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Abstract

Imperfect-information extensive-form games (IIEFGs) offer a versatile framework

for modeling interactions between multiple players in stochastic and imperfect-

information scenarios. Due to their superior modeling capabilities, IIEFGs can

be applied in a wide range of fields, including economics and computer science.

Given their broad application, IIEFGs have become a vital area of research in

game theory. There are numerous algorithms developed to solve IIEFGs, ranging

from traditional programming-based to advanced deep learning-based methods.

Although these algorithms have been proven successful, they still suffer from scal-

ability and generalizability issues when solving large-scale games. Furthermore,

these algorithms require continuous interaction with the game environment, which

impedes the applications in many real-world scenarios where the environment may

be impractical. To mitigate these issues, this thesis is devoted to improving the

scalability and generalizability and extending offline learning to the IIEFGs setting.

Our first emphasis is on improving the scalability of existing algorithms to solve

IIEFGs. We propose two scalable algorithms: CFR-MIX and PSRO with pre-

trained strategies which are based on the counterfactual regret minimization (CFR)

and policy space response oracle (PSRO) frameworks, respectively. CFR-MIX is

designed to address the exponential combinatorial action space problem in a spe-

cial type of IIEFGs known as team-adversary games. In the CFR-MIX algorithm,

we first propose a new strategy representation that represents a joint action strat-

egy using the individual strategies of all agents, maintaining cooperation between

agents through a consistency relationship. To compute the equilibrium with the

new strategy representation under the CFR framework, we transform the strategy

consistency relationship into a consistency relationship between cumulative regret

values. We then introduce a novel decomposition method for cumulative regret

values to ensure this consistency. CFR-MIX algorithm employs a mixing layer

to implement the decomposition method by estimating cumulative regret values of

joint actions as a non-linear combination of the cumulative regret values of individ-

ual actions. Experimental results show that CFR-MIX significantly outperforms

xi



xii Abstract

existing algorithms. PSRO with pre-trained strategies method is designed to solve

the long-term decision-making issue in large-scale pursuit-evasion games (PEGs),

the special type of two-player zero-sum IIEFGs. This algorithm integrates the

pre-training and fine-tuning paradigm into the PSRO framework. Specifically, we

first pre-train the pursuer’s policy base model against many different strategies of

the evader. Then we proceed with the PSRO loop and fine-tune the pre-trained

policy to attain the pursuer’s best responses. Empirical evaluation shows that our

approach significantly outperforms baselines in terms of speed and scalability.

The next focus is on enhancing the generalizability of existing algorithms for solv-

ing PEGs. We propose a generalizable framework, Grasper, designed to generate

pursuer policies tailored to specific PEGs. Grasper features a novel architecture

with two components: a graph neural network (GNN) to encode PEGs into hidden

vectors and a hypernetwork to generate pursuer policies based on these hidden vec-

tors. We develop a three-stage training pipeline involving a pre-pretraining stage

for training the GNN through the GraphMAE algorithm, a pre-training stage for

training the hypernetwork by utilizing heuristic-guided multi-task learning, and a

fine-tuning stage for fine-tuning the pursuer base model generated by the hyper-

network to compute the best response strategy. Experimental results demonstrate

that Grasper outperforms baselines in both solution quality and generalizability.

The final emphasis is on applying offline learning to game solving. We introduce

the offline equilibrium finding (Offline EF) paradigm, which computes equilibrium

strategies from offline datasets. Then we construct diverse datasets encompassing a

range of games using several methods. These datasets serve as a basis for evaluating

the performance of offline algorithms. Next, we design a novel framework, BOMB,

which integrates behavior cloning and model-based methods along with a novel

parameter estimation method. The model-based method adapts any online EF al-

gorithm to the offline setting. Then, our theoretical analysis provides performance

guarantees of BOMB across various datasets. Experiments demonstrate BOMB’s

superior efficiency over offline RL methods in computing equilibrium strategies.

To conclude, this doctoral thesis addresses key challenges in solving imperfect-

information extensive-form games, focusing on scalability, generalizability, and of-

fline learning. Through innovative algorithms like CFR-MIX, PSRO with pre-

trained strategies, Grasper, and BOMB, it advances the state of the art, offering

efficient and practical solutions for both theoretical and real-world applications.
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Chapter 1

Introduction

1.1 Background

The extensive-form games are a fundamental model in game theory, providing a ro-

bust framework for modeling sequential decision-making processes in environments

with multiple interacting agents [1]. These games are characterized by their ability

to represent complex scenarios involving imperfect information, where players may

have incomplete knowledge about the game state or the actions taken by other play-

ers. The canonical solution concept for extensive-form games is Nash Equilibrium

(NE) [2], where no player can increase his utility by unilaterally deviating.

The application of extensive-form games spans a wide range of fields. In economics,

extensive-form games are used to model market competition, auctions, and bargain-

ing scenarios [3–5]. In computer science, extensive-form games are crucial in the

development of algorithms for artificial intelligence, particularly in strategic games

and automated negotiation systems [6–8]. Extensive research has been conducted

on solving imperfect-information extensive-form games, with several notable meth-

ods emerging. These include computing NEs using linear programming [9], double

oracle algorithms [10, 11], counterfactual regret minimization (CFR) [12], and pol-

icy space response oracles (PSRO) [13]. These scalable algorithms have achieved

significant accomplishments in practical applications. For instance, double oracle

algorithms have been effectively applied to real-world attacker-defender scenar-

ios [10, 11]. The heads-up limit hold’em poker, a classical imperfect-information

extensive-form game, was essentially solved using CFR algorithm [14]. Building

1



2 1.2. Motivation

on this success, substantial progress has been made in heads-up no-limit hold’em

poker with the development of advanced CFR-based systems such as Libratus [15]

and DeepStack [8]. These achievements highlight the effectiveness of scalable al-

gorithms in addressing complex, imperfect-information games, paving the way for

future advancements in both theoretical and practical aspects of game theory.

Specifically, imperfect-information extensive-form games can also be used to model

security-related scenarios [16, 17]. As is well-known, ensuring the safety and secu-

rity of the population is a critical task for governmental law enforcement agencies,

which involves preventing, deterring, and detecting crime. Many game-theoretic

models have been developed to safeguard not only the general public but also

critical infrastructure using only limited resources [18]. Among these security chal-

lenges, one stands out due to its unflattering statistic: police pursuits probably

“injure or kill more innocent bystanders than any other kind of force” [19]. It

is thus imperative to devise methods for efficiently coordinating multiple police

units to capture a fleeing criminal swiftly, minimizing casualties and property dam-

age. This scenario is commonly referred to as the pursuit-evasion game, a special

type of two-player zero-sum imperfect-information extensive-form game. However,

solving such imperfect-information extensive-form games presents significant com-

putational challenges, particularly in large-scale scenarios with numerous possible

actions and outcomes. Developing efficient algorithms for computing equilibria in

these games is a critical area of research.

Given the wide applicability of imperfect-information extensive-form games and

the complexity of solving them, extensive-form games continue to be a vital area

of research in game theory, with ongoing advancements contributing to both the-

oretical insights and practical applications. In this thesis, we focus on providing

efficient algorithms for solving imperfect-information extensive-form games, includ-

ing pursuit-evasion games, a special case of extensive-form games.

1.2 Motivation

Due to the long history of imperfect-information extensive-form games, numerous

algorithms have been developed to solve them. These algorithms range from tra-

ditional programming-based methods to advanced deep learning-based techniques.
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Contemporary state-of-the-art algorithms for solving imperfect-information extensive-

form games can be classified into two groups: no-regret methods derived from coun-

terfactual regret minimization (CFR) [12] and incremental strategy-space genera-

tion methods of the policy space response oracle framework (PSRO) [13]. Although

these algorithms have demonstrated success, they still face significant challenges

in scalability and generalizability.

First, for large-scale imperfect-information extensive-form games, especially games

with numerous possible actions, CFR and its sampling-based variants [20] will

quickly run out of memory since they use a tabular form to record the regret value

and average strategy. For algorithms using deep neural networks, e.g., Deep CFR

[21] and Double Neural CFR [22], it is still ineffective to train the strategy network

over the large action space. PSRO-based algorithms similarly struggle to solve

large-scale imperfect-information extensive-form games effectively due to the high

computational cost of repeated best response computations, which are extremely

time-consuming in large-scale games. To mitigate these issues, we propose two

algorithms, based on the CFR and PSRO frameworks, to improve their scalability.

Even with scalable solutions, many existing equilibrium-finding algorithms lack

generalizability. They are often tailored to specific games. Even minor changes in

the game settings require recomputation of the equilibrium strategy from scratch,

which is both computationally expensive and time-consuming. This limitation

highlights the need for generalizable approaches capable of adapting to different

games with varying initial conditions without complete recomputation. To do this,

we propose a novel algorithm that introduces a hypernetwork to generate base

policies for different games, thereby avoiding the need for complete recomputation.

While our efforts to improve scalability and generalizability address key challenges

in solving imperfect-information extensive-form games, a critical limitation re-

mains: the reliance on continuous interaction with the game environment or an

accurate simulator. This dependency hinders real-world applications where on-

line interactions are impractical or prohibitively expensive. For example, CFR-

based algorithms necessitate traversing the game tree to compute regret values,

and PSRO and its variants demand simulations within the game environment to

compute the best response oracle and estimate the entries in the meta-game. We

refer to this paradigm of computing equilibrium strategies as “online equilibrium

finding”. However, in many real-world applications, such as predicting financial
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Figure 1.1: The main works of this thesis.

market volatility [23], network intrusion detection [24], and automated negotia-

tions [25], the immediate interaction with the environment may be impractical or

excessively costly. To address this issue, we propose the novel offline equilibrium

finding (Offline EF) paradigm, which aims to compute the equilibrium strategies

of imperfect-information extensive-form games using offline datasets.

1.3 Contributions

In this thesis, we focus on improving algorithms for solving imperfect-information

extensive-form games in terms of scalability and generalizability. Figure 1.1 shows

the main works of this thesis. There are three parts: scalable, generalizable, and

offline algorithms. In conjunction with this figure, we summarized the key contri-

butions of this thesis as follows.

i) We propose a new framework of CFR, CFR-MIX , which aims to improve scal-

ability by addressing the exponential combinatorial action space problems in a spe-

cial type of imperfect-information extensive-form games known as team-adversary

games. To do this, we first propose a novel strategy representation that represents

the team’s joint action strategy using the individual strategy of each agent inspired
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by the idea of centralized training with decentralized execution [26]. Based on this

strategy representation, we define a consistency relationship between these two

strategy representations to maintain the cooperation among agents in the team,

which guarantees that the equilibrium with the new strategy representation is a

special team-maxmin equilibrium. To compute Nash equilibrium based on this

individual strategy representation under the CFR framework, we transform the

consistency relationship between strategies to the consistency relationship between

the cumulative regret values of joint actions and the cumulative regret values of

individual actions. Furthermore, a novel decomposition method over cumulative

regret values is proposed to guarantee the consistency relationship between the

cumulative regret values. To implement the decomposition method empirically,

CFR-MIX employs a mixing layer that estimates cumulative regret values of joint

actions as a non-linear combination of cumulative regret values of individual ac-

tions. To further improve the performance, the parameter sharing technique is

applied among all agents in the team, which also reduces the network parame-

ters dramatically. Finally, experimental results show that CFR-MIX outperforms

state-of-the-art algorithms significantly on games in different domains.

ii) For the special type of two-player zero-sum imperfect-information extensive-form

game, pursuit-evasion game, we propose a two-stage method for solving large-scale

pursuit-evasion games by integrating the pre-training and fine-tuning paradigm into

the PSRO framework. Specifically, we first modify the graph embedding algorithm

LINE to learn a better game state representation that retains both the structure

information of the graph and the node information related to the exit nodes. Then

we pre-train a pursuer’s policy base model against vastly different strategies of the

evader with multi-task reinforcement learning. After pre-training, we formulate a

novel best-response oracle that fine-tunes the pre-trained pursuer’s policy within

the PSRO framework. Finally, we perform extensive empirical analysis in large-

scale pursuit-evasion games with both synthetic and real-world graphs, showing

that PSRO with Pretrained Strategy algorithm outperforms other baselines

in both solution quality and scalability. To the best of our knowledge, we are the

first to introduce the pre-training and fine-tuning paradigm into an equilibrium-

finding algorithm without using human behavioral data.

iii) To improve the generalizability, we propose Grasper , which is the generalizable

framework capable of efficiently providing highly qualified solutions for different
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pursuit-evasion games with different initial conditions. To efficiently train the

networks within the Grasper algorithm, we propose a three-stage training method:

a pre-pretraining stage to train the GNN through GraphMAE [27], a pre-training

stage to train the hypernetwork through heuristic-guided multi-task pre-training

(HMP), and a fine-tuning stage to obtain the pursuer’s best response policy at

each PSRO iteration. Finally, we perform extensive experiments, and these results

demonstrate the superiority of Grasper over different baselines.

iv) We propose a novel offline equilibrium finding (Offline EF) paradigm, which

computes the equilibrium strategies only using offline datasets. We first create a

collection of diverse offline datasets, including random datasets, expert datasets,

learning datasets, and hybrid datasets in different imperfect-information extensive-

form games. Then we propose the BOMB framework, which integrates behavior

cloning and model-based methods along with a novel parameter estimation method

and the model-based method can incorporate any online equilibrium finding algo-

rithm into the offline context. We also provide a comprehensive theoretical analysis

of the BOMB framework, offering performance guarantees under different datasets.

Finally, we demonstrate the effectiveness of the BOMB framework in computing

equilibrium strategies through extensive experiments on various offline datasets.

1.4 Thesis Organization

The rest of this thesis is organized as follows. Chapter 2 introduces the definition of

extensive-form games and discusses two typical classes of algorithms, counterfactual

regret minimization (CFR) and policy space response oracle (PSRO), for solving

imperfect-information extensive-form games. Chapter 3 presents a novel CFR-

based framework to solve the combinatorial action space problem for improved

scalability. Chapter 4 focuses on solving a special type of imperfect-information

extensive-form games – pursuit-evasion games – by introducing the pre-training

and fine-tuning paradigm into the PSRO framework. In Chapter 5, we propose

an algorithm for training a generalizable pursuer to solve various pursuit-evasion

games. Chapter 6 introduces the offline equilibrium finding setting for imperfect-

information extensive-form games and proposes an empirical algorithm for this

offline setting. Finally, Chapter 7 concludes the thesis and discusses future works.
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Background

We begin by defining imperfect-information extensive-form games. Following this,

we present a literature review on equilibrium finding algorithms, with a particular

focus on two widely-used algorithms for solving imperfect-information extensive-

form games: the Counterfactual Regret Minimization (CFR) algorithm and the

Policy Space Response Oracle (PSRO) algorithm.

2.1 Extensive-form Games

The extensive-form game model is a widely used and versatile framework for mod-

eling problems that involve sequential decision-making by multiple agents [1]. It al-

lows for the representation of the dynamic and interactive nature of such problems.

The game is typically represented by a rooted directed tree, where nodes represent

decision states, edges denote actions taken by the players, and terminal nodes in-

dicate the endgame utility values assigned to the players. The structure of the tree

captures the flow of the game from the initial state through various decision points

to the outcomes. Extensive-form games can be classified into perfect-information

extensive-form games and imperfect-information extensive-form games based on

the information available to players at the time of their decisions.

In perfect-information extensive-form games, each player has complete knowledge

of the entire game state and the sequence of prior actions, ensuring that all players

are fully aware of the current situation and the history of moves. Chess and Go are

7
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classical examples of perfect-information games, where all information is visible to

all players at all times. Conversely, imperfect-information extensive-form games

involve scenarios where players have incomplete or uncertain information about

the game state and the history of actions taken by other players. This lack of

information requires players to make decisions based on beliefs or estimates about

the unknown aspects of the game. A poker game is a quintessential example of

an imperfect-information extensive-form game, as players cannot see each other’s

hands and must infer the hidden information based on observed actions and betting

patterns. Next, we will introduce these two types of games in detail, providing

a comprehensive understanding of their structures, characteristics, and strategic

implications. In both types of games, our discussion will be limited to finite games,

specifically those games represented as finite trees.

2.1.1 Perfect-information Extensive-form Games

Informally, a perfect-information extensive-form game, often referred to simply as a

perfect-information game, is a tree in the graph-theoretical sense. In this tree, each

node corresponds to a decision point for one of the players, each edge represents a

possible action, and the leaf nodes represent the outcomes, with each player having

a utility function over these outcomes. Following the definition in [9], we can define

the perfect-information extensive-form games as follows.

Definition 2.1. A perfect-information extensive-form game can be represented by

a tuple G = (N,H,Z,A, χ, P, u), where

• N = {1, ..., n} is a set of n players.

• Since we can unambiguously identify a node within the game tree with its

history, that is, the sequence of actions leading from the root node to it, H

represents a set of histories, i.e., all possible action sequences.

• Z is a set of terminal histories and it is also a subset of H, i.e., Z ⊆ H.

• A is a set of available actions for every non-terminal history.

• χ : H\Z → 2A is the action function, which assigns a set of possible actions to

each non-terminal history. For convenience, we use A(h) = {a : (h, a) ∈ H}
to refer to the set of available actions for the non-terminal history h ∈ H \Z.
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Figure 2.1: The Sharing game.

• P : H \ Z → N is a player function, which assigns to each non-terminal

history a player. More specifically, P (h) is the player who takes an action at

the history h ∈ N \ Z, i.e., P (h) 7→ N ∪ {c}, where c is the “chance player”,

which represents stochastic events outside of the players’ control.

• u = (u1, u2, ..., un), where ui : Z → R is a real-valued utility function for

player i on the terminal histories Z.

A simple example of a perfect-information extensive-form game is the Sharing

game. Figure 2.1 illustrates the game tree of the sharing game. There are two

players (P1 and P2 ) who must decide how to share two indivisible and identical

items. There are three possible split plans to split these two items: P1 keeps both

items (2-0), P2 keeps both items (0-2) or they each keep one item (1-1). First,

the first player (P1 ) proposes a split plan from these three split plans. Then the

second player (P2 ) decides whether to accept or reject the proposed split plan. If

P2 accepts the proposal, the items are distributed according to the suggested split.

Otherwise, neither player receives any items. Notably, when P2 makes a decision,

P2 is fully aware of the split plan chosen by P1. This characteristic makes it a

typical perfect-information extensive-form game.

2.1.2 Imperfect-information Extensive-form Games

In perfect-information extensive-form games, players are allowed to choose their

actions at every decision node, implying that they have complete knowledge of the



10 2.1. Extensive-form Games

Figure 2.2: The Matching pennies game.

current game state and the history of moves that led to it. Thus, in such games,

nodes are equated with the sequences of actions (histories) leading to them. How-

ever, this assumption of complete knowledge and perfect information may not

always be realistic in many practical scenarios. For example, we may need to

model agents who must act with partial or no knowledge of the actions taken by

others, or even agents with limited memory of their past actions. The imperfect-

information extensive-form game model provides a representation of these more

general scenarios. This model accounts for situations where players make decisions

without full knowledge of all prior actions, enabling the study of more complex

and realistic strategic interactions. Following the definition in [9] and the defini-

tion of perfect-information extensive-form game, we provide a formal definition of

imperfect-information extensive-form games as follows.

Definition 2.2. An imperfect-information extensive-form game can be represented

by a tuple G = (N,H,Z,A, χ, P, u, I), where

• G = (N,H,Z,A, χ, P, u) is a perfect-information extensive-form game; and

• I = (I1, I2, ..., In), where information partition Ii = (I1, ..., Ik) forms a

partition over histories h where player i ∈ N takes action (i.e., {h ∈ H \ Z :

P (h) = i}) with the property that A(h) = A(h′) whenever h and h′ are in

the same information set Ii ∈ Ii.

For convenience, we can use A(Ii) to represent the set of actions A(h) and P (Ii)

to represent the player P (h) for any history h ∈ Ii. This notation allows us to

concisely refer to the actions available and the player making the decision at any
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given information set. An example of an imperfect-information extensive-form

game is the Matching Pennies Game in sequence form. Figure 2.2 illustrates the

game tree. There are two players (P1 and P2 ), each with a penny. First, the

first player (P1 ) secretly turns their penny to either heads or tails. Subsequently,

the second player (P2 ) makes their decision to turn their penny to heads or tails

without knowing the outcome of P1 ’s choice. Note that there is one information set

for P2, which includes two nodes in the game tree, i.e., two histories that P2 cannot

distinguish them. The game concludes based on the alignment of the pennies. If

the pennies match (both heads or both tails), P1 wins and keeps both pennies.

Conversely, if the pennies do not match (one head and one tail), P2 wins and keeps

both pennies. This scenario exemplifies an imperfect-information extensive-form

game, as P2 must decide without knowledge of P1 ’s prior action.

It is important to note that the perfect-information extensive-form games can be

considered a special case of the imperfect-information extensive-form games, in

which every information set of each information partition is a singleton. In this

thesis, we mainly focus on solving imperfect-information extensive-from games.

2.1.3 Nash Equilibrium

Usually, when one says “solving a game”, it refers to computing the equilibrium

strategy of the game. Specifically, Nash Equilibrium (NE) [2] is a common solu-

tion concept for imperfect-information extensive-form games due to its robustness.

Under the NE strategy, no player has any incentive to unilaterally change their

strategy, because any unilateral change in strategy will not lead to a better payoff

for them. Next, we will introduce the strategy and the definition of NE strategy.

For an imperfect-information extensive-form game G, the pure strategy of the player

i is a function that assigns an action in A(Ii) to each information set Ii ∈ Ii. The

mixed strategy of the player i is a function that assigns a probability distribution

over A(Ii) for every information set Ii ∈ Ii. We use σi to represent the strategy

of player i and Σi to represent the set of player i’s strategies, i.e., σi ∈ Σi. The

strategy profile σ is represented by a tuple of one strategy for each player, i.e.,

σ = (σ1, ..., σn) and σ−i refers to all the strategies in σ except σi. Given a strategy

profile, σ, and assuming players act according to σ, we can compute the reaching

probability for every history h, which we denote as πσ(h). For example, if h =
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(a1, ..., an) includes all players actions, where ai is the action taken by player i, then

πσ(h) =
n∏

i=1

σi(ai). Based on this reaching probability definition, we can define the

expected utility of player i given a strategy profile σ as ui(σ) =
∑
h∈Z

πσ(h)ui(h).

Given a strategy profile σ, we can compute the best response strategy for player i

against σ−i, defined as b(σ−i) = arg max
σ′
i∈Σi

ui(σ
′
i, σ−i). Under the NE strategy, each

player plays their best response strategy. Based on the definition of best response

strategy, we can formally define an NE strategy.

Definition 2.3. (Nash Equilibrium) Given an imperfect-information extensive-

form game G, a strategy profile σ∗ = (σ∗
i , . . . , σ

∗
n) is said to be a Nash equilibrium

if and only if each player’s strategy σ∗
i is the best response to the strategies of the

other players, i.e., it satisfies

ui(σ
∗) = max

σ′
i∈Σi

ui(σ
′
i, σ

∗
−i) = ui(b(σ

∗
−i), σ

∗
−i) ∀i ∈ N.

It means that no player can improve their payoff by unilaterally deviating from their

equilibrium strategy. Given a positive number ϵ > 0, a strategy profile σ is said to

be an ϵ-Nash equilibrium if no player can gain more than ϵ in expected payoff by uni-

laterally deviating from their strategy, i.e., ∀i ∈ N, ui(σ) ≥ max
σ′
i∈Σi

u(σ′
i, σ−i)−ϵ. This

inequality can also be expressed as ui(σ) ≥ ui(b(σ−i), σ−i)−ϵ, where b(σ−i) denotes

the best response to σ−i. Similarly, the measure of player i’s incentive to deviate

from a strategy profile σ can be defined as δi(σ) = ui(b(σ−i), σ−i) − ui(σ). Based

on these definitions, one metric to measure the gap between the strategy profile

σ and the NE strategy is NashConv(σ) =
∑
i∈N

δi(σ), and Exploitability(σ) =

NashConv(σ)/n. These two metrics measure how close a strategy profile is to

an NE – the closer they are to zero, the closer the strategy profile is to the NE

strategy. When they are equal to zero, the strategy σ is an actual NE strategy. In

particular, for zero-sum games, NashConv simplifies to
∑
i∈N

ui(b(σ−i), σ−i), since

the second term sums to zero when summing over all players.

Apart from the Nash equilibrium concept, there are also other equilibrium con-

cepts. Particularly, for n-player general-sum games, (Coarse) Correlated Equilib-

rium ((C)CE) is also a common solution concept. Similar to the NE, a CE is a

joint mixed strategy in which no player has the incentive to deviate [28]. Formally,

let S be the joint strategy space and Si be the joint strategy space of player i. The
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strategy profile σ∗ forms a CCE if it satisfies for ∀i ∈ N, si ∈ Si,ui(σ
∗) ≥ ui(si, σ

∗
−i)

where σ∗
−i is the marginal distribution of σ∗ on strategy space S−i. Analogous

to NE, the (C)CE Gap Sum is adopted to measure the distance from the (C)CE

[29]. In this thesis, we focus on computing the NE strategy for two-player zero-sum

imperfect-information extensive-form games and the CCE strategy for multi-player

imperfect-information extensive-form games.

