results which are beyond the reach of analytical means.
An example and simulation results are presented to confirm the
theory and observations.

Index Terms—Nonholonomic dynamics, tracking stability,
wheeled mobile robots, zero dynamics.

I. INTRODUCTION

I N THE last decade, feedback control for wheeled mobile
robots has been extensively studied. There are two main

control tasks for nonholonomic wheeled mobile robots, i.e.,
stabilizing to an equilibrium point (such as parking) and stabi-
lizing to an equilibrium manifold (such as trajectory tracking
or path following). The first control task is considered chal-
lenging because a nonholonomic system cannot be stabilized
to an equilibrium point by a smooth state feedback [1], [2]. To
overcome these difficulties, substantial efforts have been spent
to develop sophisticated state-feedback-control laws, such as
nonsmooth feedback laws [3], [4], time-varying feedback laws
[5], [6], and middle (nonsmooth and time-varying) feedback
laws [7], [8]. The second problem is the stabilization to an
equilibrium manifold and is not subject to the difficulties as
in the previous case. Because the outputs that have the same
dimension as the inputs can be defined, classical nonlinear con-
trol theories can be used to solve the output-tracking problem
of nonholonomic systems [9]–[13]. Furthermore, the (static or
dynamic) input–output feedback linearization technique is well
studied and proved to be effective for output-tracking control.

In mobile robot-motion control, output-trajectory tracking is
insufficient in most situations. Full-state tracking is required to
ensure smooth and successful maneuvers. Some works are de-

Manuscript received August 1, 2002; revised January 20, 2003. Recom-
mended by Guest Editors C. Mavroidis, E. Papadopoulos, and N. Sarkar.

The authors are with the School of Electrical and Electronic Engi-
neering, Nanyang Technological University, Singapore 639798 (e-mail:
edwwang@ntu.edu.sg).

Digital Object Identifier 10.1109/TMECH.2003.812832

Fig. 1. Mobile robot with steerable wheels.

voted to this problem such as control designs by the Lyapunov
direct method [14], approximate linearization [15], and recursive
backstepping [16]. Static input–output feedback-linearization
techniques have been widely used for wheeled mobile sys-
tems [9], [18]. These works successfully transform closed-loop
input–output into linear dynamics, and then, control designs
become a straightforward task. However, such nonholonomic
dynamics possess nonlinear internal dynamics. The stability
of the internal dynamics is critical for a feedback control law
to work properly. So far, few efforts were spent to analyze
this internal dynamic behavior. One interesting observation
was made on the stability of internal dynamics in [17]. The
study was on the internal stability of a two-wheel differentially
steered mobile robot. Internal dynamics exhibit unstable prop-
erties when the mobile robot tracks a trajectory that moves
backward.

In this paper, we study the full-state tracking-stability issues
in the mobile robots with restricted mobility. We also inves-
tigate the relationship between the full-state tracking stability
and internal and zero dynamics for general configurations of
nonholonomic wheeled mobile robots. The analysis is carried
out in the tracking-error dynamics that offer useful properties
and insights. An approach is developed using linear approx-
imation and sufficient conditions are provided for full-state
tracking stability. A special car-like mobile robot is studied in
detail to enhance and visualize the results. Numerical analysis
is also deployed to obtain some interesting observations. An
example and simulation results are also presented to illustrate
the developed theory.

II. DYNAMICS AND FORMULATION

We consider wheeled mobile robots moving on a horizontal
plane, as shown in Fig. 1. The wheeled mobile robots are
classified according to the mobility and the
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TABLE I
MATRIX Q(
) AND VECTORb (
) FOR NONHOLONOMIC WHEELED

MOBILE ROBOT

Parameter in the table is the wheel-thread [type
robot] or wheel-base [type and type robot].

steeribility as type mobile robot [11]. If the
wheeled mobile robot is equipped with fixed and/or steering
wheels, the mobility of robot is restricted and the
system is nonholonomic. Suppose that there is no skidding
between the wheels and the ground. The dynamics of these
mobile robots can be described by the following differential
equations (an extension from [11]):

(1)

(2)

(3)

(4)

(5)

where the vector represents the coordinates of
a reference point on the robot in the inertial frame ,
and is the heading angle as defined in Fig. 1. The-vector

represents the steering coordinates of inde-
pendent steering wheels. Both vectors and
are homogeneous to velocities. Both vectors and

are control inputs homogeneous to torques. In (1), the
matrix is a rotation matrix given as follows:

(6)

The matrix and vector in (1) for
each type of nonholonomic wheeled mobile robots are listed in
Table I.

