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Abstract

Distributed Constraint Optimization Problems (DCOPs) are a fundamental for-
malism for multi-agent coordination, in which a set of autonomous agents coop-
eratively find assignments to optimize a global objective. Due to its ability of
capturing the essentials of cooperative distributed problem solving, DCOPs have
been successfully applied to model the problems in many real-world domains like
radio channel allocation and smart grids. However, solving DCOPs is notoriously
difficult due to its NP-hardness, and many existing techniques either deliver a poor

solution or incur prohibitive overheads when facing large-scale problem instances.

This doctoral thesis is devoted to improve the existing DCOP solving techniques in
terms of both the scalability and the efficiency, by leveraging the power of heuristic

search and deep learning to handle the high-dimensional solution space of DCOPs.

The first two parts of this thesis focus on improving the scalability of two important
class of DCOP algorithms: Belief Propagation (BP) and context-based sampling
algorithms. Specifically, in the first part, we investigate the defects of GDP, a
state-of-the-art acceleration technique for BP, and point out the algorithm can fail
if the local utility values are densely distributed. In light of this, we propose a
class of techniques to offer excellent acceleration performance by providing better
lower bound quality and search space organization, especially on the problems with
dense local utility values. Extensive experiments on both synthetic and real-world
problems demonstrate the great advantages of our algorithms over state-of-the-art.
In the second part, we develop a memory-efficient context-based sampling algo-
rithm for DCOPs by leveraging deep neural networks (DNNs) to approximate the
high-dimensional tables during the solving process. In more detail, we first intro-
duce a new context-based sampling algorithm built upon regret-matching, with
a novel regret rounding scheme for incentivizing exploration. Because the regret
values are associated with each context, which could be exponential in the induced
width of the problem. Therefore, we propose to maintain a DNN, whose size is

polynomial in the induced width, for each non-leaf agent to estimate the regret

pal
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values, by employing online learning. We theoretically show the regret bounds and
demonstrate the advantages of our algorithms on various setting, especially on the

scenario where the memory is limited.

The last two parts of this thesis aim to enhance the performance of existing DCOP
algorithms. In the third part, we present the first general-purpose deep model
for DCOPs, called GAT-PCM, to generate efficient heuristics for a wide range of
DCOP algorithms by learning to estimate the optimal cost of a target assignment
given a partially-instantiated DCOP instance. The model is first pretrained with a
large amount of optimally-labelled data offline, then implements fully-decentralized
inference when generating heuristics for DCOP algorithms. We use local search and
backtracking search for DCOPs as examples and show the great superiority of GAT-
PCM-boosted algorithms through extensive empirical evaluations. In the final part,
we investigate using DNNs to boost the performance of BP for solving COPs, by
learning the optimal dynamic hyperparameters. Our model, DABP, seamlessly
integrates BP and DNNs within the message-passing framework to reason about
dynamic neighbor weights and damping factors for composing new BP messages.
Furthermore, unlike existing neural-based BP variants, we propose a novel self-
supervised learning algorithm for DABP with a smoothed cost, which does not
require expensive training labels and also avoids the common out-of-distribution
issue through efficient online learning. Extensive experiments show that our model

significantly outperforms state-of-the-art baselines.
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Chapter 1

Introduction

1.1 Background

Distributed Constraint Optimization Problems (DCOPs) [1, 2] are a fundamental
formalism for multi-agent coordination, in which a set of autonomous agents coop-
eratively find assignments to optimize a global objective through localized commu-
nication. Due to its ability of capturing the essentials of cooperative distributed
problem solving, DCOPs have been successfully applied to model the problems in
many real-world domains, including radio channel allocation [3, 4], vessel naviga-
tion [5, 6], meeting scheduling [7-9], mobile sensor team [10, 11], task allocation

[12-14], smart home automation [15-17] and smart grids [18, 19].

Over the past few decades, many algorithms for solving DCOPs have been pro-
posed and can be generally classified as complete and incomplete according to
whether they guarantee to find the optimal solution. While distributed backtrack-
ing search [2, 20-24] aims to find the optimal solution by explicitly exhausting the
solution space, complete techniques based on Dynamic Programming (DP) [25-27]
perform iterative variable elimination. However, due to the inherent NP-hardness
of DCOPs, complete algorithms often incur exponential coordination overheads.
On the other hand, incomplete algorithms trade the optimality for practical com-
putational efforts and can scale up to large problems. Local search [28-32] is a
typical class of incomplete algorithms which iteratively optimize the objective by
exploring the neighborhoods of the incumbent solution, while Belief Propagation
(BP) [9, 33-36] solves DCOPs by computing the marginal costs/utilities for each

1



2 1.2. Motivation

variable. Besides, sampling algorithms like DUCT [4] and D-Gibbs [37] are emerg-
ing incomplete algorithms which solve DCOPs by constructing upper confidence
bounds for each context and finding the maximum likelihood solution with Gibbs

sampling [38], respectively.

1.2 Motivation

Many real-world scenarios require to deliver high-quality solutions within practi-
cable budgets (e.g., runtime, network load, memory, etc.). Consider the scenario
of maritime navigation [6] where multiple vessels are required to coordinate their
headings and speeds to avoid collision and minimize the total travel time. In such
case, high-quality solutions are desired because otherwise the vessels are at the
risk of collision, while the computations are limited to a short time-frame because
the environments (e.g., vessels’ course and positions) are continuously changing.
Consequently, there is an urgent need to develop efficient and scalable algorithms
for large-scale DCOPs.

However, although numerous algorithms have been proposed for DCOPs, their
performance and scalability are still far from satisfactory when solving large-scale
problems. In fact, many existing techniques rely on static and hand-crafted rules
or heuristics, which fails to explore the solution space efficiently. For example,
distributed backtracking search usually explores the domain of variables blindly,
which may require considerable computational efforts before finding a high-quality
bound to prune the search space. Local search, on the other hand, can explore
only a small neighborhood of the incumbent solution and often leads to trivial
local optima (e.g., 1-opt solutions). DUCT finds better solutions but requires ex-
ponential memory to perform context-based sampling on a pseudo-tree. Finally,
although BP can often achieve state-of-the-art performance after combining with
anytime mechanism [39] and function splitting [36], it needs laborious hyperpa-
rameter tuning and requires exponential runtime to compute function-to-variable

messages.

On the other hand, deep learning has achieved tremendous successes in many chal-

lenging tasks, ranging from Computer Vision (CV) [40, 41], Natural Language
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Processing (NLP) [42, 43] to learning optimal control [44, 45], thanks to the high-
capacited Deep Neural Networks (DNNs) and modern computing devices. With the
advancements of Graph Neural Networks (GNNs) [46, 47], recent years have seen
a surge of interest in applying deep learning to solve combinatorial optimization
problems, i.e., Neural Combinatorial Optimization (NCO) [48, 49]. By learning
generalizable representations automatically, NCO eliminates the need of manually-
engineered heuristics which often require extensive expertise and domain knowl-
edge to construct, and has achieved state-of-the-art performance in many NP-hard
problems, such as Travelling Salesman Problem (TSP) [50, 51], Maximum Indepen-
dent Set (MIS) [52, 53|, Mixed Integer Programming (MIP) [54, 55] and Boolean
Satisfibility (SAT) [56, 57]. However, since they usually require the full knowl-
edge about the problems to be solved, these methods cannot be directly applied
to a distributed setting like DCOPs where centralization is not realistic due to

geographical limitations or privacy concerns.

Given the above backgrounds, we aim to improve the existing DCOP solving tech-
niques in terms of both the scalability and the efficiency, by leveraging the power
of heuristic search and deep learning to efficiently explore the high-dimensional

solution space of DCOPs.

1.3 Contributions

The key contributions of the thesis are summarized as follows.

e We improve the scalability of Max-sum BP by combining branch-and-bound
(B&B) [13, 58, 59] and domain pruning [60]. We first propose GD?P to ac-
celerate BP on the problems with densely distributed utility functions by
continuously tightening a running lower bound. We further enhance GD?P
by merging the entries with the same utility value into a search tree to enable
efficient B&B on tied entries, resulting in a new algorithm called ST-GD?P.
To balance the reconstruction overhead and the domain pruning efficiency,
we propose a discretization mechanism for ST-GD?P which merges small
search trees into a bigger one. Finally, we introduce a Partial Tree-sorting
Scheme (PTS) with different sorting criteria to reduce the memory consump-

tion of ST-GD?P. We theoretically show the soundness and the superiority



1.3. Contributions

in terms of pruning capability of our algorithms. Extensive empirical eval-
uations indicate that the proposed algorithms significantly outperform the

state-of-the-art acceleration techniques in various benchmarks.

We develop a novel scalable context-based sampling algorithm for solving
DCOPs by leveraging Deep Neural Networks (DNNs) to approximate the
high-dimensional tables generated during the solving process. Specifically,
we first introduce a new context-based sampling algorithm built upon regret-
matching [61], with a novel regret rounding scheme for incentivizing explo-
ration. Compared to the existing regret-based local search algorithms [62],
our method performs sampling on a pseudo tree and stores regret values for
each context separately, which allows an agent to devise different strategies
for different contexts. Then we present a neural-based scheme to improve
the scalability of the proposed sampling algorithm by using DNNs to ap-
proximate the regret values, which is the first attempt to leverage DNNs to
solve DCOPs. Finally, we theoretically analyze the regret bounds of our al-
gorithms, and demonstrate the superiority over the state-of-the-art baselines

through extensive empirical evaluations.

We develop the first general-purpose deep model for DCOPs, called GAT-
PCM, to generate efficient heuristics for a wide range of DCOP algorithms by
learning to estimate the optimal cost of a target assignment given a partially-
instantiated DCOP instance. Specifically, by introducing a novel directed
tripartite graph representation based on microstructure [63], we effectively
encode a partially instantiated DCOP instance and use Graph Attention Net-
works (GATSs) [64] to learn generalizable embeddings. We then pretrain the
model with the optimally labelled data generated by an exact DCOP solver.
To enable decentralized model inference without disclosing local constraint
costs, we propose a Distributed Embedding Schema (DES) where each agent
exchanges only the embedded vectors via localized communication. As a case
study, we develop two efficient heuristics for local search and backtracking
search for DCOPs based on GAT-PCM, respectively. Finally, extensive em-
pirical evaluations indicate that GAT-PCM-boosted algorithms significantly

outperform the state-of-the-art methods in various standard benchmarks.

We investigate using DNNs to boost the performance of BP. Our model,
DABP, seamlessly integrates BP, Gated Recurrent Units (GRUs) [65], and
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GATs within the message-passing framework to reason about dynamic neigh-
bor weights and damping factors for composing new BP messages. Specif-
ically, given a factor graph and the BP messages in previous iterations, we
infer the optimal hyperparameters for current iteration through GRUs and
GATs, followed by a multi-head attention layer [66]. Furthermore, unlike ex-
isting neural-based BP variants, we propose a novel self-supervised learning
algorithm for DABP with a smoothed cost, which does not require expensive
training labels and also avoids the common out-of-distribution issue through
efficient online learning. Extensive experiments show that our model signifi-

cantly outperforms state-of-the-art baselines.

1.4 Thesis Organization

The rest of this thesis is organized as follows. In Chapter 2, we review prelimi-
naries including DCOPs, DCOP algorithms and neural combinatorial optimization.
Chapter 3 presents a class of acceleration algorithms that enable fast BP for DCOPs
with dense utility functions. In Chapter 4, we develop a novel scalable regret-based
sampling algorithm for solving DCOPs by leveraging DNNs to approximate high-
dimensional regret tables. Chapter 5 proposes the first general-purpose deep model
for DCOPs by learning to estimate the optimal cost of a target assignment given
a partially-instantiated DCOP instance. In Chapter 6 we boost the performance
of BP by integrating learning and reasoning to infer the optimal hyperparameters

for each iteration. Finally, we conclude and discuss the future work in Chapter 7.






Chapter 2

Preliminaries

2.1 Distributed Constraint Optimization Prob-

lems

2.1.1 Definition

A Distributed Constraint Optimization Problem (DCOP) [1, 2| can be defined by
a tuple (I, X, D, F') where

o [ ={1,... |I|} is the set of agents.

o X ={x,...,2x} is the set of variables.

o D={D,...,Dx|} is the set of domains. Each variable z; € X is associated
with a discrete and finite domain D; € D.

o ['={fi,..., fir} is the set of constraint functions. Each constraint function
fi i Dix x -+ x D, = Rsg U {00} specifies the cost or utility! for each

combination of variables in its scope sep(fi) = {zi1,...,zix} C X.

For sake of simplicity, in this thesis we make the standard assumption that each

agent only controls one variable (i.e., |[I| = |X]|), and thus the term “agent” and

'We sometimes use “utility functions” or “cost functions” to refer constraint functions if there
is no ambiguity.
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(a) constraint graph (b) pseudo tree (c) factor graph

FI1GURE 2.1: DCOP visualizations

“variable” can be used interchangeably. Besides, each agent ¢ € [ is aware of
only the local problem that involves the variable it controls, and can only interact
with the set of neighboring agents N; that share a constraint function with agent

1 through message-passing.

The objective of solving DCOPs is to find a solution 7* = (dy, ..., d/x|) € [],,cx D

such that the total cost is minimized (or the total utility is maximized):

7" = argmin Z [i(Tlsepsy) vV 75 = argmax Z Fi(Tlsens)), (2.1)
7€, exD; 7€, exD;
i fJEF g fJEF

where 7|sep(s;) 15 the projection of 7 on sep(f;). In this thesis, we focus on mini-

mization DCOPs unless otherwise stated.

2.1.2 Visualization

DCOPs can be visualized by constraint graphs, pseudo trees [67], and factor graphs
[68]. The constraint graph G = (X, Eg) of a DCOP is an undirected graph where
each vertex corresponds to a variable in the DCOP, and there is an edge e =
(w;, ;) € Eg for each pair of z;,z; € X if 3f; € F such that {z;,z;} C sep(fi).
Figure 2.1(a) presents the constraint graph of a DCOP with 5 variables and 6

constraint functions.

A pseudo tree PT = (X, Er U Ep) is a tree arrangement to a constraint graph G
such that constrained variables fall in the same branch, where E7 is the set of tree
edges and Ep = Fg\E7 is the set of back edges, respectively. Typically, starting
from a root, a pseudo tree can be generated by performing a Depth-first Search
(DFS) traverse to the constraint graph. For each variable z; € X, we define the

following notations in a pseudo tree:
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DCOP Algorithms
Complete Algorithms Inomplete Algorithms

| | [ I I

Backtracking Dynamic Hybrid Population-based
Local search Belief Propagation Sampling
search programming algorithms algorithms

FIGURE 2.2: The taxonomy of DCOP algorithms

e P(z;) is the parent of x;, i.e., the ancestor that connects z; through a tree

edge.

e PP(z;) is the pseudo parent(s) of x;, i.e., the set of ancestor(s) that connect
x; through the back edges.

e (C'(x;) is the child(ren) of x;, i.e., the descendent(s) that connect x; through

tree edges.

e PC(xz;) is the pseudo child(ren) of x;, i.e., the descendent(s) that connect x;
through back edges.

e Sep(x;) is the set of ancestor(s) that connect z; and its descendent(s).

Besides, we also use AP(z;) = {P(z;)} U PP(x;) and AC(z;) = C(z;) U PC(x;) to
denote all parents and all children of z;, respectively. The induced width [69] of a
pseudo tree w* = max,,cx |Sep(z;)|. It is also noteworthy that finding a pseudo
tree with the minimum induced width is a NP-complete problem [70]. Figure 2.1(b)
gives a possible pseudo tree of the constraint graph in Figure 2.1(a) where solid

lines and dotted lines are tree edges and back edges, respectively.

The factor graph FG = (Vx U Vg, Erg) is a bipartite graph representation of a
DCOP, where variable nodes Vx and function nodes Vi correspond to variables and
constraint functions of the DCOP, respectively. An edge between variable node z;
and function node f; is established if z; € scp(f;). Figure 2.1(c) displays the factor
graph of the DCOP instance corresponding to Figure 2.1(a).

2.2 DCOP Algorithms

In general, DCOP algorithms can be classified as complete and incomplete accord-

ing to whether they guarantee to find the optimal solution. Based on the solving
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strategy, complete algorithms can be further divided into backtracking search, dy-
namic programming and hybrid algorithms. Similarly, incomplete algorithms are
categorized into local search, belief propagation, sampling and population-based

algorithms. Figure 2.2 presents the taxonomy of DCOP algorithms.

2.2.1 Backtracking Search

Given an ordering of variables, distributed backtracking search thoroughly explores
the solution space to find the optimal solutions. SyncBB [20] is the first com-
plete search algorithm which performs synchronous branch-and-bound (B&B) on a
static linear communication structure. AFB [21] extends SyncBB by allowing asyn-
chronous bound checking, so as to detect suboptimality and initiate backtracking
promptly. ConFB [23], on the other hand, runs multiple parallel versions of AFB
concurrently on several disjoint sub-spaces. By sharing a global upper bound across
all search processes, it can quickly detect suboptimal sub-space and thus gains a

2-3 orders of magnitude performance improvement with respect to AFB.

However, a chain-based structure could force unconstrained agents to communicate
with each other and disallow parallel exploration of the search space. Alternatively,
pseudo tree was introduced to create communication links among agents that share
constraints and parallelize the computation in different branches. ADOPT [2] is a
classical asynchronous algorithm operating on a pseudo tree, which uses a best-first
search strategy. However, its search strategy incurs unnecessary reconstruction of
abandoned solutions. Subsequently, BnB-ADOPT [22] was proposed to solve the
issue by adopting a depth-first B&B search strategy. Finally, NCBB [71] and PT-
FB [24] perform synchronous depth-first B&B with improved bounds via eager

lower bound propagation and forward bounding on a pseudo tree, respectively.

2.2.2 Dynamic Programming

Dynamic Programming (DP) algorithms indirectly explore the solution space by
performing iterative variable eliminations. As a distributed implementation of
Bucket Elimination (BE) [72], DPOP [25] is a typical DP algorithm that performs
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variable elimination on a pseudo tree. Since its memory consumption scales expo-
nentially with respect to the induced width of the pseudo tree, several memory-
bounded schemes like MB-DPOP [26] and ODPOP [73] were proposed to trade
message count for smaller memory consumption. Recently, RMB-DPOP [27] re-
fines MB-DPOP by incorporating a distributed enumeration mechanism, a iterative
selection mechanism and a caching mechanism to reduce the number of redundant
inferences. Besides, Action GDL [74] generalizes DPOP by performing dynamic

programming on a distributed junction tree to enhance the efficiency.

2.2.3 Hybrid Algorithms

Hybrid algorithms attempt to combine the advantages from both backtracking
search and DP. ADOPT-BDP [75] hybridizes search and inference for the first
time by using approximated inference (e.g., ADPOP [76]) to build lower bound
lookup tables to accelerate ADOPT. DJAO [77] follows a similar strategy but
instead focuses on searching over a junction tree [78]. PT-ISABB [79] combines a
tailored version of ADPOP and a pseudo tree-based search algorithm to efficiently
solve Asymmetric DCOPs (ADCOPs) [80] while protect the privacy of each agent.
Instead of using approximated inference to generate static heuristics for search in
preprocessing phase, HS-CAIT [81] actively selects promising partial assignments to
improve the quality of generated heuristics and reduce the overhead of iterative

inference by introducing a context evaluation mechanism.

2.2.4 Local Search

Local search algorithms including DSA [29] and MGM [28] iteratively optimize the
solution via local moves. In those algorithms, agents keep exchanging self states
(i.e., assignments or gains) with their neighbors, and determine whether to replace
and how to replace their incumbent assignment with the best responses based
on the received states from their neighbors. Different algorithms adopt different
assignment replacement strategies. For example, agents in DSA stochastically
replace their assignment in every iteration, while only the agents who hold the
maximum gain among their neighbors can replace their assignment in MGM. In

[62], the authors analyzed the connection between DCOPs and potential games,
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and presented a unifying framework for the local search algorithms that iteratively
approximate best-responses, including DSA and MGM. Instead of exploring only
the direct neighborhood of the incumbent solution, DLNS [82] explores a much
larger neighborhood by destroying a part of the solution, and then repairs it by
solving a tree-structure relaxation of the induced subproblem with DPOP in every

iteration.

To improve the quality of local convergence, KOPT [30] coordinates the decisions
of all agents within the K-size coalition and converges to a K-optimal [31] state
ensuring that the solution quality cannot be improved if K agents or fewer change
their assignment. Recently, RODA [83] was proposed as an algorithmic formalism
to unify the existing region-optimal algorithms. Besides, Anytime Local Search
(ALS) [39] framework was proposed to provide anytime property [84] for local
search algorithms, which caches the best solution found so far by aggregating the
local cost of each agent through a Breadth-first Search (BFS) spanning tree. To
breakout local optima, GDBA [32] adapts the notion of constraint violation and the
manner of cost increase in DBA [85], which is designed to solve Distributed Con-
straint Satisfaction Problems (DisCSPs) [86], to solve the general-valued DCOPs.
Finally, Partial Decision Scheme (PDS) [87] helps local search algorithms to escape

from local optima by ignoring the assignment of neighboring agents.

2.2.5 Belief Propagation

Based on the Generalized Distributive Law (GDL) [88], Belief Propagation (BP)
(68, 89] is an important technique for many reasoning tasks over graphical models
[90, 91]. When applied to solve DCOPs, BP is instantiated to Max-sum (resp.
Min-sum)? [33] which computes the marginal utilities (resp. costs) for each vari-
able by performing message-passing on a factor graph. Specifically, each variable
node maintains beliefs about the marginal utilities (resp. costs) for its possible
assignments, and keeps updating the beliefs according to the messages from the
neighboring function nodes. In every iteration, each variable node selects the value
with the highest marginal utility (resp. lowest marginal cost) as its incumbent

assignment. However, it is widely acknowledged that Max-sum does not provide

2Hereafter, we will interchangeably use Max-sum and Min-sum to refer the BP for solving
DCOPs, depending on the direction of optimization.
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convergence guarantee and usually explores low-quality solutions in cyclic prob-

lems.

Bounded Max-sum (BMS) [34] provides both convergence and solution quality
guarantee by relaxing the cyclic problem. In more detail, the algorithm first iden-
tifies the binary dependencies between variable nodes and function nodes which
have the least impacts on the solution quality, and then removes the dependen-
cies to obtain a tree-structured problem via minimization marginalization. Then
standard Max-sum is used to solve the relaxed problem and provide a bound on
the approximation of the optimal solution. To provide a tighter approximation
ratio, Improved Bounded Max-sum (IBMS) [92] considers the relaxations of both
minimization and maximization marginalization, and selects the best result to cal-
culate the bounds. Nonetheless, all BMS algorithms inevitably introduce errors
in relaxation phase. Thus, ED-IBMS [93] attempts to alleviate the pathology by

decomposing binary dependencies into unary functions.

Different from BMS algorithms, Max-sum_AD [9] guarantees single phase conver-
gence by performing message-passing on two directed acyclic graphs alternatively.
That is, instead of sending messages to every neighbor in Max-sum, nodes in Max-
sum_AD only send messages to the ones ordered after them. And the message-
passing direction is alternated after the algorithm converges. Furthermore, value
propagation is introduced to enforce the cross phase convergence and monotonicity,
resulting a new algorithm called Max-sum_ADVP [9]. However, the exploitative
nature of value propagation would degenerate belief propagation into a greedy lo-
cal search algorithm. Therefore, a number of non-consecutive value propagation

strategies were proposed in [35] to balance exploration and exploitation.

Damped Max-sum (DMS) [36] provides an alternative way to increase the chances
for convergence of belief propagation by decreasing the effect of cyclic propaga-
tion with message damping. Instead of transforming factor graph or controlling
message-passing direction, DMS manipulates the content of the messages sent from
variable nodes to function nodes. That is, a message now is the weighted sum of
new calculation performed in the current iteration and calculation performed in the
previous iteration. Combining with anytime mechanism [39] and factor splitting
[36], DMS with a high damping factor outperforms all other versions of Max-sum,

as well as local search algorithms.
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Scalability is a key challenge of applying Max-sum as the overhead of computing
a function-to-variable message grows exponentially with respect to the arity of
the constraint function. To date, a number of acceleration algorithms for Max-
sum were proposed and can be generally divided into B&B- and sorting-based
techniques. BnB-MS [58] and BnB-FMS [13] are typical B&B-based methods that
incorporate a preprocessing phase to reduce the domain size by leveraging domain-
specific knowledge and an online pruning phase to speed up the computation of
function-to-variable messages by using branch-and-bound. However, the bounds
used for B&B in these algorithms are computed by either brute-force or domain-
specific knowledge, which cannot be applied to general cases. Recently, FDSP [59]
was proposed as a generic B&B method for accelerating Max-sum by employing

dynamic programming to efficiently compute domain-agnostic lower bounds.

Sorting-based methods, on the other hand, perform an one-shot pruning on the
combinations of variable assignments given the (partially) sorted utility list of a
constraint function. Specifically, G-FBP [94] only sorts for top cd"7 values of the
search space and presumes that the highest utility can be found in the ranges.
Here, ¢ is a constant, d is the maximal domain size and n is the arity of a utility
function, respectively. However, the algorithm has to perform an exhaustive search
when the assumption fails. On the other hand, GDP [60] constructs a lower bound
on the completely sorted utility list according to the entry with the maximum local

utility and prunes any entries with local utility lower than the bound.

Orthogonally, Tarlow et al. [95] studied the problems with Tractable Higher Order
Potentials (THOPs) and pointed out that the computational complexity of Max-
sum on these problems can be reduced to polynomial time. For example, given a
binary problem with cardinality factors where each variable can only take either
0 (“off”) or 1 (“on”) and the value of a constraint function depends solely on the
number of on variables, Max-sum can be efficiently implemented in O(nlogn) per
function-node by using sorting and dynamic programming. For some specific types
of THOPs, the belief propagation can even be implemented in linear time [96-98].
However, a major issue of THOP-based methods is the limited representational
capability of THOPs, which disallows the use in general problems. Besides, apply-
ing THOP-based algorithms could be laborious: for each constraint function, one

needs to first identify its pattern and then design a specified algorithm for it.
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2.2.6 Sampling

Sampling-based techniques including DUCT [4] and D-Gibbs [37] are the emerging
incomplete methods for DCOPs, which perform sequential sampling on a pseudo
tree. Given a context a, an agent in DUCT first constructs a confidence bound for
each value k£ in its domain, which is an optimistic estimation of the optimal cost
for its subtree under context a and value k, and samples the value with the lowest
bound. However, the memory requirement per agent in DUCT is exponential in
the induced width of the pseudo tree, which makes it unsuitable for large real
applications. Differently, D-Gibbs solves a DCOP by mapping it to a Maximum
Likelihood Estimation (MLE) problem and using Gibbs sampling [38] to find a

solution, which only requires a linear-space of memory.