2.2 Equilibrium Finding Algorithms

The contemporary state-of-the-art algorithms for solving imperfect-information

extensive-form games can be roughly divided into two groups: no-regret methods

derived from Counterfactual Regret Minimization, and incremental strategy-space

generation methods of the Policy Space Response Oracle framework. Both groups

have their advantages and disadvantages. In the following subsections, we will

introduce these two groups of algorithms.

2.2.1 Counterfactual Regret Minimization

Counterfactual regret minimization (CFR) is a family of iterative algorithms that

are the most popular and fastest approaches to approximately solving large-scale

imperfect-information extensive-form games [12]. First, we will introduce the

vanilla CFR algorithm. Then we will discuss the various CFR variants.

To facilitate the description of the CFR algorithm, we first introduce some nota-

tions. Let ui(σ, h) be the expected utility of player i given that the history h is

reached and all players play using strategy σ from that point on. Similar to the

definition of the expected utility of a player given a strategy profile, ui(σ, h) can

be defined as

ui(σ, h) =
∑
z∈Z

πσ(h, z)ui(z),

where πσ(h, z) refers to the probability of going from history h to terminal history

z following strategy profile σ. Let ui(σ, h · a) be the expected utility of player i

given that the history h is reached and all players play using strategy σ except that
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player i selects action a in the history h. Formally,

ui(σ, h · a) =
∑
z∈Z

πσ(h · a, z)ui(z).

Similarly, we use ui(σ, I) to represent the expected utility of player i given that

the information set I is reached and all players play using strategy σ from that

point on. This value is the weighted average of the value of each history in the

information set. The weight is proportional to player i’s belief that they are in that

specific history, given that they know they are in the information set I. Formally,

it can be defined as

ui(σ, I) =
∑
h∈I

πσ(h|I)ui(σ, h), where πσ(h|I) =
πσ(h)

πσ(I)
.

Then we define the counterfactual utility vi(σ, I), which is the expected value of

information set I given that player i tries to reach it. Given that player i tries to

reach the information set, the contribution of player i to the reaching probability

of the information set can be viewed as 1, i.e., πi(I) = 1 and πi(h) = 1. Formally,

vi(σ, I) =
∑
h∈I

πσ
−i(h|I)ui(σ, h) where πσ

−i(h|I) =
πσ
−i(h)

πσ
−i(I)

.

For any available action for information set I, a ∈ A(I), we define σ|I→a to be the

strategy profile identical to σ except that player i selects the action a when in the

information set I. The counterfactual utility vi(σ|I→a, I) can be defined as follows,

vi(σ|I→a, I) =
∑
h∈I

πσ
−i(h|I)ui(σ, h · a).

Based on the definition of counterfactual values, we can define the instantaneous

counterfactual regret for action a in the information set I to be the player i’s regret

in its decisions at the information set I in terms of counterfactual utility with

an additional weighting term for the counterfactual probability that I would be
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reached if the player i had tried to do so, i.e., πσ
−i(I). Formally,

ri(I, a) = πσ
−i(I)(vi(σ|I→a, I)− vi(σ, I))

=
∑
h∈I

πσ
−i(I)πσ

−i(h|I)(ui(σ, h · a)− ui(σ, h))

=
∑
h∈I

πσ
−i(h)(ui(σ, h · a)− ui(σ, h))

Next, we consider repeatedly playing the game since the CFR algorithm is an

iterative algorithm. Let σt
i be the strategy used by player i in round t. The

cumulative counterfactual regret on iteration T is defined as follows, RT
i (I, a) =∑T

t=1 r
t
i(I, a). Let RT,+

i (I, a) = max(RT
i (I, a), 0) be the positive portion of regret

because we often are most concerned about regret when it is positive.

The vanilla CFR algorithm determines the strategy for each iteration by applying

any of several regret minimization algorithms to each information set. Typically,

Regret Matching (RM) is used as the regret minimization algorithm within the

vanilla CFR algorithm due to the simplicity and lack of parameters of RM [30].

Specifically, the RM algorithm picks a distribution over actions in an information

set in proportion to the positive regret of those actions. Formally, on iteration

T + 1, player i selects actions a ∈ A(I) according to probabilities

σT+1(I, a) =


RT,+

i (I,a)∑
b∈A(I)

RT,+
i (I,b)

if
∑

b∈A(I) R
T,+
i (I, b) > 0

1
|A(I)| otherwise

Before deep insight into the convergence of the CFR algorithm, we first provide a

famous theorem that connects regret and the Nash equilibrium solution concept.

Consider repeatedly playing an extensive-form game. Then the average overall

regret of player i at time T is

RT
i =

1

T
max
σ′
i∈Σi

T∑
i=1

(ui(σ
′
i, σ

t
−i)− ui(σ

t))

Define σT
i to be the average strategy for player i from iteration 1 to T . The weight-

ing item for the strategy of each iteration corresponds to the reaching probability

for the information set using the strategy. In particular, for each information set
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(a) Vanilla CFR (b) External Sampling CFR

(c) Outcome Sampling CFR (d) Probe Sampling CFR

Figure 2.3: The comparison between vanilla CFR and different sampling CFR.

I ∈ Ii, for each action a ∈ A(I), define σT
i =

T∑
t=1

πσt

i (I)σt(I, a)/
T∑
t=1

πσt

i (I). Then we

have the following theorem about the convergence of average strategy in two-player

zero-sum games.

Theorem 2.1. In a two-player zero-sum game, at iteration T , if both player’s

average overall regret is less than ϵ, then average strategy σT is a 2ϵ equilibrium.

Based on this theorem, we can analyze the convergence property of the CFR al-

gorithm. The average cumulative counterfactual regret of the information set I in

iteration T is RT
i (I) = 1

T
max
a∈A(I)

RT,+
i (I, a). Then we have the following theorem.

Theorem 2.2 (Theorem 4[12]). If player i selects actions according to regret

matching algorithm, then RT
i (I) ≤ ∆i

√
|Ai|/

√
T and consequently the average

overall regret of player i, RT
i ≤

∑
I∈Ii R

T (I) ≤ ∆i|Ii|
√
|Ai|/

√
T where ∆i =

max
z∈Z

ui(z)−max
z∈Z

ui(z) and |Ai| = max
h:P (h)=i

|A(h)|.

This result establishes that the strategy in the regret matching algorithm can be

used in self-play to compute an NE strategy. In addition, we can find that the

bound on the average overall regret is linear in the number of information sets.

Finally, as T →∞, RT
i → 0. Then, according to Theorem 2.1, in two-player zero-

sum games, if both players’ average regret RT
i ≤ ϵ, then their average strategies

< σT
1 , σ

T
2 > form a 2ϵ-equilibrium.

CFR variants. The CFR algorithm has successfully been applied to solving

imperfect-information extensive-form games [14] and also has a strong convergence



Chapter 2. Background 17

guarantee. However, the CFR algorithm must traverse the full game tree at every

iteration, which is very time-consuming when the game tree is large. Therefore,

some sampling-based CFR algorithms are proposed to effectively solve large-scale

extensive-form games by avoiding traversing the full game tree, such as external

sampling [20], outcome sampling [20], probe sampling [31] and other reduce vari-

ance sampling algorithms [32, 33]. Figure 2.3 shows the comparison of vanilla CFR

and different sampling CFR algorithms in traversing the game tree.

The external sampling CFR algorithm has the lowest variance. However, it runs

slowly because it traverses all actions of the traverser in every iteration, as shown

in Figure 2.3. The outcome sampling CFR algorithm runs faster than the external

sampling CFR algorithm since it only traverses one path from the root to the leaf

node in every iteration. However, the outcome sampling CFR algorithm has a

large variance, which influences the convergence rate. Compared to the outcome

sampling CFR algorithm, the probe sampling CFR algorithm attempts to reduce

variance by replacing “zeroed-out” counterfactual values of non-sampled actions

with closer estimates of the true counterfactual values obtained from probing.

However, vanilla CFR and its sampling-based variants all use the tabular form to

record the counterfactual regret values, which impedes their application in large-

scale imperfect-information games due to limited memory. Nowadays, with the

development of deep learning techniques, the neural network function approxima-

tion technique is applied to CFR to solve larger extensive-form games. For example,

Deep CFR [21] is proposed to record the regret value and average strategy by train-

ing deep neural networks. Single Deep CFR [34] and Double Neural CFR [22] are

also algorithms aiming to approximate CFR using deep neural networks.

2.2.2 Policy Space Response Oracle

Policy Space Response Oracle (PSRO) algorithm [13] is a generalization of the

double oracle method [10], but instead of actions, PSRO uses policies as choices in

the meta-game. PSRO has demonstrated strong performance in solving large-scale

two-player zero-sum imperfect-information extensive-form games [35]. Here, we

first introduce the PSRO algorithm and then discuss some PSRO variants.
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Figure 2.4: The overall process of policy space response oracle algorithm.

Figure 2.4 and Algorithm 1 outline the process of PSRO. At first, every player

is initialized with a set of randomly generated strategies, i.e., Si for each player

i. Then for each strategy profile, (σ1, . . . , σn) ∈ S1 × . . . × Sn, we compute its

expected utility to form a meta-game. Based on the meta-game, a meta-strategy or

meta-distribution is initialized using different methods, such as taking the uniform

strategy as the meta-strategy. Then, at each iteration of the PSRO algorithm, for

every player, the best response oracle computes at least one strategy against other

players’ previous strategies over their meta-strategies. After computing the best

response strategy (σ∗
i ), the strategy is added to the policy space of the player, i.e.,

Si = Si ∪ σ∗
i . Based on the new policy space, we can compute the missing entries

in the meta-game. Then a meta-solver is used to compute the meta-strategy, i.e.,

a distribution over policies of each player (e.g., Nash equilibrium [2], projected

replicator dynamics (PRD) [36], or uniform distributions). Finally, we repeat the

above processes until convergence and the policy space and meta distribution are

taken as output. Note that when computing the best response oracle, all other

Algorithm 1: Policy Space Response Oracle Framework [13]

1 Initialize policy space for each player S1, S2, . . . , Sn;
2 Compute utilities for each strategy profile (σ1, . . . , σn) ∈ S1 × . . .× Sn;
3 Initialize meta distribution ρ;
4 while iteration t in {1, 2,. . . , T} do
5 for player i ∈ N do
6 for many episodes do
7 Sample σ−i ∼ S−i based on meta distribution ρ−i;
8 Train best response oracle σ∗

i against σ−i;

9 Si = Si

⋃{σ∗
i };

10 Compute missing entries in mete-game based on S1 × . . .× Sn;
11 Compute meta distribution ρ based on the meta-game using meta solver;

12 return Policy space (S1, . . . , Sn) and meta distribution ρ
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players’ policies and the meta-strategy are fixed, which corresponds to a single-

player optimization problem and can be considered as a reinforcement learning

(RL) problem. Therefore, it can be solved by any RL algorithm, such as Deep

Q-Network (DQN) [37] or policy gradient reinforcement learning algorithms [38].

PSRO is a general algorithm that could cover several types of algorithms. For

example, iterated best response is an instance of PSRO with meta-distribution

ρ−i = (0, 0, . . . , 1, 0) and independent RL is also an instance of PSRO with meta-

distribution ρ−i = (0, 0, . . . , 0, 1). Specifically, fictitious play-based algorithms [39,

40], such as Neural Fictitious Self-Play (NFSP) [41], can also be seen as a special

case of PSRO with uniform distributions as meta-distributions. Double Oracle is

an instance of PSRO with player number N = 2 and meta-distribution set to a

Nash equilibrium strategy profile of the meta-game.

PSRO variants. Although PSRO has demonstrated strong performance, its

scalability remains an obstacle, impeding its application in solving large-scale

extensive-form games. To make PSRO more effective in solving large-scale games,

Pipeline PSRO (P2SRO) [42] is proposed by parallelizing PSRO with convergence

guarantees. Extensive-Form Double Oracle (XDO) [43] is a version of PSRO where

the restricted game allows mixing population strategies not only at the root of the

game but every information set. It can guarantee to converge to an approximate

NE in a number of iterations that are linear in the number of information sets, while

PSRO may require a number of iterations exponential in the number of information

sets. Neural XDO (NXDO) as a neural version of XDO learns approximate best

response strategies through any deep reinforcement learning algorithm. Recently,

Anytime Double Oracle (ADO) [44], a tabular double oracle algorithm for 2-player

zero-sum games is proposed to converge to a Nash equilibrium while decreasing

exploitability from one iteration to the next. Anytime PSRO (APSRO) [44] as a

version of ADO calculates best responses via reinforcement learning algorithms.

Except for NEs, other equilibrium solution concepts, for example, (Coarse) Corre-

lated equilibrium ((C)CE) can also be computed under the PSRO framework. Joint

Policy Space Response Oracles (JPSRO) [29] is proposed for training agents in n-

player, general-sum extensive-form games, which provably converges to (C)CEs.
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2.3 Chapter Summary

In this chapter, we introduced the definition of imperfect-information extensive-

form games and discussed two typical classes of algorithms for solving these games.

Although these algorithms have achieved significant accomplishments, they still

suffer from scalability and generalizability issues. To address these challenges,

the following chapters propose two scalable algorithms based on the CFR and

PSRO frameworks, respectively, and one generalizable algorithm to solve large-

scale pursuit-evasion games, a special type of imperfect-information extensive-form

game. Finally, we provide an offline algorithm for solving imperfect-information

extensive-form games using offline datasets.
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Chapter 3

Solving Combinatorial Action

Space Problem via CFR-MIX

3.1 Introduction

In this Chapter1, we focus on a special type of two-player imperfect-information

extensive-form zero-sum games, known as Team-Adversary Games. In these games,

a team of cooperative agents plays against an adversary, with all agents in the

team sharing a single utility function. This game model captures many real-world

scenarios, such as many policemen coordinating to catch an attacker [46]. The

primary challenge in solving large-scale team-adversary games is the exponential

combinatorial action space problem: the team’s joint action is the combination of

each agent’s action, which scales exponentially with the number of agents. Figure

3.1 illustrates this problem. Suppose there are eight agents in the team and each

agent has four actions (up, down, left, and right), then the size of the team’s joint

action space would be 48, which is exponential with the number of agents.

Counterfactual regret minimization (CFR) [12] is one of the most popular algo-

rithms to solve imperfect-information extensive-form games. It is an iterative al-

gorithm that approximates a Nash equilibrium through repeated self-play between

two regret-minimizing algorithms. To improve scalability, several sampling-based

CFR variants [20, 31] have been proposed to solve large-scale imperfect-information

1This Chapter has been published in [45].

23
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Figure 3.1: The combinatorial action space problem

extensive-form games effectively. Nowadays, neural network function approxima-

tion is applied to CFR to solve larger games. Deep CFR [21], Single Deep CFR [34],

and Double Neural CFR [22] are algorithms that aim to approximate CFR using

deep neural networks. However, these algorithms struggle to solve large-scale team-

adversary games due to the following reasons.

First, vanilla CFR and its sampling-based variants use tabular forms to record

the regret values and average strategies of joint actions. When applied to team-

adversary games, these methods quickly become impractical due to limited memory

capacity. Second, these deep learning-based CFR variants also cannot solve team-

adversary games effectively since training the strategy network over such a large

action space is inefficient. Lastly, one way to avoid computing the joint action

strategy is to let each agent compute its policy independently. However, this ap-

proach fails to promote the cooperative interaction between agents in the team

and has no theoretical guarantee of convergence to equilibrium in multi-player

games [47]. Therefore, it is impractical to solve this type of imperfect-information

extensive-form games with existing algorithms.

To solve the exponential combinatorial action space problems in team-adversary

games, we propose a new CFR-based framework: CFR-MIX . Our contributions

are summarized as follows: i) We propose a novel strategy representation that rep-

resents the team’s joint action strategy using the individual strategy of each agent.

ii) We define a consistency relationship between the novel strategy representation

and the traditional strategy representation to ensure that the equilibrium with the

novel strategy representation remains unchanged. iii) To compute NE with the

novel strategy representation under the CFR framework, we transform the consis-

tency relationship between strategy representations to the consistency relationship

between the cumulative regret values of joint actions and the cumulative regret
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Figure 3.2: The strategy representation over joint action space.

values of individual actions. iv) We propose a novel decomposition method over

cumulative regret values to guarantee the consistency relationship between cumu-

lative regret values. v) We employ a mixing layer that estimates the cumulative

regret values of joint actions as a nonlinear combination of cumulative regret values

of individual actions to implement the decomposition method. vi) The parameter

sharing technique is applied among all agents in the team, which improves per-

formance and significantly reduces the network parameters. Finally, experimental

results show that CFR-MIX outperforms state-of-the-art CFR-based algorithms.

3.2 Team-Adversary Game

In this section, we introduce the definition of the Team-Adversary Game, a special

type of imperfect-information extensive-form game. Since we have already provided

the formal definition of imperfect-information extensive-form games in Chapter

2, here, we will focus on the unique features of the team-adversary game. In

this type of game, there are two players: an adversary V and a team T. The

team consists of multiple agents, T = {1, . . . , n}. Every agent in team i ∈ T has

its own set of available actions, denoted as ATi
. Therefore, the team’s available

action set comprises all possible combinations of the individual agents’ actions, i.e.,

AT = ×i∈RATi
. Here, we focus on zero-sum games, which means that the utility

functions of the team and the adversary are perfectly opposing. Formally, this is

expressed as uT(z) = −uV(z) for all terminal histories z ∈ Z.

As we introduced in Chapter 2, a player’s behavior strategy σi is a function that

maps every information set of player i to a probability distribution over A(Ii).
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In particular, the strategy of the team is defined over the joint action space, as

illustrated in Figure 3.2. In this chapter, we adopt Nash equilibrium (NE) [2] as

our solution concept for team-adversary games. An NE is a strategy profile where

no player can gain more reward by unilaterally switching to a different strategy.

Formally, in team-adversary games, an NE is a strategy profile σ∗ such that

ui(σ
∗) = max

σ′
i∈Σi

ui(σ
′
i, σ

∗
−i) ∀i ∈ {V,T}

An approximation of an NE, or ϵ-NE is a strategy profile σ∗ where

ui(σ
∗) + ϵ ≥ max

σ′
i∈Σi

ui(σ
′
i, σ

∗
−i) ∀i ∈ {V,T}

3.3 Novel Strategy Representation

In this Chapter, we focus on solving team-adversary games where a team of agents

plays against an adversary, with all agents sharing a single utility function. It is

important to note that the team’s joint action space grows exponentially with the

number of team players. This makes it impractical to solve this type of game using

existing approaches due to the large joint action space of the team. To mitigate

the exponentially combinatorial action space problem, we propose a novel strategy

representation for the team, which could significantly reduce the strategy space

over the joint action space.

3.3.1 Individual Strategy Representation

Here, we introduce a novel strategy representation to denote the team’s joint action

strategy using the individual strategies of all the team players over their own action

spaces. Unlike the traditional joint action strategy representation, the size of the

individual strategy spaces of all the team agents over their own action spaces is

linear with the number of agents. It is worth noting that all agents share the same

history of the team T, i.e., the player function can be extended as P (h) = T =

{1, . . . , n}. In other words, all the team agents share the same information sets of

the team T. Therefore, the novel strategy representation of the team is defined as

fT = (σ1, σ2, . . . , σn), where σi is agent i’s strategy which maps each information
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Figure 3.3: The strategy representation over individual action space.

set of player T to a probability distribution over agent i’s action space ATi
, as

shown in Figure 3.3. For clarity, we refer to this proposed novel representation

as the individual strategy representation and denote the traditional joint action

strategy representation as the joint strategy representation. Given a strategy profile

σ = (σV, fT) = (σV, σ1, . . . , σn), the expected payoff of each agent is the same,

ui(σ) =
∑
z∈Z

uT(z)πσ(z), where πσ(z) is the reaching probability of terminal history

z if all players choose actions according to strategy profile σ. This means that

each agent i chooses its action according to its strategy σi independently, and the

adversary makes its decision following its strategy σV.

3.3.2 Strategy Consistency Relationship

The individual strategy representation can significantly reduce the search space

since it grows linear with the number of agents. However, it is important to note

that it is not capable of fully representing the team’s entire joint action strategy

space. To clarify the relationship between the individual strategy representation

and traditional joint strategy representation, we propose a consistency relationship

which can be defined as follows,

σT(I,a) = σ1(I, a1)× σ2(I, a2)× . . .× σn(I, an) =
n∏

i=1

σi(I, ai), (3.1)

where a = (a1, . . . , an), σT(·) denotes the team’s strategy over joint action space

and σi(·) denotes the agent i’s strategy over its own action space. In short, the

joint strategy representation can be decomposed into the individual strategy rep-

resentation following the consistency relationship equation. When given a team’s

strategy σT(I, ·) over the joint action space for an information set I, we can obtain
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Figure 3.4: The relationship between novel and joint strategy representations.

the individual strategy for each agent σi(I, ·) by solving the following nonlinear

equation set,

σT(I,a1) = σ1(I, a11)× σ2(I, a21)× . . .× σn(I, an1) =
n∏

i=1

σi(I, ai1)

. . . . . .

σT(I,aL) = σ1(I, a1L)× σ2(I, a2L)× . . .× σn(I, anL) =
n∏

i=1

σi(I, aiL)

∀aj ∈ AT(I) aj = (a1j, ..., anj)

where L is the number of the team’s joint actions, i.e., L = |AT(I)|. Clearly,

this equation set does not always have a unique solution, which means that not

every team’s strategy over joint action space can be decomposed into individual

strategies of all agents following the strategy consistency.

According to the consistency relationship, the entire joint action space S of the

team can be divided into two parts: S1, where strategies satisfy the consistency

relationship, and S2, where strategies do not satisfy the consistency relationship,

as shown in Figure 3.4. To better understand this division, we provide an exam-

ple of a strategy in S2. Consider a team with two agents, where the action set

for each agent is {a1, a2} and {b1, b2}, respectively. Given a joint action strategy

σ = (0.5, 0, 0, 0.5) over the joint action set {(a1, b1), (a1, b2), (a2, b1), (a2, b2)}. Obvi-

ously, for this joint action strategy, we cannot obtain the corresponding individual

strategy representation satisfying the consistency relationship (Equation (3.1)).

Based on Figure 3.4, the strategy space for a two-player team-adversary game can

be represented by the tuple (S, SV), where SV denotes the strategy space of the

adversary. When using the individual strategy representation, the team’s strategy

space is S1. In this case, the tuple (S1, SV) also forms the strategy space for a two-

player team-adversary game with the consistency relationship satisfied. Depending
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Table 3.1: Utility Matrix

Action (a1, b1) (a1, b2) (a2, b1) (a2, b2)

c1 1, -1 1, -1 0, 0 0, 0

c2 -1, 1 -1, 1 -2, 2 -2, 2

on the location of the team’s NE strategy in a two-player team-adversary game with

the strategy space (S, SV), there can be two different outcomes.

1. If the team’s NE strategy for the game with the strategy space (S, SV ) is located

in the strategy space S1, then the team’s NE strategy of the game with the strategy

space (S1, SV) equals the team’s NE strategy of the game with the strategy space

(S, SV). In this chapter, we focus on the type of games where the team’s strategy

can be decomposed as defined by Equation 3.1. Theorem 3.1 formally describes

this outcome. To provide a clearer understanding, we present a toy example.

Consider a team with two agents, where the action set for each agent is {a1, a2}
and {b1, b2}, respectively, and the action set for the adversary is {c1, c2}. Here,

we consider a one-step extensive-form game whose utility can be represented by

a matrix, shown in Table 3.1. We can find the pure NE strategy of the game

to be ((a2, b1), c1) or ((a2, b2), c1). The pure joint action strategy can be easily

decomposed into individual strategies for each agent. Accordingly, the mixed NE

strategy for the team would be a joint action strategy σ = (0, 0, p, 1− p) over the

joint action set {(a1, b1), (a1, b2), (a2, b1), (a2, b2)}, where p ∈ [0, 1]. According to

the strategy consistency, we can decompose this mixed strategy of the team into

individual strategies for each agent, i.e., σ1 = (0, 1) over the action set {a1, a2} and

σ2 = (p, 1− p) over the action set {b1, b2}.

Theorem 3.1. Under the individual strategy representation, the Nash Equilibrium

strategy profile between the adversary and the team remains unchanged if Equation

(3.1) holds for the team’s Nash equilibrium strategy.

Proof. Let σ = (σV,σT) be the Nash equilibrium strategy profile and σi(I, ai) be

the strategy of agent i. We can know that

uV(σV,σT) = max
σ′
V∈

∑
V

uV(σ′
V,σT), uT(σV,σT) = max

σ′
T∈

∑
T

uV(σV,σ
′
T).
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From the consistency relationship between the individual action strategy and the

joint action strategy, we can know that the team’s equilibrium strategy satisfies

the consistency relationship. Therefore, σT = σ1 × . . .× σn. Then, we have

uV(σV,σT) = max
σ′
V∈

∑
V

uV(σ′
V, σ1 × . . .× σn) = max

σ′
V∈

∑
V

uV(σ′
V, σ1, . . . , σn),

From above, we know that σV is still the best response strategy against individual

strategies and σT = σ1 × . . . × σn is also the best response strategy against σV.