Equations (1)–(5) can be rewritten as follows:

(7)

(8)

where

TABLE II
OUTPUT FUNCTIONS AND REGULAR CONDITIONS

For the mobile robot with restricted mobility, the steering coor-
dinate vector can be further partitioned as follows:

(9)

with and . It is easy to check that
inequalities and must be
valid and, consequently, both and are either a scalar or a
null.

A property of nonholonomic system (7) and (8) is that the
number of inputs in is less than the number of generalized
states in , whose entries are independent of
each other. To facilitate the control design, most control theo-
ries, such as feedback linearization [9], [18] and robust control
techniques [10], [12], and [13] require defining a set of output
variable which has the same dimension as the con-
trol input, i.e.,

(10)

where, the output function is an
epimorphism. It is clear that different definitions of output
functions leads to different control designs. Basically, the
output (10) should be well defined to achieve decoupling
between input–output dynamics and internal dynamics. As for
the static-state feedback-control scheme [17], the following
so-called decoupling matrix must be nonsingular:

(11)

To solve the tracking-control problem of mobile systems (7) and
(8) by means of static-state feedback, the following output is
defined:

(12)

where, vector , , and for
each type of robot are given by Table II.
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It is easy to check that the decoupling matrix of output func-
tion (12) is nonsingular if the regular conditions in Table II are
satisfied. Furthermore, the matrix
can be decomposed into a product of two matrices as follows:

(13)

with

(14)

We should note that at this point, parametersand in (12)
have explicit physical meaning and define a virtual reference
point with reference to the vehicle platform. They can be se-
lected at will and the details can be clearly seen from the ex-
ample in Section IV. The steering anglesand are always
restricted by the robot mechanism such that their maximums are
smaller than 90. Given this, we may conclude that the regular
conditions in Table II can always be satisfied for real mobile
robots with restricted mobility.

Suppose that a feasible desired trajectory for the
mobile robot is prespecified by an open-loop motion planner
such that the dynamics (7) and (8) are satisfied for a uniformly
bounded input , and corresponding uniformly bounded ve-
locity , i.e.,

(15)

(16)

Clearly, the desired trajectory can also be expressed in the form
of (10) and (12) as

(17)

Let us denote the state-tracking error as

and the output-tracking error as

We have following definitions.
Definition 1: Stable full-state tracking for (7) and (8) to a

given moving trajectory in (15) and (16) by a feed-
back control law in (8) means that, for any , there exists
a such that, for all

Definition 2: Stable output tracking for (10) of (7) and (8)
to a given moving trajectory in (17) by a feedback-control
law in (8) means that, for any , there exists a such
that, for all

Since the output function is an epimorphism, the stable
full-state tracking implies stable output tracking. However, the
reverse might not be true in general. It is understood that, for a
given desired trajectory , the generalized states might
not be unique, e.g., a straight-line motion of may be caused
by forward or backward motion of a mobile robot and corre-
sponds to different solutions of generalized states . In the
extreme case, the output tracking of may require the so-
lution of generalized states getting out of its admissible
range. For instance, steering angleis required to have a value
out of its physical limitation, such that the output-tracking-con-
trol design is not implementable.

In the rest of this paper, the relationship between the full-state
tracking problem and the output-tracking problem of nonholo-
nomic wheeled mobile robots is investigated. Mobile dynamic
motion is described in terms of state-tracking errors and/or
output-tracking errors. Properties of the internal dynamics
are obtained and the critical role of the internal dynamics is
addressed. We shall show that, under some sufficient condi-
tions, including suitable selection of the parameters in (12) and
design of the desired trajectory (15) and (16), full-state tracking
of and are achieved. Numerical searches are used
to extend the analytical investigation on the full-state tracking
stability.