2.2.7 Population-based Algorithms

Population-based algorithms try to optimize by maintaining a population of candi-
date solutions. ACO_DCOP [99] pioneers this line of research by introducing Ant
Colony Optimization (ACO) [100] to solve DCOPs for the first time. Guided by
the pheromone lines associated to each constraint function, agents in ACO_DCOP
cooperatively construct solutions along a pseudo tree. AED [101] follows a similar
strategy but instead uses evolutionary algorithm as the underlying optimization
technique. LSGA [102], on the other hand, applies Genetic Algorithm (GA) [103]
to a population constituted by the solutions produced by multiple local search
algorithms. Finally, DPSA [104] learns the optimal temperature for distributed
simulated annealing [105] for solving DCOPs by using cross-entropy sampling [106].

2.3 Neural Combinatorial Optimization

Neural Combinatorial Optimization (NCO) aims to leverage deep learning to con-
struct flexible yet effective algorithms to solve combinatorial optimization prob-
lems, which can be generally categorized into three strategies, i.e., learning to
construct solutions from scratch, learning to improve given solutions and learning

effective heuristics to boost the performance of the existing algorithms.
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2.3.1 Learning to Construct Solutions

Pointer Network (Ptr-Net) [107] is a seminal work that solves TSP by using a
sequence-to-sequence network to map two-dimensional points to a tour with the
minimum total length by outputting one unvisited city for each decoding step.
The model is trained with the expert data from Concorde solver [108], and uses
a beam search procedure to achieve better performance than greedy decoding.
Instead of using supervised learning, Bello et al. [109] proposed to train Ptr-Net
with Reinforcement Learning (RL) [110], eliminating the need of expensive labelled
data.

Nonetheless, since Ptr-Net deals with sequences as its inputs and outputs, it fails to
effectively capture the combinatorial structure of graph problems. In light of this,
Dai et al. [111] leveraged structure2vec architecture [112] to learn generalizable
embeddings for combinatorial optimization problems over graphs, and employed
Deep Q Networks (DQN) [44] to learn the solution construction heuristics. Li et
al. [52], on the other hand, used Graph Convolutional Networks (GCNs) [113] to
embed combinatorial optimization problems and construct solutions via a guided
tree search technique. Differently, Kool et al. [51] proposed to use an Attention
Model (AM) [66] to embed a TSP instance and trained the solution construction
policy with REINFORCE algorithm [114]. POMO [115] improves AM by forcing
the algorithm to explore from multiple starting nodes so as to avoid local optima.
Finally, DIMES [116] solves combinatorial optimization problems by introducing
a compact continuous space for parameterizing the underlying distribution of can-
didate solutions, which allows stable REINFORCE-based training and fine-tuning

via massively parallel sampling.

Beside routing problems, Selsam et al. [56] trained a message-passing neural net-
work to predict the satisfibility of a propositional formula, and further decoded
the satisfying assignment according to the literal votes. DG-DAGRNN [117] solves
circuit-SATs in an unsupervised fashion by maximizing a differentiable soft eval-
uation function which replaces the operator of AND, OR and NOT in circuit-SATs.
Finally, Nair et al. [55] trained a GCN model to construct high-quality partial

assignments for a MIP so as to provide a tight upper bound for effective pruning.
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2.3.2 Learning to Improve Solutions

Chen et al. [118] proposed NeuRewriter which aims to learn an optimal policy
to schedule a portfolio of algorithms for improving solution quality. Starting from
an initial solution, the method picks heuristics and rewrites the local components
of the current solution to iteratively improve the incumbent solution until conver-
gence. Similarly, Lu et al. [119] presented a Learning-to-Improve (L2I) framework,
which learns an improvement policy to select improvement operators, a perturba-
tion policy to select perturbation operators and a meta policy to coordinate these
two policies. Instead of learning to select improvement operators, Li et al. [120]
proposed to iteratively improve the incumbent solution by learning to identify ap-
propriate subproblems and delegate their improvement to a black box subsolver. In
the same vein, Cheng et al. [121] proposed training an RL agent to select and opti-
mize a subproblem derived from the incumbent solution, and incorporating a Large
Neighborhood Search (LNS) [122] scheme to avoid local optima. Finally, CVAE-
Opt [123] first uses a Conditional Variational Auto-encoder (CVAE) [124] that
learns to map points in a continuous latent search space to high-quality, instance-
specific solutions, then employs an unconstrained continuous optimizer to perform
search in the latent search space, and finally decodes the optimal latent vector

found into a solution.

2.3.3 Learning Heuristics

In [125], the authors improved LNS for routing problems by learning repair heuris-
tics. Specifically, they trained an RL agent to rebuild the part of the incumbent
solution which is destructed by a rule-based destory operator. Fu et al. [126] pro-
posed to solve large-scale TSP instances by first generating a heatmap for each
subproblem sampled from a TSP instance with a pretrained model, then merging
the heatmaps to build initial heuristics for subsequent Monte Carlo Tree Search
(MCTS) [127]. Wu et al. [128] proposed to learn 2-opt improvement heuristics
for routing problems by selecting a pair of nodes to apply local search operators.
Finally, Hudson et al. [129] proposed to solve TSP by predicting the regret of
including each edge of the problem graph in the solution to inform Guided Local
Search (GLS) [130].
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Branch-and-Cut (B&C) is an important technique for exactly solving MIP in-
stances [131] while various decision choices like branching variable selection, node
selection and cutting-plane selection in B&C can significantly impact its perfor-
mance. In [132], the authors proposed to approximate the full Strong Branching
(SB) [133] heuristic for variable selection, which is computationally demanding, by
supervisely training the model with handcrafted problem features. Later, neural-
based imitation methods [55, 134, 135] automatically learn the representations for
MIP instances by leveraging GNNs, and achieve state-of-the-art performance in
various benchmarks. Beside mimic effective but expensive heuristics, there are
also attempts [136-138] that aim to discover new heuristics with performance bet-

ter than traditional heuristics using RL in MIP solving.

In constraint and SAT solving, Yolcu and Pdéczos [139] proposed to use GNNs to
encode a SAT instance and learn heuristics for WalkSAT [140] with REINFORCE.
Similarly, Kurin et al. [141] proposed to learn branching heuristics for a Conflict-
Driven Clause Learning (CDCL) solver [142] using GNNs and DQN. Recently,
NLocalSAT [143] is proposed to boost the performance of the stochastic local search
solver by guiding initialization assignments with a gated GCN. Finally, Song et al.
[144] employed RL to learn the variable ordering heuristics for the backtracking
search algorithms for Constraint Satisfaction Problems (CSPs) [145].

2.4 Chapter Summary

In this chapter, we review the preliminaries of the thesis, including DCOPs, DCOP
algorithms and learning-based techniques for solving combinatorial optimization
problems. We demonstrate that although incomplete algorithms are promising
methods for solving large-scale DCOPs, they can still suffer from scalability issues
(e.g., Max-sum and context-based sampling) or poor performance (e.g., loopy BP
and local search algorithms). On the other hand, NCO has emerged as an efficient
technique for solving NP-hard combinatorial optimization problems by leveraging
the representational power of deep neural networks, but cannot be directly applied
to DCOPs as it usually requires the full knowledge of the problem to be solved. In

Chapter 3 and 4, we will address the scalability issue of Max-sum and context-based
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sampling with heuristic search and DNNs, respectively. Then we boost the perfor-
mance of DCOP algorithms by learning effective heuristics and hyperparameters

with GNNs in Chapter 5 and 6, respectively.






Chapter 3

Enabling Fast Belief Propagation
for Multi-agent Optimization with
Dense Local Utility Functions

3.1 Introduction

Belief propagation algorithms including Max-sum® and its variants [9, 33-35] are
important methods for solving large-scale DCOPs built upon the Generalized Dis-
tributive Law (GDL) [88] and have been applied to many real-world domains
[13, 33, 146]. However, these algorithms face a significant scalability challenge.
In more detail, Max-sum implements belief propagation on a factor graph [68] by
optimizing the sum of local utility functions and corresponding query messages.
As a result, the computational effort grows exponentially with respect to the arity
of each utility function, which prohibits Max-sum from scaling up to the problems

with high-arity factors.

Therefore, a number of acceleration algorithms for belief propagation were pro-
posed to improve the scalability and can be generally divided into B&B-based
and sorting-based algorithms. B&B-based algorithms [13, 58, 59] construct an
estimation for each partial assignment and employ branch-and-bound to reduce

the search space. Differently, Generic Domain Pruning (GDP) [60] technique is a

'In this chapter, we deal with the DCOPs with maximization objective. Therefore, constraint
function f; € F now specifies a utility value for each combination of variables in sep(f;).

21
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sorting-based approach that performs a one-shot pruning on a completely sorted

local utility list.

However, a key issue of the existing methods is the bound quality. In more detail,
B&B-based algorithms alphabetically exhaust the whole search space without using
any a priori knowledge. As a result, the algorithms may not be able to find a high-
quality lower bound promptly when utility functions are highly structured, leading
to a poor acceleration performance. On the other hand, although GDP attempts
to find a more efficient bound by sorting local utility values, the one-shot nature

still cannot guarantee the quality of the lower bound.

The issue could be amplified when solving the problem with dense utility func-
tions. Consider a utility function where the entries with high utility value are
sparsely distributed (or, equivalently, the entries with low utility value are densely
distributed). B&B-based algorithms may need to search a considerably large pro-
portion of search space before finding a high-quality lower bound. Similarly, when
the entries with high utility value are densely distributed, the pruned range re-
turned by GDP may contain many entries whose utility value is no less than the
one-shot lower bound. Even worse, GDP cannot prune at all if the entries have
the same utility value. In fact, GDP relies on a linearly structured space (i.e., the
sorted local utility list) to perform pruning and thus cannot discard the suboptimal

tied entries in advance.

Unfortunately, densely distributed utility functions are ubiquitous in real-world
scenarios. For example, in a NetRad system [146], multiple radars coordinate their
scanning strategy to maximize the total utility of scanning weather phenomena. In
such scenario, the utility of scanning a weather phenomenon does not necessarily
grow linearly with respect to the scanning quality. Some phenomena may require
high-quality observations and the entries with low utility value are very densely
distributed in the corresponding utility functions. While some phenomena require
less joint efforts and the corresponding utility functions have many entries with

high utility value.

Against the background, in this chapter? we aim to cope with dense local utility

functions from the perspectives of both bound quality and search space organization

2This chapter has been published in [147, 148)].



Chapter 3. Enabling Fast BP for DCOPs with Dense Functions 23

and develop more efficient acceleration algorithms for Max-sum and its variants.

Specifically, our main contributions are listed as follows.

e We propose a Generic Dynamic Domain Pruning (GD?P) technique to en-
sure the bound quality. Instead of performing a one-shot pruning with the
initial bound in GDP, we iteratively reduce the search space by continuously
tightening a running lower bound. We further enhance GD?P by merging
the entries with the same utility value into a search tree to enable efficient
branch-and-bound on tied entries. Therefore, the search space is collectively

represented by a sorted array of search trees and the scheme is referred as

Search Tree-based GD?P (ST-GD?P).

e We propose a discretization mechanism for ST-GD?P to offer a tradeoff be-
tween the reconstruction overhead and the domain pruning efficiency. That
is, we eliminate small search trees in ST-GD?P by discretizing the utility
range into slots according to a fixed step size and building a search tree for
each slot. In this way, we can reduce both the preprocessing and reconstruc-

tion overheads when the utility functions are extremely dense.

e We introduce a K-depth Partial Tree-sorting Scheme (PTS) with different
sorting criteria to reduce the memory consumption of ST-GD?P. Given a
utility function and a total ordering on the involved variables, the scheme
builds a sorted array of search trees to represent the search space of the
first K wvariables according to certain sorting criterion. For the remaining
variables, the vanilla branch-and-bound is carried out to exhaust the search
space. Finally, we introduce a built-in termination detection mechanism to

allow domain pruning in PTS.

e We theoretically show that the proposed algorithms are correct and both
GD?P and ST-GD?P outperform GDP in terms of pruning capability. Our
empirical evaluations indicate that the proposed algorithms significantly out-

perform the state-of-the-art in various benchmarks.

The reset of this chapter is organized as follows. We present backgrounds in Sec-
tion 3.2 and motivate our research in Section 3.3, respectively. In Section 3.4, we
introduce the proposed GD?P, ST-GD?P and discretization mechanism. K-depth
partial-tree sorting scheme is presented in Section 3.5. We present empirical eval-

uations in Section 3.6 and conclude the chapter in Section 3.7.
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3.2 Backgrounds

In this section, we review preliminaries including Max-sum, GDP, FDSP and search

tree.

3.2.1 Max-sum

Max-sum [33] is a GDL-based incomplete message-passing algorithm for DCOPs
operating on a factor graph. Starting from arbitrarily initialized messages, Max-
sum implements belief propagation via query and response messages. A query
message is sent from a variable node to a neighboring function node, which is com-
puted by summing up the latest messages received from the neighboring function
nodes except the target function node. Formally, the query message from variable

node z; € scp(f;) to function node f; in iteration m is given by

-1
qﬂrzﬁfj ('rl) - Z r?zﬁmi (.TZ) -, (31)
freNz \{f5}
where N,, is the set of neighboring function nodes of z;, r%:}x(xz) is the response

message from f; in the previous iteration and « is a normalization term to control
the magnitude of each entry in the message. A response message is sent by a
function node to a neighboring variable node, which contains the best utility value
for each value in the domain of target variable under current belief. Formally, the
response message from function node f; to variable node z; € x; in iteration m is
given by

) = max | L00)+ Y @l |, 32)

wpexi\{zi}

where x; is the shorthand for scp(f;). A variable node z; makes a decision in

iteration m by choosing the assignment with the highest utility under the current
belief.® That is,

d; = arg max Z T (ds).

d;eD; fa GNI,L'

3We hereafter drop the notion of m for sake of simplicity.
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X1 |X |x3 | f Xy X2 |x3 | f
F F F 6 Preprocessing [

FIF|T]| 4

FIT|F|2

F|T[T] 8

Partial utility function SortedEntries*(F)

FIGURE 3.1: The trace of GDP

3.2.2 Generic Domain Pruning

It can be seen that the computational overhead of Eq. (3.2) is exponential in the
arity of utility function f;, which prohibits Max-sum from solving the problems
with high-arity factors. Generic Domain Pruning (GDP) [60] is a state-of-the-art
acceleration algorithm operating on completely sorted utility lists. In more detail,
for each variable z; € x; and each value d; € D;, f; sorts the space corresponding
to xj A{z; = d;} into Sorted Entries’(d;) according to the utility value, where each
entry e € SortedEntrz’esé(di) is an assignment to x; such that z; takes d;. When
computing the response utility for x; = d;, f; constructs a one-shot lower bound b

according to the entry with the highest local utility value. That is,

b= fj(eo) + Z Qz—f; (QO[ka -

keag(k qu—>fJ (dk)7
:l?kGXj\{:l?i}

d

J
x), in entry eg. Clearly, an entry e is proven to be suboptimal if its local utility f;(e)

where eq is the first element in Sorted Entries’(d;) and eg|xy| is the assignment of
is lower than (b, since its total value is lower than the one produced by ¢y even if
the maximum query message utility is attained. Therefore, GDP performs binary
search on Sorted Entries’(d;) to find the maximum index ¢ such that f;(e,) > Ib,

and returns all entries between ey and e, (both are inclusive) as the pruned range.

Figure 3.1 illustrates the trace of GDP when computing response utility for 1 = F.
Starting with a preprocessing phase, which sorts the utility function in descending
order, GDP uses the first entry in the sorted utility list {F,T, T} to compute an
initial value 10. Then the value is shifted by subtracting the maximum message

utility of each non-target variable, resulting in the lower bound of 5. Finally, any
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entry with local utility value smaller than 5 is pruned and the algorithm returns
{F,T,T} and {F, F, F'} as the pruned range.

3.2.3 Function Decomposing and State Pruning

A prominent drawback of GDP is the prohibitively expensive sorting overhead. In
fact, for each utility function f;, sorting for a variable requires O(nDj.,.) opera-
tions, where n = |x;j| and Dyax = max,, ey, | Di|. Therefore, Function Decomposing
and State Pruning (FDSP) [59] was proposed to reduce the search space by directly

performing branch-and-bound without sorting the utility values.

Specifically, FDSP assumes a static ordering over the involved variables of a utility
function, e.g., a lexicographical order. When f; is computing a response utility
for a target assignment x;; = d where 1 < i < |x5], it performs backtrack search
by maintaining a partial assignment PA. Pruning happens whenever the upper
bound of PA is smaller than the known lower bound. Here, the upper bound is

given by

ubPA — Z sty (PA[Xx]) + Z n}iz:qujyk%fj(dk)+FunEstl(PA), (3.3)

1<k<l ki I<k<|x;| ki

where ¢ is the index of the target variable, [ is the index of the last assigned
variable of PA in x; and FunEst;(PA) is the most optimistic estimation on how
much local utility we will get given prefix PA. In particular, FDSP considers
two types of function estimation. When 7 < [, the estimation is nothing but a
maximization to f; over all unassigned variables. Otherwise, the estimation is

enhanced by considering the assignment of the target variable x;;. That is,

max [i(PA, z) 1<l
FunEst;(PA) = { *~buxli<k<ixl . (3.4)
max [i(PAx53=d,z) 1>1

o=y sl <k< o | ARAT}

To compute the estimations efficiently, FDSP performs dynamic programming (i.e.,
the so-called “function decomposing”) to back up the maximum local utility values

in preprocessing phase, which incurs a much smaller overhead than GDP.
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Radar z, X1 | Xy | X3 |Xa fpl fpz
R|{ D] R |D]|0.98/0.14
R|{D]R|U]|0.97]0.13
R|D]|L|D]0.99[0.15
R|D]|L|U]0.98[0.14
R|1U|R|D]0.99(0.15
R|1U|[R|U]0.98{0.14
RIU|L|ID|1]1
Radar z» R]1U]JL|U]0.99|0.15
(a) the NetRad sys- (b) partial utility
tem tables
X4 X4
l{D: 0.3,U:0.2} 1{1): 0.1,U:0.2}
7, -2 () [¥ {R:0.5,1:0.3} 7, )Y {R:0.2,1:0.3}
=) Y=t =)
I{D: 0.4,U:0.2} T{D: 0.1,U:0.5}
(c) local interac- (d) local interac-
tions of fp, tions of fp,

FiGure 3.2: The NetRad system example
3.2.4 Search Trees

Search trees [149, 150] are a powerful tool for representing search spaces. In a
search tree, each level is labelled with a variable and each node corresponds to a
possible assignment the variable can take. Therefore, a path from a root to a leaf
uniquely determines a full assignment, and enumerating all possible solutions of
the search space is equivalent to performing a traverse of the search space. For
example, Figure 3.3(b) presents a search tree over variables x5, x3 and x4 where
xo and x4 can take either D or U while x5 takes a value from {R,L}. A path

D — R — D corresponds to an assignment {xy = D, x5 = R, x4 = D}.

Naturally, the search space of Eq. (3.2) can be represented by a search tree where
each level is assigned to a non-target variable and each node is the value the as-
sociated variable can take. In fact, FDSP implicitly exhausts the search tree by
branching on each non-target variable and discards subtrees when the correspond-

ing partial assignments are proven to be suboptimal.
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FiGURE 3.3: Traces of GDP and FDSP on the NetRad system example

3.3 Motivation

In this section, we demonstrate that the existing acceleration algorithms could
perform poorly when solving the problems with dense utility functions. Consider
a part of a NetRad system shown in Figure 3.2 consisting of four radars and two
weather phenomena P, P». For simplicity, assume that each radar can only scan
one of two sectors (i.e., {R, L} for xy and x5, {D,U} for x5 and z4). Phenomenon
Py requires less joint observation efforts and the utility is high even if there is only
one radar scanning P, while observing P; is demanding and all radars must scan

simultaneously to obtain a high utility.

Figure 3.2 (b-d) give the partial utility functions (w.r.t. z; = R) and local inter-
actions for P, and P, respectively. We now aim to compute the response utility
value for z; = R from function node fp, and fp,. When applying GDP to fp, a
one-shot lower bound is constructed according to the entry eg = {R, U, L, D} since

it has the highest local utility value. That is,
b=1+02-044+03-05+0.3—-0.3=0.6.

Therefore, any entry with local utility value less than 0.6 is filtered out. Unfortu-
nately, as demonstrated in Figure 3.3(a), since all entries are densely distributed in
the range of [0.97, 1], GDP actually cannot prune any combination from the search

space in this case and fails to accelerate Max-sum.
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On the other hand, when applying FDSP to fp,, the algorithm sequentially ex-
tends the partial assignment and performs branch-and-bound to reduce the search
space. Figure 3.3(b) presents the trace of FDSP on fp, when computing response
utility for 1 = R where the number labelled in each edge denotes the sequence of
exploration. The algorithm explores the search space in a depth-first fashion by
extending a partial assignment. After 3 steps of extension, FDSP reaches the first
full assignment {R, D, R, D}* and updates the lower bound by

Ib=1014+01+02+0.1 =0.54.

Unfortunately, the lower bound fails to reduce the search space in this case. In fact,
it can be clearly seen that the pruning only happens after visiting {R, U, L, D}.
Therefore, in this case FDSP needs to explore a considerably large proportion of
search space to obtain a high-quality lower bound. In fact, FDSP almost degen-
erates to vanilla Max-sum and only prunes one partial assignment in this case.
That is because it sequentially explores the search space, and high utility values

are sparsely distributed in the utility function.

In fact, dense utility values are ubiquitous in real-world scenarios due to the law
of diminishing marginal utility. Therefore, we aim to develop a series of efficient
techniques for accelerating belief propagation algorithms by alleviating the negative

effect of dense utility values.

3.4 Dynamic Domain Pruning Techniques

In this section, we present our dynamic domain pruning techniques for accelerating
Max-sum. We begin with introducing GD?P, a variant of GDP that integrates both
search and pruning to iteratively reduce the search space. To prune entries with
the same utility value effectively, we then present ST-GD?P which merges the
tied entries to search trees to enable branch-and-bound. Finally, we propose a
discretization mechanism to offer a tradeoff between the reconstruction overhead
and the domain pruning efficiency. We conclude by discussing the modifications

when applying our methods to other versions of belief propagation.

4We have omitted z; = R from the search tree.
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3.4.1 GDZ?P

As demonstrated earlier, the quality of the lower bound is the key of efficient
pruning, especially when local utility values are dense. Therefore, we propose
to integrate both search and pruning and iteratively reduce the search space by
continuously tightening a running lower bound. Thus, the pruning is no longer a

one-shot procedure and the scheme is referred as Generic Dynamic Domain Pruning
(GD?P). Alg. 1 presents the sketch of GD?P.

Similar to GDP, GD?P also begins with complete sorting of each utility function
(line 1-3). When computing a response message for a variable node z; € x;, it
searches for the highest utility for each assignment d; € D; by exhausting the
sorted entries whose local utility value is no less than the running lower bound [b
in a sequential order (line 8-13). Here, the lower bound is updated whenever a
higher utility is found (line 10-11).

Algorithm 1: GD?P for function node f;

When Initialization:
foreach z; € x; do

foreach d; € D; do

‘ SortedEntries§(di) « arg sort f;j(z; = d;, -) in non-increasing order

When computing a response message for x; € xj:
msgUB <+ Zxk@(j\{xi} maxgq, e Dy, 4z —f; (d,)
foreach d; € D; do
e < the first element in SortedEntries§. (d;)
u 4 fj(e), util* < —o0,lb + —o0
while e£NIL and u > [b do

util < u+ Z Az —f; (e[l'k])

zrex;\{zi}

util® < max(util*, util)

Ib < util* —msgUB

e < the next element in SortedEntriesé- (di)
Tfi—a; (dl) — util*
return 7y, ;. (7;)

To look deeper into how dynamic domain pruning works, consider the instance in

Figure 3.2(c). The upper bound of query messages’ utility is given by

msgUB = max{0.4,0.2} + max{0.5,0.3} + max{0.3,0.2} = 1.2.
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TABLE 3.1: The trace of GD?P on fp,

e fr(e) wutil util* 1

(R,U,L,D} 1 1.8 18 06

(R,D,L,D} 099 199 199 0.79
(RU,RD}Y 099 199 199 0.79
(R,U,L,U} 099 1.69  1.99 0.79
(R,D,R,D} 0098 218 218 0.8
(R,D.L,U} 098 188 218 0.98
(RURU} 098 188 218 0.98
{R,D,R, U} 0.97 Pruned 2.18 0.98

Then GD?P sequentially explores the rows of sorted utility list (i.e., Figure 3.3(a))
and updates the lower bound until the current local utility value is less than the
lower bound. Table 3.1 presents the detailed trace of GD?P.

Next, we theoretically show its correctness and superiority over GDP.

Theorem 3.1. GD?P guarantees the optimality of Eq. (5.2).

Proof. Assume that the optimal entry e* is pruned by GD?*P when x; = d;. Ac-

cording to line 4, 8 and 11, we have
fi(e*) < 1b=util* —msgUB

where util* is the highest utility returned by GD?P. Combing with query messages,

we have

fie™) + Z Qo f; (€ [Tr]) < util® —msgUB + Z Qo f; (€7 [Tk]).

wpexi\{zi} wpexj\{w:}
Since
Z Azy— f; (6*[$k]) < Z dmax Ay — f; (dk) = mngBa
k€D
zpex;\{z:} zpex;\{z:}

it must be the case that

e+ Y o, (€ [zi]) < util”,

zpex;\{z}

which results in e* is not an optimal entry, and is contradictory to the assumption.

Therefore, GD?P must preserve entry e*. According to the assumption that e* is
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the optimal solution to Eq. (3.2) and the fact that util* is the maximum value of
all visited entries (line 9-10), GD?*P must return the value corresponding to e* and

therefore guarantees the optimality of Eq. (3.2). ]

Theorem 3.2. GD?P never explores the entries pruned by GDP.

Proof. Assume that GD?P explores an entry e which is pruned by GDP at iteration
m. Denote the lower bound constructed by GDP as [b%P” and the current lower
bound of GD2P as Ib9P*F(m). According to line 8, since e is explored by GD?P
but pruned by GDP, it must be the case that

IEPY > fi(e) > 1bP*P (). (3.5)

W.l.o.g., assume that sorting is stable, i.e., both GDP and GD?P have the same

sorted local utility list and construct the initial lower bound using the same entry.
Therefore, bPP = [bSP*P(0), where 1bP°F(0) is the lower bound of GD2P in

bGDQP(

iteration 0. Since [ m) is non-decreasing (i.e., line 10-11), we have

le’D2P<m) 2 leD2P(0) — leDP7

which is contradictory to Eq. (3.5). O

The preprocessing overhead of GD?P is the same as that of GDP. Formally, we

have the following proposition.