Therefore, σ = (σV, σ1, . . . , σn) is also an NE strategy profile and σ = (σV,σT) is the

same as σ = (σV, σ1, . . . , σn). In summary, if the team’s NE strategy satisfies the

consistency relationship, the NE strategy remains unchanged under the individual

strategy representation.

2. If the team’s NE strategy for the game with strategy space (S, SV) is located

within the S2 space, then the team’s NE strategy for the game with strategy space

(S1, SV) will differ from that in the game with strategy space (S, SV). However, it

will be a special type of Team-Maxmin Equilibrium (TME) [48] strategy that ad-

heres to the consistency relationship defined for the TME strategy. In this scenario,

the team may incur a utility loss compared to their NE reward in the game with the

(S, SV) strategy space. This is because, in the game with strategy space (S, SV),

agents can be considered to be able to always communicate and coordinate their

actions, whereas, in the game with strategy space (S1, SV), such communication

and joint action are restricted due to strategy consistency requirements. Essen-

tially, the utility of the team’s joint strategy is not always lower than the utility of

the team’s strategy which can be decomposed. Although we do not provide a solid

bound on the potential utility lost here, experimental results show that solving

the game under the assumption that all joint strategies can be decomposed yields

better strategies more quickly than solving the large game with the joint strategy

space (S, SV). This could be because the exponential action space significantly

influences the computation process of the joint action strategy. In the following,

we do not focus on this case. Instead, we concentrate on the case where the team’s

strategy can be decomposed as described by Equation 3.1.
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3.4 CFR-MIX

Now we move to introduce a novel algorithm, CFR-MIX, to compute an NE for

the team-adversary game with strategy space (S1, SV). Firstly, we establish the

consistency relationship between cumulative regret values, which is derived from

Equation (3.1). Secondly, we propose a novel decomposition method for cumu-

lative regret values based on this consistency relationship. Then, we present our

algorithm, CFR-MIX, where the decomposition method is implemented through a

mixing layer. Finally, we provide the theoretical bound for our algorithm.

3.4.1 Regret Consistency Relationship

For imperfect-information extensive-form games, one of the most popular algo-

rithms for computing NEs is the CFR-based algorithm, which leverages regret-

matching to compute strategies based on cumulative regret values. In other words,

the probability of each action is related to the cumulative regret value of that ac-

tion. Therefore, to compute the individual strategy for each agent, we need to

know the cumulative regret values of its actions explicitly. However, since all the

agents share the same team utility function, we can only obtain the regret values

of joint actions. To address this issue, we propose a decomposition method for

cumulative regret values. Before describing the proposed decomposition method,

we first propose a consistency relationship between accumulated regret values of

the team’s joint actions and those of the team member’s actions.

This relationship is derived from the consistency relationship between strategy

representations. Here, we present the derivation process. When
∑
∀a′

Rtot(I,a
′)+ > 0

and
∑

b∈Ai(I)

Ri(I, b)
+ > 0, the consistency relationship between regret values would

be derived as follows,

∀a = (a1, . . . , an),σT(I,a) = σ1(I, a1)× σ2(I, a2)× . . .× σn(I, an) =
n∏

i=1

σi(I, ai)

(3.2)

∀a = (a1, . . . , an),
Rtot(I,a)+∑

∀a′
Rtot(I,a′)+

=
n∏

i=1

(
Ri(I, ai)

+∑
b∈Ai(I)

Ri(I, b)+
) (3.3)
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where Rtot(·) and Ri(·) represent the cumulative regret values of a team’s joint

action and the individual action of team member i, respectively. Note that Equa-

tion (3.2) is the strategy consistency relationship. In CFR-based algorithms, the

strategies are computed using regret-matching based on cumulative regret values,

which means that σ(I, a) = R+(I,a)∑
b∈A(I)

R+(I,b)
when

∑
b∈A(I)

R+(I, b) > 0. Based on this,

we can easily derive Equation (3.3) from Equation (3.2). If
∑
∀a′

Rtot(I,a
′)+ ≤ 0,

then according to regret-matching, the strategy would be a uniform strategy. To

ensure the strategy consistency relationship is maintained, the cumulative regret

values of individual actions must satisfy
∑

b∈Ai(I)

Ri(I, b)
+ ≤ 0, ∀i ∈ {1, ..n}. Thus,

when the consistency relationship between cumulative regret values is upheld, the

consistency relationship between strategy representations is also preserved.

3.4.2 Product-Form Decomposition

To guarantee these consistency relationships, we propose a product-form decom-

position method for cumulative regret values, which can be defined as follows:

∀a = (a1, . . . , an), Rtot(I,a) =
n∏

i=1

Ri(I, ai). (3.4)

Here, we set Rtot = 0 if Rtot ≤ 0, following the setting of regret-matching+ [49],

which is a regret-minimizing algorithm that operates similarly to regret-matching.

Unlike regret matching, which ignores actions with cumulative negative regret

value, regret-matching+ actively resets any cumulative negative regret value back

to zero. For the remainder of this section, we assume that all cumulative regret

values are non-negative.

Theorem 3.2. If product-form decomposition (Equation (3.4)) holds, the con-

sistency relationship between the joint strategy representation and the individual

strategy representation (Equation (3.1)) can be guaranteed.

Proof. When
∑
∀a′

Rtot(I,a
′) > 0, we can get

σ(I,a) =
Rtot(I,a)∑

∀a′
Rtot(I,a′)

=

n∏
i=1

Ri(I, ai)∑
∀a′

Rtot(I,a′)
, (3.5)
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n∏
i=1

σ(I, ai) =
n∏

i=1

Ri(I, ai)∑
aji∈Ai(I)

Ri(I, a
j
i )

=

n∏
i=1

Ri(I, ai)

n∏
i=1

∑
aji∈Ai(I)

Ri(I, a
j
i )
. (3.6)

These above equations are derived by the regret matching+ and product-form

decomposition equation.

n∏
i=1

∑
aji∈Ai(I)

Ri(I, a
j
i )

=
n∏

i=1

[Ri(I, a
1
i ) + Ri(I, a

2
i ) + ... + Ri(I, a

|Ai(I)|
i )]

=
n∏

i=1

Ri(I, a
1
i ) +

n−1∏
i=1

Ri(I, a
1
i )Rn(I, a2n) + ... +

n∏
i=1

Ri(I, a
|Ai(I)|
i )

=Rtot(I,a1) + ... + Rtot(I,a|A1(I)|×...×|An(I)|) =
∑
∀a′

Rtot(I,a
′).

This derivation follows the rules of polynomial multiplication and product-form de-

composition equation. From this equation and the above two equations (Equations

(3.5-3.6)), we can find that σ(I,a) =
n∏

i=1

σ(I, ai). Thus, Equation (3.1) holds.

3.4.3 Mixing Layer

Here, we move to introduce our algorithm, CFR-MIX, which employs a mixing

layer to implement the proposed product-form decomposition method under the

deep learning-based CFR framework. Next, we will explain why we opted against

implementing the product-form decomposition method within a tabular-based CFR

framework, using a simple example to illustrate our reason. Assume that in a

team-adversary game, there are two agents in the team, i.e., T = {1, 2}. At an

information set IT, we suppose that agent 1 has two available actions denoted by

{a11, a12} and agent 2 has two available actions denoted by {a21, a22}. Under the

CFR framework, we can only obtain the cumulative regret values of all joint actions

Rtot(I,a), where a ∈ {(a11, a21), (a11, a22), (a12, a21), (a12, a22)}. Then we compute
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the accumulative regret value of each agent’s actions by solving a nonlinear equation

set which can be defined as follows,

Rtot(IT, (a11, a21)) = R1(IT, a11)×R2(IT, a21)

Rtot(IT, (a11, a22)) = R1(IT, a11)×R2(IT, a22)

Rtot(IT, (a12, a21)) = R1(IT, a12)×R2(IT, a21)

Rtot(IT, (a12, a22)) = R1(IT, a12)×R2(IT, a22)

Solving this equation set becomes challenging when the game has a large number

of team members, as it requires significant computational resources. Consequently,

we opt to implement the product-form decomposition method within the deep

learning-based CFR framework, leveraging the impressive function approximation

properties of neural networks. In another scenario, if there is no solution for this

nonlinear equation set, it implies that the regret value cannot be decomposed,

and neither can the strategy. Although there is no theoretical guarantee in such

a case, our neural network framework is still capable of providing approximate

results, whereas these tabular-based methods cannot solve this case. To this end,

we implement the product-form decomposition method via a mixing layer in a deep

learning-based CFR framework. According to the product-form decomposition

method defined in Equation (3.4), we design the mixing layer using the simple

product operation, as shown in Figure 3.5.

Next, we use the Double Neural CFR framework as the base CFR framework

to describe our CFR-MIX algorithm. It should be noted that our mixing layer

can be applied to any deep learning-based CFR framework. In our CFR-MIX

algorithm, we adopt the probe sampling algorithm as the traverse algorithm to

traverse the game tree and compute regret values for traversed information sets.

It is important to note that we employ the individual strategy representation in

our CFR-MIX algorithm. Therefore, during the traversal process, when it turns

the team to act, every agent in the team plays according to its own strategy and

composes their individual strategies into the joint action strategy which is used to

compute regret values only. Because all agents share one team utility function, it

computes regret values for all joint actions based on the joint action strategy and

joint action values. Finally, CFR-MIX trains one cumulative regret value network

and one average strategy network for each player.
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Figure 3.5: Architecture of cumulative regret neural network for team

The crux of our CFR-MIX algorithm lies in the cumulative regret neural network

of the team, which implements the decomposition method via a mixing layer. Fig-

ure 3.5 shows the team’s cumulative regret neural network architecture. In this

structure, the mixing layer is engineered to perform a product operation on the ac-

cumulative regret values of all team members’ actions, subsequently generating the

accumulative regret values associated with the team’s joint actions. The Agent

network serves as the regret network for the team members. It takes the informa-

tion sets IT, agent i’s observations, and agent i’s available actions as inputs and

outputs the cumulative regret value of agent i’s actions. Then the mixing layer

takes all the outputs of the Agent network as inputs and outputs the cumulative

regret value of the corresponding joint action. This constitutes the forward process.

We can obtain the accumulative regret value of the team’s joint action via traversal

processes. Then we adopt the Mean Squared Error (MSE) as the loss function. Fi-

nally, we can train the regret network using the Stochastic Gradient Descent (SGD)

method. In this way, the mixing layer can guarantee the consistency relationship

between cumulative regret values. According to Theorem 3.2, the mixing layer can

also guarantee the consistency relationship between strategy representations.

To get the individual strategy of each agent, we only use the Agent network

to estimate the cumulative regret value for each agent’s action and compute the

agent’s strategy using regret-matching+ based on the estimated cumulative regret

value. Therefore, CFR-MIX only needs to traverse the action spaces of all the

agents which are linear with the number of agents. On the contrary, to get the joint

strategy, Double Neural CFR needs to traverse the whole joint action space which

is exponential with the number of agents. Furthermore, in CFR-MIX, we adopt the
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parameter sharing technique which means that all agents share the same Agent

network. Parameter sharing can reduce the parameters and improve performance

significantly. For the average strategy network, we also only use one network for

all agents. The training data of the strategy network are all agents’ strategies.

However, in the Double Neural CFR algorithm, the training data of the average

strategy network are the team strategies defined over all the joint actions.

3.4.4 Convergence Analysis

Recall that we focus on a subset of joint action strategy space which can be decom-

posed into individual action strategies. Therefore, we compute the Nash equilib-

rium of the imperfect-information extensive-form game with strategy space (S1, SV )

using the proposed CFR-MIX algorithm and provide a regret bound of our CFR-

MIX algorithm under mild conditions based on Deep CFR [21].

Theorem 3.3. Let T denote the number of CFR-MIX iterations, |A| the maximum

number of actions at any infoset, and K the number of traversals per iteration. Let

Lt
R be the average MSE loss for Rp(I, a|θt) on a sample in Mr,p at iteration t, and

let Lt
R∗ be the minimum loss achievable for any function R. Let Lt

R − Lt
R∗ ≤ ϵL.

If the value memories are sufficiently large and Equation (3.4) holds, then with

probability 1− ρ total regret of player p at time T is bounded by

RT
p ≤ (1 +

√
2√
ρK

)∆|Ip|
√
|A|
√
T + 4T |Ip|

√
|A|∆ϵL

As T →∞, the average regret
RT

p

T
is bounded by 4|Ip|

√
|A|∆ϵL with high probability.

Proof. We know that the establishment of Equation 3.4 guarantees the consistency

relationship between strategies (Theorem 3.2). Therefore, under Theorem 3.1, we

know that the NE strategy remains unchanged under the new strategy representa-

tion. Then, we can get that the regret bound for the joint strategy representation

is the same as for the individual strategy representation. Another difference is that

we use the probe sampling algorithm and Deep CFR uses the external sampling

algorithm. Our proof follows the proof of Theorem 1 in [21] which provides the

regret bound for the joint strategy representation.
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Assume that an online learning scheme plays the strategy using the regret-matching

method, defined as follows:

σt(I, a) =


y+t (I, a)∑
a y

+
t (I, a)

, if
∑
a

y+t (I, a) > 0

arbitrary value, otherwise,

(3.7)

Corollary 3.0.6 [50] provides the upper bound of the total regret by leveraging a

function of the L2 distance between y+t and RT,+ on each information set. There-

fore, we can get the following:

max
a∈A

(RT (I, a))2 ≤ |A|∆2T + 4∆|A|
T∑
t=1

∑
a∈A

√
(Rt

+(I, a)− yt+(I, a))2

≤ |A|∆2T + 4∆|A|
T∑
t=1

∑
a∈A

√
(Rt(I, a)− yt(I, a))2

As shown in Equation (3.7), σt(I, a) is invariant to rescaling across all actions at

an information set, it’s also the case that for any C(I) > 0,

max
a∈A

(RT (I, a))2 ≤ |A|∆2T + 4∆|A|
T∑
t=1

∑
a∈A

√
(Rt(I, a)− C(I)yt(I, a))2. (3.8)

Let xt(I) be an indicator variable which is 1 if the information set I was traversed

on iteration t. If the information set I was traversed then regret value r̃t(I) was

stored in regret memory MV,p, otherwise regret value r̃t(I) = 0. Assume for now

that regret memory MV,p is not full, so all sampled regrets are stored in the memory.

Let Πt be the fraction of iterations on which xt(I) = 1, and let

ϵt(I) = ||Et[r̃
t(I)|xt(I) = 1]− V (I, a|θt)||2 (3.9)
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Let’s insert the canceling factor of
t∑

t′=1

xt′(I) and set C(I) =
t∑

t′=1

xt′(I). Then we

can get:

max
a∈A

(R̃T (I, a))2 ≤ |A|∆2T + 4∆|A|
T∑
t=1

(
t∑

t′=1

xt′(I))
∑
a∈A

√√√√√(
R̃t(I, a)
t∑

t′=1

xt′(I)

− yt(I, a))2

= |A|∆2T + 4∆|A|
T∑
t=1

(
t∑

t′=1

xt′(I))||Et[r̃
t(I)|xt(I) = 1]− V (I, a|θt)||2

= |A|∆2T + 4∆|A|
T∑
t=1

tΠt(I)ϵt(I)

≤ |A|∆2T + 4∆|A|T
T∑
t=1

Πt(I)ϵt(I)

The first term of this expression is the same as the regret bound of the tabular-form

CFR algorithm, while the second term accounts for the approximation error. In

Deep CFR [21], Theorem 3 shows the regret bound for K-external sampling, for

the case of K-probe sampling, we can get the same results. Thus, we can get

max
a∈A

(R̃T (I, a))2 ≤ |A|∆2TK2 + 4∆|A|TK2

T∑
t=1

Πt(I)ϵt(I)

for K-probe sampling case. Following the same derivation as Theorem 3 in [51],

the above regret bound would lead to the bound of average regret as follows,

R
T

p ≤
∑
I∈Ip

((1 +

√
2√
ρK

)∆

√
|A|√
T

+
4√
T

√√√√|A|∆ T∑
t=1

Πt(I)ϵt(I))

Simplifying the first term and rearranging,

R
T

p ≤ (1 +

√
2√
ρK

)|Ip|∆
√
|A|√
T

+
4
√
|A|∆√
T

∑
I∈Ip

√√√√ T∑
t=1

Πt(I)ϵt(I))

= (1 +

√
2√
ρK

)|Ip|∆
√
|A|√
T

+
4
√
|A|∆√
T
|Ip|

∑
I∈Ip

√∑T
t=1 Πt(I)ϵt(I)

|Ip|

≤ (1 +

√
2√
ρK

)|Ip|∆
√
|A|√
T

+
4
√
|A|∆|Ip|√

T

√√√√ T∑
t=1

∑
I∈Ip

Πt(I)ϵt(I)
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Now, consider the average MSE loss LT
R(MT

r ) at iteration T over the samples in

strategy memory MT
r . We start by stating two well-known lemmas:

1. The MSE can be decomposed into bias and variance components

Ex[(x− θ)2] = (θ − E[x])2 + V ar(θ)

2. The mean of a random variable minimizes the MSE loss arg minθ Ex[(x− θ)2] =

E[x] and the value of the loss when θ = E[x] is V ar(x).

LT
R =

1∑
I∈Ip

∑T
t=1 x

t(I)

∑
I∈Ip

T∑
t=1

xt(I)||r̃t(I)−R(I|θT )||22

≥ 1

|Ip|T
∑
I∈Ip

T∑
t=1

xt(I)||r̃t(I)−R(I|θT )||22

=
1

|Ip|T
∑
I∈Ip

ΠT (I)Et[||r̃t(I)−R(I|θT )||22|xt(I) = 1]

Let R∗ be the model that minimizes LT on MT
r . Using the above two lemmas,

LT
R ≥

1

|Ip|T
∑
I∈Ip

ΠT (I)(||R(I|θT )− Et[r̃
t(I)|xt(I) = 1]||22 + LT

R∗). (3.10)

Thus, we can get the following inequations:

LT
R −LT

R∗ ≥ 1

|Ip|
∑
I∈Ip

ΠT (I)ϵT (I)
∑
I∈Ip

ΠT (I)ϵT (I) ≤ Ip|(LT
R −LT

R∗)

Furthermore, we can get the inequation for the regret:

R
T

p ≤ (1 +

√
2√
ρK

)|Ip|∆
√
|A|√
T

+
4
√
|A|∆|Ip|√

T

√√√√ T∑
t=1

∑
I∈Ip

Πt(I)ϵt(I)

≤ (1 +

√
2√
ρK

)|Ip|∆
√
|A|√
T

+
4
√
|A|∆|Ip|√

T

√√√√ T∑
t=1

|Ip|(LT
R −LT

R∗)

≤ (1 +

√
2√
ρK

)|Ip|∆
√
|A|√
T

+
4
√
|A|∆|Ip|√

T

√
T |Ip|ϵL

= (1 +

√
2√
ρK

)|Ip|∆
√
|A|√
T

+ 4|Ip|
√
|A|∆ϵL
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So far we have assumed that Mr contains all sampled regrets. The number of

samples in the memory at iteration t is bounded by K · |Ip| · t. If K · |Ip| ·T < |Mr|
then the memory will never be full, and we can make this assumption. Let ρ = T− 1

4 .

P (R
T

p > (1 +

√
2√

T− 1
4K

)|Ip|∆
√
|A|√
T

+ 4|Ip|
√
|A|∆ϵL) < T− 1

4

Therefore, for any ϵ > 0,

lim
T→∞

P (R
T

p − 4|Ip|
√
|A|∆ϵL > ϵ) = 0

3.5 Empirical Evaluation

To evaluate the effectiveness of our CFR-MIX algorithm in solving team-adversary

games, we deploy two deep learning-based algorithms, Double Neural CFR [22]and

Deep CFR [21], as two base frameworks and integrate the mixing layer into each

framework, respectively. For clarity, we use CFR-MIX or Double CFR+MIX to

denote the algorithm that incorporates a mixing layer into Double Neural CFR,

while Deep CFR+MIX refers to the algorithm that includes a mixing layer in Deep

CFR. Without loss of generality, we implement these algorithms on team-adversary

games from two distinct domains to assess the performance of our proposed mixing

layer. Additionally, we conduct a comparison experiment between CFR-MIX and

CFR-MIX without the parameter sharing technique to examine the performance of

the parameter sharing technique. All experiments are conducted on a server with

a 10-core 3.3GHz Intel i9-9820X CPU and an NVIDIA RTX 2080 Ti GPU.

3.5.1 Goofspiel Game

First, we choose a poker game called Goofspiel, as referenced in [52]. In the Goof-

spiel game, shown in Figure 3.6a, at the beginning of the game, each player receives

a hand of cards numbered A to K. In each round, players secretly bid on the top

point-valued card from a point card stack using the cards in their hand, taking

turns. The player who bids the highest card value wins the point value of the top
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(a) Goofspiel game
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Figure 3.6: Goofspiel games (C: card, P: team player, R: round)

point-valued card. Finally, the player with the highest total points wins the game.

In our experiments, we consider a team-adversary variant of the Goofspiel game, in

which there are two players and a team player includes several agents. The team

is deemed victorious as long as any of its team members win. Additionally, we

consider an imperfect-information version of the game [53, 54], where players only

know the outcome of each round rather than the cards used by other players for

bidding. For the sake of simplicity, the number preceding the letter C refers to

the number of hand cards, the number preceding the letter P denotes the number

of team members, and the number preceding the letter R indicates the number of

rounds played in the game. Figure 3.6 shows the experimental results.

For the Goofspiel game with the 6C4P6R setting, algorithms incorporating a mix-

ing layer outperform their base algorithm counterparts. Both Double CFR and

Double CFR-MIX converge to comparable results, while Deep CFR converges to a

lower result than Deep CFR-MIX. This could be attributed to the approximation

error stemming from the neural network, as Deep CFR requires training a neural

network to generate a strategy over a vast action space. In the Goofspiel game
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Figure 3.7: Pursuit-evasion games

with the 6C4P6R setting, we exclusively implement our CFR-MIX algorithm, as

the joint action space in these games is exceedingly large (approximately 106 and

136), rendering the baselines impractical. Fortunately, in these games, our CFR-

MIX algorithm can obtain satisfactory strategies within a limited timeframe.

3.5.2 Pursuit-Evasion Game

The second game we selected is the NEtwork purSuiT game (NEST) [16, 17], a

more realistic version of the pursuit-evasion game. In this game, a team of pursuers

aims to capture the evader, while the evader strives to avoid capture [55]. In the

NEST game, tracking devices are taken into account, enabling the pursuer team

to obtain real-time location information about the evader. Additionally, the game

requires setting a predetermined number of steps. If the evader fails to escape

within the specified number of steps or gets captured by the pursuer, the game

ends, and the pursuer receives a one-unit reward. Conversely, if the evader manages

to escape within the specified number of steps, the pursuer earns zero payoffs. For
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our testbed, we select a grid map and designate certain nodes as exit nodes. The

initial locations for both players are chosen randomly. In this context, we consider

varying grid map sizes and differing numbers of team members in the pursuer team.

Figure 3.7 shows the results of pursuit-evasion games with different sizes. From

Figures 3.7a-3.7c, we observe that these algorithms with the mixing layer outper-

form their original algorithms, consistent with the results in the Goofspiel game.

To circumvent the large joint action space, we also execute an algorithm in which

every agent in the team independently employs Double Neural CFR (Individual

Double CFR). Figure 3.7a presents the results, indicating that individual Double

CFR fails to achieve low exploitability in a limited time. This finding supports the

assertion that independent learning algorithms are inadequate for solving team-

adversary games. We also carry out an ablation study to validate the performance

of the parameter-sharing technique. The results, as depicted in Figure 3.7b, show

that the CFR-MIX algorithm performs better than that without the parameter-

sharing technique. In the pursuit-evasion game featuring a 15x15 grid map and

four agents in the pursuer team, we did not implement Deep CFR-related algo-

rithms, as Deep CFR is time-consuming and requires large memory for solving

such a large game. Despite these limitations, our Double CFR+MIX still signifi-

cantly outperforms the Double Neural CFR algorithm. Lastly, in the game with

a 15x15 grid map and eight agents in the pursuer team, only our CFR-MIX can

be executed, as the joint action space for the team is too large for the baseline

algorithms. Although our CFR-MIX does not converge within the limited time, it

exhibits a tendency to grow in worst-case utility. It suggests that our CFR-MIX

can obtain a better strategy compared to the initial random strategy.

Extensive experimental results across games from two distinct domains demon-

strate that our CFR-MIX significantly outperforms other CFR-based algorithms.