III. FULL-STATE TRACKING AND ZERO-DYNAMICS STABILITY

Since the output function in (12) is constructed such that
the decoupling matrix in (13) is nonsingular, it is possible
to find another function , such that the
following maps:

(18)

and

(19)

are both diffeomorphisms.
For mobile robots with restricted mobility, the augmented

function can be simply chosen as follows:

(20)

Furthermore, define an auxiliary control as

(21)

In the new coordinates , the robot dynamics (7) and
(8), and output equation (10) are described as

(22)

(23)

(24)

(25)
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where

(26)

Similar operations on the desired state lead us to

(27)

(28)

(29)

(30)

Taking the difference between the above two sets of equations,
we obtain the dynamics of tracking errors in terms of

and , and output errors ,
as follows:

(31)

(32)

(33)

(34)

where

(35)

This set of tracking-error dynamic equations (31)–(34) con-
sists of two parts. The first part is thesubsystem (31) and
(32) with auxiliary control input . This part handles the output-
tracking error . The second part is thesubsystem (33) that is
nonautonomous.

The output-tracking problem is a stability problem for the
subsystem. The controller design for the stability problem of
the subsystem is a partial solution to the full-state stability
problem of error dynamic (31)–(33). Different control theories
can be applied to this purpose. The simplest candidate is the
linear control design method, while sliding mode control, adap-
tive control and robust control are applicable as well. Generally,
control input in (21) can be designed in such a way that the
closed loop of the subsystem is (asymptotically) stable itself
and in the following form:

(36)

(37)

In this case, the subsystem characterizes the internal dynamics
and its stability property determines whether the stable full-state
tracking and even the stable output tracking can be achieved. In
particular, the zero-dynamics equations (33) and (35) when the
system output is set to zero ( ), are given as

(38)

(39)

(40)

and their stability is critical to the internal stability.
To gain more insights to the tracking-error internal dynamics

and zero dynamics, we would like to express the tracking-error

internal dynamics (33) and (35), and tracking-error zero dy-
namics (39) and (40) in terms of the original mobile robot gen-
eralized coordinates. To this end, we partition generalized state

to and as

and

Then, using (26) and in (19), (33) and (35) become

(41)

(42)

where, we have used notions and to denote the bases of
a covector field , with , corresponding
to states and , respectively. In the same way, (39) and (40)
become

(43)

(44)

The physical system configurations of the mobile robots with
restricted mobility lead to further reduction of arguments in the
tracking-error internal dynamics (41) as

(45)

and zero dynamics (43) as

(46)

It is interesting to note that, in physical systems,and are
desired steering angles and velocities, respectively, and they are
both uniformly bounded by design. This claim can be formally
stated in the following Lemma.

Lemma 1: The tracking-error internal dynamics (41) and the
tracking-error zero dynamics (43) are independent of posture
coordinates of the desired trajectory and can be
described by (45) and (46), respectively. Moreover, ifand
of the desired trajectory are uniformly bounded, the following
hold.

a) The function in (41) is Lipschitzian
in and uniformly bounded with respect to all

.
b) The function in (43) is Lipschitzian in

and bounded in a neighborhood of uniformly with
respect to all .

Proof:
1) Independent of posture coordinates :

Based on the structure of (42) and (44), it is clear that
the position coordinates does not appear
explicitly. Thus, it is sufficient to show that does not
appear independently. First, we note that

(47)
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which is independent of . Using this fact, (41)
becomes

(48)

which is in the form of (45).
Secondly, noting (13), we have

Because the rotation matrix is an orthogonal matrix,
the inverse of is

(49)

Furthermore

The matrix is obtained as fol-
lows:

(50)

which is clearly independent of the orientation coordinate
. Using (50) together with (47), (43) becomes

(51)

which is in the form (46).
2) Lipschitzian and boundedness:

By the definition of matrix and vectors
and in Tables I and II, they are all Lipschitz
continuous and uniformly bounded. Observing the struc-
ture of the tracking-error internal dynamics (48) and
the tracking-error zero dynamics (51), and noting the
boundedness of both and , and the boundedness of

in (51) in a neighborhood of ,
the claim of Lipschitzian and boundedness for functions

and is established.
This completes the proof.