Proposition 3.1. GD?P requires O(n?D",.) operations and O(nDT, ) space to

max max

preprocess a utility function f;, where n = |x;| is the arity of the function and

Dax = maxy, ex; |D;| is the mazimum domain size of the involved variables.

Proof. Since the function has O(D],.) utility values, for each involved variable and

each value it requires O(D™ 11log D"1) = O((n — 1)D™.1) operations to perform

max max max

sorting (line 1-3). Therefore, GD?*P needs O((n — 1)D7, ) operations for each

max

variable and O(n?D" ) operations in total to perform preprocessing.

max

For space complexity, we first note that an assignment to the involved variables
takes O(n) space and thus storing all combinations of the involved variables requires
O(nD}...) space for a variable. Since we could share these assignments across

max

different variables via pointers in practice, it takes O(D? .. ) space for each variable
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to store the addresses of the data structures corresponding to the assignments.
Therefore, the overall space complexity of GD?P is O(nD", +nD". ) = O(nD", ).

max max max

]

To implement such sharing mechanism, we maintain an array of length IT,,cx;|Dsl,
in which each element is the address of the data structure corresponding to an
assignment to all involved variables. To lookup the address of a specific assignment,
we first convert the assignment into an index according to a pre-defined dimension
order, then get the corresponding address by indexing the array. Therefore, the
extra overhead of the mechanism lies in computing the index for each assignment,
which requires O(n) operations. Given n variables and O(D! ) assignments for
each variable to be processed, the total extra overhead is in O(n?>D"_ ), which does

max

not increase the overall time complexity of GD?P.

3.4.2 ST-GD?P

As demonstrated by Figure 3.3(a) and Table 3.1, both GDP and GD?P perform
poorly when there are ties in utility functions since they use a linear structure to
organize the search space. Consequently, they have to exhaust all the tied entries
whose local utility is no less than the lower bound. Thus, we propose to organize
tied entries into a search tree so as to enable efficient branch-and-bound when the

domain pruning technique fails to reduce the search space. The scheme is referred
as Search Tree-based GD?P (ST-GD?P) and Alg. 2 presents the sketch.

Different than completely sorting a utility function in GDP and GD?P, ST-GD?P
only sorts for distinct local utility values for each assignment of each variable in the
preprocessing phase (line 1-4). After that, it groups the entries with the same local
utility value (line 5-9, 22-29) by inserting these entries to a search tree (line 22-29).
In other words, instead of maintaining a linear list in GDP and GD?P, ST-GD?P
uses a sorted array of search trees to collectively represent the search space. Note
that the construction of search trees can be done by a sequential iteration over
the utility function as the trees can be built incrementally. Similar to GD?P, it
maintains a running lower bound [b and terminates whenever the local utility value
is less than the lower bound (line 12-19).



© 0 N o Uk W N+

10

11
12
13
14
15
16
17
18
19
20
21

22
23
24
25
26
27
28
29

34 3.4. Dynamic Domain Pruning Techniques

Algorithm 2: ST-GD?P for function node f;

When Initialization:
foreach z; € x; do
foreach d; € D; do
SortedU til; (d;) < all distinct utility values of fj(z; = d;, -)
sort SortedU til}(di) in descending order
foreach u € SortedUtil;-(di) do

t < create an empty tree

foreach entry e such that e[x;] = d; and fj(e) = u do

‘ Insert(t, e)

treeé(di, u) «t
When computing a response message for x; € Xj:
msgUB <+ Z:}ckexj\{fri} maxd, eDy, dz,— f; (dk)
foreach d; € D; do
u < the first element in SortedUtil?(di)
util* + —oo,lb + —o0
while u#NIL and u > [b do

t treesé- (di,u)

util +— Branch-and-bound(¢, util*)

util® < max (util*, util)

Ib + util* —msgUB

u < the next element in S ortedUtilé (di)
Tfi—a; (dz) — util*
return ry, .. (z;)

Function Insert(¢,e):
n < the root of ¢
foreach z; € x; do
if there is a child ¢ of n such that val(c) = e[x;] then
| n<c
else
c < create a new node
val(c) < e[x;], mark ¢ as a child of n
n<+c

It is noteworthy that instead of iterating over the sorted entries in GDP and GD?P,
ST-GD?P iterates over the distinct sorted utility values in descending order and
performs branch-and-bound to reduce the search space of tied entries. In more
detail, for each distinct local utility u, ST-GD?P exhausts the corresponding search
tree tree;'»(di, u) in a depth-first fashion. For a node in the search tree, the path
from the root to that node corresponds to a partial assignment. Therefore, by
constructing a upper bound ub"4 for each partial assignment PA, we can efficiently
explore the search tree by discarding the subtree of a node whenever the upper

bound of corresponding partial assignment is less than the known highest utility
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FIGURE 3.4: Search trees for 1 = R when applied to Figure 3.2(d)

util* (line 15-16). Formally, the upper bound is given by

ubPA =u-+ Z Qy— f; (PA['T’CD + Z dl,?e%i Qup—f; (dk‘> (36>

rLEPA T¢PA

Take Figure 3.2(d) as an example. Given x; = R, ST-GD?P first sorts distinct
local utility values {1,0.15,0.14,0.13} and builds a search tree for each of them.
Figure 3.4 presents the search trees. When computing the response utility for
r, = R, ST-GD?P first performs branch-and-bound to exhaust the search tree
tree}PQ (R,1). It can be concluded that the algorithm terminates after reaching the
first full assignment {R, U, L, D} since it finds the highest utility 1.9, which results
in a pruned rate of 87.5%.

We now show its correctness and its superiority over GD?P.

Theorem 3.3. ST-GD?P guarantees the optimality of Eq. (5.2).

Proof. There are two lines that prune the search space, i.e., line 14 and line 16. We
have shown that line 14 cannot prune the highest utility in Theorem 3.1. Thus, we
only need to show that line 16 never prunes the optimal assignment. Assume that
the optimal full assignment A* is pruned by line 16. Thus, it must exist a prefix
PA C A* such that

ubt < util*,
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where util* is the highest utility found by ST-GD?P. In fact,

rrEPA T EPA e

> fiA) ) Gayes, (A% ()

zpex;\{z;:}

Thus, we have
FAY D oy, (A%[y]) < util”,
wpex;\{zi}
implying that there is another full assignment A’ # A* yielding higher utility than
A*, which is contradictory to the assumption that A* is optimal. The optimality
is hereby guaranteed. O]

Theorem 3.4. ST-GD?P never explores the assignments pruned by GD?P.

Proof. Assume that ST-GD?P explores one full assignment A which is pruned by
GD?P. Denote the lower bound of ST-GD?P when exploring A as [b°7 and the
lower bound of GD2?P when pruning A as [b9P*F | respectively. It must be the case
that

EP*P > fi(A) > 157 (3.7)

Since GD?P sequentially exhausts the search space, it must exist an assignment
A’ < A such that

2
leD P fj (A/) + GZ\{ }qu%fj (A/[:Uk]) - dr;fleal})(k Gy~ f; (dk) (3 8)
TpEX;\{Z; ’
> fj(A)’

which indicates that f;(A’) > f;(A). On the other hand, ST-GD?P explores distinct
local utility values in a descending order (line 4, 12 and 19 of Alg. 2). According
to Eqgs.(3.7-3.8), A’ produces a higher utility than A. Thus, ST-GD?P must have

explored an assignment A” such that

FAY DT oor (Aad) = HA)+ Y o, (Alan]),

zrpex;\{z;} orEx;\{w;}

which implies

B> fA)+ Y quep (AL) — max g,y (dy) = D9 (3.9)

dkeDk
zpex;\{z:}
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Therefore, Eq. (3.9) is contradictory to Eq. (3.7) and the theorem is concluded. [

The additional overheads of ST-GD?P mainly lie in creating and maintaining the

sorted array of search trees. Specifically, we have the following result.

Proposition 3.2. For each utility function, ST-GD*P requires O(n*D" ) opera-

max

tions and space to perform preprocessing.

Proof. For a utility function with n variables, inserting an assignment to a search
tree requires O(n) operations (line 22-29). Therefore, building search trees for each

variable requires O(nD!,.) operations, and sorting these trees requires O((n —

max

1)Dp..) operations in the worst case where all utility values are different. Given
n variables to be preprocessed, the overall time complexity is O(n?D", + (n? —

n)D"..) = O(n*D"..).

max max

Similarly, in the worst case each search tree corresponds to a single assignment and
takes O(n) space. Therefore, ST-GD?P needs O(nD",.) space for a variable and

max

O(n*D" ) space in total in order to perform preprocessing. O

max

3.4.3 Discretization Mechanism

Since ST-GD?P builds a search tree for each distinct local utility value, each tree
would correspond to a small search space when the local utility values are ex-
tremely dense, which would incur unnecessary solution reconstructions. Consider
the example in Figure 3.5. Assume that all the assignments with prefix {F, T} are
pruned by line 16 and the highest utility is attained on {F, F, F, F'}. Obviously,
ST-GD?P has to visit the suboptimal partial assignment {F, T} for four times in
this case. Besides, storing small search trees is also memory-consuming due to the
repetitive substructures. In this example, since each search tree only represents
an assignment, substructures like {F, F, F'}, {F, F, T}, {F,T,F} and {F,T,T} re-
peat twice, which results in the worst-case memory consumption. Finally, a large

number of unique utility values would also incur a high sorting overhead.

We overcome the issues by introducing a discretization mechanism. That is, instead
of sorting and building search trees for distinct local utility values directly, we first

group the utility values into several discrete slots. In more detail, given a step size
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X1 | Xz |x3 |X4 | f 5 AND/OR tree representing {F,F,F, T}
FIF|F|F|2 4.99 AND/OR tree representing {F, T, T, T}
FIF|F|T|5 . .
FIETTIE lags 498 AND/OR tree representfng {F,T,F, T}
FITEITIT la97 4.97 AND/OR tree representing {F,F,T, T}
F|T|F|F|496 : 4.96 AND/OR tree representing {F,T,F,F}
F|T|F|T]|498 4.95 AND/OR tree representing {F, F,T, F}
FIT|T|F|494 4.94 AND/OR tree representing {F, T, T, F}
F|T|T]|TI|499 .

2 AND/OR tree representing {F, F,F, F}

FIGURE 3.5: ST-GD?P operating on extremely dense utilities

n > 0, each utility value u of a utility function is transformed to a discretized value
s = nfu/n], where [ -] is the ceiling operation, which returns the least integer
greater than or equal to a number. Then we sort all the distinct discretized values
into a list S = {s1,..., 55} such that s; > s;,V1 < i < j < |S|. For each s € S,
we merge all the entries in the utility function whose discretized value is s into a
search tree tree(d;, s), and update the discretized value s to the maximum local
utility value in the search space specified by tree(d;,s). Again, note that since
search trees can be built incrementally, we only need a single scan to the utility

function in order to perform preprocessing.

When computing a response message, we sequentially explore the discretized value
list S, perform branch-and-bound on the corresponding search trees, and terminate
if the current discretized value s is smaller than the running lower bound. It is
worth noting that since discretized value s could be larger than the utility value of
an entry in the search space specified by tree(d;, s), directly plugging s to Eq. (3.6)
may not result in a tight upper bound and would jeopardize the performance
of branch-and-bound. Therefore, for each node in the search tree tree(d;,s), we
maintain an estimation estg(-) which is the maximum local utility achieved by
any full assignment derived from that node. Now, the upper bound of a partial

assignment PA is given by °

ubtt = ests(PA) + Z Qay—f; (PA[z]) + Z dl,?efg(k Qrp—f; (). (3.10)
rLEPA ¢ PA

Figure 3.6 presents the search trees after performing discretization with a step

size of 1 on the instance in Figure 3.5, where the number associated with each

5Recall that a path from the root to an internal node in a search tree specifies a partial
assignment. We therefore slightly abuse est;(PA) to denote the estimation of PA in tree(d;, s)
which is stored in the node that corresponds to PA.
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treest (F,5) trees (F,2)

5 495 497 4.96 4.98 4.94 4.99 2

FI1GURE 3.6: Discretization mechanism operating on extremely dense utilities

node is the estimation. It can be seen that both the number of search trees and
total memory consumption are reduced significantly. In fact, if we directly apply
ST-GD?P on Figure 3.5, it would require 24 units of memory to store 8 search
trees. While we only need 16 units of memory to maintain 2 search trees after
discretization, since all small search trees with utility value greater than 4.94 are

merged into a single large search tree (i.e., treej(F,5)).

It is noteworthy that beside helping to reduce the preprocessing overhead by re-
stricting the number of discretized utility values, discretization mechanism also
offers a tradeoff between domain pruning efficiency and reconstruction overhead.
In more detail, a small 17 produces fine-grained slots and could prune the subopti-
mal slots promptly (line 12 of Alg. 2). In contrast, a large n tends to build search
trees corresponding to large search spaces, which reduces the reconstruction over-
head since we are less likely to revisit the same prefix when the search trees are

large enough.
We now show the soundness and the complexity of discretization mechanism.

Theorem 3.5. ST-GD?P with discretization mechanism guarantees the optimality
of Eq. (3.2).

Proof. We first show that each discretized value s is no less than the local utility
value of any entry in the space specified by tree(d;, s). Assume by contradiction
that an entry e of utility function f; belongs to the space specified by tree(d;, s)
but f;(e) > s. Its discretized value s, is given by
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which implies s # s, and thus e cannot belong to the space specified by tree(d;, s).

Assume that the optimal entry e* belongs to a search tree which is pruned by the
domain pruning part of the algorithm under the discretization mechanism. Since

the discretized value is used to perform domain pruning, it must be the case that
fi(€") < sex < util* —msgUB,

where s.« is the discretized value for entry e*. Applying the same argument in
the proof of Theorem 3.1, we conclude that e* cannot be optimal and the domain

pruning part preserves the optimality.

Similarly, assume that the optimal assignment A* is pruned by the branch-and-
bound part of the algorithm under the discretization mechanism. It must exist a
prefix PA C A* such that

ub? = est, . (PA) + Z Qo g, (PAl2i]) + Z MaX (o, (dg) < util™,

where s4- is the discretized value for assignment A*. Since by definition f;(A*) <
sts . (PA), we have

b= (A Y g (PAfR]) + Y max g (d)

zp€PA xk¢PA

> f](A*> + Z ka%fj(A*[kav

wpex;\{zi}

and
A+ D oy, (A[]) < util”,
epexi\{zi}
Applying the same argument in the proof of Theorem 3.3, we conclude that A* can-
not be optimal and the branch-and-bound part preserves the optimality. Therefore,

ST-GD?P with discretization mechanism guarantees the optimality of Eq. (3.2). [

Proposition 3.3. Given a utility function f;, let §; = max. f;(e) — min. f;(e)
be the difference between the mazimum and minimum utility values, and 0; =
MiNe er. 5, (e)£7; (e |.fi(€) = fi(€')] be the minimum difference between two distinct util-
ity values. ST-GD?*P with discretization mechanism requires O(n?D™, ) operations
and O(% Jn +nD}

" ax) Space to store search trees if n > 6;.
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Proof. We first note that ST-GD?P with discretization mechanism degenerates to
ST-GD?P if step size 7 is small enough, i.e., n < 6;. Hereafter we will focus on the
case 1 > 0;.

Like ST-GD?P, ST-GD?P with discretization mechanism also needs to insert O(D" )

max

entries into search trees for each variable, which requires O(n?D", ) operations in
total. Since the number of search trees in discretization mechanism is bounded
by d;/n, the overhead of sorting search trees is O(n% log %), which is bounded
by O(nDm™, log D™ ) = O(n?Dm, ). Therefore, the overall time complexity is

max max max

o(n*D,.).

max

For space complexity, note that these search trees span the total search space.
Therefore, for each variable there are O(D?, ) leaves. On the other hand, since
there are at most d,/n search trees according to the discretization mechanism, any
partial assignment can only appear at most d,/n times (i.e., the case that every
search tree contains the partial assignment). Since there are n — 2 variables® in
a partial assignment in the worst case, ST-GD?P requires O(%(n —2)+ D) =
O(%n + D" space for a variable and O(%n? + nD"

n & n ) space for all involved

variables. O

3.4.4 Discussion

We note that our proposed algorithms can be easily adapted to the variants of
Max-sum and other versions of belief propagation. For example, we could adapt
our algorithms to speed up Max-product [151], which is an important instantiation
of GDL to find maximum a posteriori (MAP) assignment of a probabilistic graphic
model, by changing the summation operations to the product operations (i.e., line
4,9 and 11 of Alg. 1, line 10, 14 and 16 of Alg. 2). That is, msgUB now is the
product of maximum value in the query messages from non-target variables, the
result is computed by multiplying the function value with the corresponding value
of query messages, and [b is computed by the best result found so far dividing
msgU B. Alternatively, one can cast Max-product belief propagation to Max-sum

and directly use our methods by operating on the log space of the problem.

6Note that the target variable is omitted from the search tree.
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When combining with Max-sum variants like damped Max-sum [36], bounded Max-
sum [34] and Max-sum_AD [9], our algorithms require few modifications since these
variants still use Eq. (3.2) to compute response messages. However, there are
variants which do not exactly follow Eq. (3.2). For example, a function node
in Max-sum_ADSSVP [35] needs to consider the assignments of some neighbors
when computing the maximum utility for Eq. (3.2). In this case, an additional
verification procedure needs to be introduced to filter out the incompatible entries
when performing branch-and-bound on a search tree. That is, when visiting a node
whose variable needs to be fixed, we first check its compatibility before adding it
to the partial assignment. If the assignment of the node is not consistent with the
given assignment, we discard all the subsequent search space by backtracking to

its parent.

Besides, it is also noteworthy that our techniques do not make any assumption on
the sign of utility values (cf. Theorem 3.1, Theorem 3.3 and Theorem 3.5) and
thus can be naturally generalized to accelerate Min-sum BP. In more detail, when
applied to Min-sum BP, our domain pruning part sorts the entries in ascending
order and maintains a running upper bound on local cost value, so as to discard
entries (or search trees) with local cost higher than the upper bound. Similarly,
in B&B part of our algorithms, we perform dynamic programming to backup the
minimum local cost a partial assignment would attain. During depth-first search
process, we construct a lower bound for each partial assignment by computing the
sum of the corresponding minimum local cost, attained belief costs and the mini-
mum belief cost for unassigned variables. Then a partial assignment is discarded

if its lower bound is higher than the known upper bound.

3.5 Partial Tree-sorting Scheme

In this section, we present a K-depth partial tree-sorting scheme to reduce the
preprocessing overhead of the proposed ST-GD?P. We begin with the motivation
of using limited-depth tree-sorting scheme. Then we detail the proposed K-depth
partial tree-sorting scheme. Besides, we introduce several sorting criteria for rank-
ing search spaces. Finally, we propose a built-in termination detection mechanism

to avoid unnecessary enumeration.
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3.5.1 Motivation

A major drawback of ST-GD?P is the high preprocessing overhead incurred by
creating and maintaining the full search trees. Although discretization mechanism
attempts to alleviate the issue by merging small search trees, the complexities
still depend on the step size and the gap between the maximum utility and the
minimum utility which varies in different utility functions. Moreover, even in the
best case, i.e., there is only one search tree for each variable-assignment pair, ST-
GD?P still requires O(nD™, ) memory per function node to maintain all trees,

max

which is undesirable in memory-limited scenarios such as coordinating low-power

embedded devices [33].

Therefore, we consider to overcome the defect by limiting the depth of the search
trees. That is, given a utility function with the arity of n, instead of maintaining
the full search trees, we only consider the search trees with the depth of K < n,
resulting the worest-case memory overhead of O(nK DX, ) which allows the tradeoff
between the memory consumption and orderliness of search space. However, since
each search tree now only specifies a subspace, several key issues arise when realizing

such K-depth tree sorting scheme:

e How to implement branch-and-bound on limited-depth search trees?

e How to rank search trees when each search tree specifies a subspace rather

than a concrete utility value?

e How to enforce domain pruning technique if the search trees are not ranked

according to the mazximum utility value in their subspace?

We address the first issue in Section 3.5.2, by presenting a general framework called
PTS. Then we present several sorting criterion to rank search trees to solve the
second issue in Section 3.5.3. Finally, we propose a built-in termination detection

mechanism to enforce the domain pruning technique in Section 3.5.4.
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3.5.2 K-Depth Partial Tree-sorting Scheme

In this section, we aim to develop a configurable K-Depth Partial Tree-sorting

Scheme (PTS) to provide a tight bound on the memory consumption, and perform

O VL

ot

10
11
12
13
14
15
16
17
18

preprocessing phase within a user-specified memory budget.

Algorithm 3: K-depth PTS for function node f;

When Initialization:

foreach z; € x; do

foreach d; € D; do

foreach e € HmkeSVjka do

criterion vy
insert e to Tree}(dza We)

SortedT reeé»(dz-) + sort Tree}(di, -) by w in decreasing order
When computing a response message for x; € xj:
msgUB < kaEXJ\{mi} maxd, eDy, Gz, — f; (dk)
foreach d; € D; do
t < the first element in SortedTreeé(di)
util* + —oo,lb + —o0
while termination condition is not met do
if est(t) > b then
util +-Branch-and-bound(t, util*)
util® < max(util*, util)
Ib < util* — msgUB
t < the next element in SortedT reeé(di)
Tfi—a; (dz) — util*
return 7y, ;. (7;)

we < digest the subspace fj(e,z; = d;, - ) by using a sorting

Alg. 3 presents the sketch of the partial tree-sorting scheme. Instead of sorting
and maintaining full search trees over n — 1 variables for each variable-assignment
pair in ST-GD?P, PTS only considers the combinations of the first K non-target
variables. Specifically, given the lexicographical ordering of the involved variables
of a utility function f;, PTS first computes sorting variables SVji for target variable

x; € X; according to

SVZ B {Xj,kH < k < K} T; = Xj K

’ {Xj,k|1 SE<KA+1AXx # x;}  Otherwise
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where z; > x;k means z; is ordered after x;k. Intuitively, SV; is the first K
variables in the scope of f;, except target variable x;. Then the algorithm iter-
ates over all possible combinations of SV} to build search trees (line 3-5). For
each combination e, a sorting criterion ~ is applied to assess the quality of the
combination by summarizing the utility values in the subspace of Ha:, ex; D; given
the prefix of e U {z; = d;} into a scalar weight w,, which will be detailed in Sec-
tion 3.5.3. Optionally, like discretizing utility values in ST-GD?P, the weight also
can be discretized by a step size of n. Then the combination is merged into the
search tree which has the same weight (or same discretized weight if discretiza-
tion is used). After exhausting the combinations of S Vji, PTS sorts all the search
trees by their weight (line 6). Like in the discretization mechanism, when build-
ing search trees we also maintain an estimation for each node in a search tree for

efficient branch-and-bound.

It is noteworthy that both weight and estimation are indispensable for efficient
branch-and-bound. Horizontally, we sort the partial search trees by their weight
for obtaining high-quality lower bound promptly; vertically, estimations are used to
compute a tight upper bound for a partial assignment so as to discard suboptimal

solutions as soon as possible.

When computing a response message for variable node z; € x;, PTS sequentially
explores the sorted search trees by performing branch-and-bound to reduce the
search space until a termination condition is reached (line 9-17). Since we only
build search trees for the first K variables, the procedure Branch-and-bound (line
13) needs to be specialized to handle two halves of search spaces. Specifically,
when performing branch-and-bound on a search tree (i.e., the first half of the
search space), we follow exactly the same method in discretization mechanism and

use Eq. (3.10) to compute upper bound for a partial assignment.

After reaching a leaf of a search tree, the procedure Branch-and-bound needs to
exhaust the remaining subspace (i.e., the second half of the search space). In fact,
the path from the root to a leaf of a search tree now only corresponds to a prefix
rather than a concrete full assignment. In other words, we still need to solve a

smaller optimization problem of Eq. (3.2) defined over x;\(SV}' U {z;}).

Technically, all the existing approaches (e.g., exhaustive enumeration, GDP, GD?P,

FDSP, etc.) can be used to exhaust the subspace. In our implementation, we use



46 3.5. Partial Tree-sorting Scheme

FDSP due to its lower computational overhead. To this end, we maintain function
estimations [59] for the remaining n — K — 1 variables that do not appear in the
search trees (i.e., the variables in x;\ (SV;U{x;})). When exhausting the remaining
subspace, the upper bound of a partial assignment is computed by querying the

corresponding function estimation (i.e., Egs. (3.3-3.4)).

It is noteworthy that our PTS requires less space than FDSP in the worst case

when K is small. Formally, we have the following results.

Proposition 3.4. Given a utility function, PTS requires O(nK DX ) space to

store search trees.

Proof. Since PTS only builds search trees for the first K variables, a path from
a root to a leaf corresponds to an assignment of length K. The total number of
combinations of K variables is O(DX_ ). Therefore, PTS requires O(K DX ) space

max max

for one variable in the worst case, and O(nK DE_ ) to store all search trees. ]

Corollary 3.6. PTS’ worst-case memory consumption is less than FDSP’s worst-
case memory consumption when K < %l.