In large-scale team-adversary games with many team members, existing algorithms

struggle to solve these games due to the exponential growth of the action space for

the team. In contrast, our CFR-MIX is capable of obtaining satisfactory results

within a limited time, even in these challenging scenarios.



44 3.6. Chapter Summary

3.6 Chapter Summary

In this Chapter, we propose a novel CFR-based framework, CFR-MIX, to solve

team-adversary games with the combinatorial action space problem to improve

scalability. Instead of using the traditional strategy representation over joint-action

space, we represent the team’s strategy with a novel strategy representation over in-

dividual action space to reduce the strategy space. To maintain cooperation among

agents in the team, we define a consistency relationship between these two strat-

egy representations. Moreover, to compute the equilibrium under the new strategy

representation, we transform the consistency relationship between strategy repre-

sentations into a consistency relationship between cumulative regret values. Then,

we propose a novel product-decomposition method over cumulative regret values

to guarantee the consistency relationship between these values. Under the guaran-

tee of these consistency relationships, we propose the CFR-MIX algorithm, which

employs a mixing layer to implement the novel decomposition method. Finally,

experimental results in games of different domains show that our algorithm signif-

icantly outperforms other state-of-the-art CFR-based algorithms.



Chapter 4

Solving Pursuit-Evasion Games

via Pretrained Strategy

4.1 Introduction

In this Chapter1, we focus on solving a specific game, a Pursuit-Evasion Game.

As we all know, preventing, deterring, and detecting crime to ensure the safety

and security of the population is an immensely serious task entrusted to various

governmental law enforcement forces. Due to its importance, many game-theoretic

models have been developed to safeguard not just the general public, but also

critical infrastructure, using limited resources [18]. Among the problems studied,

one stands out due to its troubling statistic: police pursuits probably injure or

kill more innocent bystanders than any other kind of force [19]. Therefore, it is

extremely important to devise scalable methods to efficiently coordinate multiple

police units to capture a fleeing criminal as soon as possible, minimizing casualties

and property damages. This scenario is commonly referred to as a pursuit-evasion

game. It is a special type of two-player zero-sum imperfect-information extensive-

form game and also a special team-adversary game played on a graph.

As we introduced in Chapter 2, the contemporary state-of-the-art algorithms for

solving imperfect-information extensive-form games can be roughly divided into

two groups: no-regret methods derived from CFR [12], and incremental strategy-

space generation methods of the PSRO framework [13]. There are indeed CFR

1This chapter has been published in [56].

45
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Figure 4.1: The structure of police space response oracles.

or PSRO variants capable of solving shallow pursuit-evasion games with many

pursuers, such as CFR-MIX [45] introduced in Chapter 3, or deep pursuit-evasion

games with a smaller space of legal actions [57, 58]. However, these algorithms

cannot easily be applied to solve large-scale pursuit-evasion games due to the long-

term decision-making process and extensive action space. For example, although

CFR-MIX can solve the large-scale combinatorial action space problem, if the

pursuit-evasion game involves a long-term decision-making process, the game tree

would be very large, making it inefficient to traverse.

To address the long-term decision-making process in large-scale pursuit-evasion

games, we intend to use the PSRO algorithm [13], as it incorporates reinforcement

learning (RL) to effectively manage long-term decision-making. PSRO is a general-

ization of the double-oracle algorithm. Therefore, when the learning is sufficiently

precise, PSRO inherits the guarantees of convergence to Nash Equilibrium (NE)

from the double-oracle algorithm. Figure 4.1 illustrates the workflow of the PSRO

algorithm. PSRO works in iterations, computing the best responses to equilibria

of meta-games gradually increasing in size. Finding the best responses constitutes

the PSRO’s key bottleneck, and several recent adaptations attempted to mitigate

it through parallelization [42, 59]. However, these PSRO variants still need to

compute the best responses from scratch, restarting the computation in each it-

eration. The repeated best response computation is the main obstacle to scaling

the algorithms to real-world problems. To mitigate this issue, we propose that by

pre-training the best responses and later fine-tuning them, we can solve large-scale

pursuit-evasion games that are both deep and have a large branching factor.

Pre-training and fine-tuning is a celebrated approach from the area of natural

language processing (NLP). For example, BERT [60] is a pre-training method that
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can learn a general-purpose language-understanding model on a large text corpus

and then use this model for downstream NLP tasks through fine-tuning it. Pre-

training is also a key component of the GPT model [61] and was used in AlphaGo

[62] and AlphaStar [63] to imitate the behaviors in high-quality human behavioral

data. Despite the huge impact of the pre-training and fine-tuning approach on NLP

and partially also on computer vision [64, 65], it is still rarely used outside these

areas [66]. Especially in the context of general game theory when human behavioral

data is not available, the question of whether this approach can be used to enhance

the efficiency of equilibrium-finding methods – in terms of optimizing data usage,

reducing computational costs, and improving scalability – remains unanswered.

To fill this gap, we propose a two-stage method for solving large-scale pursuit-

evasion games by integrating the pre-training and fine-tuning paradigm into the

PSRO framework. Our contributions are threefold: i) We modify the graph em-

bedding algorithm LINE to learn a better game state representation that can retain

both the structure information of the graph and the node information related to

the exit nodes. ii) We show how to pre-train a pursuer’s policy base model against

different strategies of the evader with multi-task reinforcement learning. iii) We

formulate a novel best-response oracle in PSRO that fine-tunes the pre-trained

pursuer’s policy. Finally, we perform extensive empirical analysis in large-scale

pursuit-evasion games with both synthetic and real-world graphs to show that

our algorithm outperforms other baselines in both solution quality and scalability,

which demonstrates the effectiveness of pre-training and fine-tuning. To the best

of our knowledge, we are the first to introduce the pre-training and fine-tuning

paradigm into an equilibrium-finding algorithm without human behavioral data.

4.2 Pursuit-Evasion Game

In this section, we move to introduce the class of the game we are interested in,

the Pursuit-Evasion Game. A pursuit-evasion game is a special type of imperfect-

information extensive-form game with two players – the pursuer and the evader,

hence N = {p, e}. We assume the pursuer has control over n law enforcement

units, i.e., p = (p1, p2, ..., pn), equipped with tracking devices capable of monitoring
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the real-time location of the evader2. In reality, both players act simultaneously,

making a pursuit-evasion game a simultaneous-move extensive-form game where

the evader moves first, followed by the pursuer who makes decisions without being

aware of the current action of the evader.

The pursuit-evasion game is played on an urban road map, which can be repre-

sented as a graph G = (V,E), where V is a vertex set, and E is an edge set.

A subset V ⊂ V denotes the set of exit nodes from which the evader can es-

cape. For a vertex v ∈ V , let N (v) define the set of neighboring vertices of

vertex v. Let le0, l
p
0 be the initial locations of evader and pursuer. Note that

lp0 = (lp10 , lp20 , ..., lpn0 ). By T we denote the number of steps in which the game

terminates. At time step t < T , the history of the game is a sequence of past

locations of both players, h = (le0, l
p
0 , ..., l

e
t−1, l

p
t−1). Because the evader cannot

know the location of the pursuer, the evader’s information set can be defined as

Ie = {h|h = (le0, l
p
0 , l

e
1, ∗, ..., let−1, ∗)}, where ∗ is any possible location of the pursuer.

The actions available to the evader are the neighboring vertices of the evader’s

current location, i.e., Ae(h) = N (let−1). The evader makes their decision let ∈ Ae(h)

based on the information available in set Ie. When the evader moves from let−1 to let ,

the history becomes h = (le0, l
p
0 , ..., l

e
t−1, l

p
t−1, l

e
t ). Then it is up to the pursuer to act

in the information set defined as Ip = {h|h = (le0, l
p
0 , ..., l

e
t−1, l

p
t−1, ∗)}. The action

set of the pursuer at the current history h is a Cartesian product of the sets of

neighboring vertices of each unit, i.e., Ap(h) = {(lp1 , lp2 , ..., lpn)|li ∈ N (lit−1),∀i ∈
{p1, p2, ..., pn}}. When the pursuer moves from lpt−1 to lpt after choosing an action

from Ap(h), it is up to the evader to act again. This process repeats until a termi-

nation condition is met. The game ends when (i) the pursuer catches the evader,

i.e., let ∈ lpt ; (ii) the evader escapes; or (iii) the game reaches the time step T . In

cases (i) and (iii), the pursuer obtains a single reward (1), and the evader gets

a single penalty (-1). Otherwise, if the evader successfully escapes, the pursuer

obtains a single penalty (-1), and the evader gets a single reward (1).

Since the pursuit-evasion game is an imperfect-information extensive-form game,

we may leverage the standard methods for finding its Nash Equilibrium (NE) [2].

However, applying these methods directly is not feasible due to the large combi-

natorial action space of pursuit-evasion games. Some adaptations hence consider

various (and often domain-specific) incremental generation strategies [17, 67, 68],

2This version of pursuit-evasion games is also called the NEtwork purSuiT games (NEST) [17]
or the Network Security Games (NSGs) [57, 58]
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or introduce new strategy representations in an attempt to avoid the curse of di-

mensionality associated with the game’s strategy space [45]. However, neither of

these approaches scales to deep games with a high number of time steps. To solve

such games, we develop a PSRO-based algorithm embedded with pre-training and

fine-tuning of pursuer’s strategies to accommodate both the high branching factor

and the long interactions between the players.

4.3 Related Works

In this section, we introduce the PSRO algorithm and multi-task reinforcement

learning algorithms, which will be used in our algorithm.

4.3.1 Policy-Space Response Oracles

Double oracle is an incremental strategy-space generating algorithm that is guar-

anteed to converge to Nash equilibrium in two-player zero-sum games [11]. The

idea of the algorithm is to gradually expand a small meta-game, consisting of only

a subset of all possible actions of the players, by including their best responses

(from the entire action space) against the equilibrium of the meta-game. Once

all the best responses are already present in the meta-game, meaning the current

solution cannot be improved, the algorithm terminates. PSRO is a generalization

of the double oracle, but instead of actions, PSRO uses policies as choices in the

meta-game. Due to its favorable scalability, PSRO achieved state-of-the-art per-

formance in large-scale two-player zero-sum games [13]. In PSRO, every player

starts with a random policy, which constitutes the initial meta-game. Then, as in

double-oracle, it computes the best response policies of all players and adds them

to the meta-game. Any reinforcement learning (RL) algorithm can be employed

for computing the best responses. The meta-game in PSRO is represented as an

empirical game matrix, generated by having each policy of the first player interact

with each policy of the second player and recording the average utilities as entries.

The solution (i.e., the meta-strategy) is computed from the empirical game matrix

using any meta-solver. Once PSRO converges, it outputs the final distribution over

population policies, which approximates an NE of the original game.
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A notable disadvantage of PSRO is the fact that training the best response pol-

icy is computationally demanding, making it too slow for large games. Several

recent works have focused on addressing this issue. For example, McAleer et al.

introduced the Pipeline PSRO (P2SRO), which parallelizes the computation while

maintaining convergence guarantees through a hierarchical pipeline of reinforce-

ment learning (RL) workers [42]. Through various speedup techniques, contem-

porary PSRO-based methods have mastered some large games like Stratego (in

the case of P2SRO) or Starcraft [63]. Yet, even these breakthroughs still require

computing the best response from scratch in each iteration.

4.3.2 Multi-Task Reinforcement Learning

Multi-task learning is an area of machine learning widely applied to problems in

natural language processing (NLP) or computer vision (CV) due to its ability

to significantly improve learning efficiency and prediction accuracy through joint

learning [69]. Its subfield applied to RL tasks, has recently drawn the attention

of the RL community as well, motivated by the idea that similar decision-making

policies may be applied to different tasks in similar environments [70]. Each RL

task is modeled as a Markov decision process (MDP), and the goal of RL is to

choose actions that maximize cumulative rewards. Wilson et al. suggest that to

model a distribution over MDPs, we may employ a hierarchical Bayesian infinite

mixture model [71]. In this approach, previously learned distributions are used as

an informative prior for model-based Bayesian RL when solving a new MDP. Mul-

tiple tasks may be trained simultaneously using a framework of shared experiences

that uses task-specific rewards to identify similar parts, defined as shared regions,

which can guide the experience-sharing of task policies [72]. Recent work has shown

that multi-task pre-training with fine-tuning on new tasks performs equally or bet-

ter than meta-learning pre-training with meta-adaptation in RL tasks [73]. This

motivates the adoption of multi-task learning as our pre-training algorithm.

4.4 Pre-Training and Fine-Tuning in PSRO

In this section, we describe our algorithm for solving large pursuit-evasion games

using pre-trained strategies. The algorithm can be divided into two stages: the
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Figure 4.2: Structure of our PSRO with pre-trained strategies algorithm.

pre-training stage and the fine-tuning stage, as shown in Figure 4.2. In the pre-

training stage, we first learn a good representation of the state and then train the

policy base model of the pursuer against different evader strategies using multi-

task learning. In the fine-tuning stage, we use the pre-trained base model in the

pursuer’s best response oracle in PSRO to arrive at the equilibrium of the game.

4.4.1 Game State Representation

First, we consider the computation of the best response of the pursuer during the

pre-training stage. As described in Section 4.2, the information set of the pursuer

is determined by the past locations of both players, i.e., (le0, l
p
0 , ..., l

e
t−1, l

p
t−1). This

history can be considered as the state in the best response computation task. If

we directly use the vertex index in the graph to represent the state, this represen-

tation would not retain the graph’s structural information since the vertex index

is essentially meaningless. To obtain a better state representation to facilitate

learning, we adopt a graph embedding algorithm to learn the representation of the

graph vertex and replace the vertex index with the vertex’s learned representation.

These embeddings need to preserve not only the structure information of the graph

but also the node information proximity. We modify an existing graph embedding

algorithm to achieve this.

Large-scale information network embedding (LINE) is a graph embedding algo-

rithm that aims to embed large information networks into low-dimensional vector

spaces [74]. This method can preserve both the first-order and second-order prox-

imities. First-order proximity refers to the local pairwise proximity between the
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Figure 4.3: Example of node information vector.

vertices, while second-order proximity assumes that vertices sharing many connec-

tions to other vertices are similar. Note that in pursuit-evasion games, these exit

nodes are important for both players. We hence use the information related to

these exit nodes as node information and require nodes with similar node informa-

tion to have similar embeddings, whether they are connected or not. Therefore,

in addition to the first-order and second-order proximities, we also aim to preserve

this so-called node information proximity.

Node Information. We define the node information of a vertex as the shortest

distance between the vertex and these exit nodes. Figure 4.3 shows some examples

of node information vectors. Formally, we use Di
NI to denote the node information

vector for vertex vi ∈ V .

Node Information Proximity. For any pair of vertices (vi, vj), we use the cosine

similarity as the similarity metric of node information, defined as follows:

fNI(D
i
NI , D

j
NI) =

Di
NI ·Dj

NI

||Di
NI || × ||Dj

NI ||
.

Objective Function. For any pair of vertices (vi, vj), we define the node similarity

between vi and vj as a joint probability between the two vertices:

pNI(vi, vj) =
1

1 + exp(−uT
i · uj)

,
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where ui ∈ Rd is the low-dimensional vector representation of vertex vi. Moreover,

we denote the empirical probability of the above distribution pNI(·, ·) over the space

V × V as p̂NI(i, j) = fNI(D
i
NI , D

j
NI), where fNI is the cosine similarity function.

Therefore, to preserve the node information proximity, we need to minimize the

following objective function:

Od = d(p̂NI(·, ·), pNI(·, ·)),

where d(·, ·) is the distance metric between these two distributions. In case of the

KL-divergence, the function would be reduced to:

OKL = d(p̂NI(·, ·), pNI(·, ·))

=
∑

∀(vi,vj)

fNI(D
i
NI , D

j
NI) log

fNI(D
i
NI , D

j
NI)

pNI(vi, vj)
.

After eliminating the constants, we finally arrive at:

OKL = −
∑

∀(vi,vj)

fNI(D
i
NI , D

j
NI) log pNI(vi, vj).

To preserve the structure information of the graph and node information at the

same time, we add OKL to the objective function of the LINE algorithm.

State Representation. After obtaining the embedding for all vertices in the

graph, we can replace the vertex index with its corresponding embedding in the

information set representation (le0, l
p
0 , ..., l

e
t−1, l

p
t−1). However, the size of the state

representation quickly increases with the increase of time step t. For this reason,

we propose to represent the information set using only the locations of both players

and the number of remaining time steps. Note that such a simplification still carries

all the necessary information, as the locations of both players in the next time step

depend only on their current positions and their actions. In the experimental

section, we also show that this new state representation performs equally well or

better than the traditional state representation using historical locations.
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4.4.2 Policy Base Model for Pursuer

The computation of the pursuer’s best response strategy against a fixed evader’s

strategy can be regarded as a reinforcement learning (RL) task. The environment

of this task depends mainly on the rules of the game and the fixed evader’s policy.

Specifically, the task changes according to the strategy of the evader. Under the

PSRO framework, the pursuer’s best response strategy is computed in each itera-

tion, with each iteration characterizing a specific RL task identified by a different

strategy of the evader. We can assume that these RL tasks may be seen as similar,

following the same distribution, and are determined by the evader’s strategy.

We use this similarity in practice to speed up the computation of the pursuer’s

best response under the PSRO framework. To this end, we pre-train the policy

base model of the pursuer and quickly fine-tune it to adapt to a new, similar RL

task. To achieve this, we need to solve two problems: how to generate the tasks,

and how to learn the policy base model.

Task Generation. Since these RL tasks under the PSRO framework are de-

termined by the evader’s strategy, we need to generate as many different evader

strategies as possible to obtain enough tasks for training the policy base model of

the pursuer. Recall that the goal of the evader is to escape through exit nodes in

the graph. Therefore, we focus on the so-called High-Level Actions of the evader,

which proved useful in earlier work [57, 58]. Under this action representation, the

evader chooses an exit node to escape from and then samples a path from the ini-

tial location to this exit node, rather than deciding where to go in the next step as

in regular strategies. In the PSRO algorithm, when computing the best response

strategy for the pursuer, the fixed evader strategy is a mixed strategy produced

by the meta distribution and previous best response strategies. Without loss of

generality, we generate the mixed strategy for the evader randomly. In practice,

this means that if there are n exit nodes, we randomly generate a distribution σe

over n exit nodes. In this way, we can generate enough RL tasks for pre-training

across a wide range of meaningful evader strategies.

Policy Learning. After obtaining enough RL tasks, we move to the pre-training

phase of the pursuer’s policy base model. Our priority is that the model generalizes

well, meaning it needs to be able to fine-tune quickly to deliver acceptable perfor-

mance when faced with a new task determined by a previously unseen evader’s
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Algorithm 2: Pre-train Pursuer’s Policy Base Model

1 Initialize a pursuer’s policy network θ and buffer B;
2 for train epoch in {1, 2, ..., n} do
3 for number of tasks sampled do
4 Generate an evader’s strategy σe randomly;
5 Sample training data using evader’s strategy σe and pursuer’s policy θ;
6 Add sampled training data into buffer B;

7 Train pursuer’s policy θ using training data in buffer B ;
8 Clear buffer B;

9 return policy network θ.

strategy. For this purpose, we adopt a multi-task reinforcement learning approach

to guide the pre-training process. By doing so, we complete all the training tasks

simultaneously with a single RL policy network. When adapting to a new task, we

fine-tune the policy network using the same algorithm as in the pre-training stage.

The framework of multi-task reinforcement learning is agnostic to the underlying

base RL algorithm. We opt for a popular on-policy method called proximal policy

optimization (PPO) [75], which is known to perform extremely well across a wide

range of tasks. The diagram and the entire procedure of pre-training are depicted

in Figure 4.2 and Algorithm 2.

First, we initialize a policy network θ and a buffer B. In the pre-training process,

we use the experience-sharing approach to conduct multi-task learning. We begin

the training by obtaining some tasks from several generated evader strategies. Then

we use the current policy θ to sample the training data from these tasks and add

the data into the buffer B. We train the policy θ based on the data in the buffer

using the base RL algorithm (e.g., PPO). We finish the epoch by emptying the

buffer. This whole process is repeated for a given number of training epochs.

Since the pursuer controls several law enforcement units, their joint action space

grows exponentially in the number of units. Consequently, training the joint action

strategy over the large joint action space using PPO would be highly ineffective.

To mitigate this issue, we replace the vanilla PPO with the Multi-Agent PPO

(MAPPO) [76], a variant of PPO with centralized value function inputs. The

motivation for choosing a multi-agent RL algorithm is that all units need to coop-

erate to capture the escaping evader. Computing the best response of the pursuer

with many units may hence be regarded as a multi-agent cooperative RL problem.

To use MAPPO as the base RL algorithm for multi-task reinforcement learning,
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we only need to change the training pattern in Algorithm 2. We note that any

multi-agent cooperative RL algorithm may be used in the pre-training stage.

4.4.3 PSRO with Pre-trained Strategy

Algorithm 3: PSRO with Pre-trained Pursuer’s Policy Model

Input: Pre-trained policy θp of the pursuer
1 Initialize policy θ0e of the evader randomly, Se = {θ0e};
2 Initialize pursuer’s policy using pre-trained policy θp, i.e., θ0p = θp, Sp = {θ0p};
3 Initialize meta distribution ρ;
4 while epoch i in {1, 2, ..., n} do
5 Compute the evader’s best response θie against pursuer’s strategy ρp;
6 θip = θp ;

7 for few episodes do
8 Sample θe ∼ ρe;
9 Train oracle θip over sampling data ϕ ∼ (θe, θ

i
p) ;

10 Se = Se ∪ {θie}, Sp = Sp ∪ {θip};
11 Compute the missing entries in the meta-game based on Se × Sp;
12 Compute a meta-strategy ρ based on mete-game using meta solver;

13 return Current solution strategy ρ and (Se, Sp).

Here, we describe how to integrate the pre-trained model of the pursuer’s policy into

the PSRO framework. The diagram of the integration and its method are shown in

Figure 4.2 and Algorithm 3. Initially, we randomly initialize the evader’s strategy

and initialize the pursuer’s strategy using the pre-trained policy base model. Then,

we follow the standard PSRO loop: in each iteration, we compute the best responses

of both players using their appropriate oracles, update the meta-game matrix, and

compute the meta-strategy. Without a doubt, the key component of PSRO is the

computation of best responses, which we derive in the next two paragraphs.

Best Response Oracle for Evader. Since the goal of the evader is to escape

through these exit nodes in the graph and they cannot obtain additional informa-

tion about the pursuer’s location during the game, its best strategy should be to

follow a path from its initial location to an exit node. However, evaluating every

path to select the best one is inefficient because the number of paths grows ex-

ponentially with the number of time steps. Therefore, we employ the High-Level

Actions [57, 58] described in the Task Generation part. The evader needs to select

which exit node to escape from and sample one path from the initial location to
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that exit node. We then estimate the value of each exit node through simulations.

The best response strategy of the evader is selected according to these values.

Best Response Oracle for Pursuer. The primary difference between vanilla

PSRO and our PSRO with integrated pre-training and fine-tuning paradigm lies

in the best response computation for the pursuer. Instead of training the pursuer’s

best response strategy from scratch, we only need to fine-tune the pre-trained

pursuer’s policy base model to arrive at the best response strategy. As shown

in Algorithm 3, we start with the pre-trained policy model (Line 6) and sample

the training data against the evader’s mixed strategy. Then we fine-tune the pre-

trained model on the sampled data using the same RL algorithm as used in the

pre-training stage but with a smaller learning rate (Lines 7-9).

4.5 Empirical Evaluation

To evaluate the effectiveness of our algorithm, we compare it against vanilla PSRO

[13] and NSGZero [58], which is the state-of-the-art algorithm for solving pursuit-

evasion games, in games with different sizes of graphs3. Furthermore, we perform

several ablation studies to identify the effects of each component of our algorithm.

4.5.1 Experimental Setting

Pursuit-evasion games are played on graphs, and the size of these graphs partly

determines the sizes of the games. In the experiments, we use different sizes of

synthetic graphs and a real-world map. For the synthetic graphs, we generate dif-

ferent sizes of grid worlds, and for the real-world graph, we extract the graph from

the Singapore map via OSMnx [77]. Since we focus on the quality of the pursuer’s

strategy, the measurement we used is the worst-case utility for the pursuer, which

is the utility of the pursuer against the evader’s best response strategy. To increase

the robustness, we run each experiment with three seeds and plot the average val-

ues and variances in every figure. Experiments are performed on a workstation

with a ten-core 3.3GHz Intel i9-9820X CPU and NVIDIA RTX 2080 Ti GPU.

3As mentioned in Section 4.1, CFR variants cannot effectively solve games with such long time
horizons, so we do not include them in the experimental comparison.
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Figure 4.4: Results on games with different graphs.

4.5.2 Experimental Results

To evaluate the performance of our algorithm, we conduct experiments on pursuit-

evasion games with different sizes of synthetic graphs and real-world graphs.