At this point, we may give a main result by the following
theorem.

Theorem 1: Consider the mobile robots with restricted mo-
bility described by (7) and (8) with a moving desired trajectory

satisfying (15) and (16) with and uniformly
bounded. Suppose that control inputin (21) is specified such
that, by using the transformation (19), the closed-loopsub-
system is in the form of (36) and (37) and is stable. Then, the
uniformly asymptotic stability of tracking-error zero dynamics
(46) implies the stable full-state tracking of (7) and (8) to de-
sired trajectory (15) and (16).

Proof: Under (19), function in (41)
is Lipschitzian in uniformly with respect to all
is equivalent to that function is Lipschitzian in

uniformly with respect to all . Meanwhile, the
uniformly asymptotic stability of tracking-error zero dynamics
(46) is equivalent to that of tracking-error zero dynamics (39).
Then, the claim in Theorem 1 is proved by following Lemma 2
in the Appendix.

In case the output-tracking control law is used, Theorem 1 of-
fers sufficient conditions for stable full-state tracking and thus,
stable output tracking in a neighborhood of . However,
it should be pointed out that the opposite is not true, i.e., stable
output tracking does not imply stable full-state tracking. The
following two scenarios illustrate this situation.

In the cases of , i.e., type and type mobile
robots, the admissible solution range of internal stateis not
bounded. The internal-state tracking errormight not converge
while stable-output tracking might still be possible. An example
of the type mobile robot is given in [17], the instability of
backward tracking (indeed, the full-state tracking fails) occurs
while the mobile robot exhibits a swiveling motion such that the
stable output tracking is achieved.

In the cases of , i.e., type and type mo-
bile robots, the admissible solution range of the internal state is
bounded ( ), the divergence of the error in-
ternal state will cause the failures of both the output tracking
and the full-state tracking. However, in some special cases, it
is still possible that stable-output tracking is achieved while
the stable full-state tracking fails. For example, a straight-line
trajectory can be stably tracked by a forward motion (corre-
sponding to internal state errors and ). The same
straight-line trajectory can also be followed by a backward mo-
tion [corresponding to the internal state error and an-
other internal state error (instability at )].

Compared with an existing result of [18, Proposition 5],
Theorem 1 covers a wider class of desired trajectory. In [18,
Proposition 5], the condition that must be is
so restrictive that a straight drive forward cannot meet the
requirement. Furthermore, the results offered in [18, Proposition
5] can only ensure the internal state being bounded for
every , which is not stability.

In general, especially when , this tracking-error zero
dynamics (46) is highly complex and stability analysis is very
difficult. Here, we give another main result in the following the-
orem. Linear approximation is used to determine the stability of
the nonautonomous tracking-error zero dynamics (46).
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Theorem 2: Suppose , and are uniformly
bounded. The following first-order approximation:

(52)

where

is the linear approximation of (46). Furthermore, if the linear-
approximation system (52) for every frozen

is exponentially stable in a neighborhood of ,
(46) is uniformly asymptotically stable.

Proof: Firstly, note that is the equilibrium of (46).
Taylor expansion of function can be expressed
as

Define to be the higher order terms

Due to both and being uniformly bounded, Lemma
1 shows is Lipschitzian in uniformly with re-
spect to all . Its first approximation must
be also Lipschitzian in uniformly with respect to all .
Given this, we conclude that

(53)

Therefore, Lemma 3 in the Appendix implies that (52) is the
linear approximation of nonautonomous zero dynamics system
(46), and its uniformly asymptotic stability implies sufficiently
to the uniformly asymptotic stability of (46).