Proof. For the remaining n— K — 1 variables that do not appear in the search trees,
PTS and FDSP require the same space as both of them need to store function
estimations for each of these variables. For the first K variables, FDSP needs
at least O([1 + d(n — K)]DE, ) space since maintaining function estimations for

variable x;j requires O([1 + d(n — k)| DF ) space [59]. Letting nKDE < [1 +
d(n — K)|DE

max’

we arrive at K < 1nd O
n+d

3.5.3 Sorting Criteria

In ST-GD?P, each path from a root to a leaf in an search tree uniquely determines a
full assignment to the involved variables of a utility function, and hence the utility
values can be directly used to rank these paths/assignments. However, since only
a subset of variables are sorted in PTS, a path now could correspond to a partial
assignment and specify a subspace rather than a concrete utility value. Therefore,
we propose to rank a partial assignment by a scalar weight that summarizes the

utility values in the corresponding subspace (i.e., line 4, 6 of Alg. 3). Specifically,
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given a utility function f; and a partial assignment e of length K and the target
variable-assignment pair x; = d;, we consider the following criteria to compute the

weight for summarizing subspace f;(e, z; = d;, - ).

e Maximum utility value. The most straightforward way to describe the

subspace is the maximum utility value in the subspace. Formally,

%nax(fj(&% = d;, )) = mzaxfj(@uxi = duz),

where z is the remaining unassigned variables that do not appear in the prefix
eU{z; = d;}. Computing the maximum utility value requires O(1) space to

store the result and O(D"_ K~1) operations to exhaust the subspace.

e Mean utility value. Concentrating on the maximum utility value solely is
not desirable when the maximum utility value is sparsely distributed in the
subspace. Therefore, this criterion tries to remedy the issue by considering
the average value of the subspace. That is,

j i di7

The criterion has the same complexities as maximum utility value criterion,

since both of them need to exhaust the subspace.

e ()3 value. This criterion considers the third quartile of the utility values
in the subspace. Denote the sorted utility values (in ascending order) of

file,z; =d;, -) as Us,. Qs value is given by
Vs (file, zi = di, -)) = Ug [m] + aUf [m + 1] = U [m]),

where m = [0.75 x | f;(e,x; = d;, - )|| and o = 0.75 x | f;(e, x; = d;, )| — m.
The criterion needs to sort the utility values in the subspace, which requires

O((n — K)D™,5=1) operations and O(D" X~1) space.

max max

e H-utility value. Analogous to the H-index [152] measuring the impact of

a scholar, this criterion attempts to capture simultaneously the quality and



48 3.5. Partial Tree-sorting Scheme

1(213[3]|4(4|5(5]|6(7]|7|8]9]|10
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

FIGURE 3.7: Sorted utility list

quantity of utility values. Formally, given sorted utility values Ll]?j, the H-

position of subspace f;(e,x; = d;, -) is given by

i Ug i) — f;
7 1] f}

h = max{i € NT|1 — > ;
’fj(eaxi = d;, )‘ 53'

where 9§, is the difference between the maximum and minimum utility values

of fj, and f;” = miny, f(x;). Intuitively, an H-position of h means that there

Uus [h—f;
are at least —2 = ~ % 100% entries in file,x; = d;, -) whose utility value
J
Uus [h—fr
ranks at the top (1 — %) x 100% of the utility range. Then H-utility
J

is defined as

Va-utitiey (f5(€, T = di, +)) = Uj [h].

Like Q3 value criterion, this criterion also operates on the sorted utility list,
which requires O((n — K)D"K~1) operations and O(D"_K~1) space.

max max

As an example, consider the following utility values.
0135 8 10 26 479 45 73

The maximum utility value criterion returns vy.x = 10, while the mean utility
value iS Vpean = 4.93. For )3 value and H-utility criteria, we need to first sort
the utility values. Figure 3.7 gives the sorted utility list &/. The third quartile
index m = |15 x 0.75] = 11 and a = 15 x 0.75 — 11 = 0.25. Therefore, g, =
740.25 x (7 —7) = 7. For H-utility criterion, assume that § = 10 and f~ = 0. We
iterate over the sorted utility list and find the H-position h = 7 since 1-7/15 > 4/10
and 1 — 8/15 < 5/10. Therefore, Vi utinty = 4-

3.5.4 Built-in Termination Detection Mechanism

Since the search trees now are not necessarily ranked according to the maximum

utility value in their subspace, we cannot directly perform domain pruning and



W

o N O !

10
11

Chapter 3. Enabling Fast BP for DCOPs with Dense Functions 49

discard the remaining search space when the estimation of current search tree is
less than the lower bound like ST-GD?P (line 11 of Alg. 2). In fact, when detected
a suboptimal search tree, the only thing we can do in PTS is to simply skip the
tree and continue to explore the next search tree (line 12, 16 of Alg. 3). In other
words, to compute a response utility for a particular assignment, we must visit all
search trees related to the assignment, which is not desirable when the number of

trees is large.

Therefore, we develop a termination detection mechanism to enable domain prun-
ing with few extra overheads. Alg. 4 presents the sketch of the proposed mechanism.

The general idea behind the mechanism is keeping track of the set of visited search

Algorithm 4: Termination detection mechanism for K-depth PTS

Input: Target variable z; € xj, assignment d; € D;
When Initialization:
T < sort the search trees in SortedT reeé(di) according to their estimation
P < an array of length |T|
When starting to compute the response utility:
01,7« |T|
clear the flags in P
When an search tree t is erhausted:
1 < the index of ¢ in T'
mark P[i] as visited
while P[/] is visited do
| (041
When lower bound Ib is updated:
‘ r <Binary-search(lb,{,r)
When querying termination condition:
if ¢ > r then
‘ return “Terminate”

trees. If all search trees with estimation higher than current lower bound are vis-
ited, then PTS can terminate safely. To do this efficiently, we need to maintain
another ordered search tree list 7" in which trees are sorted by their estimation (line
1), and a record array P. When PTS is invoked to compute a response utility, the
mechanism clears the content of record array P, and initializes two pointers ¢, to
the first position and the last position of T, respectively (line 3-4). After exhaust-
ing a search tree ¢, we mark the corresponding position as visited (line 5-6), and
update the pointer ¢ to exclude all visited search trees (line 7-8). When the lower

bound [b is updated, we update the pointer r by finding the last search tree in T



50 3.5. Partial Tree-sorting Scheme
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(d) trace of PTS

FIGURE 3.8: The trace of PTS

whose estimation is no less than [b via binary search (line 9). Finally, PTS can

terminate if £ > r (line 10-11).

Consider the example shown in Figure 3.8. Assume that we use 2-depth partial
tree-sorting scheme with sorting criterion vyean to compute response utility for xy =
F. Figure 3.8(c-d) give 2-depth search trees and sorted result (i.e., SortedTree),
respectively. The algorithm begins with sorting the search trees by their estimation
(i.e., T') and constructing an empty array P (the first row of Figure 3.8(d)). After
exhausting the first search tree t3, PTS updates lower bound b = 8 (line 13-15 of
Alg. 3). Therefore, termination detection mechanism marks ¢ as visited (line 5-6),
and finds a new right pointer » = 2 which corresponds to the last search tree with
estimation no less than 8 (line 9). The results are presented in the second row of
Figure 3.8(d). Finally, after exhausting ¢, the mechanism marks the corresponding
position as visited and updates the left pointer ¢ = 3 (line 5-8). Since ¢ > r, the

algorithm terminates and prunes both £, and 4.
We now are ready to show the correctness of PTS.

Theorem 3.7. PTS guarantees the optimality of Eq. (3.2).
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Proof. There are three lines that prune the search space, i.e., line 11-13 of Alg. 3.
Since we have already proved that line 12 and line 13 do not affect the optimality
of Eq. (3.2) in Theorem 5, we only need to show that line 11 does not prune the

optimal assignment.

Assume that the optimal assignment A* belongs to a search tree t* which is pruned
by line 11 of Alg. 3. Denote the index of ¢* in T as ¢*. According to line 10-11 of
Alg. 4, it must be the case that * > r by the end of execution since otherwise PTS
must have visited ¢* (line 6-8 of Alg. 4), which implies that the estimation of ¢* is
less than (b (line 9 of Alg. 4). That is,

[i(A") <est(t") < b.
According to line 15 of Alg. 3, there must be an assignment A’ £ A* such that

BAY < HA)+ Y o (Aln]) — max g, ()

zpex;\{z:}

<HAY D G, (A]) = Gy, (A7)

zrex;\{zi}

Y

which implies

A+ D oo (ATa]) < A+ Y0 oy (Ald).

wpex;\{zi} zp€x;\{zi}

Therefore, A* cannot be an optimal assignment and PTS guarantees to return the

optimal utility values. O]

3.6 Empirical Evaluations

In this section, we empirically evaluate the proposed algorithms when accelerating
Max-sum on various standard benchmark problems. We first present the results on
random n-ary DCOPs to show our superiorities on general problems. To examine
the performance on the problems with dense local utility values, we conduct ex-
periments on the problems in which utility values follow a power-law distribution.
Finally, we present the results on realistic benchmarks including NetRad systems

and channel allocation problems.
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3.6.1 Experimental Configurations

We benchmark algorithms with three types of problems, i.e., random n-ary DCOPs,

NetRad system problems and channel allocation problems.

e Random n-ary DCOPs are the general form of the n-ary distributed con-

straint optimization problems. In the experiments, we vary the number of
function nodes from 10 to 100. For each function node, we randomly sample
the arity n from either [2,5] (low arity problems) or [5,8] (high arity prob-
lems), and connect the function node to n variable nodes. The total number
of variable nodes is specified by variable tightness [59], which is randomly
picked from either [0.1,0.5] (sparse problems) or [0.5,0.9] (dense problems).
Further, we generate large domain problems and small domain problems by
uniformly selecting a domain size from [5,8] and [2,5] for each variable, re-
spectively. Finally, for each function node, the utility values are sampled

either uniformly or according to a power-law from the range of [0, 1000].

NetRad system problems [146] aim to find a joint scanning strategy to maxi-
mize the total utility of scanning weather phenomena. Specifically, each radar
is modelled as a variable whose assignment represents its scanning strategy
(i.e., any combination of E,N, W,S). Weather phenomena with different sizes,
weights and types are randomly generated across grids. Each phenomenon
can be sensed by a subset of radars, and the scanning utility is determined
by the joint strategy of the radars. In our experiments, the utility functions
are defined according to [153]. We consider the NetRad systems with 48 and
96 radars which are arranged into 6 x 8 and 8 x 12 grids, respectively. In this
set of experiments, the maximal utility of a function is 1, the maximal arity

is 4 and the domain size of a variable can go up to 15.

Channel allocation problems [4] try to coordinate a set of access points (APs)
to minimize the radio interference. Let x; be the channel allocated to AP
i, P; be the signal strength of 7 at the source, d;; be the distance between
AP i and j, and Ap; = {j|P; > Nyd;;} be the set of APs which can cause

interference to the signal of ¢ with background noise N,. Then the utility
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function for AP 7 is modelled as

b

fi(xi) = Wlog, | 1+ i
1+ ZjEApi %H\Ii—%‘lﬁfﬂ

: (3.11)

where W is a constant and I is the indicator function. In our experiments,
we consider a 300 x 300 map, 10 available channels, and vary the number of
APs from 60 to 100. For each AP i, we uniformly pick its power P; from the
range [490,510]. Finally, we set W = 20, and generate sparse problems and
dense problems by setting N, = 1 and N, = 0.5, respectively.

The baselines we consider are GDP and FDSP since they are domain-independent
state-of-the-art acceleration methods for belief propagation algorithms. Since chan-
nel allocation problems is a type of cardinality factors, we also consider THOP-

based method [95] as an additional baseline.

The performance metrics we consider include NCLOs [23] speedup, pruned rate
[60] and simulated runtime [154]. We consider a logical operation to be an access
to a query message, and compute NCLOs speedup of an acceleration algorithm by
dividing its total number of non-concurrent logical operations in an execution by
the number of non-concurrent logical operations in vanilla Max-sum running for
the same iterations. Then the NCLOs speedup is the remaining after subtracting
the quotient from 1. This metric reflects the general acceleration capability of an
algorithm in a distributed environment. Besides, we also consider the percentage
of search space pruned (i.e., pruned rate) which is the improvement in terms of
the total number of message accesses incurred in an execution. This metric drops
the factor of concurrency and assesses purely the pruning capability of an algo-
rithm. Finally, the simulated runtime directly reflects the overall performance of

an acceleration algorithm in a distributed environment.

For each experiment, we generate 50 random instances and terminate algorithms
after 2000 iterations with the timeouts of 1800s (in terms of simulated runtime),
reporting the averaged metrics and standard errors as the results and the confidence
intervals, respectively. For each instance, we host each function node randomly in
one of its involved agents. All the experiments are conducted on a 32-cores Linux
workstation with 384 GB memory. Finally, to avoid the potential precision loss

incurred by floating-point numbers during an execution, we cast the utility values
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FIGURE 3.9: NCLOs speedup of different algorithms on sparse random n-ary
DCOPs

to big integers by multiplying by 10°. That is important for a fair comparison since
it ensures that every algorithm has the same query messages in every iteration and
solves exactly the same optimization problem of Eq. (3.2) when computing response

messages.

3.6.2 Evaluations of Dynamic Domain Pruning Techniques

Figure 3.9-3.10 present the results when solving sparse random n-ary DCOPs.
It can be seen that FDSP performs worse than ST-GD?P in terms of NCLOs
speedup. That is due to the fact that FDSP performs a depth-first search on a
huge search tree without any a priori knowledge. On the other hand, our ST-
GD?P performs branch-and-bound on a sorted array of search trees and can find
an efficient lower bound more promptly, reducing about 95% - 99.9% of operations,
which demonstrates great superiorities over the other competitors. It can be clearly
seen from Figure 3.10 that the simulated runtime of all ST-GD?P variants is lower
than the one of FDSP, except the problems with large domain and high arity

due to the excessive preprocessing overhead of building search trees. Nonetheless,
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FIGURE 3.10: Simulated runtime of different algorithms on sparse random n-ary
DCOPs

combining with K-depth partial tree-sorting scheme, our proposed PTS requires

the lowest runtime on the problems with large domain and high arity.

Besides, our GD?P maintains a running lower bound and significantly improves
the performance of GDP, which highlights the importance of tight lower bounds in
domain pruning techniques. In fact, GD?P requires runtime lower than FDSP when
solving the problems with low arity (i.e., Figure 3.10(a,c)). That might be due to
the extra overhead FDSP needs to query function estimation to compute the upper
bound for each partial assignment. Finally, step size plays an important role in the
overall performance of ST-GD?P. In more detail, ST-GD?P with an appropriate
step size (e.g., n = 50) has a higher NCLOs speedup than other versions of ST-
GD?P. That is because the algorithm with a small step size (e.g., n = 1) tends to
build small search trees which lead to frequently solution reconstruction, while a
large step size (e.g., n = 100) would produces coarse utility slots, preventing the
algorithm from pruning suboptimal solutions promptly. Besides, a small step size
can also incur a large preprocessing overhead. In fact, as shown in Figure 3.9(d)
and 3.10(d), ST-GD?P with n = 1 and n = 10 have significantly higher simulated
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FiGure 3.11: NCLOs speedup of different algorithms on dense random n-ary
DCOPs

runtime than other variants, and run out of memory when solving the large-domain,

high-arity problems with more than 40 and 80 function nodes, respectively.

Figure 3.11-3.12 present the results when solving dense random n-ary DCOPs.
Compared to the ones in sparse problems, the variable nodes in these problems are
over-constrained due to high variable tightness. Specifically, each variable node in
this set of problems connects to 4 function nodes on average. As a result, query
messages are amplified quickly due to the excessive cyclic information propagation
in dense problems [155] as Max-sum proceeds, which may widen the difference be-
tween the maximum message utility and the message utility corresponding to the
assignment with the highest local utility value. Therefore, GDP needs to explore
more entries to cover the gap when solving a dense problem, and fails to solve the
large-domain, high-arity problem in reasonable time. In fact, comparing to Fig-
ure 3.9 we can clearly see that the performance of GDP degenerates significantly
and is strictly dominated by other competitors. In contrast, our dynamic domain
pruning techniques are more robust to the high variable tightness due to the con-
tinuously tightening lower bound. Besides, it is interesting to find that different

from the results on sparse problems, ST-GD?P with small step size (e.g., n = 1)
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FIGURE 3.12: Simulated runtime of different algorithms on dense random n-ary
DCOPs

is dominated by FDSP when solving high-arity problems in terms of simulated
runtime (i.e., Figure 3.12(b,d)). In addition to high preprocessing overhead, an-
other possible reason for this could be that FDSP performs a depth-first search
on search trees, which significantly reduces solution reconstructions. However, by
limiting the depth of sorted tree, our proposed PTS reduces both preprocessing
overhead and solution reconstruction overhead, which demonstrates its merits on

general n-ary DCOPs.

To examine the general pruning capability on the problems with dense utility func-
tions, we consider the problems with 100 function nodes, low arity, large domain
size and the variable tightness of 0.5. For each problem, there are a number of
dense function nodes whose utility values are selected according to a power-law
distribution. More specifically, the probability of selecting a utility « € (0, 1000)
is proportional to (1000 — u)~®. In our experiments, we set & = 1.1. Figure 3.13

presents the performance comparison in terms of the pruned rate.

It can be seen that the performance of GDP decreases by near 20% w.r.t. grow-

ing dense function nodes, which indicates that GDP is sensitive to dense utility
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FIGURE 3.14: Simulated runtime of different algorithms on NetRad system
problems

functions. That is due to the fact that the pruned range could contain many
entries since the utility values are close to each other in dense utility functions.
On the other hand, although GD?P also relies on domain pruning to reduce the
search space, it is much more robust to the presence of dense function nodes due
to the iteratively tighten lower bound. In fact, with the growing of dense func-
tion nodes its performance only drops by 4%. Finally, dense function nodes can
hardly deteriorate the performance of ST-GD?P since it can still perform effective
branch-and-bound according to the query messages when local utility values are

not distinguishable.

Figure 3.14 presents the results on NetRad system problems. It can be concluded
that GDP performs poorly and the runtime grows quickly w.r.t. the number of
phenomena in both cases. In contrast, our proposed GD?P and ST-GD?P signifi-

cantly outperform GDP, only requiring about a half and one-tenth of its runtimes,
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TABLE 3.2: Pruned rate (%) of PTS (n = 0.1) with different sorting criteria and
depths on sparse channel allocation problems

# of access points

Average arity

60
3.24

70
3.28

80
3.29

90
3.39

100
3.51

’Ym ax

99.27+0.212
99.396£0.165
99.35+0.178

99.294+0.284
99.422+0.216
99.349+0.261

99.361+0.239
99.462+0.186
99.424+0.192

99.717+0.076
99.74610.066
99.723+0.072

99.747+0.077
99.77940.063
99.764+0.064

“mean

99.343£0.191
99.41+0.164
99.347£0.18

99.354£0.258
99.427+£0.215
99.34+0.264

99.424+0.219
99.47+£0.185
99.413£0.197

99.737+0.073
99.75£0.067
99.717+0.074

99.778+0.067
99.786+0.061
99.761£0.065

Qs

99.341£0.193

99.417+0.163

99.348+0.181

99.353£0.258

99.436+0.212

99.346£0.262

99.414+£0.225

99.476+0.183

99.421+0.193

99.7354+0.074

99.751+0.066

99.721£0.073

99.777+0.068
99.789+0.06
99.765+0.064

VH-utility

K
K
K
K
K
K
K
K
K
K
K
K

1
2
3
1
2
3
1
2
3
1
2
3

99.303£0.209
99.229+0.245
98.97440.329

99.313£0.286
99.242+0.347
98.96+0.513

99.395+0.232
99.368+0.238
99.189+0.303

99.731+£0.076
99.721£0.078
99.6440.104

99.772+0.07
99.765+0.07
99.699+0.092

FDSP

99.171£0.257

99.148+0.383

99.29+0.29

99.702+0.083

99.733+0.086

ST-GD?P (n = 0.1)

97.840.549

98.471+0.286

98.744+0.112

99.013£0.11

99.174+0.073

respectively. On the other hand, although FDSP outperforms domain pruning vari-
ants, it is still dominated by ST-GD?P. This is due to the fact that with the sorted
search trees our proposed ST-GD?P can find a high-quality lower bound quickly
despite of highly-structured utility functions, which highlights the importance of

search space sorting.

3.6.3 Evaluations of Partial Tree-sorting Scheme Variants

Table 3.2-3.3 tabulate the pruned rate of PTS with different sorting criteria and
sorting depths on channel allocation problems. Compared to NetRad system prob-
lems, this set of problems are more challenging due to higher arity and more struc-
tured utility functions. In fact, both GDP and GD?P fail to terminate in reasonable
time. Therefore, we only present the results of PTS and FDSP. It can be concluded
that both sorting depth K and sorting criterion vy can significantly affect the pruned
rate. Specifically, PTS with a small K still can outperform FDSP. That is because
FDSP sequentially explores all possible combinations starting from an all-one as-
signment, which is very inefficient in channel allocation problems since the first
4"~ assignments correspond to low local utility values according to Eq. (3.11). On
the other hand, our PTS tries to improve by ranking the most promising search
trees at the top according to their weights, so as to find a high-quality lower bound

more promptly. Therefore, a small permutation (e.g., K = 1) can greatly reduce
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the search effort, and the benefit increases as the preprocessing budget K is in-
creased. Besides, ST-GD?P fails to solve the dense problems with 100 APs since it
runs out of memory, and exhibits the worst performance on all remaining test cases.
That might due to the large number of search trees after partitioning the search
space of large factors. Consequently, solution reconstruction happens frequently

and offsets the advantage of completely sorting.

For sorting criterion, it can be seen that directly using the maximum utility value
to rank the search trees performs poorly when the sorting depth is small. That is
not surprising since yma.x completely ignores the quantity of utility values in the
remaining search space. However, the performance of Y. is generally improved
when K is large, especially on dense problems. That is because the size of the
remaining search space is reduced if the search trees include more variables, and
therefore the effect of quantity on pruning efficiency is reduced. Differently, Vinean
takes quantity into consideration, achieving better performance when K is small.
However, its performance does not necessarily grow as the sorting depth increases.
In fact, Vpean 1S inferior to Ymax on the most of test cases when K = 3. Quartile
criterion 7y, considers the fine-grained statistical characteristics of utility value
distribution, and is superior to all compared criteria as well as FDSP when K = 2.
Finally, although ity tries to capture simultaneously the quality and quantity
of utility values, it is strictly dominated by Vpean. A possible reason could be that
VH-utility assumes a uniform distribution of utility values in calculating H-position,
which may not be applicable to the highly-structured utility function of channel

allocation problems.

Figure 3.15 presents simulated runtime of PTS with different sorting criteria on
channel allocation problems when K = 2. Notably, THOP-based method exhibits
the lowest runtime on all test cases. That is due to the fact that it only requires
several linear scans over involved variables to perform sorting and dynamic pro-
gramming when computing a response message. However, as we discussed earlier,
THOP-based methods have a limited generality since it requires a utility function
can be represented by a specific type of THOPs. Arguably, applying THOP-based
methods also requires laborous expertise to identify the pattern of each utility
function to implement a specific THOP-based method. Instead, our proposed al-
gorithms make no assumption about the utility function and thus can be applied to

general settings. It can be seen that compared to FDSP, PTS with v and vpean
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TABLE 3.3: Pruned rate (%) of PTS (n = 0.1) with different sorting criteria and
depths on dense channel allocation problems

# of access points 60 70 80 90 100
Average arity 3.64 3.69 3.95 4.14 4.13
K=1 99.55940.272 99.824+0.106 99.87940.031 99.89+0.027 99.878+0.046
Ymax K=2 99.63940.208 99.85+0.087 99.89340.027 99.903+0.022 99.89340.038
K=3 99.6534+0.199 99.856+0.082 99.89440.024 99.90640.02 99.896+0.034
K=1 99.57+0.273 99.842+40.097 99.89140.028 99.903+0.024 99.8944-0.038
Ymean K=2 99.62540.225 99.854+0.087 99.89640.027 99.909+0.021 99.9+0.035
K=3 99.64440.206 99.853+0.086 99.89240.027 99.90540.021 99.89740.033
K=1 99.57840.266 99.84240.097 99.89140.029 99.903+0.024 99.89440.039
705 K=2 99.65140.202 99.857+0.084 99.897+0.027 99.909+0.021 99.902+0.033
K=3 99.655+0.199 99.857+0.082 99.893+0.026 99.90640.021 99.898+0.032
K=1 99.55240.287 99.835+0.104 99.89+0.029 99.902+0.025 99.89+0.042
Voutility K = 2 99.54240.295 99.835+0.105 99.89+0.029 99.903+0.024 99.89140.041
K=3 99.41640.388 99.799+0.133 99.87440.032 99.89+0.028 99.87540.048
FDSP 99.464+0.349 99.804+0.129 99.87740.032 99.88640.031 99.87540.045
ST-GD?P (n=0.1) 99.263+0.211 99.346+0.142 99.57340.067 99.566+0.07 -
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FIGURE 3.15: Simulated runtime of PTS (n = 0.1) different sorting criteria on

channel allocation problems

has a smaller preprocessing overhead. That is because the calculation of maximum

and mean utility value only requires linear time to scan entries, while FDSP needs

to perform multiple phases of dynamic programming to compute the function esti-

mations for each involved variables. On the other hand, the preprocessing phase of
PTS with g, and Yu_usiiity takes more time than FDSP. This is due to the higher

complexity of utility sorting. In addition to lower preprocessing overhead, it is

noteworthy that our proposed PTS with v and Ymean also significantly outper-
forms FDSP in terms of total runtime. In fact, our PTS is about 11% and 16%

faster than FDSP on sparse problems when using Y. and Ymean, respectively.
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3.7 Chapter Summary

Max-sum and its variants are important belief propagation algorithms for solv-
ing DCOPs but suffer from a high computational complexity. In this chapter, we
demonstrate that the state-of-the-art algorithms for accelerating Max-sum could
perform poorly when dealing with the problems with dense utility functions. To
alleviate the negative effect of densely distributed utility values, we propose to
iteratively update the lower bound and organize the tied entries to search trees.
Further, we present a discretization mechanism to offer a tradeoff between the
reconstruction overhead and domain pruning efficiency. Finally, we propose a K-
depth partial tree-sorting scheme with different sorting criteria to reduce the pre-
processing overhead. We theoretically show the correctness and superiority of our
proposed algorithms. The extensive empirical evaluations confirm the advantages

over the state-of-the-art methods on both synthetic and realistic benchmarks.

We note that all the existing acceleration methods are based on static knowl-
edge and fail to exploit the characteristics of GDL algorithms or runtime infor-
mation. For example, query messages in Damped Max-sum could change slowly
when damping factor is high. Therefore, one can leverage such similarity between
two consecutive iterations and give priority to search the neighborhood of optimal
assignment found in the last iteration. In our future work, we plan to utilize the
algorithmic characteristics or running history to further improve the performance

of our algorithms.



Chapter 4

Neural Regret-Matching for
Distributed Constraint

Optimization Problems

4.1 Introduction

It can be concluded that most of incomplete algorithms for DCOPs are context-
free, i.e., agents make a decision purely based on the state of their neighbors, which
makes them prone to get trapped in poor local convergence since agents commu-
nicate their preferred decision based on the preferred decision of their neighbors
[33]. While DUCT [4] tries to remedy the problem by exactly storing an upper
confidence bound (i.e., an optimistic estimation of the optimal cost value for the
subproblem of an agent) for each context and assignment, it may need considerable
rounds to make the bounds informative due to the high variances of subproblem
costs. Besides, exactly storing all confidence bounds requires exponential memory

in the worst case, which severely limits its scalability.

Recent advances in Deep Reinforcement Learning (Deep RL) [156] have demon-
strated the great potential of neural network for function approximation in han-
dling large state space. Instead of storing information exactly in a table, deep
RL uses deep neural networks to represent state or policy compactly and has led

to tremendous success in various domains [44, 157, 158]. Unfortunately, there is

63
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no previous work on employing function approximation to address the scalability

limitation in the DCOP literature.