Synthetic Graphs. First, we adopt pursuit-evasion games that play on synthetic

graphs as testbeds. Figure 4.4a shows the results of the game on a 20*20 grid

graph. Since the number of units is only two in this game, we use PPO as the base

RL algorithm of the multi-task reinforcement learning to pre-train the pursuer’s

policy base model. From the figure, we can see that PPO-PSRO and NSGZero

show similar performance, while both perform worse than our algorithm (PPO-

PSRO with Pre-train). When performing PSRO to get the NE strategy, although

it takes some time for pre-training, our algorithm starts with a high worst-case

utility and improves through fine-tuning. This demonstrates the effectiveness of

pre-training and the necessity of fine-tuning. Next, we consider pursuit-evasion

games with more units controlled by the pursuer.

Figure 4.4b shows the results in the game with four units played on a 10*10 grid

graph. In this game, we use the multi-agent RL algorithm (i.e., MAPPO) as the
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Figure 4.5: Results on games with large-scale and real-world graphs.

best response computation strategy to mitigate the exponentially growing action

space problem. The results show that MAPPO-PSRO and MAPPO-PSRO with

Pre-train perform better than PPO-PSRO and NSGZero, indicating that the large

joint action space hampers the performance of PPO. Although NSGZero tries to

mitigate the large action space issue by only considering legal actions and taking

legal action as the input, it still suffers from the issue of combinatorial action space

when the graph is compact. Figures 4.4b-4.4d show the results in games with four

units played on different sizes of graphs. They demonstrate that our algorithm

performs best in all games, even though it requires more time for pre-training.

To further evaluate the scalability of our algorithm, we test it on a game played on

a 100*100 grid graph, which involves 10000 nodes and 39600 edges. The number of

units is set to eight, and the time horizon is 51. Figure 4.5a shows only the results of

our two-stage algorithm (PSRO with Pre-train) since PSRO and NSGZero cannot

converge to a satisfactory result in the limited time. It indicates that only our

algorithm can solve such large games within an acceptable timeframe.

Real-world Graphs. Finally, we evaluate our algorithm in a pursuit-evasion

game with a real-world graph extracted from the Singapore map, which involves

372 nodes and 1098 edges, with a maximum degree of 13. Figure 4.5b shows the

results, indicating that our two-stage algorithm performs better and faster than

vanilla PSRO. This demonstrates that our algorithm can effectively handle large-

scale pursuit-evasion games regardless of the graph structure.
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Figure 4.6: Results of the ablation studies.

4.5.3 Ablation Study

To evaluate the effectiveness of each component in our algorithm – especially

whether the state representation and the multi-task learning improve the perfor-

mance – we ran several ablation experiments in a game played on a 20*20 grid

graph. The pursuer in this game controls two units, and the time horizon is set to

be 10. We employ PPO as the algorithm for computing the best response strategy.

Different State Representation. As described in Section 4.4.1, instead of using

the historical locations of both players, we only use the current positions of both

players and the remaining time as the state representation. To compare these

two state representations, we perform the pre-training process and PSRO using

both state representations, with each using the same node embeddings. Figures

4.6a-4.6b show the results. We can find that the performances of these two state

representations are similar, and the new state representation performs even better.

This indicates that the new state representation can perform equally well or even

better than the state representation using historical locations.
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To evaluate the effectiveness of the graph embedding algorithm, we use the state

representation without graph embedding (only using the vertex index) as a base-

line, and the LINE algorithm is also taken as another baseline to test the effect

of node information. Figure 4.6c shows the results. It indicates that PSRO with

LINE+Information converges to the highest worst-case utility, while PSRO without

embedding cannot converge to a high utility. PSRO with LINE and PSRO with

LINE+Information perform much better than PSRO without embedding, demon-

strating that node embeddings can improve performance. Although PSRO with

LINE performs better than PSRO with LINE+Information at the beginning, PSRO

with LINE+Information eventually converges to a higher worst-case utility and runs

more stable than PSRO with LINE. It suggests that the node information can aid

in solving pursuit-evasion games and make the learning phase more stable.

Different Pre-training Algorithms. Meta-learning aims to bootstrap from a set

of tasks to learn faster on a new task. Therefore, a meta-learning algorithm can also

be used to replace the multi-task reinforcement learning algorithm in our framework

to pre-train the policy base model for the pursuer. Here, we adopt Model-Agnostic

Meta-Learning (MAML) [78] as the representative of meta-learning, as it is one of

the popular meta-learning algorithms and compatible with any model trained with

gradient descent and applicable to various learning problems, including RL tasks.

To test the performance of our algorithm using different pre-training algorithms,

we pre-train the policy base models using multi-task learning and meta-learning

algorithms, respectively. Then, we fine-tune these two pre-trained models under

the PSRO framework. Figure 4.6d shows the results. It demonstrates that both

methods can start with a high worst-case utility, indicating that both pre-trained

policy models are well-trained. From the figure, we can also see that the meta-

learning algorithm requires more time to pre-train the policy base model compared

to multi-task learning. Furthermore, the pre-trained model using multi-task learn-

ing seems to fine-tune better than the pre-trained model using meta-learning. This

indicates that while both algorithms can produce well-trained models, multi-task

learning tends to be computationally cheaper than meta-learning.
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4.6 Chapter Summary

In this Chapter, we propose a two-stage method for solving large-scale pursuit-

evasion games by introducing the pre-training and fine-tuning paradigm under the

PSRO framework. Instead of training the pursuer’s best response strategy from

scratch, we fine-tune a pre-trained policy model to speed up the computation of

the best response in the PSRO algorithm. To obtain a pre-trained policy model,

we use a graph embedding algorithm to achieve a good state representation to

facilitate the pre-training and adopt a multi-task reinforcement learning algorithm

to pre-train the pursuer’s policy base model. Finally, extensive experimental results

in pursuit-evasion games on both synthetic and real-world graphs show that our

two-stage algorithm outperforms other baselines in terms of speed and scalability.
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Chapter 5

Solving a Set of Pursuit-Evasion

Games via GRASPER

5.1 Introduction

In this Chapter1, we focus on proposing a generalizable algorithm for solving a

set of IIEFGs, Pursuit-Evasion Games. As we introduced in Chapter 4, the

pursuit-evasion game is a special type of two-player zero-sum imperfect-information

extensive-form game and it can be used to model many real-world urban security

scenarios. In particular, the pursuit-evasion game (PEG) has been extensively em-

ployed to model the interactions between a team of pursuers (e.g., police forces) and

an evader (e.g., a criminal) on graphs (e.g., urban street networks) [16, 17, 57, 80].

Several methods have been proposed to effectively solve PEGs, such as counterfac-

tual regret minimization (CFR)-based algorithms [80] and policy-space response

oracles (PSRO)-based algorithms [57, 58]. Particularly, PSRO with pre-trained

strategies [56] introduced in Chapter 4 is custom designed for solving PEGs.

Although many existing works have achieved significant success, they only focus

on solving specific PEGs with predetermined initial conditions, e.g., the initial lo-

cations of all players and exits, and the time horizon of the game. Unfortunately,

these conditions may vary substantially in real-world scenarios, where crimes can

occur at any location in a city and at any time. When the initial conditions change,

1This chapter has been published in [79].
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Figure 5.1: The re-computation problem.

existing algorithms must solve the new PEG from scratch, which is computation-

ally demanding and time-consuming [56], restricting the real-world deployment of

current algorithms. Figure 5.1 illustrates this problem. Therefore, this brings us

to the core research question: Can we solve a set of different pursuit-evasion

games in one? Put simply, can we develop a new approach capable of solving

different PEGs with varying initial conditions effectively?

To this end, we introduce Grasper: a GeneRAlist purSuer for Pursuit-Evasion

pRoblems, which can effectively solve different PEGs by generating the pursuer’s

policies conditional on the initial conditions of the PEGs. Specifically, Grasper

consists of two critical components. First, as the PEG is played on a graph, it

is natural to use a Graph Neural Network (GNN) to encode the PEG with the

given initial conditions into a hidden vector. Second, inspired by recent work

on generalization over games with different population sizes [81], we introduce a

hypernetwork to generate the base policy for the pursuer conditional on the hidden

vector obtained by the GNN. This generated base policy then serves as a starting

point for the pursuer’s best response oracle at each PSRO iteration.

Provided the architecture of Grasper, the next challenge is how to efficiently train

these proposed neural networks. Multi-task learning is one of the common methods

to endow networks with generalizable ability [69]. However, directly applying the

multi-task learning method to train these neural networks within the architecture

of Grasper is inefficient since jointly training the GNN and hypernetwork using
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multi-task learning could be time-consuming. To achieve effective training, we pro-

pose an efficient three-stage training method. First, since the GNN is only used to

encode the initial conditions that are fixed during the game playing, we introduce

a pre-pretraining stage to train the GNN by using self-supervised graph learning

methods such as Graph Masked Auto-Encoder (GraphMAE) [27]. Second, we fix

the GNN and pre-train the hypernetwork by using a multi-task training procedure

where the training data is sampled from different PEGs with different initial condi-

tions. In this stage, to overcome the low exploration efficiency due to the pursuers’

random exploration and the evader’s rationality, we propose a Heuristic-guided

Multi-task Pre-training (HMP) where a reference policy derived by heuristic meth-

ods such as Dijkstra is used to regularize the pursuer policy. Finally, we follow the

PSRO framework and obtain the pursuer’s best response policy at each iteration

by fine-tuning the base policy generated by the hypernetwork.

Our contributions are threefold: i) We propose Grasper which is the first gen-

eralizable framework capable of efficiently providing highly qualified solutions for

different PEGs with different initial conditions. ii) We propose a three-stage train-

ing method to efficiently train the networks of Grasper, which includes a pre-

pretraining stage to train the GNN through GraphMAE, a pre-training stage to

train the hypernetwork through heuristic-guided multi-task pre-training (HMP),

and a fine-tuning stage to obtain the pursuer’s best response policy at each PSRO

iteration. iii) We perform extensive experiments, and the results demonstrate the

superiority of Grasper over different baselines in terms of solution quality and

generalizability. Finally, we demonstrate that Grasper provides a versatile ap-

proach for solving pursuit-evasion problems across a broad range of scenarios, en-

abling practical deployment in real-world situations.

5.2 Problem Statement

In this section, we first briefly introduce the definition of pursuit-evasion games.

Then, we discuss the research problem we aim to solve in this Chapter.
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5.2.1 Pursuit-Evasion Game

As introduced in Chapter 4, the pursuit-evasion game (PEG) is a special type

of imperfect-information extensive-form game with two players – a pursuer and

an evader, i.e., N = {p, e}. The pursuer is assumed to have control over n law

enforcement units, denoted as p = {p1, p2, ..., pn}, and the pursuer can obtain the

real-time location information of the evader with the help of tracking devices.

Here, we follow the definition of pursuit-evasion game in Chapter 4. The pursuit-

evasion game is played on urban road maps, represented by a graph G = (V,E),

where V is the set of vertices and E is the set of edges. Let V ⊂ V denote the

set of exit nodes from which the evader can escape and T the predetermined steps

in which the game terminates. At time step t ≤ T , the locations of the evader

and pursuer are denoted by let and lpt = (lp1t , lp2t , . . . , lpnt ), respectively. Then, the

history of the game at time step t is a sequence of past locations of both play-

ers, i.e., h = (le0, l
p
0 , ..., l

e
t−1, l

p
t−1). The available action set for both players is the

neighboring vertices of the player’s current location, i.e., Ae(h) = N (let−1) and

Ap(h) = {(lp1 , lp2 , ..., lpn)|li ∈ N (lit−1), ∀pi ∈ p} where N (v) denotes the set of

neighboring vertices of vertex v. According to the definition of history, we define

the information set for each player as the set consisting of indistinguishable histo-

ries. As the evader cannot get the pursuer’s real-time location information, the in-

formation set of the evader is defined as Ie = {h|h = (le0, l
p
0 , l

e
1, ∗, ..., let−1, ∗)}, where

∗ represents any possible location of the pursuer. Although the pursuit-evasion

game is a simultaneous-move game, we can model it as a turn-based extensive-

form game by assuming that the evader acts first and then the pursuer commits

without any information about the evader’s current action. Then the pursuer’s

information set can be defined as Ip = {h|h = (le0, l
p
0 , ..., l

e
t−1, l

p
t−1, ∗)}.

Note that at each time step t, each agent within the pursuer team gets an obser-

vation opit = (lpt , l
e
t , pi, t) ∈ Oi, which includes all players’ current locations, the ID

number of the agent within the team, and the current time step number. Each

agent within the pursuer team pi constructs a policy2 σp : Oi → ∆(Api), which

assigns a probability distribution over the action set Api(o
pi
t ) = N (lpit ), ∀pi ∈ p.

2All agents with the pursuer team share one policy. As the observations include ID numbers,
agents with different ID numbers would have different behavior [82]. ∆ denotes the simplex.
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As for the evader’s policy, we follow previous works [57, 58] that employ High-Level

Actions for the evader, as used in Chapter 4. That is, the evader only chooses the

exit node to escape from and then samples one path from the initial location to the

chosen exit node, instead of deciding actions step by step. Specifically, at time step

t = 0, the evader first determines an exit node v ∈ V using the policy σe, which

is a probability distribution over exit nodes, i.e., ∆(V ). Then the evader samples

one path from the initial location le0 to the chosen exit node v. Finally, the evader

takes actions based on the path when playing the game with the pursuer.

Here, we give some remarks on the adaptation of the High-Level Actions of the

evader. (i) In our game setting, the evader lacks real-time access to the pursuers’

locations, requiring them to act without any information about their whereabouts.

Therefore, sampling one path for the evader would not lose much information

compared with the case where the evader acts step by step. (ii) Training the

pursuer against an evader who chooses the shortest path, a worst-case scenario for

the pursuer, enhances the robustness of the pursuer’s policy. (iii) Though it is a

simplification, the problem setting remains highly complex due to the multiple exits

and diverse players’ initial conditions, enlarging the task space for the pursuer.

In summary, given a graph G with the specific set of exit nodes V , the initial

locations of the pursuer and evader (lp0 , l
e
0), and the predetermined number of game

steps T , we can define a specific PEG as G = (G, V , lp0, l
e
0, T ). The game ends when

the termination conditions are met. The termination conditions include three cases:

(i) the pursuer catches the evader within T , i.e., let ∈ lpt , t ≤ T ; (ii) the evader

escapes from an exit node within T , i.e., let ∈ V , t ≤ T ; (iii) the game reaches

the predetermined time step T . Let t′ ≤ T be the time step that the game is

terminated. Then, for all t < t′, rpt = ret = 0. For t = t′, in cases (i) and (iii), the

pursuer receives a reward rpt = 1 while the evader incurs a penalty ret = −1. In

case (ii), the evader gains a reward ret = 1, and the pursuer suffers a loss rpt = −1.

5.2.2 Generalizability Issue

Although PSRO has been successfully applied to solve pursuit-evasion games, such

as introduced in Chapter 4, unfortunately, previous works typically focus on solving

a specific pursuit-evasion game with predetermined initial conditions which are not

always fixed in real-world scenarios. As we introduced before, a pursuit-evasion
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game can be represented by G = (G, V , lp0, l
e
0, T ). The initial conditions of the

game may change in real-world scenarios, as described in the following.

(i) The initial locations of the pursuers and the evader (lp0, l
e
0) are not always fixed

since attacks (thieves, crimes, terrorists) can occur at any time and location in a

city; (ii) The locations of the exit nodes V ′ may change due to temporary closures

and openings; (iii) The time horizon T might vary, as the time required to pursue

the evader is not always the same. When any of these initial conditions change,

the pursuit-evasion game adapts accordingly. As a consequence, existing algorithms

can only solve the modified pursuit-evasion game from scratch, leading to significant

time consumption and inefficiency. Even the algorithm presented in the previous

Chapter – PSRO with pre-trained pursuer strategies – still suffers from such an issue

since the base policy is pre-trained under the premise that the initial conditions

of the pursuit-evasion game are fixed. In other words, a new base policy must be

pre-trained from scratch for the modified pursuit-evasion game since the original

base policy may not be a good starting point for the pursuer’s BR policy in the

modified game (even worse than a randomly initialized BR policy).

In this section, we aim to address this issue by developing a generalist pursuer capa-

ble of learning and adapting to different pursuit-evasion games with varying initial

conditions without the need to restart the training process from the beginning.

5.3 Related Works

Pursuit-evasion games (PEGs) have been extensively applied to model various real-

world problems such as security and robotics [55, 83–88]. To efficiently solve PEGs

and different variants, many algorithms such as value iteration [55] and incremen-

tal strategy generation [16, 17] have been introduced. Nonetheless, these meth-

ods encounter scalability issues as they typically rely on linear programming. On

the other hand, PEG can be viewed as a particular type of two-player imperfect-

information extensive-form game (IIEFG). Thus, the algorithms used for solving

large-scale IIEFGs, such as counterfactual regret minimization (CFR) [12] and

Policy-Space Response Oracles (PSRO) [13], have been applied to tackle large-scale

PEGs [57, 80]. However, when solving large-scale PEGs using PSRO, there exist

significant computational challenges as it involves computing the best response
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strategy multiple times. To mitigate this issue, we have proposed to integrate

the pre-training and fine-tuning paradigm into the PSRO framework to improve

its scalability, introduced in Chapter 4. Despite the success, all these algorithms

are tailored to solve a specific PEG with predetermined initial conditions. When

these conditions change, existing algorithms must recompute the NE strategy from

scratch (about one to two hours for a PEG on a 10×10 grid map [56]), which hinders

their real-world applicability3. To address this limitation, we propose Grasper,

which uses the PSRO algorithm to compute the NE strategy and can generate dif-

ferent pursuers’ base strategies for different pursuit-evasion games based on their

initial conditions without recomputing the NE strategy from scratch.

The generalizability of algorithms and models over different games has also gained

increasing attention and remarkable progress has been achieved in recent research.

Neural equilibrium approximators that directly predict the equilibrium strategy

from game payoffs in normal-form games (NFGs) have been theoretically proven

PAC learnable [90, 91] and can generalize to different games with desirable solution

quality [90–93]. However, it remains under-explored when going beyond NFGs. To

this end, we make the first attempt to consider the generalization problem in the

domain of PEGs, a special type of imperfect-information extensive-form game that

has a wide range of real-world applications [55, 88] and is far more complicated

than NFGs. Specifically, we propose a novel algorithmic framework that can ef-

ficiently solve different pursuit-evasion games with varying initial conditions and

demonstrate strong generalization ability through extensive experiments.

Our work is also related to self-supervised graph learning since the pursuit-evasion

game is played on a graph. Recent works have shown that generative self-supervised

learning [94] can be applied to graph learning and outperform contrastive meth-

ods which require complex training strategies [95, 96], high-quality data augmen-

tation [97], and negative samples that are often challenging to construct from

graphs [98]. Therefor, we employ the state-of-the-art, GraphMAE [27], to learn a

good representation of a pursuit-evasion game with the given initial conditions.

Multi-task learning [69, 70] has been applied to various domains including natural

language processing (NLP) [99], computer vision (CV) [100], and reinforcement

learning (multi-task RL) [71–73, 101]. Due to its strong generalizability, we employ

3Note that classical heuristic algorithms such as Dijkstra are also less applicable owing to this
reason. Moreover, it is less meaningful to assume that there is at least one pursuer at each exit
as the pursuer’s resources are typically limited [89].
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Figure 5.2: Architecture and training pipeline of Grasper.

multi-task RL during our pre-training process, enabling the pre-trained policy to

be quickly fine-tuned for efficient policy development in new tasks.

5.4 GRASPER

In this section, we introduce our proposed method, Grasper, illustrated in Fig-

ure 5.2. We first present the architecture of Grasper including several innovative

components, and then we introduce the training pipeline which consists of three

stages to efficiently train the neural networks within Grasper framework.

5.4.1 Architecture

5.4.1.1 Graphical Representations of PEGs

To generate the pursuer’s strategy for a specific pursuit-evasion game, we propose

to take the initial conditions of the specific pursuit-evasion game as an input of a

neural network. To this end, we encode the initial conditions of a pursuit-evasion

game except for T into a graph (Figure 5.2(a)). The predefined number of game
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steps T can be directly fed into the neural network since it is just a number.

Specifically, given a PEG G = (G, V , lp0, l
e
0, T ), these initial conditions V , lp0 and le0

can be encoded into the graph G by associating each node within the graph with

a vector consisting of the following parts: (i) a binary bit {0, 1} where 1 indicates

that the node is an exit, (ii) a binary bit {0, 1} where 1 signifies that the evader’s

initial location is this node, (iii) the number of pursuers on this node {0, . . . , n} (the

total number of pursuers across all nodes equals n), and (iv) additional information

regarding the topology of the graph, such as the degree of the node. It provides a

universal representation of any PEG with any initial condition.

5.4.1.2 Game-conditional Base Policies Generation

After representing a pursuit-evasion game as a graph, it is natural to leverage a

Graph Neural Network (GNN) to encode the pursuit-evasion game with the given

initial conditions into a hidden vector. As shown in Figure 5.2(b), we first feed the

graphical representation of the initial conditions into the GNN and get the represen-

tations of all the nodes of the graph. Then, we use a pooling operation to integrate

all the node representations into a hidden vector which will be concatenated with

the time horizon T to get the final representation of the PEG. Next, to generate a

base policy conditional on the PEG, we introduce a hypernetwork [102], a neural

network that takes the final representation of the PEG as input and outputs the

parameters (weights and biases) of the policy network (Figure 5.2(c)). Finally, the

base policy network serves as a starting point for the training of the pursuer’s best

response policy in each iteration of the PSRO algorithm (Figure 5.2(d)).

5.4.1.3 Observation Representation Layer

As described earlier, the pursuer’s policy is a mapping that associates each ob-

servation with a probability distribution over the available action set. Notably,

an observation consists of the positions of both players. Representing these posi-

tions by mere index numbers of vertices in the graph does not provide much useful

information for training since the index numbers are meaningless. Therefore, we

intend to seek a more compact and meaningful representation of these observa-

tions. Previous works [56, 57] propose to train a node embedding model for this

purpose. Unfortunately, such a model is often tailored and trained for a specific
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graph, limiting its generalizability to other graphs. This lack of generalizability

makes this method unsuitable for our problem. To address this issue, we adopt

a representation layer to encode the pursuer’s observations, which is an approach

that is not limited to a specific graph.

As given in Section 5.2.1, the observation of the agent pi within the pursuer team,

opit = (lpt , l
e
t , pi, t) includes three parts: the players’ current locations (lpt , l

e
t ), the

id number pi, and the current time step t. Thus, the representation layer consists

of three components, each of which is a “torch.nn.Embedding” which has been

extensively used to encode an integer to a compact representation. The outputs

of these three components are concatenated to obtain the representation of the

pursuer’s observation. This representation layer will be trained jointly with the

hypernetwork during the pre-training process.

The strong generalization ability of Grasper benefits from several designs of our

architecture. First, the graphical representation offers a universal representation

of any pursuit-evasion game, regardless of the graph’s topology. Second, GNN can

encode different pursuit-evasion games into fixed-size hidden vectors, which can be

directly fed into the hypernetwork (otherwise, additional techniques are required if

the sizes of the hidden vectors are varied). Finally, the hypernetwork is designed

to generate a specialized policy tailored to a given pursuit-evasion game.

5.4.2 Training Pipeline

Now we introduce the training pipeline of Grasper, which involves three stages:

pre-pretraining, pre-training, and fine-tuning. The rationale behind the three-stage

training pipeline is to progressively enhance the ability of the neural networks to

generate adaptive policies for PEGs with different initial conditions. As illustrated

in Figure 5.2, the pre-pretraining stage is designed to train the GNN to produce

game representations using self-supervised graph learning techniques. The goal is to

extract meaningful features from the graphical representation of PEGs to facilitate

downstream tasks. In the pre-training stage, the hypernetwork is trained using

heuristic-guided multi-task learning to generate base models tailored to specific

PEGs. Finally, the fine-tuning stage refines these base policy models to compute

the best response strategies efficiently within the PSRO framework, significantly

improving the computational efficiency of best response strategy computations.
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Before delving into the specifics, we first describe how to generate the training set.

The training set D should consist of different pursuit-evasion games for training.

To this end, we generate the training set by randomizing the initial conditions,

denoted by (G, V , lp0 , l
e
0, T ). However, this approach may yield certain games that

lack meaningful training value. For example, when the evader’s initial location is in

such proximity to the exit nodes that the pursuer becomes incapable of capturing

the evader regardless of its movements. To exclude these trivial cases, we introduce

a filter condition when generating the training set – the shortest path from the

evader’s initial location to any exit nodes must exceed a predetermined number of

game steps.