Secondly, since , is uniformly bounded such that,
is Lipschitzian in and bounded in a neighbor-

hood of uniformly with respect to all as shown
in Lemma 1, is Lipschitz continuous uniformly in

and uniformly bounded in a neighborhood of
to all . Furthermore, since both
and are also uniformly bounded, the linear-ap-
proximation system (52) satisfies the assumptions in Lemma
5 in the Appendix if the linear-approximation system (52) for
every frozen is exponentially stable.
Thus, the linear-approximation system (52) is uniformly expo-
nentially stable using Lemma 5.

Using the above two facts, this claim in Theorem 2 is
proved.

IV. TRACKING STABILITY OF A CAR-LIKE ROBOT

The stability-analysis method proposed in the previous sec-
tion is generally suitable for analyzing the trajectory tracking
stability of any wheeled mobile robot under an output-tracking
control scheme. Without loss of generality, we investigate a
car-like robot in details. A car-like robot has the least mobility
( ) and the stability analysis for a car-like robot is one
of the most challenging problems among the nonholonomic
wheeled mobile robots.

Fig. 2. Car-like robot configuration with virtual reference points.

A rear wheel driving car-like robot, as shown in Fig. 2, is a
type mobile robot with restricted mobility and is modeled
by (7) and (8) with

(54)

where, the triplet is the posture; is the steering angle;
is the longitudinal velocity; is the steering rate; and

are control inputs that are homogeneous to actual motor torques;
and is a positive constant of the wheelbase.

The output function (10) is chosen as

(55)

It represents the coordinates of a virtual reference point. When
parameters and are both positive, the output defines a
virtual reference point in front of the vehicle as shown in
Fig. 2. When parametersand are both negative, the output

defines a virtual reference point behind the vehicle’s
front axle as shown in Fig. 2. To study the zero dynamics, select
the augmented function in (20) as

(56)

It is easy to check that the transformation (18) and (19) are dif-
feomorphisms if

(57)

which is true if

and and

(58)
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Condition implies that the virtual reference point
cannot be fixed on the robot , or on the symmetric axle

of the car-like robot. Limitation for the steering angle
is always satisfied in a real car-like robot.

With the above developments, the tracking-error zero dynamics
of a car-like robot is obtained as, a special form of (46)

(59)

with (60) and (61), as shown at the bottom of the page where,
and . The tracking-error zero dynamics

(59) is highly nonlinear and depends on not only variables
given in the desired trajectory but also parameters

that define the virtual reference point. However, (59) is
independent of the posture vector given in
the desired trajectory. To use Theorem 2, the linear approx-
imation of (59) at equilibrium is derived,
with the help of the software package—MAPLE, as follows:

(62)

with the equations shown at the bottom of the page. The linear
approximation (62) has five parameters and .
It is so complex that its eigenvalues analytic studies are, in gen-

eral, difficult, if not impossible. However, in some special cases,
eigenvalues analysis can offer more insights. One such case is
given as follows.

Theorem 3: The tracking-error zero dynamics (59) is
uniformly asymptotically stable if the following conditions are
satisfied:

a) and ;
b) and for constant and

.
Proof: By setting , the linear approximation (62) is

simplified with

(63)

Clearly, is Lipschitz continuous and uniformly
bounded under the conditions a) and b). Furthermore, its
eigenvalues at every frozen ( ) are

(64)

and both of them are negative. Application of Theorem 2 in
this case leads to the conclusion that (59) is uniformly asymp-

(60)

(61)
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totically stable under the conditions a) and b). The proof is
completed.

Theorem 3 gives the sufficient condition of the stable full-
state tracking when a car-like robot tracks a feasible trajectory
that is confined to move forward . For a feasible trajec-
tory, condition always holds. In this case,
the output should be suitably selected such that, the virtual ref-
erence point is in front of the front wheel axle in the
steering direction .

On the other hand, the instability conditions of the tracking-
error zero dynamics can be established using the linear approx-
imation for some typical maneuvers. One such simple motion
is that the vehicle is moving with the desired velocity at a con-
stant speed and the desired steering angle is zero, ,
and tracking instability occurs when the virtual reference point
is chosen in certain area as stated in the following theorem.