In this chapter!, we aim to develop the first scalable and efficient neural-based

sampling algorithm for DCOPs. We make the following key contributions:

e We first introduce a new context-based sampling algorithm for DCOPs built
upon regret-matching [61]. Different from existing regret-based local search
algorithms, our methods perform sampling on a pseudo tree and store regret
values for each context separately, which allows an agent to devise different
strategies for different contexts. Besides, compared to the existing sampling-
based techniques, our method has a higher sample efficiency since it accumu-
lates regret values according to the cost of the local problem rather than the

subproblem of a variable.

e We present a neural-based scheme to improve the scalability of the proposed
sampling algorithm by using deep neural networks to approximate the regret
values. To the best of our knowledge, we are the first to leverage deep neural
networks into solving DCOPs. To incentivize exploration, we propose a regret

rounding scheme that rounds small regret values to positive numbers.

e We theoretically analyze the regret bounds of our algorithms, and extensive
empirical evaluations indicate that our neural-based scheme can scale up to

large-scale DCOPs and outperform the state-of-the-art methods.

The rest of this chapter is organized as follows. We review closely related works and
the preliminaries of regret-matching in Section 4.2. Then we detail our context-
based regret-matching for solving DCOPs in Section 4.3. In Section 4.4, We scale
up our algorithm by leveraging DNNs to approximate regret values. Finally, we
conduct empirical evaluations and conclude in Section 4.5 and Section 4.6, respec-

tively.

4.2 Backgrounds

In this section, we review closely related work and present preliminaries for regret-

matching.

IThis chapter has been published in [159].
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4.2.1 Related Work

Regret-based methods for DCOPs. In [62], Chapman et al. established the
connection between DCOPs and potential games and presented a local search adap-
tation of regret-matching for DCOPs. In the algorithm, each agent accumulates
regret based on the assignment of its neighbors and changes its assignment accord-
ing to the regret values with a fixed probability p in each round. WRM-I [62, 160]
is another regret-based local search scheme that converges to a pure-strategy Nash
equilibrium. Different from the previous context-free methods, our methods per-
form sampling on a pseudo tree and store regret values for each context separately,
which allows an agent to devise different strategies for different contexts. Addi-
tionally, we show that the negative regret values in vanilla regret-matching could

result in poor performance and propose a novel regret rounding scheme.

Regret values approximation. Regression Regret-Matching (RRM) [161, 162]
uses regression trees to estimate the accumulated regret. However, since a regres-
sion tree cannot be trained incrementally, RRM requires to re-train the model on
all data as long as regret values are updated, which makes it very inefficient and
scales up poorly. Deep CFR [163] estimate the regret by training a deep neural
network on instantaneous regret values, which is not applicable to our case where
instantaneous regret is not proportional to the total regret due to the non-linear

regret rounding scheme.

4.2.2 Regret-matching

Consider a scenario in which an agent chooses a mixed strategy 7" € A, A|2 and ob-
serves a reward vector f* € Rl in each round ¢, where A is the set of actions. Then
the instantaneous regret of action a € A is r'(a) = f'(a) = , 7' (a’) f*(a’) and the
accumulated regret is R'(a) = 3_,,_, v (a). To improve the total reward, the agent
needs to minimize the accumulated regret. Regret-matching [61] is an efficient

algorithm for regret minimization, which computes a mixed strategy according to

2A| 4| is the set of probability distributions over set A
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the positive part of accumulated regret. That is,

Rt’+(a) / Rt7+ a, > O
Tt (q) = { Zwea @) 2wea B . VYacA, (4.1)

ﬁ otherwise

where RY"(a) = max(0, R'(a)) is the positive part of R'(a). Regret-matching
has the regret bound of Ly/T|A|, where L is the largest gap in reward vectors.
Because the accumulated regret grows sublinearly w.r.t. the number of rounds,

regret-matching is a so-called no-regret algorithm [164].

4.3 Context-based Regret-matching for DCOPs

In this section, we present context-based regret-matching schemes for DCOPs. We
begin with formally introducing our proposed sampling algorithm in Section 4.3.1.
Then we show that the vanilla regret-matching could perform poorly and present

the regret rounding scheme in Section 4.3.2.

4.3.1 Context-based Regret-matching Scheme

The proposed context-based regret-matching scheme alternatively executes a sam-
pling phase and a back-propagation phase on a pseudo tree. Starting from the root
agent, each agent in sampling phase sequentially selects an assignment according
to the regret vector associated with the received context, while back-propagation
phase is a bottom-up procedure to refine the solution and update regret values for

each agent.

Let us begin with introducing notations that will be used in the algorithm. For a
variable x; in a pseudo tree, we denote an assignment to the variables in Sep(z;)
(i.e., a context) as X; and an assignment to the variables in AC(z;) as Y;, respec-
tively. In each round ¢, after collecting X! and Y}, the hindsight local cost S(d;)
of each assignment d; € D; is then computed by

Sidi) = > fiyld X))+ D faldi, Vi), (4.2)

x;€AP(x;) 2, €AC(z;)
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where X!(x;) denotes the assignment of z; in X} and Y;*(x)) denotes the assignment
of 2 in V!, respectively. Given the mixed strategy 7! of x;, the expected local cost
i = Y aep, Ti(di)Si(d;). Finally, the accumulated regret of z; in round # is defined

as

RN X, d;) + st — Si(d;)  X; = X!
Rf(szdi) = | : () : (4.3)
RN (X5, dy) otherwise

In each round ¢, the sampling phase is initiated by the root agent. After receiving
the context X! from its parent, a non-leaf variable z; first computes the mixed

strategy m! by

RITVT(XEdy) Z Rt—l +(Xt dl)
i e - rep, I ’ i >0
Wt(dl) — Zd’EDi Ri 1 +(X’Lt,d) d EDZ 7 de e Dl_ (4‘4)
otherwise

| D]

Then it samples an assignment d ~ 7! and sends the augmented context X!U{x; =
d} to its children C'(xz;). Leaf variables, however, do not have any subproblem and
thus directly select the assignment that minimizes their local cost. The phase ends

when all leaf agents finish sampling.

The back-propagation phase is a bottom-up procedure initiated by leaf agents
sending the selected assignment to their direct ancestors. After collecting all the
assignments of its direct descendants as Y}, a variable z; computes the hindsight
local cost vector S! and updates the regret R: according to Eq. (4.2) and Eq. (4.3),
respectively. Finally, x; refines the solution by changing its assignment to the one
with the lowest hindsight local cost and sends the assignment to its direct ancestors.
The procedure ends after the root agent updates its regret and then the next round

of sampling starts.

To look deeper into how context-based sampling avoids poor local convergence,
consider the instance shown in Figure 4.1. In the first round of sampling, all non-
leaf agents have no prior knowledge and sample randomly. Assume that z; assigns
F, x5 assigns T and thus leaf agent x3 plays the best response F. If it does not

differentiate contexts, x5 would update its regret values by

S1 = [18, 16] RY(T)=17—18 = —1
sL=18x05+16x05=17 |RYF)=17—-16=1



68 4.3. Context-based Regret-matching for DCOPs

@) @) @)

(a) The constraint (b) A possible pseudo

graph tree
iR LIT|F 2T F

X2 €3 X3
T 0| 10 T 0|10 T 0|10
F 7 115 F 3 1 F 8 1

(c) Constraint functions

FiGURE 4.1: A DCOP and its pseudo tree.

which means that x5 cannot assign T in the next round. In fact, one can easily
verify that no matter what value z; assigns, if x5 assigns F and x5 plays the best
response, then the instantaneous regret for T is always negative and xy cannot
deviate to T, which precludes the possibility of reaching the optimal solution {T,

T, T} in subsequent rounds.

The reason behind such mis-coordination is that in context-free method each agent
fails to adapt the complex behavior of its lower priority neighbors since it uses the
same regret values to make decision for different contexts. In the above example,
given the fact that x; assigns F' and x3 plays the best response, x5 would conclude
that assigning F is better than assigning T, which is not true if z; switches to T.
In contrast, our context-based sampling scheme explicitly maintains regret values
for each context, which allows agents to adapt the multi-modal behavior of its
descendants. In more detail, x5 in our method would associate the fact “F is
superior over T” with context {z; =F}, which does not bias the decision-making

procedure under the context {z;=T}.

Since it contains all assignments of separators, the size of a context message is
proportional to the number of agents, i.e., O(|I|). Note that in sampling phase,
each non-leaf agent sends a context message to each of its children via tree edges.
Therefore, there are |I| — 1 context messages in the sampling phase, and the total
information exchanged is in O(|I|?). Back-propagation phase, on the other hand,

exchanges the assignments among neighbors, which induces |F| messages of size
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@ Ll |F

T2

L [2]0
(z2) R |13
(a) The pseudo tree (b) The constraint function

FIGURE 4.2: A DCOP instance with structured constraint functions

O(1). Therefore, the total size of messages exchanged in each round is in O(|7]* +
[F]) = O(11%).

4.3.2 Regret Rounding Scheme

Regret-matching could perform poorly in the context of DCOP solving due to
insufficient exploration. Consider the simple instance in Figure 4.2. Assume that
z selects di =T and x5 selects d} =R in the first round of sampling. The following

equations show the trace when z; updates its regret.

1

-1

St=11,3 RY(,T) = 2
s1=1x05+3x05=2 RI(0,F)=2-3=-1

According to Eq. (4.4) the assignment F cannot be selected by z; in the subse-
quent rounds since its regret is negative, even though {x; = F,z, = L} is the
optimal solution. In other words, negative regret would limit the exploration of
the algorithm. Although regret-matching™ [165] mitigates the issue by resetting
the negative regret to zero, selecting these assignments still depends on the posi-

tive instantaneous regret in subsequent rounds, which is highly coupled with the

behavior of other agents.

We trigger the effective exploration by rounding small regret values to positive
numbers. This way, all assignments have a non-zero probability in the mixed
strategy and the exploration is independent of other agents’ behavior. Specifically,
instead of maintaining regret R! for each variable x;, we maintain the rounded

regret RL:

_ max (0, R\ (X, d;) + st — SHd;))  X; = X!
R d = o O ) (@) )
RN (X, dy) otherwise



70 4.3. Context-based Regret-matching for DCOPs

where R?(-,-) = 0 and &; > 0 is a non-decreasing term. In this example, if set
6 = t% a > 0, then RI(0,T) = R}, F) = 1 and thus x; still has chance to select

assignment F in subsequent rounds, regardless of the strategy selected by x5.

We theoretically show the upper bound of the rounded regret in Theorem 4.1 and

provide the no-regret guarantee in Theorem 4.4.

Theorem 4.1. For variable z;, let Li = 3, n.( o — [fij) be the largest gap in

its local cost, where +

= maxy, maxy, fi;(di, d;) and f;; = ming, ming; fi;(d;, d;)
are the upper bound and lower bound of constraint f;;, respectively. After z;

finishes T rounds of sampling, the rounded regret RY (X, d;) is mo higher than
\/ D,| (TLg +r 53) for all X;, d;.

Proof. Adapted from [165]. Since RT(X;,d;) > 0,

2
BTy 1Y) — T
<mdzi1x R; (Xl,d@)) maXR (X;,d;)? ; (X;,d;)?
If X; =X/, then
2
ZRT Xi, d;)? Zmax (RT VX, di) + sT Sf(di),5T>

-y (BRI (Xiydo) + 5T = T () + %
d;

= |DiloF + Y R} N(Xi, di)? + 2R] (X, dy) (Zw (d)SE(d) s?(di))
d;

+ (Zﬂf(dé)sf(dé)SiT(di)) :
z
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Since L; > |Sk(d;) — Si(d})| for all d; # d, we have

_ RT=Y(X;,d)
T 2 2 2 T—1 2 T—1 7 15 T T
% R; (Xi,d;)” < |Dilo7 + | Di|Li + % B (X, di)” + 2R (X5, dy) (Ed/ S R(X Rz"—l(XiZ, dé/)si (d}) = i (di)

pT— »T— RT_I(Xd;)
= D8} + DI+ 3R (X +2 (Z B Y T ™ )
d; d; dj i Tl R

- ZRiTl(Xi,di)SiT(di))

d;

- S BITNXG di)
= |Dif6f + [ Di|LE + 3O RY I(Xi’di>2+2( I o B K d)ST )
d i/ dl

Sar RN,

- ZRiTl(Xi,di)SiT(di))

d;

= |Dil6F + [Di| L] + Y R ~(Xi,di)* +2 (Z RN (X, d)SE(d) = > RTH(XG, di)SiT(di))
di d. di

= |DiloF + |Di| L7 + Y " R 7H(X;, di)?.
d;

If X; # X, according to Eq. (4.5), we have

Z RZT(XZ, dl)Q - Z R?_l(Xi, dz)2
d;

d;

Therefore,

2
i 4

By iterating over the above formula, we get (maxq, RY (X, di))2 < |D;| (TL? +30, 5?)

and therefore maxy, RT (X, d;) < \/ D] (TL? +37 53) VX, O

To show our regret rounding scheme is no-regret, we first show that the total regret
is bounded by the maximal regret of an individual variable. Then we show the total

regret grows sublinearly.

Let d = (d¥, ..., dY) be the joint assignment of round T, d~, = d*\{d? } be the set

of assignments selected by variables other than x; and F(d") =37, fij(d],d])

be the sum of all constraints given joint assignment d” .

Definition 4.1. The 1-opt regret of a DCOP is

T
RT max max > R, d)ri(d) — F(d",d;) | - (4.6)

1—opt i€l d;eD; v v
t=1 d;GDi
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Lemma 4.2. R{ ,, < Kmax; R}, where R] = maxy, maxg, R} (X;,d;) is the

mazimal local regret of variable x; at round T and K is a constant.

Proof. Given joint assignment d, denote the sum of the constraints which are re-
lated to z; as Fj(d;,dy,) = ijeNi fij(di, d;) where dy, C d is the set of assign-
ments to z;’s neighbors, and the sum of those which are not related to xz; as
F_;(d_;) = F(d) — F;(d;,dy,). Note that

o
Il ~
A

mLXZ (ZF (d-,, d)mt(d)) — F(d _1,(1)) = max (Z (F_i(d,) + Fy(d;, dY,)) mt(dl)

i
’ - di
t

F_i(d",) + Fy(d;, dYy,)))

(Z Paldtmi(d) + X F(d, div)mi(d))

@
t

Li(dh) + Fi(d;, dYy)))

(ZE (d, diy,)mi(d}) F(di,d‘}vi))
d’

—~

= max
d;

MH /%\ EM%

= IIl ax

o~
Il
—

M=

= max
d;

(Z ( Z fw d, dt Z fu d, dt ) Wf(d;)

d, z;€AP(z;) xR €AC(z;)

( > fuldnd)+ Y ﬁ;(mﬂ)))

z;EAP(z;) z,€AC(z;)

= rr}iaxz st — SH(dy)
fot=1

t=1

Assume that z; has received k] < K; different contexts X;i,..., X, ,r in first T

2y

rounds, where K; is the total number of possible contexts of x;.

T
max E st — SH(d;) = max E Rl (X, ;,d
d;
=1

k‘T
< ZmaxmaxRT(Xl,d )= k'R < K;RT.
7j=1
Therefore,
R{_,; < max K;R] = K max R/
where K = max; K. O

Lemma 4.3. Rounded regret are the upper bound on regret, i.e., R{X; d;) >
RY(X;, d;),Vt, X;, d;.
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Proof. For any ¢t > 0, if X; = X}, then

Rf(XZ, dz) - R§_1<Xi, dz) = Imax (Rg_l(XZ‘, dz) + 81; - Sf(dl), 6t) - R;?_I(XZ‘, dz)
=i = Si(di) = Ri(Xi,di) — R (X, d).
Otherwise,

RN X;, d;) — R (X4, di) = RY(Xy,d;) — REYX;, dy) = 0.

Note that RY(X;,d;) = R)(X;,d;) = 0. By induction, R!(X;,d;) > RY(X;,d;) holds

for any t, X; and d;, which concludes the lemma. O

Theorem 4.4. When lim;_, % = 0, the regret rounding scheme is no-regret, i.e.,

the total regret grows sublinearly.

Proof. According to Lemma 4.3, we have RY (X;, d;) > RY(X;,d;),VT, X;,d;. There-
fore, to show the algorithm is no-regret, we only need to show the maximal rounded

regret RI' = maxy, maxy, RY (X;,d;) grows sublinearly.

R DAl (TL2 + X1, 07)
lim = < lim
T—oo T—o00 T2

|D;|L?  |Di| Y, 0

= fm A T2
: |D;|L?  |Ds|0%
< 3
SAm A Tt
2
— fim |Dz'|L?Jr |Di|(VT)? ( or
T—o00 T2 T \/T )

Since limp_, o 5T/ﬁ =0, we have

RT |D;| L2 or \?
ORI 2 (e
Am —Tlgf;o\/ g +|Dl|<ﬁ)

=0.

Therefore, R! grows sublinearly and according to Lemma 4.2 R1T—opt also grows

sublinearly, which concludes the theorem. O
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4.4 Scaling Up to Large Problems

In this section, we first address the memory challenge by using deep neural net-
works to approximate high-dimensional regret tables. Then we present a priori-
tized training scheme to speed up the proposed algorithm by reducing the number

of non-concurrent training processes in each round.

4.4.1 Neural-based Sampling Scheme

A prominent issue of the sampling algorithm proposed in Section 4.3 is the high
memory consumption incurred by exactly storing regret values for each context.
A straightforward way would be approximating the regret tables by using linear
regression. However, due to their limited capacity, linear models may not be able to
capture the complex patterns when the problem is large. Alternatively, Regression
Regret-Matching (RRM) [161, 162] tries to address the issue by using regression
trees to estimate the accumulated regret, but it still needs to preserve all regret
values during the solving process, which eliminates the most attractive advantage
of reducing memory consumption. Also, since a regression tree cannot be trained
incrementally, RRM needs to re-train the model on all data after updating regret

values, which could be extremely inefficient.

In contrast, deep neural networks have been demonstrated to be a powerful func-
tion approximator and lead to great successes in a wide variety of domains in Al.
Therefore, we aim to address the scalability challenge by parameterizing the regret
tables via neural networks. In our neural-based sampling scheme, for each non-
leaf variable x; we maintain an estimator V; : Il esepe,)ufz;} Dj — R and a FIFO
capacitied memory M; to estimate regret and store cached regret, respectively.
The input of V; is the concatenation of the one-hot encoding of the assignment to

Sep(x;) and z; and the output is the estimated regret.

When receiving a context from its parent, a non-leaf variable x; first retrieves the
estimated regret RE_I related to the context from either memory M; or estimator V;,
depending on whether the context-assignment pair (X!, d;) presents in the memory.

Then z; computes the mixed strategy 7! according to Rﬁ’l and perform sampling.
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In the back-propagation phase, after collecting all the assignments of its direct
descendants, z; trains neural network V;g, to minimize the Mean Squared Error
(MSE) between the estimated regret and cached regret for h steps. For each step,
x; samples a mini-batch B C M; of regret values and updates the parameters 6; to
minimize the MSE:

1 2
L;(6;) = E E(Xi,di>eB (M;( X5, d;) — Vi, (X5, di))", (4.7)

where |B] is the size of the batch, M;(X;,d;) and V;(X;,d;) are the cached regret
value and the estimated regret value for the context-assignment pair (X}, d;), re-
spectively. Then z; updates the regret according to Eq. (4.5). Particularly, a boot-
strapping step is performed if context-assignment pair (X, d;) does not present in

the memory.

Next, we will show the regret bound of our neural-based sampling scheme. We
begin with showing the gap between the rounded regret and the Q-regret in RM™
[165] is no greater than §;. Then we show the regret bound by proving the upper
bound of Q-regret.

Lemma 4.5. For variable x;, RY(X;,d;) — QY X;,d;) < & for all X;,d;,t, where
QiXi, di) = (Qi (X, di) + 1(X; = X)) (s} — Sf(di))" and QJ(X;,d;) = 0.

Proof. The lemma is trivial when t = 1 and X; # X}, as R} (X;,d;) = Q}(X;,d;) =
0. Consider the case that ¢ = 1 and X; = X}

R} (Xi,di) — Qi (X;,d;) = max(d1, 57 — S;(d;)) — max(0, s} — S}(d;)) < d1.

i i

Thus, the lemma holds for the basis. Assume the lemma holds for the t — 1-th

round, we are going to show the lemma holds for the t-th round as well.

If Xz # Xlt, then Rf(XZ,dJ — Qﬁ(Xl,dz) = R271<X2,d1) — inl(Xz,dl) S 61}—1 S 5t-

Otherwise,
Rg(le dl) - Qf(XH dl) = max(6t7 Rlz?_l(Xiﬂ dl) + Sﬁ - Szt(dz)) - max(O, QE_I(X@ dz) + sﬁ - Szt(dz))
If st — S¥(d;) < —Q1(X;,d;), then

RYX;, di) — QUX;,d;) = max(6;, R (X, di) + st — SH(di)) — 0
< max(6;, 01 + QF N (Xi, i) + 57 — Sf(dy))

S max(ét, (515_1) = (St.
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If S§ - Szt(dz) > —QE_I(XZ‘, dz) and 5,5 S RE_I(X“ dz) + SE - Sf(dl)7 then

RU(X:,di) — Q4(Xi,di) = RIN(X, di) + st — SH(dy) — (Q1(Xi di) + st — SH(dy))
=R~ Y(X;,d) — QU N (X, di) < 81 < 6y

If st — Si(d;) > —Q' (X, d;) and &; > R (X, d;) + st — Si(d;), then
RUX;, di) — QUXy,di) = & — (QU 1 (Xi, dy) + st — SH(dy)) -

Since Q1 (X;, d;) + st — Si(d;) > 0, RYX;,d;) — Q4(X;,d;) < 6. Therefore, the
lemma holds for all X;,d;,t. O

Theorem 4.6. For variable x; and round T, the regret RT(Xi,di) 1s no higher
than

Li|D;| | (4\/|Di|or + L; T+4ZZ (X;, d')?

tld’

for all X;,d;, where ¢/(X;,d}) = RY(X;,d)) — RY(X;,d)).

Proof. According to Morrill’s [161] Theorem 3.0.10 and Theorem 3.0.12, the bound

of Q-regrets if we use ]%ﬁ(Xi, -) to generate strategy in each round ¢ is

T
Li/|Di (LiT\/ |Di| + 422 |QL(X;, d}) — Rﬁ(&'ﬂé)) :

t=1 d.
Note that

T
> IQk(X, dy) foz,d;\—ZZ\RtXud; — RU(Xy, df) + RY(Xy, df) — QU(Xy, )

t=1 d; t=1 d’

ZZ |RU(X;, d}) — RU(X;, df)| + |RU(X, ) — QUXy, d})|

!

T
=D |Dildi + ) |RU(X;, d) — Ri(Xi, )]
t=1 d;

T
< T|Dilér + > Y |RUX;, d}) — RI(X;, dj)].
t=1 d;
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Since Y5, |RI(X, ) — Ri(X:, d)| < /1D 3, \/(Eﬁ(deé) — Ri(X;, d}))* and
Ri(X;,d;) < QL(Xi,d;) (Lemma 1 of [165]), the regret bound of neural-based sam-

pling scheme is

T
LilDi | (4v/1Ds]or + L)T +4) Y (RUX;, d) — RY(X, d}))>?

t=1 d;

4.4.2 Prioritized Training Scheme

One potential issue of the proposed neural-based sampling scheme could be the
high latency incurred by non-concurrent training processes in the back-propagation
phase of each round. More specifically, agents in a chain structure sequentially train
their neural network, which is not desirable when there are long chains in a pseudo
tree. Unfortunately, since a pseudo tree is generated by depth-first traversal, it
usually has few branches when the problem is large, which makes the training

quite time-consuming.

Therefore, we propose a prioritized training scheme to reduce the training latency
by selecting several key agents in each chain structure to perform training procedure
in each round. We confine our training scheme to chain structures because agents
in different branches (1) can perform in parallel in real-world scenarios and (2)

need additional efforts to coordinate training process.

In more detail, in preprocessing phase, we first cluster the agents into different
groups according to their position in the pseudo tree and the similarity of dimen-
sions of their regret table. That is, starting from an empty group and the first agent
of the chain, we extend the group by adding the current agent until (1) the agent
has more than one child, or (2) there is an agent whose regret table dimensions
differ by b variables from the union of the ones of remaining agents in the group,
where b is a user-specified difference budget to control the size of each group. Then

a new group is created and this procedure repeats until each agent belongs to a

group.
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Algorithm 5: Neural-based sampling scheme with prioritized training for vari-
able z;

U W N =

N o

10
11
12
13
14
15

16

17
18
19
20

21
22
23
24
25

26
27
28
29
30
31

32

33

34

35

Require: number of training steps h, rounding term J; and discounted factor ~
When Initialization:

call Alg. 6 to determine the group G; variable x; belongs to

if z; is not a leaf then
initialize neural network V; such that V;(X;,d;) = 0,VX;, d;
M; + 0,¢e) < 0,6 <+ 0,8 «+ 0

if x; is the root then ¢+ 1, X! <+ (), Sample()

When received CONTEXT({ X!, G,e}) from P(x;):

if G; =G thene; ¢
X!« X'[Sep(z;)], Sample ()

When received BACKPROP({x), = di.}) from zy, € AC(z;):

Y e VI U (= di}
if x; has received all BACKPROP from AC(x;) then
compute hindsight local costs S! and the expected local cost st
foreach d; € D; do
Mz(th, d,) — max{ét, MZ(Xf, dz) + Sg — Sf(dl)}
e e + (1 =) Taep, IMi(X], di) — Vi(X{, di)]
if x; is not the root then send BACKPROP ({z; = arg ming, S!(d;)}) to
Vl‘j € AP(ZEl)

When received ACC_.ERROR(€) from xy, € C(x;):

if |C(z;)| > 1 then ¢€; + €, block until all ACC_ERROR messages from C(z;)
arrive
else ¢; «+ ¢+ el
if random() < /"' /e; then
for training step k=1,...,h do
uniformly sample a batch B from M; and train V; to minimize
Li = 151 Y ixsanen (Mi(Xi, di) — Vi( X, d;))?
if x; is the first variable in G; then
€ +— ¢
if x; is not the root then send ACC_ERROR(0) to P(x;)
else t <— 1, Sample ()
else send ACC_ERROR(é;) to P(x;)

Function Sample():

if z; is not a leaf then
i 0,V 0, R« ]
foreach d; € D; do
if (X! d;) € M; then RI™'(d;) + M;(X},d;)
else RI7'(d;) « Vi(X!, d;)
compute the mixed strategy 7! according to ]:Zg_l and perform sampling
dﬁ ~ Wf
send CONTEXT(X! U {z; = d!, G;,&;}) to Vi € C(z;)
else
send BACKPROP ({z; = argming, 3=, c s p(a,) fij(dis X} (25))}) to
Vl’j S AP(.%'»L)
send ACC_ERROR(0) to P(z;)
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In back-propagation phase, we schedule the training processes of each group G
according to the prediction error of each agent. That is, each agent ¢ maintains
a discounted error ef. Each time agent ¢ performs back-propagation, it performs
training with the probability e{/ >, . e%. The discounted error is updated by the
absolute error between the predicted regret and the cached regret under current

context with discount factor +. That is,

t_ et _ (Xt 4) V. t o
ei=ne + (L=) Y IMi(X],di) = Vie,(X{, ).