5.4.2.1 Stage I: Pre-pretraining

As the hypernetwork takes a feature vector as input, we first use a GNN to encode

the graphical representation of the specific PEG into a fixed-size hidden vector. As

the GNN is solely employed to derive the effective representation from the PEG’s

graphical interpretation, we introduce a pre-pretraining stage (Figure 5.2(b)) to

pre-train the GNN before the actual pre-training stage. This approach is more

efficient compared to jointly training the GNN and hypernetwork in the pre-training

stage. Specifically, for each game in the training set G ∈ D, let AG and XG denote

the adjacency matrix and feature matrix of the underlying graph, respectively. We

first obtain the latent code matrix HG = fGNN(XG,AG) by the GNN and train

the GNN via any self-supervised graph learning method (we use the recent SOTA

method, GraphMAE [27]). The implementation follows GraphMAE. Here, we use

the well-known Graph Convolutional Network (GCN) as the encoder. For the

specific architecture of the GCN, the number of GCN layers is 2, the hidden size is

128, the output size of each node embedding is 32, the dropout rate is 0.5, and the

batch size for training the GCN is 32. Then, we get the hidden vector by pooling

the latent code matrix hG = pool(HG), which will be fed into the hypernetwork.

5.4.2.2 Stage II: Pre-training

Given a fixed evader’s policy in a specific PEG, computing the pursuer’s best re-

sponse policy can be seen as an RL task. Thus, we can apply the multi-task RL
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Algorithm 4: Pre-training Stage

1 Initialize Grasper and the episode buffer B ← ∅;
2 for train epoch = 1, 2, · · · do
3 Uniformly sample c1 games from the training set D ;
4 for each of the c1 games do
5 Randomly generate c2 evader’s policies ;
6 Generate pursuer’s base policy σp

θ ← Grasper(G) ;
7 for each of the c2 evader’s policies σe do
8 Sample data using σe, σp

θ , and σ̂p ;
9 Add the data into the episode buffer B ;

10 Train the networks by optimizing the loss function L;
11 Clear the episode buffer B ← ∅;

algorithm to guide the pre-training process, which is shown in Algorithm 4. Dif-

ferent from the algorithm introduced in Chapter 4, in these RL tasks, except for

the change in the evader’s policy, the game’s initial conditions also change. To

obtain these RL tasks for pre-training, we first randomly sample c1 games from

the training set (Line 3), and then for each game, we randomly sample c2 evader’s

policies (Line 5). Once the game and the evader’s policy are fixed, the RL task is

generated. During pre-training, for each game, we first feed the hidden vector of

the game (obtained by the trained GNN) and the time horizon into the hypernet-

work to generate the pursuer’s base policy, and then for each evader’s policy, we

collect the training data using the pursuer’s base policy (accompany by the rep-

resentation layer) into the episode buffer. Finally, we train the hypernetwork and

the representation layer jointly based on the episode buffer (Lines 6-9). Following

the algorithm proposed in Chapter 4, to deal with the large action space caused by

multiple pursuer agents, we employ MAPPO [76] as the underlying RL algorithm.

However, we found that simply applying the MAPPO under the multi-task learning

framework can result in low efficiency due to random exploration in the environ-

ment. To clarify, consider the example illustrated in Figure 5.3, which shows the

need for a more efficient pre-training method. Assume that the evader’s policy

is to take the shortest path to one of the exits (denoted by the red path). If the

pursuer explores the environment randomly (the orange path), it will probably lose

the game and then receive a negative reward. This situation can occur frequently

at the beginning of the pre-training process because the pursuer’s initial policy is
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Figure 5.3: Illustration of heuristic-guided multi-task pre-training.

invariably random. To mitigate this exploration inefficiency4, we propose a novel

learning scheme – heuristic-guided multi-task pre-training (HMP).

Note that in the RL tasks used for pre-training, we can acquire the evader’s policy,

which can be used to guide the exploration of the pursuer’s policy. Specifically,

given the exit node chosen by the evader’s policy σe, we first induce a reference

policy σ̂p (represented by the green path) for the pursuer using heuristic methods

such as the Dijkstra algorithm. Then, apart from the actions sampled by the gen-

erated policy σp
θ (Line 6), we also sample the reference actions using the reference

policy σ̂p and add the data to the training buffer (Lines 8-9). Let L(θ) denote the

original loss function for training the actor within the MAPPO algorithm. The

HMP is implemented by introducing an additional loss into the original loss func-

tion: L = L(θ) +αKL(σp∥σ̂p) where α ∈ [0, 1] controls the weight of the guidance

of the reference policy and KL represents the Kullback–Leibler divergence (for the

reference policy σ̂p, the action probability distribution is obtained by setting the

probability of the reference action to 1 while all others to 0).

5.4.2.3 Stage III: Fine-tuning

In this stage, we integrate the pre-trained pursuer policy into the PSRO framework,

as shown in Algorithm 5. The pursuer’s policy σp
0 is initialized using the output

4Notice that many exploration methods in RL such as RND [103] typically encourage the
policy to explore novel states of the environment, which are different from our design where
random exploration is less favored.
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Algorithm 5: Fine-tuning Stage

1 Require: Grasper, pursuit-evasion game G;
2 Initialize Sp

0 = {σp
0 ← Grasper(G)}, Se

0 = {σe
0} ;

3 Initialize mete game U0, meta distribution ρ ;
4 for epoch k = 1, 2, · · ·K do
5 Compute the evader’s best response policy σe

k against ρpk−1 ;
6 Initialize the pursuer’s best response policy σp

k ← σp
0 ;

7 Train σp
k against ρek−1 for few episodes ;

8 Expansion: Sp
k = Sp

k−1 ∪ {σp
k }, Se

k = Se
k−1 ∪ {σe

k} ;
9 Update meta-game matrix Uk through simulation ;

10 Compute ρpk and ρek using a meta-solver on Uk ;

11 Return: Sp
K , Se

K , ρpK , ρeK

neural network from the pre-trained hypernetwork, which takes the graphical rep-

resentation of the specific PEG as an input. Simultaneously, the evader’s policy σe
0

is randomly initialized (Line 2). Then we follow the standard PSRO framework.

In each iteration k, the best response (BR) policies for both players, σp
k and σe

k,

are computed using their respective best response oracles (Lines 5-7). These best

response strategies are then added to the policy sets Sp
k and Se

k (Line 8), and the

meta-game matrix Uk is updated through simulation (Line 9). Finally, the meta

distribution (ρpk , ρ
e) is computed using any meta-solver (Line 10).

The best response oracles for both players are the important components of the

PSRO algorithm. The evader’s best response oracle used here is the same as used

in the algorithm introduced in Chapter 4. The key difference between our fine-

tuning stage and the standard PSRO algorithm lies in the training of the pursuer’s

best response policy. Specifically, given the pre-trained policy σp
0 conditional to

the initial conditions, we can use it as the starting point for the computation of the

pursuer’s BR policy (Line 6), rather than training from scratch. This allows us to

simply fine-tune the pre-trained policy σp
0 over a few episodes (Line 7) to quickly

obtain the BR policy, significantly enhancing the learning efficiency.

5.5 Empirical Evaluation

In this section, we perform experiments to evaluate the performance of Grasper

and the effectiveness of different components5.

5The code is available at https://github.com/IpadLi/Grasper.
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5.5.1 Experimental Setting

Hyperparameters. The number of agents within the pursuer team is n = 5, the

number of exit nodes is 8, the number of game steps T is set to be 6 ≤ T ≤ 10, and

the number of pre-training episodes is 20 million (20M). For the PSRO algorithm,

the number of episodes used for training the best response is 10. We conduct

experiments on four maps: the grid map with size 10×10, the scale-free graph with

300 nodes, the Singapore map [57] with 372 nodes, and the Scotland-Yard map [104]

with 200 nodes. To simulate the situation where a road might be temporally

blocked due to congestion or traffic accidents, we set the probability of an edge

between two nodes to 0.8 for the grid map, 0.9 for the Singapore map, and 1.0

(i.e., no congestion) for the other two maps. All experiments are performed on a

machine with a 24-core Intel(R) Core(TM) i9-12900K and NVIDIA RTX A4000.

Worst-case Utility. Since the PEG is a zero-sum game, we use the pursuer’s

worst-case utility to measure the pursuer’s policy, as used in previous Chapters.

Training and Test Sets. (1) We generate |D| = 1000 games as the training set

D. During the generation process, the minimum length of the evader’s shortest

path is set to 6 for the grid map and 5 for other maps. (2) We create two test sets,

D1 and D2, each containing 30 games. (i) D1 includes the games sampled from the

training set D1 ⊂ D (in-distribution test). (ii) D2 contains the games distinct from

the training set D2 ∩ D = ∅ (out-of-distribution test). To avoid trivial cases (the

games that are either too difficult or too simple for the pursuers), we constrain the

zero-shot performance of Grasper (i.e., the worst-case utility of the generated

policy without fine-tuning) within the range: [0.8, 0.9] for D1 and [0.1, 0.2] for D2.

Baselines. (i) Multi-task PSRO (MT-PSRO): the state-of-the-art approach adapted

from the algorithm introduced in Chapter 4, which also uses the observation rep-

resentation layer and HMP. (ii) MT-PSRO with augmentation (MT-PSRO-Aug):

the hidden vector obtained from the pre-trained GNN and the time horizon are

concatenated to the output of the observation representation layer. (iii) PSRO:

the standard PSRO method. (iv) Random: the pursuer randomly selects actions.
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(a) Grid Map
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(b) Scale-Free Map
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(c) Singapore Map
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(d) Scotland-Yard Map

Figure 5.4: Experimental results (The shaded area shows the standard error).

5.5.2 Experimental Results

The experimental results are summarized in Figure 5.4. The x-axis is the running

time. For the purpose of a fair comparison, apart from the running time of the

fine-tuning stage (i.e., the PSRO procedure), we also include the running time

used for pre-pretraining and pre-training stages (called the pre-training time for

convenience). Since the games in the training set are uniformly randomly sampled

during the pre-training process, we approximate the pre-training time of each game

by averaging the total pre-training time over the size of the training set. Then, for

each testing game, we add the pre-training time to the running time6. Note that

the horizontal gap between 0 and the start of the line represents the pre-training

time. From these results, we can draw several conclusions as follows.

(i) Given a fixed number of episodes for the fine-tuning process, Grasper can

start from and converge to a higher average worst-case utility than the baselines,

although it takes a certain pre-training time, demonstrating the effectiveness of the

pre-pretraining and pre-training in accelerating the PSRO procedure. Note that

MT-PSRO and MT-PSRO-Aug also employ pre-pretraining or pre-training, but

they perform worse than Grasper, showcasing the superiority of Grasper.

6Note that the amortized pre-training time for Grasper, MT-PSRO, and MT-PSRO-Aug is
similar as the pre-pretraining time is very short as shown in Table 5.2.
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Table 5.1: Ablation studies. The results are obtained in the grid map. ✓
means the module is used.

HMP Observation Representation Layer Utility

D1

✓ ✓ 0.90± 0.01
✓ −0.54± 0.06

✓ −0.05± 0.17
−0.52± 0.08

D2

✓ ✓ 0.45± 0.04
✓ −0.60± 0.06

✓ −0.64± 0.11
−0.63± 0.06

(ii) For a fair comparison, MT-PSRO-Aug also integrates information about the ini-

tial conditions of the pursuit-evasion games. The results clearly show the necessity

of the hypernetwork in Grasper. This can be also partly verified by comparing

MT-PSRO and MT-PSRO-Aug where their performance is comparable, meaning

that naively integrating the information about the initial conditions does not bring

much benefit and novel designs are necessary.

(iii) An interesting result is that even on the test set D1 (in-distribution test), MT-

PSRO and MT-PSRO-Aug, the strongest baselines, perform worse on all the other

maps than on the grid map. We hypothesize the reason is that the other maps

are more heterogeneous than the grid map. For example, the degree of the nodes

varies from 1 to 16 in the Singapore map while it remains between 2 to 4 in the

grid map. Therefore, the games generated on the Singapore map share much less

similarity. In this sense, the information about the initial conditions is particularly

important when solving different pursuit-evasion games.

(iv) In all cases, the performance of Grasper is much more stable than the base-

lines (smaller standard error) as Grasper can generate distinct policies for differ-

ent PEGs. In contrast, other baselines either entirely ignore or naively integrate

the information about the initial conditions of the PEGs, which renders them hard

to generalize to different PEGs, leading to larger performance variance.

(v) The results on the test set D2 show that Grasper can solve unseen games,

exhibiting stronger generalization ability than all baselines.
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Figure 5.5: Pre-training curves.

5.5.3 Ablation Study

In this section, we perform ablation studies to show the effectiveness of different

components, which further deepens the understanding of our proposed framework.

Effectiveness of Different Modules. First, we study the contribution of HMP

and the observation representation layer to the performance of Grasper, as shown

in Table 5.1. The results show that we can get better performance (high worst-

case utility and small standard error) only when combining the two components,

meaning that both two components are indispensable for Grasper.

Effectiveness of Pre-pretraining. Next, we investigate the effectiveness of the

pre-pretraining stage in accelerating the whole training procedure of Grasper.

Since jointly training GNN and the other parts of Grasper for 20M pre-training

episodes requires a long running time, in this ablation study, we focus on the first

2M pre-training episodes and compare the running time of Grasper with pre-

pretraining (w/ PP) and without pre-pretraining (w/o PP). The training curves are

shown in Figure 5.5, which shows that using pre-pretraining can significantly accel-

erate the training procedure (3.9 times faster than without using pre-pretraining).

The quantitative values of the running time of the pre-pretraining and pre-training

are given in Table 5.2. As the pre-pretraining time (304.2 seconds) is much shorter

than the pre-training time (9954.9 seconds), the curves of Grasper, MT-PSRO,

and MT-PSRO-Aug shown in Figure 5.4 start from a similar position in the x-axis.

Influence of Evader’s Initial Location. We perform some experiments using

Grasper to provide some insights into the PEG. In Figure 5.6, we present the
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Table 5.2: Running time (second).

without Pre-pretraining with Pre-pretraining

Pre-pretraining Stage N/A 304.2
Pre-training Stage 39977.3 9954.9

Total 39977.3 10259.1 (3.9x)
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Figure 5.6: Zero-shot worst-case utility of the pursuer for each possible evader’s
initial location. Red dots are exits and blue dots are pursuers’ initial locations.

pursuer’s utility when the evader randomizes the initial location over the grid map.

We found that in some areas the pursuers can have high utility. For example, in

the top-right of the left figure, there are three pursuers and only one exit, which

means it could be hard for the evader to escape. In the bottom-right of the right

figure, as the pursuer’s initial location is near the two exits, it could be easy for

the pursuer to catch the evader, even though there is only one pursuer in this area.

The results reflect the intuition that Grasper can generate distinct policies for

different games and hence, the performance is more stable.

5.6 Chapter Summary

In this Chapter, we investigate how to efficiently solve different PEGs with varying

initial conditions. First, we propose a novel generalizable framework, Grasper,

which includes several critical components: (i) a GNN to encode a specific PEG into

a hidden vector, (ii) a hypernetwork to generate the base policies for the pursuers

conditional on the hidden vector and time horizon, (iii) an observation represen-

tation layer to encode the pursuers’ observations into compact and meaningful
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representations. Second, we introduce an efficient three-stage training method

which includes: (i) a pre-pretraining stage that learns robust PEG representations

through GraphMAE, (ii) a heuristic-guided multi-task pre-training stage that lever-

ages a reference policy derived from heuristic methods such as Dijkstra to regularize

pursuer policies, and (iii) a fine-tuning stage that utilizes PSRO to generate pur-

suer policies on designated PEGs. Finally, extensive experiments demonstrate the

superiority of Grasper over baselines in terms of solution quality and general-

izability. To the best of our knowledge, this is the first attempt to consider the

generalization problem in the domain of PEGs.
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Chapter 6

Equilibrium Finding for IIEFGs

via Offline Learning

6.1 Introduction

In this Chapter1, we focus on solving imperfect-information extensive-form games

under the offline setting. As we introduced in previous Chapters, imperfect-

information extensive-form games (IIEFGs) provide a versatile framework for mod-

eling the interactions between multiple players under stochastic and imperfect in-

formation settings [1]. The canonical solution concept is Nash Equilibrium (NE),

where no player can increase his own utility by unilaterally deviating. There

are various methods designed for solving extensive-form games, including linear

programming [9], double-oracle algorithms [10], counterfactual regret minimiza-

tion (CFR) [12], and policy-space response oracles (PSRO) [13]. These methods

have been successfully applied to real-world large-sale EFGs, e.g., pursuit-evasion

games [56, 57], poker games [7, 105, 106] and Stratego [107].

Despite the successes of existing equilibrium finding algorithms, they require con-

tinuous interaction with the game environment or an accurate simulator. For

example, CFR-based algorithms necessitate traversing the game tree to compute

regret values, and PSRO and its variants demand simulations within the game

environment to compute the best response oracle and estimate the entries in the

1This Chapter is currently under review.
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Figure 6.1: Comparison between online and offline equilibrium finding.

meta-game. We call this paradigm to compute NE as “online equilibrium find-

ing”. However, in many real-world applications, such as predicting financial market

volatility [23], network intrusion detection [24], and automated negotiations [25],

the immediate interaction with the environment may be impractical, or excessively

costly. Figure 6.1 illustrates the comparison between online and offline equilibrium

finding settings. To mitigate this issue, an accurate simulator can be built to re-

place the real environment. However, there are two main issues: i) the difficulties

of building accurate simulators, especially for complicated EFGs such as sports

games, and ii) the sample inefficiency in the complex simulator, as the equilibrium

computation requires a large amount of data with high quality. Therefore, offline

learning is a preferred option for equilibrium finding in real-world applications.

The offline learning paradigm has been successfully applied in the reinforcement

learning area in addressing numerous real-world problems [108]. Offline reinforce-

ment learning (Offline RL) approach utilizes existing datasets, eliminating the need

for continuous online data collection, which may be costly and impractical. These

algorithms fall into two categories: model-free and model-based. Model-free algo-

rithms learn an optimal policy directly from the pre-collected datasets, examples

include Constrained Q-learning (CQL) [109] and Best-Action Imitation Learning

(BAIL) [110]. In contrast, model-based algorithms first learn a dynamic model from

the offline dataset and then make planning based on the model, such as Model-

based Offline Reinforcement Learning (MOReL) [111] and Model-based Offline

Policy Optimization (MOPO) [112]. The success of these algorithms showcases the

significant impact of the offline learning paradigm in advancing RL applications.

In recent years, several attempts have been made to formalize the offline learn-

ing paradigm in the context of games. StarCraft II Unplugged [113] provides a

dataset of human game-plays in a two-player zero-sum symmetric game. Some
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Figure 6.2: Our works in offline equilibrium finding setting.

previous works [114, 115] also explore the necessary properties of offline datasets

for two-player zero-sum Markov games to successfully infer their NEs. However,

these works mainly focus on solving Markov games, leaving a gap in the literature

when it comes to solving imperfect-information extensive-form games under the

offline setting. Furthermore, to our knowledge, there has been no study focusing

specifically on multi-player games in an offline setting. More importantly, there is a

notable absence of systematic definitions and research efforts aimed at formalizing

offline learning within the context of games.

To address this gap, we propose the novel offline equilibrium finding (Offline EF)

paradigm, in which equilibrium strategies are computed solely from offline datasets.

However, there are several challenges for Offline EF. First, the absence of compre-

hensive benchmarking standards complicates the evaluation and comparison of

offline algorithm performance. Without universally accepted benchmarks, it be-

comes difficult to objectively measure progress within the field. Second, accurately

computing or approximating equilibrium strategies solely from offline datasets is

inherently difficult. Specifically, data from just two action profiles are often insuf-

ficient for determining proximity to an equilibrium strategy, as equilibrium iden-

tification requires reference to all other potential action profiles [114]. Third, the

quality and completeness of data within offline datasets can significantly impact

the effectiveness of derived strategies. Offline datasets often fail to cover all possi-

ble game states, and this lack of comprehensive coverage can skew the algorithm’s

ability to generalize from the available data.

To address these challenges in the Offline EF paradigm, our contributions are

threefold, as shown in Figure 6.2. i) We have created a collection of diverse offline
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datasets, including random datasets, expert datasets, learning datasets, and hybrid

datasets in different imperfect-information extensive-form games. ii) We propose

the BOMB framework, which integrates a behavior cloning technique and a model-

based method along with a novel parameter estimation method. The model-based

method can incorporate any online EF algorithm into the offline context. iii) We

provide a comprehensive theoretical analysis for our BOMB framework, offering

performance guarantees under different datasets. Finally, we demonstrate the ef-

fectiveness of our BOMB framework in computing equilibrium strategies in an

offline setting through extensive experiments on various offline datasets.

6.2 Problem Statement

To facilitate the widespread application of game theory, we extend the offline learn-

ing framework into imperfect-information extensive-form games and introduce the

offline equilibrium finding paradigm, which focuses on learning equilibrium strate-

gies solely from historical game-playing data. A formal definition of the offline

equilibrium finding paradigm is provided as follows:

Definition 6.1 (Offline EF). Given an offline dataset D of an IIEFG G, generated

by an unknown behavior strategy profile σ, the offline equilibrium finding paradigm

is to deduce a strategy profile σ∗ from the offline dataset D to achieving a minimal

gap from the equilibrium strategy.

Building on the definition of the Offline EF paradigm, we can instantiate this

paradigm by defining a metric for the gap from the equilibrium strategy, such as

the NashConv for NE [2] and (C)CE Gap Sum for (C)CE [28] as introduced in

Chapter 2. While Offline EF shares similarities with offline RL to some extent, it

also presents distinct differences and unique challenges.

Firstly, unlike offline RL, which aims to compute an optimal strategy [108], the

Offline EF paradigm seeks to achieve an equilibrium strategy. This objective ne-

cessitates an iterative process to calculate the best response strategy, introducing

distinct complexities. Secondly, the Offline EF paradigm involves at least two

players, making the game dynamics particularly sensitive to distribution shifts and

other uncertainties, a stark contrast to offline RL. Thirdly, while in offline RL,
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the data from two actions may suffice to determine which action is better, in the

Offline EF paradigm, simply comparing the data of two action tuples is inadequate

for identifying which tuple is closer to an equilibrium strategy, as equilibrium iden-

tification requires reference to other action tuples [114]. In the subsequent sections,

we investigate Offline EF from the perspectives of datasets, theory, and methods.

6.3 Related Works

In this section, we discuss some existing algorithms related to the Offline EF

paradigm, including opponent modeling, online equilibrium finding, and offline

reinforcement learning. We then conclude by highlighting the limitations of these

existing algorithms when applied to the Offline EF paradigm.

6.3.1 Opponent Modeling

Opponent Modeling (OM) is necessary for multi-agent settings where secondary

agents with competing goals also adapt their strategies, yet it remains challenging

because policies interact with each other and change [116]. One simple idea of

opponent modeling is to build a model each time a new opponent or group of

opponents is encountered [117]. However, it is infeasible to learn a new model every

time. A better approach is to represent an opponent’s policy with an embedding

vector. Grover et al. [118] use a neural network as an encoder, taking the trajectory

of one agent as input. Imitation learning and contrastive learning are also used to

train the encoder. Then, the learned encoder can be combined with RL algorithms

by feeding the generated representation into the policy and/or value network.

DRON [116] and DPIQN [119] are two algorithms based on DQN, which use a

secondary network that takes observations as input and predicts opponents’ ac-

tions. However, if the opponents can also learn, these methods become unstable.

Therefore, it is necessary to take the learning process of opponents into account.

Foerster et al. [120] propose a method named Learning with Opponent-Learning

Awareness (LOLA), in which each agent shapes the anticipated learning of the

other agents in the environment. Further, the opponents may still be learning

continuously during execution. Al-Shedivat et al. [121] propose a method based
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on a meta-policy gradient named Meta-MPG, which uses trajectories from current

opponents to perform multiple meta-gradient steps and constructs a policy that fa-

vors updating the opponents. Meta-MAPG [122] extends Meta-MPG by including

an additional term that accounts for the impact of the agent’s current policy on the

future policies of opponents, similar to LOLA. Yu et al. [123] propose model-based

opponent modeling (MBOM), which employs the environment model to adapt to

various opponents.

In the Offline EF paradigm, our goal is to compute the equilibrium strategy solely

based on the offline dataset. Applying opponent modeling algorithms alone is not

sufficient for the Offline EF paradigm since it only aims at computing the best

response strategy instead of the equilibrium strategy.

6.3.2 Online Equilibrium Finding

In Chapter 2, we have introduced some algorithms in computing the equilibrium

strategy of imperfect-information extensive-form games, including no-regret meth-

ods, which are derivatives of CFR [12], and incremental strategy space generation

methods under the PSRO framework [13]. We call these algorithms “online equi-

librium finding” (Online EF) algorithms since they all work in an online way, i.e.,

they need interaction with the game environment or an accurate simulator. An-

other special approach within the online EF method is the empirical game theoretic

analysis (EGTA), an empirical methodology that bridges the gap between theoret-

ical game analysis and practical simulations for strategic reasoning [124].

In EGTA, game models are iteratively extended through a process of generating

new strategies based on learning from experience with prior strategies. The strategy

exploration problem, which focuses on how to assemble an effective portfolio of

policies for EGTA, is one of the most challenging issues [125]. Schvartzman and

Wellman [126] deployed tabular RL as a best-response oracle in EGTA for strategy

generation. They also addressed the general problem of strategy exploration in

EGTA and investigated whether better options exist beyond best-responding to an

equilibrium [127]. The investigation of strategy exploration advanced significantly

with the PSRO framework [13], a flexible framework for iterative EGTA where, at

each iteration, new strategies are generated through reinforcement learning. Note

that when employing NE as the meta-strategy solver, PSRO reduces to the double
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oracle (DO) algorithm [10]. In EGTA, a space of strategies is examined through

simulation, which necessitates a simulator, and the policies are known in advance.