Theorem 4: Suppose , then (59) is unstable in the
following situations:

driving forward: if , where , and either a)
or b) and ;

driving backward: If , where , and either
a) or b) and .
Proof: When , the linear approximation (62) is

simplified as

(65)

with

(66)

For constant desired velocity or , is
constant. The eigenvalues of (66) are obtained as

(67)

where, the wheelbaseis a positive constant. The tracking-error
zero dynamics (59) is unstable if at least one of eigenvalues (67)
has a positive real part.

Driving forward: The condition a) leads to

and

(68)

Alternatively, the condition b) leads to

Re and

Re Re

(69)
Driving backward: The condition a) leads to

and

(70)

Alternatively, the condition b) leads to

Re and

Re Re

(71)
All these conclude that the tracking-error zero dynamics is
unstable using Lemma 4 in the Appendix. This completes the
proof.

This theorem gives the divergence conditions of the internal
states when the desired trajectory is a straight motion
and the output-tracking error is forced to be zero. In these cases,
stable full-state tracking cannot be achieved even though stable
output tracking is still possible. For instance, if the trajectory is
a straight ( ) backward ( ) motion along

-axis ( ), and the output function is selected such that
and , solution

ensures stable output tracking ( ) but not stable full-state
tracking ( ).

V. FURTHERSTABILITY ANALYSIS BY NUMERICAL SEARCH

Due to the complexity of the tracking-error zero dynamics,
analytical investigation of the stable full-state tracking problem
faces limitation. To further investigate the stable full-state
tracking problem in addition to the sufficient conditions pro-
vided in Theorem 3, we use numerical search to explore the
sets of five design parameters that ensure the
full-state tracking stability.

The numerical analysis is based on Theorem 2 and its appli-
cation to the car-like robot case where (59) is associated with
the linear approximation (62). For any feasible trajectory, the
parameters , and are all uniformly bounded by de-
sign. Theorem 2 implies that the tracking-error zero dynamics
(59) is uniformly asymptotically stable if its linear approxi-
mation (62) is asymptotically stable uniformly in every frozen

. We know that the design parameters are im-
portant in the tracking stability of the tracking-error zero dy-
namics (59). To find the sets of the design parameters that
ensure the stable full-state tracking, the eigenvalues of the ma-
trix of the linear approximation (62) are numeri-
cally evaluated for certain frozen triplet . Negative
real parts of all eigenvalues indicate the exponential stability of
the linear approximation (62) for that particular set of parameter
values . Searching for all such sets of parameter values of
exponential stability lead us to the sets of parameter values that
ensure the stable full-state tracking. The numerical analysis for
searching such sets of parameter values for certain de-
sired trajectories is proceeded in three cases, i.e.,
the look-ahead case, the look-below case, and the look-behind
case.

Look-Ahead Case:Suppose that the desired trajec-
tory is confined to move forward ( ) at certain
velocities and make turns ( ) at certain rate, e.g.,
( rad/s rad/s). The parameter values and

indicate that the virtual reference point is located in front
of the front axle or is “look ahead.” In Fig. 3, the shaded areas
are the sets of locations of the virtual reference points that are



WANG AND XU: FULL-STATE TRACKING AND INTERNAL DYNAMICS OF MOBILE ROBOTS 211

(a) (b) (c)

Fig. 3. Forward moving and “look-ahead” stable sets of virtual reference points. (a) High speed. (b) Low speed (
 ! > 0). (c) Low speed (
 ! < 0).

(a)

(b)

Fig. 4. Forward moving and “look-below” stable sets of virtual reference
points. (a) High speed. (b) Low speed.

able to ensure the stable full-state tracking at different setting
of . Comparing Fig. 3(a) with (b) and (c) indicates
that higher forward velocity comes with a larger set of such
parameter values . Fig. 3(b) and (c) shows that higher
steering rates come with smaller sets of such parameter values

. As the limit when steering rate increases, only the fold
line ( and ) offers the locations being able to
ensure the tracking stability as stated in Theorem 3.