0 @

Alg. 5 presents the sketch of our proposed neural-based sampling scheme with
prioritized training. The algorithm begins with all non-leaf agents creating both
neural networks and memory (line 2-4) and the root agent starts the message-
driven process by sampling and propagating context (line 5). When perform sam-
pling, a non-leaf agent retrieves the estimated regret values either from the mem-
ory or bootstrapping from the neural network, depending on whether the current
context-assignment pair presents in the memory (line 27-30). Then it samples an
assignment according to the derived mixed strategy and propagates the augmented
context to its children (line 30-31). Leaf agents, on the other hand, do not have any
subproblem and just communicates the best response via BACKPROP messages
(line 33-34).

When received all BACKPROP messages from its children and pseudo children,
an agent computes the hindsight local costs and updates the regret values (line
9-13). A bootstrap happens if the regret value corresponding to an assignment
under current context does not appear in the memory (line 12). Finally, the agent

communicates its best response to its all parents if it is not the root (line 15).

To enforce prioritized training scheme in a fully decentralized manner, each agent
i calls a grouping procedure (detailed in Alg. 6) to determine the group it belongs
to, and maintains current discounted error ef, partial error sum é; and error sum
é; (line 1, 4). The error sum of a group is communicated via CONTEXT messages
from the first agent in the group to the last agent in the group (line 32, 6), which
is accumulated progressively via ACC_ERROR messages. In more detail, when
receiving a ACC_ERROR message from a child, agent ¢ computes é; by adding the
partial error sum from child to its own discounted error (line 17). Then the agent

continues to propagate the partial error sum if it is not the first agent of the group
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(line 25). Otherwise, it assigns the error sum of the group and perform the next
round of sampling if it is the root (line 22-24). It is worth noting that since our
prioritized training scheme is confined to chains, an agent with more than one child
must be the last one in a group. Therefore, it does not need to consider the partial
error sum from its children (line 16). Finally, an agent trains its neural network

with a probability proportional to its prediction error (line 18-20, 14).

Algorithm 6: Grouping procedure for variable x;

Require: difference budget b

When Initialization:

if x; is the root then
G; < create a new group ID, mark x; as the first variable in G;
SendGrpInfo ({Gy, {{z:}}})

When received GROUP({G,DIM}) from P(x;):

if G = NIL then

G, < create a new group ID

mark x; as the first variable in G;

SendGrpInfo ({G;, {Sep(z;) U {x;}}})

else

DIM; + {x;} U Sep(x;), DIM' + DIM U{DIM;}, DIM* +

UDIMkeDIM’ DIMj,

if 3DIMy, € DIM' s.t. |{zj|x; € DIMy \Nx; ¢ DIM*}| > b then
G; < create a new group ID, mark x; as the first variable in G;
SendGrpInfo ({G;, {Sep(z;) U{z;i}})

else

| Gi < G, SendGrpInfo({G;, DIM'})

Function SendGrpInfo({G,DIM}):

if |C(x;)] > 1 then send GROUP({NIL,0}) to Vai € C(z;).

else if |C(z;)| =1 then send GROUP({G, DIM}) to x, € C(x;).

Alg. 6 presents the sketch of the grouping procedure. The procedure begins with
the root agent creating group ID and propagating the related information to its
children (line 1-3). That is, if it has more than one child, then the group cannot be
extended and a NIL group is communicated to its children (line 16). Otherwise it
propagates the group ID and the running regret table dimensions (line 17). When
an agent received a GROUP message, it creates a new group if (1) the received
group ID is NIL (line 4), or (2) the difference budget is violated (line 10). The

procedure ends if every non-root agent receives a GROUP message.
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4.5 Empirical Evaluations

We empirically evaluate our proposed neural-based sampling scheme (Neural-RRS)
on standard benchmark problems including random DCOPs, scale-free network
problems and sensor network problems. We set §, = t°4% and consider each es-
timator as a neural network with two hidden layers. Each hidden layer has 16
neurons and uses relu as the activation function. Each time the neural networks
are trained by 2 steps of mini-batch stochastic gradient descent (SGD) with a batch
size of 32. We use Adam optimizer [166] with a learning rate of 2 x 1073 to update
parameters. Finally, we set difference budget b = 4,7 = 0.9 and the capacity of

the memory to 5000 regret values.

The baselines we consider include DSA-C [29], GDBA [32] as representative local
search algorithms, MGM-2 [28] as a representative k-OPT algorithm, D-Gibbs [37]
as a representative sampling algorithm and Max-sum_ADVP [9] as a representa-
tive belief propagation algorithm. Besides, we also include regret-based local search
schemes [62] (LSRM and WRM-I) since they are context-free regret-matching al-
gorithms for DCOPs. Finally, we also consider the variants LR-RRS and RT-RRS
that use linear regression and regression tree to approximate the regret values,

respectively.

We set p = 0.8 for DSA-C and use (M, NM,T) variant for GDBA according to
[32]. Finally, all algorithms terminate after 5000 rounds and we report the anytime
normalized cost (i.e., the best solution cost divided by the number of constraints)
as the result. All experiments are conducted on an i7 octa-core workstation with 32

GB memory. For each experiment, we average the results over 50 random instances.
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FIGURE 4.4: Performance comparison on structured problems
4.5.1 Performance Comparison

Results on random DCOPs. In a random DCOP, two agents randomly establish
a constraint with a probability p;, resulting a constraint graph with density p;.
For each constraint, we uniformly randomly select costs from [0, 100]. We vary the
number of agents, density and domain size respectively and present the results in
Figure 4.3. Regret-based local search algorithms explore low-quality convergences
and are inferior to DSA. Similarly, D-Gibbs converges to local optima quickly
and performs just like stochastic search. On the other hand, the merits of our
proposed context-based regret-matching scheme are confirmed by the fact LR-
RRS and Neural-RRS significantly outperform their context-free counterparts as
well as MGM2 and GDBA. RT-RRS, however, fails to strictly dominate GDBA
when solving the problems with large domain size. That is because regression tree
cannot be trained incrementally. As a consequence, each agent in RT-RRS has to
fit its model on all cached regret values, which is extremely inefficient and does
not scale up well. In fact, RT-RRS can only finish about 500 rounds of sampling

and ends up with poor solutions.

Results on scale-free network problems. In the experiment, we use Barabési-
Albert model [167] to generate scale-free networks. We consider the problems with
mo = 10 initially connected vertices (i.e., variables). In each iteration, a new
vertex is connected to m; vertices with a probability that is proportional to the
degree of each existing vertex. We set the number of vertices to 50 and uniformly
select costs from [0,100]. Figure 4.4(a) presents the results when varying m;. D-
Gibbs performs poorly due to the inability of exploiting different contexts and
gets trapped in local optima quickly. GDBA and MGM2 perform better by using
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FIGURE 4.5: Simulated runtime results on random DCOPs

generalized breakout mechanism and coordinated moves between two agents to
escape poor convergence, respectively. On the other hand, our Neural-RRS finds
significantly better solutions than all the competitors on different m,. In fact, the
average improvement of Neural-RRS over GDBA is 5.6%. That is due to the fact
that our algorithm stores regret for each context, which finds significantly better

solutions by allowing an agent to devise different strategies for different contexts.

Results on sensor network problems. In a sensor network problem [37, 168],
sensors are placed in a 2D grid and each sensor can move along its four cardinal
directions or stay stationary (i.e., each sensor has 5 possible actions). Besides,
sensors are constrained with their neighboring sensors and the costs are uniformly
selected from [0,100]. We vary the grid size from 6 x 6 (i.e., 36 variables) to
10 x 10 (i.e., 100 variables) and present the results in Figure 4.4(b). Interestingly,
Max-sum_ADVP is quite competitive and finds the solutions with quality much
better than the ones found by GDBA and MGM2 in this set of experiments. This
might be due to the high-structured topology of sensor networks. Besides, it is
worth noting that the performance of LR-RRS is similar to Neural-RRS when
solving small problems (i.e., the ones with grid size of 6 x 6), but the performance
substantially degenerates w.r.t. growing grid size. That might be due to the fact
that the limited representational capability of linear models cannot capture the
complex patterns in large problems. In contrast, Neural-RRS leverages powerful
deep neural networks to represent regret tables, leading to the best performance

on all configurations.

Runtime results. We compare the simulated runtime [154] of each algorithm
and present the results when solving random problems and structured problems

in Figure 4.5 and Figure 4.6, respectively. It can be seen that all traditional
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methods terminate very quickly. That is no surprise since they essentially perform
table lookup, leading to lower overall runtime. On the other hand, our neural
version of RRS require higher runtime as agents need additional efforts to train
neural networks during back-propagation phase. However, it is still worth noting
that combining with prioritized training scheme, the runtime of our Neural-RRS is

moderate and acceptable, especially on structrued problems like sensor networks.

4.5.2 Ablation Study

To explicitly demonstrate the necessity of regret rounding scheme and function
approximation, we consider the tabular counterpart of Neural RM-RRS (namely
RM-RRS) and the one uses vanilla regret-matching (namely RM). We set the
memory capacity to 5000 entries of regret value for Neural RM-RRS and vary the
memory capacity from 5000 to 40000 for tabular counterparts to simulate different

memory budgets in real-world scenarios. Figure 4.7 presents the results on random



Chapter 4. Neural Regret-Matching for DCOPs 85

DCOPs. Here we omit the results of RM under different memory capacities due to

their similarity.

It can be clearly seen that RM is inferior to RM-RRS under the same memory
capacity. In fact, given smaller memory capacity (e.g., 10000), RM-RRS can still
outperform RM in the most cases. That is because the negative regret values in
RM would restrict exploration and eventually lead to poor results. In contrast,
RM-RRS triggers effective exploration by actively rounding the negative regret to

small positive values, ensuring that all assignments have a non-zero probability.

On the other side, exploration triggered by rounded regret could also lead to a
large number of different contexts. Therefore, given limited budget (e.g., 5000),
RM-RRS quickly runs out of memory before finding a good solution, leading to
poor performance when solving large-scale problems, while Neural RM-RRS with
the same memory constraint still achieves the best performance. Therefore, the
scalability of RM-RRS is severely restricted by its tabular nature, which is success-

fully addressed by neural function approximation.

4.6 Chapter Summary

Most of incomplete algorithms for DCOPs are context-free, which usually leads to
low-quality convergence. While context-based methods tries to remedy the prob-
lem by explicitly storing information for each context, they usually suffer from
low sample efficiency and high memory consumption which prohibit them from
scaling up to large problems. In this chapter, we tackle the issues by propos-
ing Neural-RRS, the first neural context-based algorithm for DCOPs, built upon
regret-matching. The algorithm overcomes the pathology of low sample efficiency
by accumulating regret according to the local problem of each variable. To ad-
dress the scalability challenge incurred by exactly storing regret for each context,
Neural-RRS approximates the regret tables by deep neural networks. Besides, we
propose a prioritized training scheme to reduce the training latency. Finally, the
algorithm uses a regret rounding scheme that rounds small regret values to positive
numbers to ensure exploration. We theoretically show the regret bound and the
extensive evaluations indicate that our algorithm can scale up to large problems

and significantly outperform the state-of-the-art methods.






Chapter 5

Pretrained Cost Model for
Distributed Constraint

Optimization Problems

5.1 Introduction

As we have discussed in Section 2.2, the existing DCOP algorithms usually rely on
handcrafted heuristics which need expertise to tune for different settings and may
fail to explore the solution space efficiently. In contrast, Deep Learning-based (DL-
based) techniques learn effective heuristics for existing methods automatically [49,
54, 169], achieving state-of-the-art performance in various challenging problems like
MIP, CVRPs, and SATs. Unfortunately, these methods are often not generalizable
to different search algorithms. Most importantly, many of these methods usually
require the full knowledge about the problems to be solved, making them unsuitable
for a distributed setting like DCOPs where centralization is not realistic due to

geographical limitations or privacy concerns.

Therefore, in this chapter! we aim to develop the first general-purpose deep pre-
trained model, named GAT-PCM, to generate effective heuristics for a wide range
of DCOP algorithms and propose a distributed embedding schema of GAT-PCM
for decentralized model inference. Specifically, we make the following key contri-

butions:

!This chapter has been published in [170].
87
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e We propose a novel directed tripartite graph representation based on mi-
crostructure [63] to encode a partially instantiated DCOP instance and use
Graph Attention Networks (GATSs) [64] to learn generalizable embeddings.

e Instead of generating heuristics for a particular algorithm, GAT-PCM pre-
dicts the optimal cost of a target assignment given a partial assignment, such
that it can be applied to boost the performance of a wide range of DCOP
algorithms where evaluating the quality of an assignment is critical. To this
end, we pretrain our model on a dataset where DCOP instances are sampled
from a problem distribution, partial assignments are constructed according

to pseudo trees, and cost labels are generated by a complete algorithm.

e We propose a Distributed Embedding Schema (DES) to perform decentral-
ized model inference without disclosing local constraints, where each agent
exchanges only the embedded vectors via localized communication. We also

theoretically show the correctness and complexity of DES.

e As a case study, we develop two efficient heuristics for DLNS [82] and back-
tracking search for DCOPs based on GAT-PCM, respectively. Specifically, by
greedily constructing a solution, our GAT-PCM can serve as a subroutine of
DLNS to repair assignments. Besides, the predicted cost of each assignment

is used as a criterion for domain ordering in backtracking search.

e Extensive empirical evaluations indicate that GAT-PCM-boosted algorithms
significantly outperform the state-of-the-art methods in various standard

benchmarks.

The rest of this chapter is organized as follows. We review closely related works
and present preliminaries in Section 5.2. In Section 5.3, we detail our pretrained
cost model for DCOPs and develop DES to enable decentralized model inference.
Finally, we conduct extensive empirical evaluations in Section 5.4 and conclude in
Section 5.5.

5.2 Backgrounds

In this section, we review closely related works and present preliminaries including

Graph Attention Networks and pretrained models.
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5.2.1 Related Work

There is an increasing interest of applying neural networks to solve SAT problems
in recent years. Selsam et al. [56] proposed NeuroSAT, a message passing neural
network built upon LSTMs [171] to predict the satisfiability of a SAT and further
decode the satisfying assignments. Yolcu and Pdéczos [139] proposed to use GNNs
to encode a SAT and REINFORCE [114] to learn local search heuristics. Similarly,
Kurin et al. [141] proposed to learn branching heuristics for a CDCL solver [142]
using GNNs and DQN [44]. Beside Boolean formulas, Xu et al. [172] proposed to
use CNNs [173] to predict the satisfiability of a general CSP. However, all of these
methods require the total knowledge of a problem, making them unsuitable for
distributed settings. Differently, our method uses an efficient distributed embedding

schema to cooperatively compute the embeddings without disclosing constraints.

Very recently, Razeghi et al. [174] proposed to use Multi-layer Perceptrons (MLPs)
to parameterize the high-dimensional data in traditional constraint reasoning tech-
niques, e.g., Bucket Elimination [72]. Unfortunately, it follows an online learning
strategy, which removes the most attractive feature of generalizing to new instances
offered by neural networks. As a result, they require a significantly long runtime in
order to train the MLPs. In contrast, we aim to develop an DL model for DCOPs
which is supervisely pretrained with large-scale datasets beforehand. When apply-
ing the model to an instance, we just need several steps of model inference, which

substantially reduces the overall overheads.

5.2.2 Graph Attention Network

Graph attention networks (GATs) [64] are constructed by stacking a number of
graph attention layers in which nodes are able to attend over their neighborhoods’

features via the self-attention mechanism.

Specifically, the attention coefficient between every pair of neighbor nodes is com-
puted as e;; = a(Wh;, Wh;), where h;, h; € R? are node features, W € R¥? is a
weight matrix, and a is single-layer feed-forward neural network. Then the atten-
tion weight «;; for nodes j € N is computed as «o;; = o) where N is

2 ken; exp(eir)’
the neighborhood of node v; in the graph (including v;). At last, node v;’s feature
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R is updated as
hi=g (Z OéijWhj> )
JEN;
where g is some nonlinear function such as the sigmoid. Multi-head attention [66]
is also used where K independent attention mechanisms are executed and their

feature vectors are averaged as

K
h;=g (% Z Z afjthj) )

k=1 jeN;

5.2.3 Pretrained Model

The idea behind pretrained models is to first pretrain the models using large-scale
datasets beforehand, then apply the models in downstream tasks to achieve state-
of-the-art results. Beside significantly reducing the training overhead, pretrained
models also offer substantial performance improvement over learning from scratch,
leading to great successes in natural language processing [175, 176] and computer
vision [41, 177, 178].

In this chapter, we aim to develop the first effective and general-purpose deep
pretrained model for DCOPs. In particular, we are interested in training a cost
model My to predict the optimal cost of a partially instantiated DCOP instance,

which is a core task in many DCOP algorithms:
My(P,zp = dp; T) = R, (5.1)

where P = (I, X, D, F) is a DCOP instance?, T is a partial assignment, z,, = d,,
is the target assignment, and variable z,, does not appear in I'. This way, our cost
model can be applied to a wide range of DCOP algorithms where evaluating the

quality of an assignment is critical.

2In this chapter, we assume that all constraint functions are binary, i.e., |scp(f;)| = 2,Vf; € F.
Therefore, a constraint function fi, with sep(fi) = {z;,2;} is also written as f;;.
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FIGURE 5.1: An illustration of the architecture of GAT-PCM with a small
DCOP instance. A DCOP instance in (a) is first transformed into an equivalent
microstructure G in (b), and then G is instantiated with a partial assignment
I' by removing some nodes and edges in (¢) and then further compiled to a
directed tripartite graph with a given target assignment in (d) (cf. Section 5.3.1)
in (e). Finally, we use GATs to learn an embedding with supervised training (cf.
Section 5.3.2 and Section 5.3.3).

5.3 Pretrained Cost Model for DCOPs

In this section, we elaborate our pretrained cost model GAT-PCM. We begin with
illustrating the architecture of the model in Figure 5.1. We then outline the cen-
tralized pretraining procedure for the model in Alg. 7 to learn generalizable cost
heuristics. We further propose a distributed embedding schema for decentralized
model inference in Alg. 8. Finally, we show how to use GAT-PCM to construct
effective heuristics to boost DCOP algorithms.

5.3.1 Graph Representations

The architecture of our GAT-PCM is illustrated in Figure 5.1. Recall that we aim to
train a model to predict the optimal cost of a partially instantiated DCOP instance
(cf. Eq. (5.1)) and thus, we first need to embed a partially instantiated DCOP
instance and the key is to build a suitable graph representation for a partially

instantiated DCOP instance.
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Since DCOPs can be naturally represented by graphs with arbitrary sizes, we
resort to GATSs to learn generalizable and permutation-invariant representation of
DCOPs. To this end, we first transform a DCOP instance P = (I, X, D, F) to a
microstructure representation [63] where each variable assignment corresponds to a
vertex and the constraint cost between a pair of vertices is represented by a weighted
edge (cf. Figure 5.1(b)). After that, for each assignment z; = d; in the partial
assignment ', we remove all the other variable-assignment vertices of x;, except
(x;,d;), and their related edges from the microstructure (cf. Figure 5.1(c)). Then
the reduced microstructure represents the partially instantiated DCOP instance

w.r.t. I

The reduced microstructure is further compiled into a directed tripartite graph
TG = ((Vx,Ve,Vr), Erg) which serves as the input of our GAT-PCM model
(cf. Figure 5.1(d)). Specifically, for each edge in the microstructure, we insert
a constraint-cost node v, € Vi which corresponds to the constraint cost between
the related pair of variable assignments. For each constraint function f € F, we
also create a function node vy € Vp in the graph, and each related constraint-cost
node will be directed to vy. Note that vy can be regarded as the prozy of all re-
lated constraint-cost nodes. Besides, variable-assignment nodes related to I' will
also be removed from the tripartite graph since they are subsumed by their related

constraint-cost nodes.

Finally, we note that the loopy nature of undirected microstructure may lead to
missense propagation and potentially cause an oversmoothing problem [179]. For
example, (z3, R) should be independent of (x5, L) since they are two different as-
signments of the same variable. However, (x3, L) could indirectly influence (x3, R)
through multiple paths (e.g., (z3, L) — (x2, R) — (x5, R)) when applying GATs.
Therefore, we require the tripartite graph to be directed and acyclic such that each
constraint-cost node or variable-assignment node has a path to the target variable-
assignment node. Specifically, we determine the directions between constraint-cost
nodes and variable-assignment nodes through a two-phase procedure. First, we
build a Directed Acyclic Graph (DAG) for a constraint graph induced by the set of
unassigned variables such that every unassigned variable has a path to the target
variable. To this end, we build a pseudo tree PT' [67] with the target variable as its
root and use PT as the DAG where each node of PT will be directed to its parent or

pseudo parents. Second, for any pair of constrained variables z; and z; in the DAG,
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where z; is the precursor of z;, and any related pair of variable assignments (z;, d;)
and (z;,d;), we set the node of (x;,d;) to be the precursor of the constraint-cost
node of f;;(d;, d;) and set the constraint-cost node of f;;(d;, d;) to be the precursor
of the node of (x;,d;) in the tripartite graph. Note that constraint-cost nodes
related to a unary function will be set to be the precursor of their corresponding

variable-assignment nodes.

For space complexity, given an instance with |I| variables and maximum domain
size of Dpax = maxg,ecx |D;|, the directed acyclic tripartite graph has O(Dyyax|1])
variable-assignment nodes, O(]7|*) function nodes and O(D?,_|I|?) constraint-cost

nodes.

5.3.2 Graph Embeddings

Given a directed tripartite graph representation, we use GATSs to learn an em-
bedding with supervised training (cf. Figure 5.1(e)). Each node v; has a four-
dimensional initial feature vector h§°) € H© where the first three elements denote
the one-hot encoding of node types (i.e., variable-assignment nodes, constraint-cost
nodes, and function nodes) and the last element is set to be the constraint cost of
v; if it is a constraint-cost node and otherwise, 0. The initial feature matrix H
is then embedded through T layers of the GAT. Formally,

HO = Moo (), t=1....T, 52

where H® is the embedding in the ¢-th timestep and Mo, is the t-th layer of the
GAT. Finally, given a target variable-assignment z,, = d,,, and a partial assignment
I', we predict the optimal cost of the partially instantiated problem instance in-
duced by 'U{z,, = d,,} based on the embedding of the node of v,,, = (x;,, d,n) € Vx
and the accumulated embedding of all function nodes of the tripartite graph as fol-

lows:

em = Mo (b ® > B, (5.3)

v; EVRp

where My (741 is a fully-connected layer and ¢ is the concatenation operation.

Note that, by our construction of the tripartite graph, function nodes are the

proxies of all constraint-cost nodes and all the other variable-assignment nodes
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have been directed to the target variable-assignment node. Therefore, we do not
need to include the embeddings of constraint-cost nodes and variable-assignment

nodes except the target variable-assignment node in Eq. (5.3).

Algorithm 7: Offline pretraining procedure

Input: number of training epochs N, number of training iterations K, problem
distribution P, optimal DCOP algorithm A, capacitated FIFO buffer B

forn=1,...,N do

Phase I: generating labelled data

P=(I,X,D,F) ~P, PT < build a pseudo tree for P

forall z; € X do

Sep(x;) + ancestors connecting z; and its descents in PT

forall contert I'; € 11, cgep(o,)Dj do

forall d; € D; do

P’ «+ REDUCE(P, T, x; = d;)
c* A(P,), B+ BU {<P, Iy x = di,c*>}

Phase II: training the model

fork=1,..., K do

B + sample a batch of data from B

train the model My to minimize Eq. (5.4)

return My

5.3.3 Pretraining

Alg. 7 sketches the training procedure. For each epoch, we first generate labelled
data (i.e., partial assignments, target assignments and corresponding optimal costs)

in phase I and then train our model in phase II.

Specifically, we first sample a DCOP instance P from the problem distribution P.
For each target variable x;, instead of randomly generating partial assignments, we
build a pseudo tree PT" and use its contexts w.r.t. PT as partial assignments (line
2-5). In this way, we avoid redundant partial assignments by focusing only on the
variables that are constrained with z; or its descendants. After conditioning on
I';U{x; = d;} and obtaining the subproblem rooted at z; (cf. procedure REDUCE),
we apply any off-the-shelf optimal DCOP algorithm A to solve P’ to get the optimal
cost ¢* (line 6-8).

Each tuple of partial assignment, target assignment, optimal cost and problem

instance will be stored in a capacitated FIFO buffer B. In phase II, we uniformly
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sample a batch B of data from the buffer to train our model using the mean squared

error loss:

LO)=1 > (My(Pa;=d;T) =) (5.4)

| | (P,T,x;=d;,c*)€B

5.3.4 Distributed Embedding Schema

Different from pretraining stage where the model has access to all the knowledge
(e.g., variables, domains, constraints, etc.) about the instance to be solved, an
agent in real-world scenarios usually can only be aware of its local problem due
to privacy concern and/or geographical limitation, posing a significant challenge
when applying our model to solve DCOPs. Also, centralized model inference could
overwhelm a single agent. Therefore, we aim to develop a distributed schema for
model inference in which each agent only uses its local knowledge to cooperatively
compute Eq. (5.2) and Eq. (5.3).

We exploit the directed and acyclic nature of our tripartite graph and propose
an efficient Distributed Embedding Schema (DES) in Alg. 8. The general idea is
that each agent maintains the embeddings w.r.t. its local problem. Specifically, an
agent ¢ maintains the following components: (1) its own variable-assignment nodes
and (induced) unary constraint-cost and function nodes; (2) all function nodes f;;
where z; is a successor of x;; and (3) all constraint-cost nodes f;;(d;, d;) where z;
is a successor of x;. Each time the agent updates the local embeddings via a single
step of model inference after receiving the embeddings from its precursors. Taking
the tripartite graph in Figure 5.1(d) as an example, o maintains embeddings for
(x9, R), fi2(R, R), fi2, fos(R, R) and fo3(R,L). To update its local embeddings
for (zq, R), fi2(R,R) and fi2, x2 only needs one step of model inference after
receiving the latest embedding of constraint-cost nodes fo3(R, R) and fo3(R, L)

from its precursor xs.