However, in the Offline EF paradigm, only an offline dataset is provided. Although

EGTA utilizes game data, it still requires a simulator to evaluate a set of strategies.

The successes of existing online EF algorithms mainly depend on the continuous

interaction with the game environment or an accurate simulator. Therefore, these

online EF algorithms cannot be directly applied to the Offline EF paradigm.

6.3.3 Offline Reinforcement Learning

Offline reinforcement learning (Offline RL) is a data-driven paradigm that learns

exclusively from static datasets of previously collected interactions, making it feasi-

ble to extract policies from large training datasets [108]. This paradigm can be ex-

tremely valuable in settings where online interaction is impractical, either because

data collection is expensive or dangerous (e.g., in robotics [128], education [129],

healthcare [130], and autonomous driving [131]). Therefore, offline RL algorithms

have a much broader range of applications than online RL and are particularly

appealing for real-world applications [132]. Due to its attractive characteristics,

there has been a lot of recent research in this area. We can divide the research in

offline RL into two categories: model-free algorithms and model-based algorithms.

Model-free offline RL algorithms learn a good policy directly from the offline

dataset. There are two types of these algorithms: actor-critic methods and im-

itation learning methods. Actor-critic algorithms focus on implementing policy

regularization and value regularization based on existing RL algorithms. Haarnoja

et al. [133] propose Soft Actor-Critic (SAC) by adding an entropy regularization

term to the policy gradient objective, focusing mainly on policy regularization.

For value regularization, an offline RL method named Constrained Q-Learning

(CQL) [109] learns a lower bound of the true Q-function by adding value regu-

larization terms to its objective. Another line of model-free offline RL research is

imitation learning, which mimics the behavior policy based on the offline dataset.

Chen et al. [110] propose a method named Best-Action Imitation Learning (BAIL),

which fits a value function and then uses it to select the best actions. Meanwhile,

Siegel et al. [134] propose a method that learns an Advantage-weighted Behavior

Model (ABM) and uses it as a prior in performing Maximum a-posteriori Policy
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Optimization (MPO) [135]. This method consists of multiple iterations of policy

evaluation and prior learning until finally performing a policy improvement step

using the learned prior before extracting the best possible policy.

Model-based offline RL algorithms rely on the offline dataset to learn a dynamics

model or a trajectory distribution used for planning. The trajectory distribution

induced by these models is used to determine the best set of actions to take at each

given time step. Kidambi et al. [111] propose a method named Model-based Offline

Reinforcement Learning (MOReL), which measures their model’s epistemic uncer-

tainty through an ensemble of dynamics models. Meanwhile, Yu et al. [112] propose

another method named Model-based Offline Policy Optimization (MOPO), which

uses the maximum prediction uncertainty from an ensemble of models. Concur-

rently, Matsushima et al. [136] propose the Behavior REgularized Model ENsemble

(BREMEN) method, which learns an ensemble of models of the behavior MDP, as

opposed to a pessimistic MDP. In addition, it implicitly constrains the policy to be

close to the behavior policy through trust-region policy updates. More recently, Yu

et al. [137] proposed a method named Conservative Offline Model-Based Policy Op-

timization (COMBO), a model-based version of CQL. The advantage of COMBO

over MOReL and MOPO is that it removes the need for uncertainty quantification

in model-based approaches, which is challenging and often unreliable.

Certainly, offline RL algorithms do not need access to the game environment while

computing the optimal strategy for one player. However, maximizing the utility

of each player independently is neither sufficient nor practical for computing an

equilibrium strategy because the utility of one player depends not only on its

action but also on the actions of other players. If we use the offline RL algorithm

to learn the best strategy for each player in the game, it may lead to significant

losses, as the computed best strategies for players might be exploitable. Other

players may play their best response strategies against the computed best strategy

instead of their behavior strategies in the offline dataset. Therefore, offline RL is

not adequate for computing the equilibrium strategy of the game, since it can only

learn the best strategy for one agent independently. These limitations highlight

that offline RL algorithms cannot be directly applied to the Offline EF paradigm,

and our experimental results empirically verify this claim.

Finally, for a clearer comparison of these existing algorithms, we have summarized

the issues of these discussed existing algorithms in Table 6.1.
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Methods Work without Environment Converge to Equilibrium

OM % %

Online EF % !

Offline RL ! %

Table 6.1: Issues of existing algorithms.

6.4 Offline Datasets

As delineated in the definition of the Offline EF paradigm, the offline dataset

plays a pivotal role. However, there are no publicly available datasets specifically

tailored for the Offline EF paradigm. Typically, the offline dataset is gathered by

unknown strategies deployed in real-world scenarios. Because of this, a solitary

dataset is inadequate for effectively evaluating the performance of algorithms in

the Offline EF paradigm, as it may introduce bias when used alone for evaluation.

Consequently, a suitable benchmark dataset for the Offline EF paradigm should

consist of a diverse set of datasets that accurately reflect real-world scenarios.

Generating such offline datasets presents a considerable challenge. The offline

datasets should contain meaningful information and high diversity, rather than

merely consisting of randomly generated datasets, despite such datasets potentially

displaying high diversity. To this end, we propose several collection methods for

creating offline datasets that serve as the foundation for the Offline EF paradigm.

6.4.1 Data Format

Before delving into the methods of dataset collection, it is essential to outline the

data formats of the Offline EF dataset for imperfect-information extensive-form

games. The Offline EF dataset can be represented by D = (st, at, st+1, ut+1, dt+1),

where st and st+1 represent the game states at time step t and t+1 respectively from

the game-level perspective. Specifically, st encompasses all relevant game informa-

tion at time step t, which includes the information sets for each player and other

game information GI out of the control of players, such as the results of a chance

node (I t1, I
t
2, ..., I

t
n, GI), the player who needs to act (pt), and the set of available ac-

tions for the acting player (A(I tpt)), i.e., st = (I t1, I
t
2, ..., I

t
n, GI, pt, A(I tpt)). Notable,

pt may represent a chance player c to include the game’s stochastic events out of
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all players’ control. The utility for each player at time step t + 1 is represented by

ut+1 = (ut+1
1 , ut+1

2 , ..., ut+1
n ). Finally, the variable dt+1 indicates whether the game

ends at state st+1, with a value of 1 if the game ends and 0 otherwise.

To better introduce the format of our Offline EF dataset, we provide an exam-

ple to show the composition of the offline dataset. According to the data for-

mat introduced before, the data point would be (st, at, st+1, ut+1, dt+1) and st =

(I t1, I
t
2, ..., I

t
n, GI, pt, A(I tpt)). Especially, if the st+1 is the terminal state, i.e., dt+1 =

1, then we define the pt+1 = −1 to identify that no player needs to make decides

at this state since the game has ends. Figure 6.3 shows one two-player imperfect-

information extensive-form game G. I1 and I2 are information set for Player 1 and

Player 2, respectively. If an offline dataset D covers all state-action pairs, then D
would include the following data points:

((I1, ∅, ∅, 1, {a1, a2}), a1, (I1a1, I2, ∅, 2, {b1, b2}), (0, 0), 0),

((I1, ∅, ∅, 1, {a1, a2}), a2, I1a2, I2, ∅, 2, {b1, b2}), (0, 0), 0),

((I1a1, I2, ∅, 2, {b1, b2}), b1, (I1a1, I2b1, ∅,−1, ∅), (1,−1), 1),

((I1a1, I2, ∅, 2, {b1, b2}), b2, (I1a1, I2b2, ∅,−1, ∅), (2,−2), 1),

((I1a2, I2, ∅, 2, {b1, b2}), b1, (I1a2, I2b1, ∅,−1, ∅), (0, 0), 1),

((I1a2, I2, ∅, 2, {b1, b2}), b2, (I1a2, I2b2, ∅,−1, ∅), (3,−3), 1).

We can find that in states (I t21 = I1a1, I
t2
2 = I2, GI = ∅, 2, {b1, b2}) and (I t21 =

I1a2, I
t2
2 = I2, GI = ∅, 2, {b1, b2}), the information set for Player 2 is the same,

as shown in the game tree. Since our dataset is collected from the game-level

perspective, we can still distinguish them through the game information of other

players and the game information GI. Note that there is no chance node in this

game, GI is always an empty set. If there is a chance node in a game, the results

of the chance node would be recorded into game information GI within the game

state and we can distinguish these game states through game information GI.

6.4.2 Collection Methods

Similar to the practices in the offline RL domain, datasets in the Offline EF area

must be diverse to serve as effective benchmarks for developing and evaluating

algorithms. Many benchmarks in the offline RL area, such as those discussed in
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Figure 6.3: An IIEFG example. Figure 6.4: Offline EF dataset.

[138, 139], collected data from online RL training runs. Additionally, D4RL [140]

incorporates a range of dataset collection methods inspired by real-world applica-

tions, including human demonstrations, exploratory agents, and hand-coded con-

trollers. Inspired by these benchmarks in the offline RL area, we propose several

methods for collecting offline datasets at different expert levels.

Random Dataset. The first one, referred to as the random method, involves

each player adopting a uniform strategy and participating repeatedly in the game

to collect data as the random dataset. The random method approach is inspired

by the natural tendency for exploration and mimics the experience of a novice

familiarizing themselves with the game for the first time.

Learning Dataset. The second method, the learning-based method, draws in-

spiration from the player skill improvement process. To mimic this process, we

implement one of the existing equilibrium finding algorithms, such as CFR [12] or

PSRO [13], storing intermediate game interactions to compile the learning dataset.

Expert Dataset. The final method is referred to as the expert method. The

inspiration for this method comes from the notion that, when learning a game,

we often benefit from observing the strategies of expert players. In this approach,

each player follows an assigned equilibrium strategy and repeatedly engages in the

game to collect the game-playing data to generate the expert dataset.

Hybrid Dataset. Additionally, to simulate more realistic scenarios and enhance

dataset diversity, we propose a hybrid method that merges the random and expert

datasets in different proportions. By doing so, we can create a more comprehensive

and diverse collection of datasets, called hybrid datasets.
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(a) Kuhn(2p) (b) Kuhn(3p) (c) Leduc(2p) (d) Leduc(3p)

Figure 6.5: Frequency of leaf node in different offline datasets.

6.4.3 Statistics and Visualization

We have developed a benchmark dataset for Offline EF, employing previously out-

lined collection methods on eight commonly used IIEFGs, as depicted in Fig-

ure 6.4. These games, which are prevalent in contemporary research on equilib-

rium finding problems, include two-player and multi-player variants of Kuhn poker

and Leduc poker, Phantom Tic-Tac-Toe, and Liar’s Dice. For each game, we have

generated three distinct types of datasets, a random dataset, an expert dataset,

and a learning dataset, following our data collection methods. The proportions

of each dataset are visualized in Figure 6.4. Note that hybrid datasets can be

easily obtained based on random and expert datasets. In total, our Offline EF

dataset comprises approximately 3.8 million data points, occupying about 11GB

of memory.

To validate the diversity of these collected Offline EF datasets and gain insights

into them, we also introduce a visualization method to compare them. Firstly, we

generate the game tree for the corresponding game. Subsequently, we traverse the

game tree using depth-first search (DFS) [141] and assign an index to each leaf

node based on the DFS results. Then, we count the frequency of each leaf node

within the dataset. The reason why we do this is that each leaf node represents

a unique sampled trajectory originating from the root node of the game tree. As

a result, the frequency of leaf nodes can effectively capture the distribution of

the dataset. Finally, these frequency data can be plotted to visualize. Figure 6.5

visualizes some datasets of some games. From these figures, we can find that in

the random dataset, the frequency of leaf nodes is nearly uniform, whereas, in

the expert dataset, the frequency of leaf nodes is uneven. The distribution of the

learning dataset and the hybrid dataset falls between that of the expert dataset
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and the random dataset. These observations confirm that the distribution of these

datasets differs, thus validating the diversity of our proposed Offline EF datasets.

6.5 BOMB

In this section, we propose the offline algorithm, BOMB, which combines Behavior

clOning technique with Model-Based method for Offline EF paradigm. We first

introduce the BOMB algorithm framework, then introduce the combination param-

eter estimation methods, and finally provide the theoretical analysis of BOMB.

6.5.1 Algorithm Framework

Drawing inspiration from the offline RL area, there are two possible approaches

for computing equilibrium in an offline setting: model-free and model-based ap-

proaches. The model-free method learns the optimal policy directly from the offline

dataset [110]. However, the unknown underlying behavior strategy of the offline

dataset is likely not the equilibrium strategy, and equilibrium identification re-

quires all other action tuples as references. Additionally, model-based offline RL

methods [112] cannot be directly applied to the Offline EF paradigm due to their

inherent reliance on the absence of strategic opponents in the environment. There-

fore, neither a single model-free nor model-based method is sufficient for the Offline

EF paradigm. To this end, we propose a novel framework – BOMB, which combines

one model-free method and one model-based method.

Algorithm 6: BOMB Algorithm Framework

Input: An Offline EF dataset D
1 Train policy σθ based on dataset D using behavior cloning technique ;
2 Train an environment model Eθe based on dataset D;
3 Learn σmb policy using any existing EF algorithm on environment model Eθe ;
4 Select combination parameter α using a parameter estimation method ;
5 Combine σmb and σθ according to parameter α as final policy σ ;
6 return Policy σ.

Algorithm 6 shows the whole framework of the BOMB algorithm. Given an of-

fline dataset D, we first train a policy σθ based on the Offline EF dataset D
using the behavior cloning technique (Line 1). The behavior cloning technique



100 6.5. BOMB

Figure 6.6: Processes of behavior cloning and training environment model

is a model-free approach that directly imitates the behavior policy used for gen-

erating the offline dataset and is commonly employed in offline RL [142]. Note

D = (st, at, st+1, ut+1, dt+1) and st = (I t1, I
t
2, ..., I

t
n, GI, pt, A(I tpt)). Since the policy

network σθ is trained to mimic the behavior strategy, only the information set

I tpt and the corresponding action at in dataset D are required for training. The

cross-entropy loss is taken as the training loss, defined as

Lbc = −E(It
pt
,at)∼D[at · log(σ(I tpt ; θ))].

Figure 6.6 shows the training processes. After training the behavior cloning policy

σθ, an environment model Eθe is trained based on dataset D and Eθe is used for

learning the model-based policy σmb by any existing equilibrium finding algorithm

(Lines 2-3). Inspired by model-based offline RL algorithms, where a dynamics

model is trained to simulate the real environment [111, 112, 136], we train an

environment model to imitate the real game environment. Specifically, we use the

game state st and corresponding action at as inputs, with the subsequent game state

st+1, reward ut+1 and the termination variable dt+1 serving as labels. Stochastic

gradient descent (SGD) is employed as the optimizer for parameter updates, and

the mean squared error (MSE) loss is used as the training loss, defined as

Lenv = E(st,at,st+1,ut+1,dt+1)∼D[MSE((st+1, ut+1, dt+1), E(st, at; θe))].

A significant advantage of this model-based approach is adapting any existing

equilibrium finding algorithm within the offline setting on the trained environment

model. For example, for computing NE, we adapt PSRO [13] and Deep CFR [21]

methods, referred to as MB-PSRO and MB-CFR, respectively. Additionally, we

adapt the JPSRO method [29] (MB-JPSRO) for computing (C)CE. Essentially,



Chapter 6. BOMB 101

these adaptations involve replacing the real game environment with our trained en-

vironment model in executing these equilibrium finding algorithms, allowing them

to function without requiring online interactions with the real game environment.

After learning the behavior cloning policy σθ and model-based policy σmb, we com-

bine the trained behavior cloning (BC) policy and model-based (MB) policy. Let α

denote the weight of the BC policy and 1− α denote the weight of the MB policy.

Specifically, the combination of these two policies occurs at the state level. For each

state, the behavior cloning policy model and the model-based policy model inde-

pendently generate their respective strategies, represented as distributions over the

available actions for that state. These two distributions are then combined using

the weight α, which determines the contribution of the behavior cloning strategy

to the final strategy. We select α using a parameter estimation method, then apply

it to integrate the BC and MB policies into the final policy σ (Lines 4-5).

6.5.2 Parameter Estimation Methods

Here, we introduce three estimation methods of the combination parameter α.

The simplest method is randomly selecting a value from the interval [0, 1] as the

combination parameter α. This method can be implemented fully offline, making

it suitable for scenarios where access to the real-world environment is not feasible.

However, it lacks guarantees for yielding the most effective combined strategy.

The second method is the grid search method, in which we first initially preset a

set of 11 candidate values for α, i.e., α = {0, 0.1, ..., 1}, and these values are used to

configure combined strategies, which are then tested in a real-world environment.

The value of α that results in the smallest gap from the equilibrium strategy is

selected as the optimal value. It can yield the best performance and similar tech-

niques that determine offline parameters or fine-tune offline policies through online

interactions are commonly employed in offline RL [143, 144]. As such, it is suit-

able for scenarios where access to the real-world environment is feasible. Although

this method needs some online interactions, the number of required interactions is

significantly less compared to computing the equilibrium strategy fully online.

To render our approach fully offline while still achieving optimal parameter values,

we propose a learning-based method, depicted in Figure 6.7. In this method, a
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Figure 6.7: Learning-based estimation method.

predictor is trained to estimate the combination parameter α based on the differ-

ence between the BC and the MB policies. We first use the grid search method

to get optimal parameter values as labels. The predictor takes the centered kernel

alignment (CKA) [145] similarity vector between the BC and the MB policies as

input and outputs the estimated parameter α. The predictor can be trained in

one game where access to the real-world environment is feasible and be reused in

similar games. Though the predictor can only provide an approximate optimal

parameter value, it requires no further online interactions once trained.

6.5.3 Theoretical Analysis

Figure 6.8: An IIEFG example.

In the offline RL area, dataset cover-

age over the optimal policy is sufficient

for offline learning [146, 147]. However,

we found a similar assumption that the

dataset generated by the equilibrium

strategy is not sufficient for computing

equilibrium strategies in an offline man-

ner. It can be verified by the counter-

example shown in Figure 6.8. In this

game, we can easily get the NE strategy, σ∗ = (σ∗
1, σ

∗
2) = ({I1 : a1}, {I2 : b2}). If
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we use this equilibrium strategy profile to generate the offline dataset D, then D
would only include the data point ((I t11 = I1, I

t1
2 = ∅, GI = ∅, 1, {a1, a2}), a1, (I t21 =

I1a1, I
t2
2 = ∅, GI = ∅,−1, ∅), (0, 0), 1). Clearly, the dataset D is not sufficient for

computing the NE strategy since there is no information about Player 2. The in-

tuition behind this is that in an offline RL setting, we can easily use the data of

two actions to decide which action is better, whereas, in the Offline EF paradigm,

we cannot use data from only two action pairs to know which action pair is closer

to NE, because identifying NE requires other action pairs as inferences. Based on

this analysis, Cui and Du [114] provide a minimal coverage assumption which is

sufficient for computing an NE strategy in the two-player zero-sum Markov games,

defined as follows,

Assumption 6.1. (Deterministic Unilateral Coverage) For all deterministic strat-

egy σi for player i, (σi, σ
∗
−i) are covered by the dataset, where σ∗ is one NE strategy.

Assumption 6.2. (Unilateral Coverage) For all (possible stochastic) strategy σi

for all player i, (σi, σ
∗
−i) are covered by the dataset, where σ∗ is one NE strategy.

Note that deterministic unilateral coverage assumption is equivalent to unilateral

coverage assumption. The intuition behind this is that any mixed strategy can be

represented by a combination of deterministic strategies. Therefore, if all deter-

ministic strategies are covered by the dataset, then all mixed strategies are also

covered. Based on this finding, in the following proof, we only consider all determin-

istic strategies. Previously, Cui and Du [114] established that unilateral coverage

assumption is the minimal sufficient condition for computing an NE strategy in

the two-player zero-sum Markov games. However, this unilateral coverage assump-

tion over the offline dataset is not sufficient for our model-based method to

compute the equilibrium strategy in the offline setting. We formally proved this

limitation through the following lemma.

Lemma 6.1. The unilateral coverage assumption is not sufficient for our model-

based method to converge to the equilibrium strategy of the underlying game under

the offline setting.

Proof. We prove this Lemma by providing a counter-example. First, we consider

an IIEFG G3, represented in Figure 6.9a. We can easily find that the NE strategy of

game G3 is strategy profile σ∗ = (σ1, σ2) = ({I1 : a1}, {I2 : b1}). To build a dataset
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(a) (b) (c) (d)

Figure 6.9: Counter-example for proving Lemma 6.1.

D satisfying the unilateral coverage assumption, the dataset needs to cover (σ∗
1, σ2)

for all deterministic strategy σ2 and (σ1, σ
∗
2) for all deterministic strategy σ1. We

show the state-action pairs covered by these strategy profiles in Figures 6.9b-6.9c.

It means that if the dataset D satisfies the unilateral coverage assumption, then

the dataset D would cover these state-action pairs marked by these orange lines.

When applying our model-based method on the dataset D, the first step is to train

an environment model based on the dataset D. Assume that the environment

model can be trained well which means that the environment model can precisely

represent all game information in the dataset. Therefore, the game represented by

the trained environment model would be G∗3 in Figure 6.9d. Note that there is some

missing data to rebuild the game tree. Although our trained environment model

can give approximate results for these missing data, it may result in a different

equilibrium strategy. For example, if the missing value in G∗3 is (0, 0) or (−1, 1),

then the strategy profile (σ1, σ
′
2) = ({I1 : a1}, {I2 : b2}) would be the NE strategy

of game G∗3 . However, σ is not the NE strategy for the original game G3. Therefore,

the unilateral coverage assumption is not sufficient for our model-based method to

converge to the equilibrium strategy of the underlying game.

6.5.3.1 Minimal Dataset Coverage Assumption

Next, we move forward to provide the minimal coverage assumptions required to

ensure the convergence of our methods in IIEFGs with perfect recall. First, we

introduce two dataset coverage definitions: uniform and equilibrium coverage.

Definition 6.2. An offline dataset D is said to be a uniform cover of an IIEFG G
if and only if D covers all state-action pairs, i.e., (st, at, st+1, ut+1, dt+1), ∀st, at.
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Definition 6.3. An offline dataset D is said to be an equilibrium cover of an IIEFG

G if and only if D is created by a fully mixed equilibrium strategy σ∗ of G.

Now, drawing on the dataset coverage definitions previously introduced, we present

our results on the minimal dataset coverage assumptions required for our

model-based framework and behavior cloning technique to converge to the

equilibrium strategy of the underlying game.

Theorem 6.2. For an IIEFG G, the uniform coverage of G is the minimal dataset

coverage assumption that guarantees the convergence of our model-based algorithm.

Proof. From the example in the proof of Lemma 6.1, we find that a slight violation

of the uniform coverage assumption, i.e., only one state-action pair is missing,

will impede the computation of the equilibrium strategy using our model-based

method. In other words, any state-action pair that is not covered by the dataset

may cause failure in computing the equilibrium strategy of the original game using

our model-based method. Next, we need to prove that the dataset satisfying the

uniform coverage assumption can guarantee the convergence to the equilibrium

strategy of the original game using our model-based method.

In our model-based method, we need to train an environment model based on the

offline dataset. Therefore, to prove the convergence guarantee under the uniform

coverage dataset assumption, we need to verify whether the game reconstructed

from the dataset satisfying the uniform coverage assumption is the same as the

original game. Here, we reuse the example in Figure 6.3. In that example, the

offline dataset D of the IIEFG G covers all state-action pairs, i.e., the offline dataset

D satisfies the uniform coverage dataset assumption. From the offline dataset D,

we can easily rebuild the game G′, as shown in Figure 6.10.

S1 = (I1, ∅, ∅, 1, {a1, a2}), S2 = (I1a1, I2, ∅, 2, {b1, b2}), S3 = (I1a2, I2, ∅, 2, {b1, b2}),
S4 = (I1a1, I2b1, ∅,−1, ∅), S5 = (I1a1, I2b2, ∅,−1, ∅), S6 = (I1a2, I2b1, ∅,−1, ∅),
S7 = (I1a2, I2b2, ∅,−1, ∅).

Especially, for game states S2 and S3, the player acting is both Player 2, and the

information set for Player 2 is the same. Therefore, these two game states corre-

spond to different game nodes under the same information set. Although Player
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Figure 6.10: An IIEFG G′.

2 cannot distinguish these two game states, from the perspective of the game, we

can still distinguish them by the information set of Player 1. Particularly, if there

is a chance node in the game, the result of the chance node would be recorded in

GI within the game state S. Therefore, we can still distinguish these game states

by game information GI. Since the dataset satisfying the uniform coverage as-

sumption covers all state-action pairs, the links between game states can be built

following these data points in the dataset. Finally, we can find that the recon-

structed game tree has the same game states and the same transition function as

the original game, thereby the same equilibrium strategy. Therefore, our recon-

structed game model can provide the same information as the underlying game

of the offline dataset. Then applying our model-based equilibrium finding algo-

rithm to the reconstructed game model definitely can converge to the equilibrium

strategy of the underlying game in the offline setting.