Look-Below Case:Suppose that the desired trajectory
is confined to move forward ( ) at certain veloc-
ities and make turns ( ) at a certain rate, e.g.,
( rad/s rad/s). The parameter values

and indicate that the virtual reference point
is located below the vehicle or is “look below.” In Fig. 4, the
shaded areas are the sets of locations of the virtual reference
points that are able to ensure the stable full-state tracking at
different setting of ). Comparing Fig. 4(a) with (b)

(a)

(b)

Fig. 5. Forward moving and “look-behind” stable sets of virtual reference
points. (a) High speed. (b) Low speed.

indicates that higher forward velocity comes with a larger set
of such parameter values . Fig. 4(b) shows that higher
steering rates come with smaller sets of such parameter values

. As the steering rate increases, the shaded area converges
to the vehicle’s symmetric axis ( and ) but
the limit is a null set.

Look-Behind Case:Suppose that the desired trajec-
tory is confined to move backward ( ) at certain
velocities and make turns ( ) at certain rate, e.g.,
( rad/s rad/s). The parameter values
and indicate that the virtual reference point is located
behind of the rear axle or “look behind.” In Fig. 5, the shaded
areas are the sets of locations of the virtual reference points
that are able to ensure the stable full-state tracking at different
setting of . Comparing Fig. 5(a) with (b) indicates
that higher forward velocity comes with a larger set of such
parameter values . Fig. 5(b) shows that higher steering
rates come with smaller sets of such parameter values .
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Note that these sets of virtual reference points are open sets
and the boundaries do not guarantee the full-state tracking
stability. As steering rate increases, the shade area converges to
the vehicle’s symmetric axis ( and ) but the limit
is a null set. Our intuition and experience verify that driving a
car backward with higher steering rates will cause difficulties
and even instability.

Some more observations can be made from the above numer-
ical searching results using the following definitions of curva-
ture and curvature change rate of the desired trajec-
tory. The curvature of a desired trajectory at timeis given as

(72)

and the corresponding curvature change rate is given as

(73)

It is clear that larger steering angle leads to larger curva-
ture and that higher steering rate and/or
larger steering angle lead to higher curvature change rate

. Furthermore, the curvature change rate is positive
if the steering angle and the steering rate are in the same direc-
tions or . Otherwise, the curvature change rate

is negative if the steering angle and the steering rate are in
the opposite directions or . Based on these two
indicators, Figs. 3–5 offer the following observations.

1) The stable sets of the virtual reference points are smaller
when the desired trajectory is in lower velocity and higher
curvature change rate.

2) The stable sets converge to the fold line (look-ahead)
or vehicle symmetric axis (look-below) or its extension
(look-behind). The convergences toward the limits occur
under the trends of the desired velocity tending to zero
and the desired curvature change rate tending to infinity.

VI. SIMULATION RESULTS

The simulation study in this section is based on the car-like
robot discussed in Section IV. The desired trajectory, as shown
in Fig. 6, consists of three straight lines and two curves.
The first curve is designed with a maximum curvature

and a maximum curvature change rate
. The second curve has a higher maximum

curvature and a much higher curvature change
rate . Based on the analysis in the previous
sections, it is expected that the second curve is a more difficult
maneuovre and the stable set of virtual reference points is
smaller.

In the following, three results are presented and they verify
the analysis and conclusions made in the previous sections. The
virtual reference points will be chosen based on Theorem 3 and
the numerical search results. The vehicle controller is a set of
control laws that consist of an input–output feedback lineariza-
tion [with the output function defined in (55)] control law and
a PD control law. With proper selection of the virtual refer-
ence point, we can ensure the tracking-error zero dynamics to
be asymptotically stable and thus the full-state tracking perfor-
mance of the vehicle.

Fig. 6. Desired trajectory.

Fig. 7. Look-ahead tracking.