Next, we give details about the schema. First, we use primitive STACK to concate-
nate the initial features of local nodes® to construct the initial embeddings HZ-(O)
(line 3-12). After that, agent ¢ computes its first round embeddings and sends
the updated embeddings of constraint-cost nodes to each of its successors (line

13-14). If agent 7 is a source node, i.e., P; = (), it directly updates the subsequent

3We omit unary functions for simplicity.
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Algorithm 8: Distributed embedding schema for agent i
Input: trained model My, precursors P;, successors S;, target assignment

(0)

Ty = dpy, initial variable-assignment node feature hy’, initial function node

feature hgg), one-hot encoding for constraint-cost node h((?)

When Initialization:

Cache; + [, Hi(o) + empty tensor
fort =1,...,T do Cache;[t] + empty map
if 2; = z,, then H" « Stack(H"”, 1Y)
else
| forall d; € D; do H"” « Stack(H”, h{Y)
forall j € S; do
H(O) < STACK(H, g h(o))
forall cost value c” € fi; (-,
‘ H(O)  STACK(H, J2gs hg) 7,J)
forall j € P; do
forall cost value cj; € fj(-, -) do
‘ Hi(o) — STACK(Hi(O), h(co) ® cji)
l; < zero vector, t; < 1, Hi(ti) +— M97(ti)(Hi(ti_1))
send Hl-(ti)[fij(~, )] to j, Vj € S;
if P, =( then
fort; =2,...,T do
HE) M@,(ti)(H(ti_l))
if t; < T then
| sendHt')[fU( )] to j, Vi€ S
bi > jes, H [fw] send ¢; to j' € S;
When Receive embedding H ) from j € Py
Cache;t;][j] + H®)
if |Cache;[t;]| = |P;| then
forall j' € P, do
H{[fij (-, )] ¢ Cachelti)[7)
ti+—t;+1
Ht) Ma(ti)(H(tﬁl))
if t; <T then
| send H[fi5(-, )] to 7', Vi € S;
else
‘ b; Zj”ESZ' Hl(T) [fij”]7 send /; to j/ € S;
When Receive accumulated embedding ¢; from j € Py:
if x; # x,, then
‘ send ¢; to j' € S;
else
Ei — ADD(EZ',EJ')
if all accumulated embeddings have arrived then
| computes Eq. (5.5)
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embeddings and sends the constraint-cost node embeddings at each timestep to
its successors (line 15-19) since it does not need to wait for the embeddings from
its precursors. Besides, the agent also sends the local accumulated function node

embedding ¢; to one of its successors (line 20).

After receiving the constraint-cost node embeddings from its precursor j, agent i
temporarily stores the embeddings to Cache; according to the timestamp ¢; (line
21). If all the precursors’ constraint-cost node embeddings for the ¢;-th layer have
arrived, agent ¢ updates the local embedding Hl-(ti) with those embeddings stored
in Cache;[t;] (line 22-24). Then the agent computes the embeddings Hi(t"ﬂ) and
sends the up-to-date embeddings to its successors (line 25-28). If all GAT layers
are exhausted, the agent computes the local accumulated function node embedding
¢; and sends it to one of its successors (line 29-30). After receiving an accumulated
function-node embedding, agent ¢ either directly forwards the embedding to one of
its successors or adds to its own accumulated function-node embedding, depending
on whether it is the target agent (line 31-34). After received the accumulated em-
bedding messages of all the other agents, the target agent m outputs the predicted
optimal cost by

Cm = Mo,(TJrl)(H?(nT)KImv dm)] © lin), (5.5)

where H'[(@m, dm)] is the embedding for variable-assignment node (2, dy) in
HT (line 35-36).

We now show the soundness and complexity of DES. We first show that DES results

in the same embeddings as its centralized counterpart.

Lemma 5.1. In DES, each agent i with P; # () receives exactly T—1 constraint-cost

node embedding messages from j,Vj € F;, one for each timestep t; =1,...,T — 1.

Proof. Consider the base case where all the precursors are source i.e., P; = 0,Vj €
P;. Since it cannot receive a embedding from other agent, each precursor j sends
exactly 7' — 1 constraint-cost node embeddings to 7, one for each timestep t; =
1,...,T — 1 according to line 14, 18-19.

Assume that the lemma holds for all j € P, with P; # (). By assumption, the con-
dition of line 22 holds for ¢t; = 1,...,7 — 1 and hence precursor j sends embedding
tod for t; =2,...,7 — 1 (line 25-28). Together with the embedding sent in line
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13, each precursor j sends T' — 1 constraint-cost node embedding messages to ¢ in

total, one for each timestep ¢; = 1,...,T7 — 1, which concludes the lemma. ]

Lemma 5.2. For any agent i and timestept = 1,...,T, after performing DES, its
local embeddings are the same as the ones in HY . Le., H}”[(:Ui, d;)] = HO[(z;,d;)],
H[fi5(ds, dy)] = HO[fij(di, )], H[f5] = HO[f5], Vi € Di, ;€ S,d; € D;.

Proof. We only show the proof for variable-assignment nodes. Similar argument

can be applied to constraint-cost nodes and function nodes.

In the first timestep, i.e., t = 1, for each node (x;, d;), Eq. (5.2) computes HV[(x;, d;)]
based on the initial feature HO)[f;;(d;, d;)], Vj € P;,d; € D;, which is the same as
in DES, i.e., line 10-13.

Assume that the lemma holds for ¢ > 1. Before computing the embeddings for
(t+1)-th timestep, agent i must have received the embedding H J(t) [fi;(d;, d;)], which
equals to H®[f;;(d;, d;)] according to the assumption, from j,Vj € P;,d; € D;, d; €
D; (line 19, 28, 21-24, Lemma 5.1). Therefore, agent ¢ computes Hftﬂ)[(xi,diﬂ
according to H®[f,;(d;, d;)],Vj € P;,d; € Dj, which is equivalent to Eq. (5.2).
Consequently, HZ-(tH) [(x;,d;)] = H*V[(x;,d;)] and the lemma holds by induction.
O
Lemma 5.3. For target agent m, after performing DES, (,, = ZWGVF hl(-T).
Proof. We prove the lemma by showing each agent sends exactly one accumulated
embedding message w.r.t. its local function nodes to one of its successors (i.e., line
20 and 30). It is trivial for the agents without precursor since they do not receive

any message (line 28) and only send one accumulated embedding message by the

end of procedure Initialization (line 20).

Consider an agent ¢ with P; # (). According to Lemma 5.1, i executes line 25-30
for ' — 1 times. Given the initial value of 1 (line 13), ¢; will eventually equal to
T, implying line 30 will be executed only once. Since it does not perform line 20, ¢

sends exactly one accumulated embedding message w.r.t. its local function nodes.

Since by construction each agent in the DAG has a path to the target agent m, all
the accumulated embeddings will be forwarded to m (line 31-34). Therefore, by

o= > HO[f] =D HD[f].

i€l jeS; iel jeS;

Lemma 5.2,
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Note that Vf;; € F, it must be either the case j € S; if i < j or the case ¢ € S; if
J <1 in the DAG. Hence,

o= HOUgl= > HOUfg)= 3w,

i€l jES; fi; EF v, EVR

Then we show the soundness of our DES as follows:

Proposition 5.1. DES is sound, i.e., Eq. (5.5) returns the same result as Eq. (5.3).

Proof. According to the Lemma 5.2 and Lemma 5.3, by the end of DES, the target
agent has the same variable-assignment embedding and accumulated function node
embedding as the ones computed by Eq. (5.2). Therefore, Eq. (5.5) is equivalent
to Eq. (5.3). O

Finally, we show the complexity of our DES as follows:

Proposition 5.2. Each agent in DES requires T steps of model inference, O(|I|D2,.)

max
2

max

spaces, and communicates O(T'|I|Dz.,.) information.

Proof. By line 13, 25-26 and Lemma 5.1, each agent performs 7T times of model
inference. Each agent ¢ needs to maintain embedding for O(D,.x) assignment-
variable nodes (line 3-5), O(|S;|D2,.) + |P|D?..) constraint-cost nodes (line 6,

8-12), and O(]S;]) function nodes (line 7). Since in the worst case, the agent is

)

constrained with all the other |I| — 1 agents, i’s space complexity is O(|I|D
Finally, since for each timestep t; = 1,...,T — 1 agent ¢ sends the constraint-cost

node embeddings to its successors, its communication overhead is O(T'|S;|D2,,.) =

O(T|I|D2,.). 0

max

5.3.5 GAT-PCM as Heuristics

Since our model GAT-PCM predicts the optimal cost of a target assignment given
a partial assignment, it can serve as a general heuristic to boost the performance
of a wide range of DCOP algorithms where the core operation is to evaluate the
quality of an assignment. We consider two kinds of well-known algorithms and

show how our model can boost them as follows:
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e Local search. A key task in local search is to find good assignments for a

set of variables given the other variables’ assignments. For example, in Dis-
tributed Large Neighborhood Search (DLNS) [82] , each round a subroutine
is called to solve a subproblem induced by the destroyed variables (also called
repair phase). Currently, DPOP [25] is used to solve a tree-structured relax-
ation of the subproblem, which ignores a large proportion of constraints and
thus leads to poor performance on general problems. Instead, we use our
GAT-PCM to solve the subproblem without relaxation (i.e., all constraints
between all pairs of destroyed variables are included) since the overhead is
polynomial in the number of agents (cf. Proposition 5.2). Specifically, for
each connected subproblem, we assume a variable ordering (e.g., lexicograph-
ical ordering, pseudo tree). Then we greedily assign each variable according
to the costs predicted by GAT-PCM, i.e., we select an assignment with the

smallest predicted cost for each variable.

Backtracking search. Domain ordering is another important task in back-
tracking search for DCOPs. Previously, domain ordering utilizes local infor-
mation only, e.g., prioritizing the assignment with minimum conflicts w.r.t.
each unassigned variable [180] or querying a lower bound lookup table. On
the other hand, our GAT-PCM offers a more general and systematic way
for domain ordering. Specifically, for an unassigned variable, we could query
GAT-PCM for the optimal cost of each assignment under the current partial

assignment and give the priority to the one with minimum predicted cost.

5.4 Empirical Evaluation

In this section, we perform extensive empirical studies. We begin with introducing

the details of experiments and pretraining stage. Then we analyze the results and
demonstrate the capability of our GAT-PCM to boost DCOP algorithms.
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FIGURE 5.2: Solution quality comparisons: (a) random DCOPs; (b) weighted
graph coloring problems; (c¢) grid networks

5.4.1 Benchmarks

We consider four types of benchmarks in our experiments, i.e., random DCOPs,
scale-free networks, grid networks, and weighted graph coloring problems. For ran-
dom DCOPs and weighted graph coloring problems, given density of p; € (0, 1),
we randomly create a constraint for a pair of variables with probability p;. For
scale-free networks, we use the BA model [167] with parameter mg and m; to gen-
erate constraint relations: starting from a connected graph with myq vertices, a new
vertex is connected to my vertices with a probability which is proportional to the
degree of each existing vertex in each iteration. Besides, variables in a grid network
are arranged into a 2D grid, where each variable is constrained with four neighbor-
ing variables excepts the ones located at the boundary. Finally, for each constraint
in random DCOPs, scale-free networks and grid networks, we uniformly sample a
cost from [0, 100] for each pair of variable-assignments. Differently, constraints of
the weighted graph coloring problems incur a cost which is also uniformly sampled

from [0, 100] if two constrained variables have the same assignment.

5.4.2 Baselines

We consider four types of baselines: local search, belief propagation, region optimal
method, and large neighborhood search. We use DSA [29] with p = 0.8 and GDBA
[32] with (M, NM, T) as two representative local search methods, Max-sum_ADVP
[9] as a representative belief propagation method, RODA [83] with t =2,k = 3 as
a representative region optimal method, and T-DLNS [82] with destroy probability

p = 0.5 as a representative large neighborhood search method. All experiments are
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conducted on an Intel 19-9820X workstation with GeForce RTX 3090 GPUs. For
each data point, we average the results over 50 instances and report standard error

of the mean (SEM) as confidence intervals.

5.4.3 Implementation and Hyperparameters

Our GAT-PCM model has four GAT layers (i.e., ' = 4). Each layer in the first
three layers has 8 output channels and 8 heads of attention, while the last layer
has 16 output channels and 4 heads of attention. Each GAT layer uses ELU [181]
as the activation function. In the pretraining stage, we consider a random DCOP
distribution with |I| € [15,30], Dmax € [3,15] and p; € [0.1,0.4]. Finally, we use
DPOP [25] to generate the optimal cost labels.

For hyperparameters, we set the batch size and the number of training epochs
to be 64 and 5000, respectively. Our model was implemented with the PyTorch
Geometric framework [182] and the model was trained with the Adam optimizer

[166] using the learning rate of 0.0001 and a 5 x 10™> weight decay ratio.

5.4.4 Results

In the first set of experiments, we evaluate the performance of our GAT-PCM when
combined with the DLNS framework, which we name it GAT-PCM-DLNS, in solv-
ing large-scale DCOPs. We run GAT-PCM-DLNS with destroy probability of 0.2
for 1000 iterations and report the normalized anytime cost (i.e., the best solution

cost divided by the number of constraints) as the result. Figure 5.2 presents the
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results of solution quality where all baselines run for the same simulated runtime
as GAT-PCM-DLNS. It can be seen that DSA explores low-quality solutions since
it iteratively approaches a Nash equilibrium, resulting in 1-opt solutions similar
to Max-sum_ADVP. GDBA improves by increasing the weights when agents get
trapped in quasi-local minima. RODA finds solutions better than 1-opt by coor-
dinating the variables in a coalition of size 3. T-DLNS, on the other hand, tries
to optimize by optimally solving a tree-structured relaxation of the subproblem
induced by the destroyed variables in each round. However, T-DLNS could ignore
a large proportion of constraints and therefore perform poorly when solving com-
plex problems (e.g., the problems with more than 200 variables). Differently, our
GAT-PCM-DLNS solves the induced subproblem without relaxation, leading to a
significant improvement over the state-of-the-arts when solving unstructured prob-
lems (i.e., Figure 5.2(a-b)). Interestingly, T-DLNS achieves the best performance
when solving small grid networks. That is because the variables in the problem
are under-constrained and T-DLNS only needs to drop few edges to obtain a tree-
structured problem. In fact, the average degree in these problems is less than 3.8.
However, our GAT-PCM-DLNS still outperforms T-DLNS when the grid size is
higher than 14.

We display the average memory footprint per agent of GAT-PCM-DLNS in the first
set of experiments in Figure 5.3, where “Conf #1” to “Conf #5” refer the growing
complexity of each experiment. Specifically, the memory overhead of each agent
consists of two parts, i.e., storing the pretrained model and local embeddings. The
former consumes about 60KB memory, while the latter requires space proportional

to the number of agents and the size of each constraint matrix (cf. Proposition 5.2).
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It can be concluded that our method has a modest memory requirement and scales
up to large instances well in various settings. In particular, our method has a
(nearly) constant memory footprint when solving grid network problems since each

agent is constrained with at most four other agents regardless of the grid size.

To investigate how fast our GAT-PCM-DLNS finds a good solution, we conduct a
convergence analysis which measures the performance in terms of simulated time
[154] on the problems with |I| = 1000, p; = 0.005 and Dy, = 3 and present the
results in Figure 5.4. It can be seen that local search algorithms including DSA
and GDBA quickly converge to a poor local optimum, while RODA finds a better
solution in the first three seconds. T-DLNS slowly improves the solution but is
strictly dominated by RODA. In contrast, our GAT-PCM-DLNS improves much

steadily, outperforming all baselines after 18 seconds.

Finally, we demonstrate the merit of our GAT-PCM in accelerating backtracking
search for random DCOPs with p; = 0.25 and scale-free networks with |I| =
18, my = 5 by conducting a case study on the symmetric version of PT-ISABB [79]
(referred as PT-ISBB) and present the results in Figure 5.5. Specifically, we set the
memory budget £ = 2 and compare the simulated runtime of PT-ISBB using three
domain ordering generation techniques: alphabetically, lower bound lookup tables
(PT-ISBB-LB), and our GAT-PCM (PT-ISBB-GAT-PCM). For PT-ISBB-GAT-
PCM, we only perform domain ordering for the variables in the first three levels
in a pseudo tree. It can be observed that the backtracking search with alphabetic
domain ordering performs poorly and is dominated by the one with the lower bound
induced domain ordering in the most cases. Notably, when solving the problems

with 22 variables, PT-ISBB-LB exhibits the worst performance, because the lower
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bounds generated by approximated inference are not tight in complex problems,
and hence the induced domain ordering may not prioritize promising assignments
properly. On the other hand, our GAT-PCM powered backtracking search uses the
predicted total cost of a subproblem as the criterion, resulting in a more efficient

domain ordering and thus achieving the best results in solving complex problems.

5.5 Chapter Summary

In this chapter, we present GAT-PCM, the first effective and general purpose deep
pretrained model for DCOPs. We propose a novel directed acyclic graph represen-
tation schema for DCOPs and leverage the Graph Attention Networks (GATS) to
embed our graph representations. Instead of generating heuristics for a particular
algorithm, we train the model with optimally labelled data to predict the optimal
cost of a target assignment given a partial assignment, such that GAT-PCM can
be applied to boost the performance of a wide range of DCOP algorithms where
evaluating the quality of an assignment is critical. To enable efficient graph em-
bedding in a distributed environment, we propose DES to perform decentralized
model inference without disclosing local constraints, where each agent exchanges
only the embedded vectors via localized communication. Finally, we develop sev-
eral heuristics based on GAT-PCM to improve local search and backtracking search
algorithms. Extensive empirical evaluations confirm the superiority of GAT-PCM

based algorithms over the state-of-the-arts.

For future work, we plan to extend GAT-PCM to deal with the problems with
higher-arity constraints and hard constraints. Besides, since agents in DES ex-
change the embedded vectors instead of constraint costs, it is promising to extend

our methods to an asymmetric setting [80].






Chapter 6

Deep Attentive Belief
Propagation: Integrating
Reasoning and Learning for
Solving Constraint Optimization

Problems

6.1 Introduction

Belief Propagation (BP) [68, 89] is an important message-passing algorithm for
various reasoning tasks over graphical models, e.g., computing partition function
of a Markov random field [91], estimating the marginal distribution of a given set of
random variables [88], and decoding LPDC codes [90]. When applied into solving
COPs', BP, also known as Min-sum message passing [33], seeks to find a cost-
optimal solution by propagating cost information over the corresponding factor

graph.

It is known that vanilla BP does not guarantee convergence on a factor graph
containing loops and thus, BP often explores low-quality solutions on COPs with

cyclic factor graphs due to excessive loopy propagation. Therefore, considerable

'Tn this chapter, we focus on centralized COPs. The proposed method could be further adapted
to solve DCOPs with minor adaptations. See Section 6.4 for details.
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research efforts [9, 34-36, 92, 93] have been devoted to tackling the convergence
issue of loopy BP. Among them, Damped BP (DBP)? [36] has drawn significant
attention recently. By mixing the new message composed in each iteration with the
old message composed in the previous iteration, i.e., damping, it has been shown
that DBP with a suitable damping factor will often converge and achieve state-of-
the-art performance in practice. In fact, damping can be considered as a degree of

freedom to balance exploration and exploitation in BP [36].

Due to the significant impact of damping on BP [155], a damping factor is often
treated as a hyperparameter and requires laborious case-by-case tuning. Besides,
existing works often use a homogeneous and static damping factor for all variable
nodes which limits DBP’s capability. Moreover, DBP simply treats each variable
node’s neighbors equally when composing a new message, which fails to explore
optimal composition strategy. On the other hand, Deep Neural Networks (DNNs)
have been applied to boost the performance of BP [183-185]. However, existing
DNN-based BP variants often require supervised learning and expensive training
labels and thus, they cannot be directly applied to solve COPs when training labels
are not available. They also manipulate or simulate the BP messages with some
black-box DNN components, which destroys the semantic of a BP message being
the weighted sum of cost functions’ marginalizations and thus, the variable decision-
making rule of BP for COPs is no longer applied (i.e., selecting the assignments

with the minimum beliefs).

To address the above issues, in this chapter® we propose the first self-supervised
DNN-based BP for solving COPs by seamlessly integrating BP, Gated Recurrent
Units (GRUs) [65], and Graph Attention Networks (GATSs) [64] within the message-
passing framework to reason about dynamic weights and damping factors for com-

posing new BP messages. Specifically, we make the following key contributions:

e We extend DBP by allowing dynamic damping factors and different neighbor
weights for each variable node. Consequently, we have more fine-grained
control for composing new messages to trigger effective exploration without

altering the semantic of BP messages.

2The method is referred as “Damped Max-sum” in [36]. We use Damped BP for a coherent
presentation.
3This chapter has been published in [186].



Chapter 6. Deep Attentive Belief Propagation 109

e We infer the optimal damping factors and neighbor weights for each iteration
automatically by seamlessly integrating BP and DNNs. Our model, Deep
Attentive Belief Propagation (DABP), firstly embeds respectively the factor
graph and BP messages with GATs and GRUs, and infers damping factors
and neighbor weights through a multi-head attention [66, 187] layer; Then,
BP runs with those updated factors and weights to compose and propagate
new messages, and so on. Note that integrating GRUs can capture the dy-
namics of BP messages and avoid the gradient vanishing/exploding issue in

long BP reasoning sequences.

e We further equip our DABP with a novel self-supervised learning loss which is
a smoothed surrogate for the cost under BP decision-making rule. Therefore,
unlike existing DNN-based BP variants, we do not require expensive training
labels which are often not available in practice, and also our model can avoid

out-of-distribution issue with efficient online learning.

e We conduct extensive experimental evaluations on four standard benchmarks.
The results show that our DABP achieves significantly higher convergence
rate, where it successfully converges on average 96.25% instances given 1000
iterations, and it also outperforms the state-of-the-art baselines by consider-

able margins.

The rest of this chapter is organized as follows. Section 6.2 reviews related work
and necessary preliminaries about BP for COP solving. In Section 6.3, we elabo-
rate our DABP model. We include short discussion on how to extend our DABP
into distributed settings in Section 6.4. Finally, Section 6.5 presents experimental

results and Section 6.6 concludes.

6.2 Backgrounds

In this section, we review the closely related work and the preliminaries of Min-sum
BP and Damped BP.
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6.2.1 Related Work

Min-sum BP is an effective approximate algorithm for solving COPs and has been
successfully applied to many real-world scenarios [13, 33, 146]. However, vanilla
BP offers no convergence guarantee and usually returns low-quality solutions on
problems with cyclic factor graphs. Therefore, considerable research efforts [9, 34—
36, 92, 93] have been devoted to improve the performance of Min-sum BP on loopy
problems. Among them, Damped BP (DBP) [36] has drawn significant attention
recently, which increases the chance of convergence by mixing the new messages
composed in each iteration with the old messages in previous iterations with a
suitable damping factor. However, selecting a good damping factor often requires
expertise and laborious case-by-case tuning [155], and DBP uses a static damping
factor and treats each node’s neighbors equally when composing a new message,
which limits its exploration. Our DABP overcomes the aforementioned issues by
learning to attend neighbors with dynamic damping factors and neighbor weights
when composing new BP messages. Obviously, DABP generalizes DBP since DBP
can be considered as a static version of DABP. Moreover, equipped with a self-
supervised learning algorithm, our DABP is able to infer the optimal damping

factors and weights to enhance the performance of DBP.

On the other hand, LP-based methods solve a COP by leveraging message-passing
to solve a Linear Program (LP) relaxation of the combinatorial problem. MPLP
[188] is a simple BP variant that solves the convex-dual of the LP relaxation via
block gradient descent. Unfortunately, the global convergence is not always guaran-
teed since coordinate descent may get stuck in suboptimal points. Tree-reweighted
belief propagation (TRBP) [189] and Fractional Belief Propagation [190] consider
respectively a linear combination of free energies defined on spanning trees of the
factor graph and a fractional free energy that generalizes the well-known Bethe free
energy. Finally, Norm-Product [191] provides a uniform framework that generalizes
Max-product, Sum-product and their TRBP counterpart. Unlike these methods,
our DABP directly solve the problem by learning optimal hyperparameters for
DBP, and does not require any form of LP relaxation which may either induce

intractable number of constraints or only offer a lower bound [192].

Recently, there has been increasing interest in applying DNNs to boost the per-

formance of BP. The most relevant works including: NEBP [183] learns to refine
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BP messages with some black-box DNN components in each iteration and is ap-
plied to solve the error correction decoding task; In the same vein, BPNN [184]
uses damping layers to modify factor-to-variable messages and is applied to es-
timate the partition function of Probabilistic Graphical Models (PGMs); FGNN
[185] generalizes Graph Neural Networks (GNNs) to represent Max-Product BP
and is applied to find approximate Maximum A Posteriori (MAP) assignment of
a PGM. However, all these methods require supervised learning and cannot be
directly applied to solve COPs when training labels are not available; They also
destroy the semantic of a BP message being the weighted sum of cost functions’
marginalizations. Contrarily, we only learn optimal dynamic factors and neighbor
weights with DNNs to generalize DBP, which preserves the semantic of the BP
messages and also enables us using a self-supervised manner to train our model.
Therefore, our model does not require expensive training labels which are often not
available in practice due to the heavy computation of exact solvers; and also avoids
out-of-distribution issue and enjoys a nice anytime property [84] through efficient

online learning.

6.2.2 Min-sum Belief Propagation

Min-sum Belief Propagation (Min-sum BP) [33] is an important algorithm for
COPs which performs message-passing on factor graphs. More specifically, the
message sent from a variable node z; to its neighbor f, in iteration ¢ is a function

. s, + Di = R computed by

Hooro = D Hilao (6.1)
meM\{fZ}

where N; is the neighbors of x; in the factor graph, and ujf;l_m D; — R is the
message sent from f,, to x; in the previous iteration. Similarly, f, computes a

message for its neighbor z; by

(i ED DR b (62)
o 2 €N\ (@i}
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(a) Vanilla BP (b) DBP (c) DABP

FIGURE 6.1: Comparison of BP variants. Obviously, our DABP generalizes
both vanilla BP and DBP.

Finally, variable node x; makes a decision by choosing a value with minimum belief

cost:

dﬁ = arg min Z ﬂ'}[_mi(di)v (6.3)
d;i€D; ngNi

where ,u}l _z,(d;) is the belief cost of assignment d; in the message u?g ey

However, vanilla Min-sum BP usually suffers from non-convergence and explores
low-quality solutions on cyclic COPs due to excessive loopy propagation. Damped
BP (DBP) [36] attempts to alleviate the issues by damping the messages sent from

variable nodes to function nodes. Formally,

Hosgy = MG H(L=A) Yl (6.4)
meNz\{fZ}

By choosing a suitable damping factor A € (0, 1], DBP can drastically increase the

chance of convergence as well as the performance of vanilla Min-sum BP.