So far, we have demonstrated that the uniform dataset coverage assumption is

sufficient for our model-based method to converge to the equilibrium strategy in the

offline setting. While this assumption may seem strict, as it requires full coverage

of all game states, it is essential for the construction of an accurate environment

model, which depends on complete state transition information. Any missing game

state data can significantly impact the performance of the model-based method.

Therefore, the uniform dataset coverage assumption represents the minimal dataset

coverage requirement for the model-based method. In scenarios where random

exploration is effective, the offline dataset is more likely to satisfy this assumption.

For instance, datasets generated using our random collection method naturally

meet the uniform coverage criteria, as discussed in the next section.
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For our behavior cloning method, these dataset coverage assumptions may not

be sufficient to converge to the equilibrium strategy since its performance mainly

depends on the underlying behavior strategy of the dataset. In the following the-

orem, we provide a minimal dataset coverage assumption for our behavior cloning

method to converge to the equilibrium strategy in the offline setting.

Theorem 6.3. For an IIEFG G, the equilibrium coverage of G is the minimal

dataset coverage assumption that guarantees the convergence of the behavior cloning

algorithm.

Proof. Note that the behavior cloning method can mimic the underlying behavior

strategy represented by the offline dataset. According to the definition of equilib-

rium coverage, the offline dataset D satisfying the equilibrium coverage is created

by a fully mixed equilibrium strategy σ∗. Therefore, D includes all decision points

of players since the equilibrium strategy σ is fully mixed. When applying the

behavior cloning method to the offline dataset D, then it would converge to the

equilibrium strategy σ∗ since it can imitate the underlying behavior strategy σ∗

of the offline dataset D. Next, we prove that a slight violation of the equilibrium

coverage assumption will impede the convergence of our behavior cloning method.

Here, we reuse the game example in Figure 6.8. Note that the NE strategy of

the game is a pure strategy, i.e, σ∗ = (σ∗
1, σ

∗
2) = ({I1 : a1}, {I2 : b2}). If we use

this equilibrium strategy to generate the offline dataset D, then D would only

include the data point ((I t11 = I1, I
t1
2 = ∅, GI = ∅, 1, {a1, a2}), a1, (I t21 = I1a1, I

t2
2 =

∅, GI = ∅,−1, ∅), (0, 0), 1). We cannot get the equilibrium strategy only from D.

In this example game, the offline dataset D is generated by a pure equilibrium

strategy instead of a fully mixed equilibrium strategy, and the behavior cloning

method cannot get the equilibrium strategy from the offline dataset D since there

is no information about Player 2. Another example is the dataset D′ covering the

equilibrium strategy σ∗, i.e., the D′ includes these data points, as follows,

((I1, ∅, ∅, 1, {a1, a2}), a1, (I1a1, ∅, ∅,−1, ∅), (0, 0), 1),

((I1, ∅, ∅, 1, {a1, a2}), a2, (I1a2, I2, ∅, 2, {b1, b2}), (0, 0), 0),

((I1a2, I2, ∅, 2, {b1, b2}), b2, (I1a2, I2b2, ∅,−1, ∅), (−2, 2), 1).

To cover the equilibrium strategy of Player 2, the data point ((I t11 = I1, I
t1
2 =

∅, GI = ∅, 1, {a1, a2}), a2, (I t21 = I1a2, I
t2
2 = I2, GI = ∅, 2, {b1, b2}), (0, 0), 0) should
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also be visited. Although D′ covers the equilibrium strategy, D′ does not satisfy

the equilibrium coverage assumption since D′ is not created by the equilibrium

strategy. Then the behavior cloning method cannot converge to the equilibrium

strategy σ∗ based on D′ since BC cannot get the pure strategy for Player 1 under

the influence of the data point ((I t11 = I1, I
t1
2 = ∅, GI = ∅, 1, {a1, a2}), a2, (I t21 =

I1a2, I
t2
2 = I2, GI = ∅, 2, {b1, b2}), (0, 0), 0). Therefore, a slight violation of the

equilibrium coverage assumption would cause failure in computing the equilibrium

strategy of the original game using our behavior cloning method. In conclusion,

the equilibrium coverage assumption is the minimal dataset coverage assumption

that guarantees the convergence to the equilibrium strategy of the original game

using our behavior cloning method.

We have demonstrated that the equilibrium dataset coverage assumption is suffi-

cient for the behavior cloning method to converge to the equilibrium strategy in

the offline setting. Since behavior cloning can only replicate the behavior strategy

underlying the offline dataset, satisfying the equilibrium dataset coverage assump-

tion is essential to guarantee its convergence. In real-world scenarios, the dataset

including the game data generated by experts typically meets this assumption. Sim-

ilarly, in our offline dataset, the data collected using the expert collection method

naturally satisfies the equilibrium coverage criteria, as discussed in the next section.

6.5.3.2 Performance Guarantee for BOMB

Next, we turn our attention to analyzing the performance of our methods under

different Offline EF datasets. Initially, we focus on the datasets we previously

generated. According to our data collection methods, we can establish the following

two assumptions regarding the random and expert datasets.

Assumption 6.3. Random dataset of an IIEFG G is a uniform cover of G.

It is straightforward to get this assumption since the random dataset is sampled by

the uniform strategy. As long as we sample enough data, the dataset would involve

all the game state-action pairs. Thus, the dataset satisfies the uniform coverage.

Assumption 6.4. Expert dataset of an IIEFG G is an equilibrium cover of G.
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This assumption is built based on the generation process of the expert dataset.

In our selected game, we assume that the equilibrium strategies used to generate

expert datasets are fully mixed. Since we use the equilibrium strategy to generate

the expert dataset, the expert dataset would only cover the data deduced by the

equilibrium strategy. In other words, the expert dataset and its corresponding

equilibrium strategy profile are bijective relationships.

In our BOMB framework, both the MB and BC algorithms involve training neural

networks through supervised learning. The training error, denoted as ϵ can be

reduced with sufficient data [148]. Building on assumptions of random and expert

datasets and previously discussed minimal dataset coverage assumptions, we first

offer the performance guarantee for our BC and MB methods, respectively.

Lemma 6.4. Suppose the training error ϵ for training the environment model ap-

proaches zero, then our model-based method can converge under random datasets

and cannot converge under expert datasets.

Proof. Since the training error, ϵ for training the environment model approaches

zero, we can ignore the approximation error. Based on Assumption 6.3, the random

dataset satisfies the uniform coverage assumption. The uniform coverage assump-

tion is sufficient for our model-based method to compute the equilibrium strategy

according to Theorem 6.2. Thus, our model-based method can converge to an

equilibrium strategy under random datasets. The expert dataset satisfies the equi-

librium coverage assumption according to Assumption 6.4 while this dataset may

not satisfy the uniform coverage assumption. Therefore there is no guarantee that

our MB method can converge to an equilibrium strategy under expert datasets.

Lemma 6.5. Suppose the training error ϵ for training the behavior cloning pol-

icy approaches zero, then our behavior cloning method can converge under expert

datasets, and cannot converge under random datasets.

Proof. The assumption that the training error ϵ for training the behavior cloning

policy approaches zero means that the behavior cloning policy can precisely mimic

the behavior strategy used to generate the offline dataset. For the expert dataset,

according to Assumption 6.4, the expert dataset satisfies the equilibrium coverage

assumption. Then the expert dataset is sufficient for the behavior cloning technique

to converge to the equilibrium strategy according to Theorem 6.3. However, for
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Methods
Dataset

Random (Assumpation 6.3) Expert (Assumption 6.4)

Model-Based !(Lemma 6.4) % (Lemma 6.4)

Behavior-Cloning % (Lemma 6.5) ! (Lemma 6.5)

BOMB !(Theorem 6.6) ! (Theorem 6.6)

Table 6.2: Summary of theoretical results. (✓ represents that the method can
converge.)

the random dataset, according to the generation process of the random dataset and

Assumption 6.3, the behavior strategy used to generate the random dataset is a

uniform strategy. Therefore, the behavior cloning algorithm can only get a uniform

strategy instead of the equilibrium strategy under the random dataset.

Based on these two lemmas, we can readily derive the below theorem which de-

scribes the performance of our BOMB framework when applied to random and

expert datasets, thanks to the combination property of BOMB. Table 6.2 summa-

rizes these results for a clear presentation.

Theorem 6.6. Suppose that the training error ϵ for training the environment model

and the behavior cloning policy approaches zero, then our BOMB framework can

converge under both the random dataset and the expert dataset.

Proof. In the BOMB method, the weight of the BC policy is represented by α and

the MB policy’s weight is 1−α. The α ranges from 0 to 1. When under the random

dataset, let α be equal to 0. Then the policy of our BOMB framework would be

reduced to the MB policy, i.e., the policy trained using the MB method. According

to Theorem 6.4, the model-based method can converge to an equilibrium strategy

under the random dataset. Therefore, the BOMB framework can converge to an

equilibrium strategy under the random dataset. Under the expert dataset, let α

be equal to 1. Then the policy of BOMB would be reduced to BC policy, i.e., the

policy trained by the BC method. Similarly, according to Theorem 6.5, BOMB

can converge to an equilibrium strategy under the expert dataset.

Finally, we extend our analysis to a more general scenario where the offline dataset

is collected by an unknown behavior strategy σ. In this context, we first present

the following two lemmas describing the performance of our MB and BC methods.
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Lemma 6.7. Suppose that the offline dataset Dσ generated by a behavior strategy

σ covers (st, at, st+1, ut+1, dt+1),∀st, at and the training error ϵ for training the en-

vironment model approaches zero, then our model-based method can converge to the

equilibrium strategy.

Proof. According to the definition of uniform coverage assumption and the as-

sumption in this lemma, the dataset Dσ satisfies the uniform coverage assumption.

Then according to Theorem 6.2, the dataset Dσ is sufficient for the model-based

method for the convergence to the equilibrium strategy.

Lemma 6.8. Suppose that the training error ϵ for training the BC policy on the

offline dataset Dσ, which is generated by a fully mixed behavior strategy σ, ap-

proaches zero, then the performance of our trained BC policy σθ would be as good

as the performance of the behavior strategy σ.

Proof. According to the assumption in this lemma, the training error can be ignored

and the behavior cloning technique can precisely mimic the underlying behavior

strategy σ in the offline dataset. Therefore, the trained behavior cloning policy σθ

would be the same as σ. Consequently, the performance of σθ would have the same

performance as behavior strategy σ.

Building on the insights provided by the preceding two lemmas, we propose the

following theorem concerning the performance of BOMB under a general case where

the offline dataset is generated by an unknown strategy profile.

Theorem 6.9. Suppose that offline dataset Dσ generated by a fully mixed behavior

strategy σ and the training error ϵ for both the environment model and the BC policy

approaches zero, then our BOMB framework can converge to a strategy profile σ∗

achieving an equal or smaller gap from the equilibrium strategy than the gap between

σ and the equilibrium strategy.

Proof. Following the proof of Theorem 6.6, let α equal 1. Then the BOMB policy

would be reduced to the BC policy. According to Theorem 6.8, the performance of

the BC policy is as good as behavior strategy σ. Therefore, the BOMB framework

can get a strategy that can achieve an equal gap between the behavior strat-

egy σ and the equilibrium strategy. In another extreme case in which Dσ covers

(st, a, st+1),∀st, a ∈ A(st), let α be equal to 0. Then the BOMB policy would be
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reduced to the MB policy. According to Theorem 6.7, the MB policy can converge

to an equilibrium strategy, which would achieve an equal gap from the equilibrium

strategy when σ is an equilibrium strategy and a smaller gap from the equilibrium

strategy when σ is not an equilibrium strategy. Therefore, in the general case, the

BOMB framework can converge to σ∗ achieving an equal or a smaller gap from the

equilibrium strategy than the gap between σ and the equilibrium strategy.

6.6 Empirical Evalution

To assess the performance of our proposed algorithm – BOMB, we conduct the

following experiments: i) we compare two offline RL algorithms to our BOMB

algorithm; ii) we evaluate the performance of different estimation methods; and iii)

we run the BOMB framework on various offline datasets to evaluate its performance

in computing different equilibrium strategies.

6.6.1 Experimental Setting

OpenSpiel 2 [149] is a collection of environments and algorithms for research in

general reinforcement learning and search/planning in games. It is widely accepted

and implements many different games. We use it as our experimental platform and

opt for several poker games, Liar’s Dice, and Phantom Tic-Tac-Toe, which are all

widely used in previous works [53, 54], as experimental domains. As introduced

in Chapter 2, NashConv (exploitability) is adopted for measuring the strategy of

how close to NEs, and (C)CE Gap Sum is used as a measurement of the closeness

to (C)CEs. All the experiments are performed on a server with a 10-core 3.3GHz

Intel i9-9820X CPU and an NVIDIA RTX 2080 Ti GPU. All results are averaged

over three seeds, and the error bars are also reported.

6.6.2 Experimental Results

To better demonstrate the performance of our algorithm, we present our results by

answering the following research questions (RQs).

2https://github.com/deepmind/open_spiel

https://github.com/deepmind/open_spiel
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Figure 6.11: Comparison with offline RL.

RQ1: Can the BOMB framework outperform offline RL methods?

To support this claim that offline RL algorithms are insufficient for the Offline EF

paradigm, we choose one model-free algorithm – Best-Action Imitation Learning

(BAIL) [110] and one model-based algorithm – Model-based Offline Policy Opti-

mation (MOPO) [112] as the representative of offline RL algorithms. Figure 6.11

shows the comparison results in two-player Kuhn poker and Leduc poker games

under the hybrid dataset. The x-axis represents the proportion of data from the

random datasets in the hybrid dataset. When the ratio is zero, the hybrid dataset

is equivalent to the expert dataset; conversely, when the ratio is one, the hybrid

dataset is reduced to the random dataset. We find that the BOMB framework

outperforms both offline RL algorithms in all cases. It means that neither of these

offline RL algorithms can produce a strategy profile close enough to the equilib-

rium strategy, which might be attributed to the players’ policies being optimized

independently.

RQ2: How do different parameter estimation methods perform?

As introduced previously, we propose three combination methods: random method,

grid search method, and learning-based method. To evaluate the performance of

different combination methods, we conduct experiments on poker games. For the

learning-based method, we train the parameter predictor on the two-player Kuhn

poker game. And then, we test the parameter predictor in other poker games.

Figure 6.12 shows the performance results of three combination methods on three-

player Kuhn poker and two-player Leduc poker games. We can find that the

grid search method achieves the best performance and the learning-based method
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Figure 6.12: Results of different estimation methods.

performs similarly to the grid search method on the three-player Kuhn poker while

it performs slightly worse on the two-player Leduc poker game. It implies that the

performance of the parameter predictor mainly depends on the difference between

the test game and the game used to train the predictor. The most interesting result

is that the random method performs well in many cases, which means that even a

simple combination can also work well. In the rest of the experiments, we use the

grid search method as the parameter estimation method.

RQ3: Can the BOMB framework compute NE?

We move to evaluate the performance of our algorithm, BOMB, in computing

NE strategy. In addition to performing the BOMB framework, we also assess

the individual performance of the behavior cloning technique and the model-based

algorithm. It not only helps in understanding the strengths and weaknesses of

each component but also provides a comprehensive insight into the efficacy of the

BOMB framework in computing the equilibrium offline. Figures 6.13a-6.13c show

results on some two-player games under different sizes of offline datasets. Here,

we use MB-CFR or MB-PSRO to compute the NE strategy. The MB framework’s

performance is independent of the algorithm used to compute the NE strategy. As

the proportion of the random dataset increases, we observe that the performance

of BC decreases while the performance of MB slightly increases. Additionally,

we notice that as the size of offline data increases, the improvement of the BC’s

performance is not significant and the MB’s performance improves. It means that

the performance of BC mainly depends on the quality of datasets, i.e., the quality

of the behavior policy generating the dataset, and the performance of MB relies on

the similarity between the environment model and the actual environment. These
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Figure 6.13: Experimental results on computing NE.

figures show that our algorithm, BOMB, outperforms both BC and MB methods

in all cases, demonstrating its effectiveness in computing NE strategy.

To further analyze the BOMB method, we plot the parameter α for these combined

policies, as illustrated in Figure 6.13d, showing that as the proportion of the random

dataset increases, the weight of the BC policy decreases. It confirms that the BC

policy performs better under the expert dataset while the MB policy performs

better under the random dataset. We also conduct experiments on the learning

dataset, which closely approximates real-world conditions. Figure 6.14a shows the

results of Kuhn poker games with different numbers of players and Figure 6.14b

shows the results of Phantom Tic-Tac-Toe under different numbers of offline data.

It indicates that given an offline dataset generated by an unknown strategy, our

algorithm can consistently obtain a satisfactory approximate NE strategy.

RQ4: Can the BOMB framework compute CCE?

We proceed to evaluate the performance of the model-based method in computing

the CCE strategy. Here, we do not perform the BC technique or use the BOMB
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Figure 6.14: Results on learning dataset.
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Figure 6.15: Results on computing CCE.

framework to compute the CCE strategy since our Offline EF datasets are collected

using an independent strategy for each player, rather than a joint strategy. Fig-

ure 6.15 shows the results of performing the MB-JPSRO algorithm on three-player

Kuhn poker and Leduc poker games. We can observe that as the size of the of-

fline data increases, the performance of the MB-JPSRO algorithm improves. This

further supports the notion that the performance of the model-based method pri-

marily depends on the quality of the trained environment model and also highlights

its significance in computing equilibrium strategies in an offline manner.

6.6.3 Ablation Study

To investigate the influence of hyperparameters, we conduct several ablation exper-

iments on two-player Kuhn poker and Leduc poker games. We consider different
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Figure 6.16: Abalation results for different hidden layer sizes.
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Figure 6.17: Abalation results for different train epochs.

model structures with various numbers of hidden layers. Specifically, for the two-

player Kuhn poker game, we use different environment models with 16, 32, and 64

hidden layers. For the two-player Leduc poker game, which is more complex, the

numbers of hidden layers for different models are 32, 64, and 128. In addition, we

train the environment models for different epochs to evaluate the robustness of our

approach. Figures 6.16-6.17 show these ablation results.

We find that the number of hidden layers and the number of training epochs have

little effect on the performance of the behavior cloning (BC) algorithm. These

results further verify that the performance of the BC algorithm primarily depends

on the quality of the dataset. As we know, the performance of the model-based

method mainly depends on the trained environment model. Since the number of

hidden layers and the number of training epochs influence the training phase of the

environment model, they have a slight impact on the performance of the model-

based method. As long as the size of the hidden layers and the number of training

epochs are sufficient to ensure that the environment model is trained accurately,

the performance of the model-based method will not be affected.
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6.7 Chapter Summary

In this chapter, we propose the offline equilibrium finding (Offline EF) paradigm

for imperfect-information extensive-form games, which focuses on computing equi-

librium strategies solely from offline datasets. Specifically, we first created Offline

EF datasets using several established data-collection methods. Then, we proposed

a novel algorithm, BOMB, which combines behavior cloning with a model-based

approach that adapts existing online equilibrium finding algorithms to the offline

setting by introducing an environment model. To better understand the algorithm,

we examined its convergence properties and provided a guarantee of the solution

quality. Finally, empirical results further validated the superiority of the BOMB

framework over existing offline RL algorithms, affirming its efficacy for computing

equilibrium strategies offline. We hope our efforts can open up new avenues in

equilibrium finding and accelerate research in large-scale game theory.



Chapter 7

Conclusions and Future

Directions

In this chapter, we summarize the work conducted in this thesis and then discuss

future research directions based on our current results.

7.1 Conclusions

The imperfect-information extensive-form game model is widely used for simulating

many real-world problems, as it is well-suited for modeling sequential decision-

making processes involving multiple agents. In this thesis, we develop scalable,

generalizable, and offline algorithms for solving large-scale imperfect-information

extensive-form games, with a particular focus on pursuit-evasion games.

Firstly, we propose two algorithms focusing on improving scalability. Specifically,

in Chapter 3, we introduce a novel framework called CFR-MIX to tackle the expo-

nential combinatorial action space problem in Team-Adversary Games. Drawing

inspiration from the idea of centralized training with decentralized execution, we

propose to represent the team’s joint action strategy through the individual strate-

gies of each agent. To ensure cooperation among agents, we define a consistency

relationship between these two strategy representations. We then extend this con-

sistency relationship to the cumulative regret values within the CFR framework,

119
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proposing a novel decomposition method to maintain this consistency. This ap-

proach is implemented using a mixing layer, which effectively applies the decom-

position method. Experimental results demonstrate that our CFR-MIX algorithm

significantly outperforms other state-of-the-art CFR-based algorithms.

In Chapter 4, we further enhance scalability by integrating the pre-training and

fine-tuning paradigm into the PSRO framework. We begin by modifying the graph

embedding algorithm, LINE, to learn a good state representation that retains both

the structure information of the graph and the node information. Subsequently,

we employ a multi-task reinforcement learning algorithm to train the policy base

model for the pursuer. Once the policy base model is pre-trained, we develop a

novel best response oracle within the PSRO framework by fine-tuning the pre-

trained pursuer’s policy. Experimental results in pursuit-evasion games on both

synthetic and real-world graphs demonstrate that our algorithm outperforms other

baselines in terms of speed and scalability.

Next, we introduce an algorithm aimed at enhancing generalizability. In Chapter

5, we propose a versatile framework called Grasper, designed to efficiently provide

high-quality solutions for various pursuit-evasion games under different initial con-

ditions. To implement this framework, we propose a three-stage training method:

a pre-pretraining stage where the GNN is trained using GraphMAE, a pre-training

stage that involves training the hypernetwork through heuristic-guided multi-task

pre-training (HMP), and a fine-tuning stage where the best response strategy for

the pursuer is refined. Experimental results demonstrate Grasper’s superiority over

existing baselines in terms of solution quality and generalizability.

Finally, we propose an offline algorithm for solving imperfect-information extensive-

form games. In Chapter 6, we explore the offline equilibrium finding (Offline EF)

paradigm, which computes equilibrium strategies solely from offline datasets. We

begin by creating a collection of diverse offline datasets using several established

data-collection methods. We then introduce a novel framework called BOMB,

which integrates behavior cloning with a model-based approach along with a novel

parameter estimation method. Notably, the model-based approach can adapt stan-

dard online equilibrium finding algorithms to the offline setting by incorporating

an environment model. To provide a deeper understanding of our algorithm, we

present a comprehensive theoretical analysis of the BOMB framework, offering

performance guarantees across various datasets. Experimental results validate the
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superiority of the BOMB framework over existing offline RL algorithms, demon-

strating its effectiveness in computing equilibrium strategies in an offline setting.

7.2 Future Directions

In the final section of the thesis, we discuss several potential future directions that

can further advance the research presented.

Firstly, although our proposed algorithms can improve scalability and solve large-

scale games, they are tailored to special games, such as team-adversary games and

pursuit-evasion games. For more general IIEFGs, these algorithms may still need

further refinement and adaptation. Therefore, the potential research direction

could be exploring scalable algorithms for solving general IIEFGs. Specifically,

this involves investigating scalable algorithms that can be applied to a wider range

of IIEFGs, ensuring that the scalability improvements are not limited to specific

games. This would entail developing flexible and robust algorithms capable of

handling various game structures and dynamics.

Secondly, while our work has demonstrated significant improvements in generaliz-

ability with the Grasper framework for PEGs, it is still designed for the specific

game and solution concept. For the game, except for the NE solution concept,

there are many other equilibrium strategies. Therefore, one potential future re-

search direction would be investigating generalizable algorithms for computing dif-

ferent equilibrium strategies. Specifically, this involves exploring algorithms that

can compute various equilibrium strategies based on different user requirements,

utilizing techniques such as hypernetworks. Recently, the large language model

(LLM) has achieved significant achievement in solving multiple tasks. Therefore,

another potential future research direction could focus on exploring the integration

of advanced LLMs to enhance generalizability. By leveraging the capabilities of

LLMs, we can improve the flexibility and robustness of our framework, enabling

it to handle a broader range of equilibrium concepts and adapt to diverse game-

theoretic scenarios more effectively.

Finally, although we have researched exploring the application of offline learning

to the domain of game theory, this research is still in its preliminary stages. While

our BOMB framework has proven successful in computing equilibrium strategy in
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an offline setting, there is still room for improvement. Therefore, several potential

research directions could further enhance the file of Offline EF: i) Investigating

more advanced offline methods and parameter estimation techniques to enhance

the effectiveness and efficiency of solving more complicated games within the offline

equilibrium finding paradigm; ii) Exploring the offline learning paradigm in other

game models, such as Stochastic games and Bayesian games, to bridge the gap

between theoretical research and real-world applications; iii) Incorporating real-

world data into the offline learning process to validate and refine the algorithms in

practical applications, ensuring their applicability in real-world scenarios.
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