Look-ahead case:In this case, the vehicle is expected
to move forward with the desired velocity of
meter/second. The virtual reference point is chosen at

on the steering fold line. Based on The-
orem 3, the tracking-error zero dynamics is asymptotically
stable and so is the vehicle tracking. The simulation result,
as shown in Fig. 7, confirms that the vehicle follows the
desired trajectory through out.
Look-below case:In this case, the vehicle is expected to
move forward with the same desired velocity of
meter/second. The virtual reference point is chosen at two
different locations and

. Based on Fig. 4, is
closer to the vehicle symmetric axis line and able to handle
more difficult maneuvers, such as curve which has a
higher maximum curvature change rate. The simulation re-
sults, as shown in Fig. 8, show that, with , the
vehicle fails to track the desired trajectory at the curve,
and that, with , the vehicle succeeds in tracking
the complete desired trajectory.
Look-behind case: In this case, the vehicle is turned
around and expected to move backward to track the
same trajectory with the desired velocity of
meter/second. The virtual reference point is chosen at two
different locations and

. Based on Fig. 5, is
closer to the vehicle symmetric axis line and able to handle
more difficult maneuvers, such as curve which has a
higher maximum curvature change rate. The simulation
results, as shown in Fig. 9, show that, with , the
vehicle fails to track the desired trajectory at the curve,
and that, with , the vehicle succeeds in tracking
the complete desired trajectory.
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(a)

(b)

Fig. 8. Look-below tracking. (a)p = �0:2. (b) p = �0:1.

(a)

(b)

Fig. 9. Look-behind tracking. (a)p = �0:2. (b) p = �0:1.

VII. CONCLUSION

This paper analyzes the stable full-state tracking problem of
nonholonomic wheeled mobile robots under output-tracking
control laws. Tracking-error dynamics is a suitable means to
develop the relationship between the output-tracking stability
and the full-state tracking stability. It is shown that the internal
dynamics and zero dynamics play a critical role of the full-state
tracking stability of such mobile robots. Sufficient conditions
for the stable full-state tracking offer a general approach for
analysis using linear approximations. The detailed investigation
of a car-like mobile robot leads to sufficient conditions for
stable tracking. Numerical searching results also help further
stability analysis and offer insightful observations on the
selection of output functions and controller designs.

APPENDIX

LEMMAS

Lemma 2 [19]: Consider the system

(74)

(75)

Suppose that

1) is an equilibrium of (74) and (75), and the
function is locally Lipschitzian in , uni-
formly with respect to , i.e., there exists (independent
of ) such that

for all in a neighborhood of , all in a
neighborhood of , all ;

2) equilibrium of is uniformly asymp-
totically stable;

3) equilibrium of (74) is stable.
Then, the equilibrium of (74) and (75) is

uniformly stable.
For nonautonomous systems, Lemma 3 is a Lyapunov’s lin-

earization based results for stability analysis.
Lemma 3 [20]: Suppose that is an equilibrium of the

nonautonomous system

(76)

Then, for any fixed time (i.e., regarding as a parameter), a
Taylor expansion of function leads to

(77)

where

(78)

Suppose that condition

(79)

is satisfied. If the linearized system

(80)

is uniformly asymptotically stable, the equilibrium 0 of the
nonautonomous system (76) is also uniformly asymptotically
stable. The linear time-varying system (80) is said to be the
linear approximation of the nonlinear nonautonomous system
(76) if the uniform convergence condition (79) is satisfied.

Instability of a nonautonomous system can be determined
using its Taylor expansion for some cases such as the following
Lemma.

Lemma 4 [20]: If the Jacobian matrix defined in (78) of
nonautonomous system (76) is a constant matrix, and if (79)
is satisfied, then the instability of the linearized system implies
that of the original nonautonomous nonlinear system, i.e., (76)
is unstable if one or more of the eigenvalues ofhas a positive
real part.
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It is also known that eigenvalues all have negative real parts
cannot guarantee a linear time-varying system to be stable. Nev-
ertheless, as for slowly time-varying systems, we have following
lemma.

Lemma 5 [21]: Consider the system

(81)

with being Lipschitz continuous in bothand
and uniformly bounded on ; and is a vector of uniformly
bounded, Lipschitz continuous time-varying parameters [i.e.,

, , where is a bounded set]. Suppose
that for every frozen the system

(82)

is exponentially stable, uniformly in . Further, suppose that
there exist constants, such that condition

(83)

is satisfied. Then, (81) is uniformly exponentially stable.
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