6.3 Deep Attentive Belief Propagation

Although message damping has proved to be an effective technique to improve the
performance of BP on COPs [36], it still suffers from various issues. First, select-
ing a damping factor is largely accomplished by empirical tuning, which could be
laborious and the number of trials is limited by computational resources and/or
runtime. Second, using a homogeneous and static damping factor for all variable
nodes may limit DBP’s capability. Finally, DBP simply treats each variable node’s
neighbors equally when composing a new message, which may fail to explore opti-

mal message composition strategy.
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We address the above limitations by allowing dynamic damping factors and differ-
ent neighbor weights for each variable node. More specifically, in our framework a

variable node x; computes a message to function node f, at iteration t by

:utxiﬁfg = )\fazﬂtxiﬁ; + (1 - Xiaé)(’-/\/;' - 1) Z wfnai(@ﬂ?‘:nl—mi? (65)
fme-/\/i\{fl}

where X!_,, € [0,1] and w!,

m—i

(¢) € 10, 1] are learnable damping factor and neighbor
weights for the message from x; to f, at iteration ¢, respectively. Particularly,
we require 30, ae\(ry Wiy (€) = 1 and use [N — 1 to rescale the weighted sum
of the messages from neighbors. Consequently, we have more fine-grained control
for composing new messages to trigger effective exploration without altering the

semantic of BP messages. Figure 6.1 compares three different BP variants.

A key challenge of our framework is to determine the values of a large number
of time-varying damping factors and neighbor weights (cf. Eq. (6.5)). Given a
factor graph with | X | variables and maximum degree of v, running for 7" iterations
would require to select O(T|X|v?) hyperparameters from the continuous range of
0, 1], which obviously cannot be done by the traditional trial-based hyperparameter

tuning methods (e.g., grid search, evolutionary optimization).

Therefore, we propose to automatically infer the optimal hyperparameters for
Eq. (6.5) in each iteration by seamlessly integrating BP and DNNs within the
parallel message-passing framework. Our model, Deep Attentive Belief Propaga-
tion (DABP), directly outputs the optimal damping factors and weights by learning

to attend neighbors given the factor graph and the BP messages in each iteration:

wh N = My (FG, bt} . (6.6)

1:t—1
f—x

where F'G is the factor graph, uzlci_fl and @ are the BP messages from variable
nodes to function nodes and from function nodes to variable nodes in the previous

iterations, respectively.

However, implementing such DNN-based model requires to perform inference along
with BP message-passing iterations (cf. Eq. (6.6)), which could incur a severe
gradient vanishing or gradient exploding problem in a long reasoning sequence.
Moreover, obtaining optimal training labels can be extremely expensive for COPs

due to the heavy computation of exact solvers, making it impracticable to perform
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—~ BP Messages
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FIGURE 6.2: The overall architecture of DABP: (a) The BP messages from
iteration t —1; (b) To update the message hidden vectors with the messages from
iteration ¢t — 1. Note that these message hidden vectors capture the dynamics of
a sequence of BP messages; (c) To insert message nodes with the hidden vectors
into the factor graph; (d) To embed the augmented factor graph; (e) To infer
optimal hyperparameters by using a multi-head attention layer (MHA); and (f)
To compose and propagate new messages with updated hyperparameters and
compute training loss in iteration t.

supervised model training on large instances. In Section 6.3.1, we address the first
problem by introducing GRUs as a part of our encoder; while we design a novel self-
supervised loss function and an efficient online learning framework in Section 6.3.2

to address the second issue.

6.3.1 Model Architecture

Figure 6.2 gives the overall architecture of our DABP. It consists of an encoder to
embed the factor graph and the BP messages, and an attention module to infer

the dynamic optimal hyperparameters.

Encoder. The purpose of our encoder is to embed the factor graph given a se-
quence of BP messages (cf. Figure 6.2(a-d)). Therefore, to capture the BP message
dynamics and avoid gradient vanishing/exploding issue, we first use two GRUs to
embed the BP messages from variable nodes to function nodes and the ones from
function nodes to variable nodes into g-dimensional vectors, respectively (cf. Fig-
ure 6.2(b)):

bl ;=GRUs (he s palsy),  hY . = GRUs (K, 15 ,), (6.7)

z—f —>:c7ll’f—>x
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where h%_, ¢ h% ,, € R™? are the message hiddens for iteration ¢ and 7 is the

number of edges in the factor graph.

To consider both the topology of a factor graph and the message dynamics, we
insert a set of message nodes that carry the message hiddens (i.e., the brown and
green dots in Figure 6.2(c)) and make the graph directed to reflect the message-
passing directions. Then the augmented factor graph is embedded through G layers
of GAT (cf. Figure 6.2(d)). Formally, in the g € {1,...,G}-th layer GAT}, , we

compute the embedding ef’(g) for node 7 according to

exp(siy)
ei'” = LeakyReLU Y alfW@elV ) - al9 = (6.8)
T Yenesp(s))
JEN; i'eN; ps

where W(9) € 1), is a learnable matrix, s(g) = @ (W@ehlo™h), W(g)ez-’(gfl)) is the
attention score between nodes i and j, and a'9 is a single-layer feed-forward neural

network.

Attention Module. Given the embedding ez’(G) for each f, € F', we update the
damping factors and neighbor weights by using a multi-head attention (MHA) layer
[66] (cf. Figure 6.2(e)), where queries and keys are the embeddings of the target
and corresponding neighboring function nodes, respectively. Specifically, for each
variable node z; and a target function node f; € N;, we first compute an attention
score for each neighboring function node f,, € N; in k € {1,..., K}-th head Att,
by:

at,(k)(g) — <W1(k) [ w.ik) t || (k) t ]) 7 (6.9)

where Wl(k), Wz(k)7 W;-).(k) € () are learnable matrices, o is the Sigmoid function
and || is the concatenation operation, respectively. Then the attention scores are

normalized to compute neighbor weights respect to target function node fy:

exp (P (0))

Zf enn s (@(0)

Vfm € NA{fe}- (6.10)
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Similarly, the damping factor is computed by normalizing the attention score of f,

w.r.t. the mean attention score of the remaining neighboring function nodes:

t,(k)
exp (ae (f))
A = (k) 1 t,(k)
exp <aﬁ (6)) + exp (‘Nz|*1 meIGM\{fg} am/ (E))

i—f T

(6.11)

Finally, both the neighbor weights and damping factors are normalized across dif-

ferent heads, i.e.,

K \t(k) K t(k)
_ )\7, -1 Wn zg
N = et ) = 2 D g e gy, (612)

and are plugged into Eq. (6.5) to compute new BP messages for iteration ¢ (cf.
Figure 6.2(f)).

6.3.2 A Novel Self-supervised Learning Algorithm for Solv-
ing COPs

Recall that our objective is to find a cost-optimal solution (cf. Eq. (2.1)), a nature
choice of the loss function would be the cost of the solution induced by BP mes-
sages in each iteration. Unfortunately, such loss function is not differentiable since
variables are greedily assigned via argmin (cf. Eq. (6.3)). Instead, we propose to
use a smoothed cost as the surrogate objective. Formally, for each iteration t, we

consider the following self-supervised objective:
loss' = > fodiys o di) T 25 0d) | (6.13)
feeF (dil ..... din>enxiescp(fg)Di j=Llmn
where pt(d;) is the probability of x; = d; under the current belief, i.e.,

tay exp(—bi(di)) b t 4
pz(d1> - Zd;eDi exp(—bf(d;))’ bz(dl) fZEZM :ufe—mi(dl)' (614)

Intuitively, an assignment d; is associated with a high probability if it has a low
belief cost bl(d;), which simulates the behavior of argmin in Eq. (6.3) and is in

alignment with the objective in Eq. (2.1).

We now theoretically show the error bound of the smoothed cost.
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Theorem 6.1. Let Ag = max<di17m7din> ff(dip Ce 7dzn) —min<di17_”,din> fg(dil, . ,din)
be the mazimum difference between cost values of each constraint function f, and
= (dj,...,dy) be the assignment induced by Eq. (6.3). We have

loss! — Z Je(d'sep(s))

fe€EF

1
SZAz 1- H Dy

feeF z;€scp(fe)

Proof.
lOSS - Z f/ scp(fp - Z fZ(Tt|scp(fg)) - Z . i1-, e ’m H pL] zJ
fieF feeF (dzl}AA.ﬁdiTL)eHziescp(f[)D j=ln
=2 > (el scotsn) = Feldiys- i) TT o, ()
FrEF |(diy o) €1, gop 5 D j=lmn

<) > AlAE)

Je€F (diy soesdiy, )€1y e sep(sy) Di j=1ln
(diy seesi ) AT sen(ry)

= ZAZ( [T w df>

zi€sep(fe)
According to Eq. (6.3) and Eq. (6.14), for each x; € X it must be the case that
di = arg mind ep, bi(d;) and hence di = arg maxgy,ecp, pﬁ(d) We now show that

ph(dt) > o D - Assume by contradiction that pi(dh) < Since d has the highest

\D\

Y wpid) < Y pildh) = | Dilpi(d) < 1

d;eD; d;eD;

probability,

which contradicts to the fact that pt is a probability distribution over D;. Therefore,

lOSSt — Z fE(Tt|80p(f( < Z AZ 1 - H pl(dt = Z Aé L= H |gl,

fe€F fe€F z;€sep(fe) Jeer x;€scp(fe)

]

Given the smoothed objective for each iteration, we define the following loss func-

tion:

L(0) = ; Zlosst, (6.15)
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Algorithm 9: A self-supervised online learning algorithm for the DABP model

M,

Input: A COP instance P = (X, D, F'), the number of restart R, the maximal
iteration limit T1,ax, the update interval Ty,pq < Tinax, and the number of
effective iterations Teg € {1,..., Typd}

7% < nil; F'G < factor graph of P

forrs=1,...,R do

N?—m(_Ong—n' —0,Vr; € X, freN;

fort=1,...,Thax do

wh, At My (FG, ptl utfjm)

compute u§ _,¢ according to Eq. (6.5) with hyperparameters

wt At Vx; € X, fr e N

compute p_, according to Eq. (6.2) Va; € X, fr € N;

compute solution 7% = (df, ... ,dfx‘> according to Eq. (6.3)

if cost(t*)>cost(t!) then 7% « 7!

if t % Typq = 0 then

T* + select the best Ty iterations according to cost(r),
t—Typa <t <t
compute L£(6) according to Eq. (6.15), 6§ <~ ADAM(0, VL(0))
if BP messages converge then break

return 7*

where 0 = {¢1, @2, [V1,..., %], [C1, ..., (k]} is the model parameters and T* is
a selected subset of iterations used for optimizing, respectively. Particularly, we
rank each iteration ¢ according to the quality of solution 7' and select the best
T.x iterations as effective iterations 7. This way, we encourage exploration by

considering only good-enough solutions.

Since our model is self-supervised by the smoothed cost, there is no need for costly
label generation for each instance and thus, DABP can be directly applied to solve
COPs via online learning without any pre-training procedure. That is, from an
initial DABP model My, we continuously improve it by training on the instance
multiple rounds (i.e., restart) on the COP to be solved and return the best solution
as the result. Therefore, our DABP avoids the out-of-distribution issue and has a

nice anytime property [84]. The procedure is detailed in Alg. 9.

Specifically, each round of restart begins with resetting BP messages to zero vectors
(line 3), followed by a sequence of message-passing iterations (line 4-13). In each
iteration, we query our DABP for the damping factors and neighbor weights (line
5), perform BP message passing according to the updated hyperparameters (line 6-

7), and finally update the current best solution (line 8-9). Particularly, we perform
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model update every Typq iterations (line 10-12) and thus, we further alleviate the
gradient vanishing/exploding issue by restricting the maximum length of reasoning
sequence to Ty,q. Lastly, we early stop each round whenever BP messages converge

(line 13) and return the best solution.

Finally, it is noteworthy that our DABP can be easily applied to Max-sum BP with
two slight modifications. First, the probability of z; taking assignment d; € D;

under the current belief is modified as

¢ exp(bﬁ(di)) t t
pi(di) = s bi(di) = Wy, (i)
> aep, exp(bi(d})) f;M Jime

Intuitively, an assignment x; = d; has a higher probability if it has a higher belief
bi(d;), which simulates the greedily assigning strategy (i.e., taking argmax w.r.t.
beliefs) in Max-sum BP. Second, the self-supervised learning objective for each

iteration is modified as

loss' = — Z Z fldiy, ... di,) H pﬁj(di) )

feeF <d11 ----- din>€Hwi€scp(fZ)Di j=ln

to accommodate the maximization objective of Max-sum BP.

6.4 Discussions on Extending DABP to DCOPs

Our DABP can be adapted to solve DCOPs through minor modifications on graph
embedding (line 5) and self-supervised learning (line 11), which are respectively

discussed as follows.

Graph embedding. To learn representation for each function node in a fully-
decentralized manner, agents just need to perform graph embedding cooperatively,
because updating the message hidden does not involve any interaction among
agents and can be done locally. Note that GAT layers are applied sequentially
when performing graph embedding, i.e., the embedding of node 7 in j > 1 step is
computed by applying the j-th layer of GAT on the embedding of the neighbors
of node 7 in 5 — 1 step. Therefore, we could implement fully-decentralized graph
embedding with synchronous message-passing like BP. That is, after applying j-
th layer of GAT, each node in the factor graph sends its embedding vector to its
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neighbors to facilitate the computation of the next step of graph embedding, until
all the GAT layers are exhausted.

Self-supervised learning. Recall that the loss function (cf. Eq. (6.15)) is the
average of smoothed cost over iterations 7. Therefore, by the linearity of differ-

entiation,

VL) =

1
7]

Z Vlioss'

teT™*

= ‘7}*‘ Z Z \Y Z f(diy, .., di,) H pﬁj(dij)

teT* fel (diyseesdin YLy, e sep(rp) Di j=ln

TV
gradients of the smoothed local cost of f,

Note that the gradients of the smoothed local cost can be computed by each func-
tion node f, locally. As a result, the computation of overall gradient VL(#) can
be efficiently implemented in a fully-decentralized way, by exploiting the anytime

local search framework [39].

In more detail, each agent keeps track of the gradients of its owned function node,
and communicates the local cost to the root agent through a BFS spanning tree.
When perform model updating, the root agent selects the set of iterations 7™ and
notifies all other agents through the BFS tree. After that, each agent sends the sum
of local gradients over selected iterations to the root agent. After collecting the
gradient information from all the other agents, the root agent is able to compute the
overall gradient VL(0) and broadcasts it to all agents through BFS tree. Finally,
all agents apply gradient by using ADAM optimizer [166].

6.5 Empirical Evaluations

In this section, we perform extensive empirical studies. We begin with introducing
the details of experiments and implementation. Then we analyze the impact of
hyperparameters of DBP and our DABP. Finally, we show the great superiority of
our DABP over the state-of-the-arts.
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6.5.1 Experimental Setups

Benchmarks. We consider four types of benchmarks in our experiments, i.e.,
random COPs, scale-free networks, small-world networks, and Weighted Graph
Coloring Problems (WGCPs). For random COPs and WGCPs, given | X| variables
and density of p; € (0,1), we randomly create a constraint for a pair of variables
with probability p;. For scale-free networks, we use the BA model [167] with
parameter mgy and m; to generate constraints: starting from a connected graph
with mg vertices, a new vertex is connected to m, vertices with a probability
which is proportional to the degree of each existing vertex in each iteration. For
small-world networks, we generate problem topology according to Newman-Watts-
Strogatz model [193]: starting from a ring of | X| vertices, each vertex is connected
to its k nearest neighbors, and for each edge underlying the ring with k nearest
neighbors, we create a new shortcut by randomly selecting another vertex with a
probability p. Finally, for each variable and constraint in the benchmarks except
WGCPs, we set domain size to 15 and uniformly sample a cost from [0, 100] for
each possible assignment combination, respectively. Differently, for WGCPs each
variable has a domain of 5 values, and for any pair of constrained variables, we
uniformly sample a cost from [1,100] for an unanimous variable assignment and

otherwise, a zero cost.

Baselines. We compare our DABP with the following state-of-the-art COP solvers:
(1) DBP with a damping factor of 0.9 and its splitting constraint factor graph ver-
sion (DBP-SCFG) with a splitting ratio of 0.95 [36]; (2) GAT-PCM-LNS with a
destroy probability of 0.2 [170], which is a local search method combining the LNS
framework [82, 122] with neural-learned repair heuristics; (3) Mini-bucket Elimi-
nation (MBE) with an i-bound of 9 [194], which is a memory-bounded inference
algorithm; (4) Toulbar2 with timeout of 1200s [195], which is a highly optimized
exact solver written in C++. The hyperparameters for DBP and GAT-PCM-LNS
are set according to the original papers, while the memory budget for MBE and

timeout for Toulbar2 are set based on our computational resources.

All experiments are conducted on an Intel 19-9820X workstation with GeForce RTX
3090 GPUs and 384GB memory. We terminate DBP(-SCFG) and GAT-PCM-
LNS whenever convergence or the maximum iteration limit (7j,.x = 1000) reaches.
Finally, we report the best solution cost for each run, and for each experiment we

average the results over 100 random problem instances.
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FIGURE 6.4: Solution quality comparison with different A (|X| = 80)

Implementation Details. Our DABP consists of two GRUs which embeds BP
messages into 8-dimensional hidden vectors, followed by G = 4 layers of GAT,
each of them has 8 output channels and 4 attention-heads. We then infer the
optimal damping factors and neighbor weights by using a multi-head attention
layer with K = 4 attention-heads. Finally, we also adopt the SCFG scheme with
the splitting ratio of 0.95 [36]. Our model was implemented with the PyTorch
Geometric framework [182] and the model was trained with the Adam optimizer
[166] using a learning rate of 10~ and a weight decay ratio of 5 x 107°. For each
instance, we perform R = 20 restarts with iteration limit 7},,, = 1000 and update

the model every T4 = 20 iterations.

6.5.2 Hyperparameter Tuning

In this subsection, we empirically study the impact of damping factor A on the
performance of DBP and DBP-SCFG, and the impact of the number of effective

iterations on the performance of our DABP, respectively.

Impact of Damping Factor \. We vary A from 0.5 to 0.9 with a step size of
0.1, and Figure 6.3-6.5 present the solution quality performance of DBP and DBP-
SCFG under different damping factors. It can be observed that the performance
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FIGURE 6.6: Accumulated runtime comparison

of DBP varies a lot with different A while DBP-SCFG is relatively less sensitive to
the damping factor. In more detail, DBP with a small A (e.g., A = 0.5 or A = 0.6)
trends to produce low-quality solutions, which is due to the fact that a small
damping factor usually cannot eliminate the effect of the costs accumulated before
the final periodical of the BP process [155]. On the other hand, a large damping
factor (e.g., A = 0.9) can also lead to poor results, since it requires significantly

more iterations to update the beliefs before finding a high-quality solution.

However, it can be extremely tedious and time-consuming to tune the damping
factor. Figure 6.6 presents the accumulated runtime of tuning damping factor in
DBP and DBP-SCFG, and the one of DABP with 10 times of restart. It can be
seen that both DBP and DBP-SCFG require significantly higher runtime if we tune
the damping factor. In fact, the runtime is generally proportional to the number
of damping factors we have attempted. On the other hand, to obtain high-quality
solutions one needs to perform extensive tuning (e.g., by using a smaller step size
or a wider range), which substantially increases the overall runtime overhead. In
contrast, our DABP automatically infers the optimal hyperparameters from the BP
messages in the previous iterations, eliminating the need of notoriously laborious
tuning procedure and finding better solutions in all test cases with much smaller

runtime.
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Impact of the Number of Effective Iterations T.g. We train our DABP with
different T.g on the Random COPs and WGCPs with 80 variables and p; = 0.25.
Figure 6.7 presents the solution quality when varying T.g. It can be seen that
a large Tyg usually produces inferior solutions. In such scenario, T may contain
many suboptimal iterations and their solutions are relatively easy to be improved.
Consequently, DABP is more exploitative and thus, it is prone to get trapped in
local optima. In contrast, a small T, forces DABP to improve only good-enough
solutions and encourages exploration. In our experiments, we use Tog = 2 due to

its better solution quality.

6.5.3 Performance Comparison

Table 6.1 compares the performance of different methods on the four standard
benchmarks. We observe that, although given a relatively high timeout (i.e., 20
minutes), Toulbar2 still performs poorly on the most test cases. This is not sur-
prising because it systematically explores the whole solution space, which is often
infeasible for large problem instances. Also, it highlights the extreme difficulty
of obtaining optimal labels with an exact solver for the existing DNN-based BP
variants. MBE, on the other hand, performs memory-bounded inference and thus
runs much faster than Toulbar. However, MBE fails to find good solutions and
is strictly dominated by the other algorithms. GAT-PCM-LNS performs iterative
large neighborhood search with a machine-learned repair heuristic and often out-
performs DBP. However, GAT-PCM-LNS requires significant longer runtime than
DBP since it needs to perform multiple times of model inference in each iteration

to re-assign the destroyed variables. With a small modification in a factor graph,
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TABLE 6.1: The performance of different methods. Costs are normalized by the
number of constraints |F'|. Gap is the ratio of cost difference w.r.t. the best
result. The best results are shown in bold.

Random COPs (p; = 0.25)
1X| = 60 1X] = 80 X| = 100

Methods Cost  Gap Time | Cost  Gap Time Cost  Gap Time

Toulbar2 29.26  7.88% 20m 3249 8.23% 20m 3436 7.23% 20m

MBE 32.04 18.11% 4m2s 34.85  16.10% 8m38s | 36.76 14.72% 11mb8s

GAT-PCM-LNS | 28.00 3.21% 5m27s | 30.80 2.59% 12mb5s | 32.78  2.31% 24m47s

DBP 27.86  2.72% 1mlls | 30.79  2.58% 2m25s | 33.06 3.17% 4m18s

DBP-SCFG 27.60 1.77% 52s 30.50 1.60% 2m6s 3245  1.28% 3mb9s

DABP (R = 5) 27.19  0.24% 1m4s 30.09 0.23% 1m20s | 32.12  0.26% 1m49s

DABP (R = 10) 27.16  0.12% 2m?2s 30.05 0.10% 2m4ls | 32.07 0.10% 3m37s

DABP (R =20) | 27.12 0.00% 4m 30.02 0.00% 5m20s | 32.04 0.00% Tm20s

WGCPs (p1 = 0.25)

Toulbar2 0.18 0.00% 20m 1.23 41.06% 20m 2.11 42.09% 20m

MBE 1.98 1028.69% 0s 2.81 223.13% Os 3.43 131.05% 1s

GAT-PCM-LNS | 0.51 191.35%  57s 1.16 33.98%  2md0s | 1.79 20.47%  5mb56s

DBP 1.78 913.53%  29s 3.03 249.36% 1md4s 3.79 154.99% 1mb5s

DBP-SCFG 0.40 130.39% 30s 1.04 19.77% 1mb9s 1.69 13.97% 4m?29s

DABP (R=5) | 0.32 80.52% 1m9s | 0.89 2.39% 2mb3s | 1.57 5.50% 5m47s

DABP (R =10) | 0.30 73.80% 2m15s | 0.88 0.92% 5m37s | 1.50 0.69% 11m19s

DABP (R = 20) 0.29 67.12% 4m?26s | 0.87 0.00% 11m10s | 1.49 0.00% 22m35s

Scale-free networks (mg = m; = 10)

Toulbar2 31.01  7.51% 20m 31.70 8.07% 20m 32.69 10.51% 20m

MBE 33.70  16.85% 4m8s | 34.26  16.82%  5m4d3s | 34.58 16.91%  7Tm9s

GAT-PCM-LNS | 29.62 2.70% 6m25s | 30.41 3.66% 10mb5s | 31.10  5.16% 17m7s

DBP 29.32  1.65% 1m16s | 30.11  2.66% 2m&s 3047 3.04% 2mb7s

DBP-SCFG 29.27  1.46% 1m18s | 29.76 1.47% 1mbls | 30.01 1.48% 2m27s

DABP (R =5) 28.93  0.30% 1m2s | 29.43 0.32% 1m15s | 29.67 0.33% 1m18s

DABP (R =10) | 28.87 0.10% 2m2s | 29.38  0.17% 2m33s | 29.62 0.15% 2m37s

DABP (R = 20) 28.84 0.00% 4m3s 29.33 0.00% 5m9s 29.58 0.00% 5m12s

Small-world networks (k = 10, p = 0.3)

Toulbar2 27.98  8.72% 20m 28.28 10.37%  20m 28.36  10.60%  20m

MBE 29.67 15.26% 2m46s | 29.39  14.71% 3m39s 29.54  15.17% 4mb50s

GAT-PCM-LNS | 26.75  3.93% 4m 26.65 4.04% 6ml9s | 26.68 4.02% 9m12s

DBP 26.77  4.02% 1m 27.03 5.52% 1m23s | 27.40 6.83% 1mb50s

DBP-SCFG 26.30 2.17% 1m4s | 26.09 1.83% 1m31ls | 26.13 1.90% 2m10s

DABP (R =5) 25.84  0.39% 1m15s | 25.70  0.33% 1m31s | 25.73  0.34% 1mb56s

DABP (R =10) | 25.78 0.15% 2m36s | 25.65 0.14% 3mobs 25.70  0.20% 3m49s

DABP (R = 20) 25.74 0.00% 5m8s 25.62 0.00% 6m20s 25.65 0.00% Tm31s
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FIGURE 6.9: Convergence rates under different iteration limits (|X| = 60)

DBP-SCFG drastically improves the performance of DBP but it is computationally
heavier. That is because the number of function-nodes in DBP-SCFG is doubled

due to constraint function splitting.

Our DABP exhibits great superiority in various benchmarks. Specifically, given
5 times of restart, DABP substantially outperforms DBP-SCFG, which is cur-
rently the strongest approximate solver for COPs, on all test cases and the gap
is widened with the increasing R. This demonstrates the merits of our learned
dynamic damping factors and neighbor weights over the static and homogeneous
counterpart. Importantly, although our DABP requires to perform online learn-
ing when solve each instance, our DABP’s runtime results are still comparable
to DBP-SCFG and also scales up well to large problem instances, thanks to our
seamlessly integration of BP and DNNs within the message-passing framework
which enables efficient parallel computation on GPUs. In fact, when applied to
scale-free networks, DABP (R = 5) requires less runtime for all configurations, and
has a much lower growing rate (~23.81%) than DBP-SCFG (~37.37%). Besides,
equipped with the self-supervised loss function for minimizing the smoothed cost,
our DABP is able to infer the optimal hyperparameters that foster fast convergence,

which also improves our model’s efficiency.
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FIGURE 6.10: Solution quality comparison (|X| = 80)

100 100 100

L DBP
mmm DBP-SCFG
B DABP (R=5)

@
S
@
o
©
=)
@
S

o
=]
o
o
o
=)
o
=)

IS
S
IS
o
&
S
IS
S

Convergence rate (%)
Convergence rate (%)
Convergence rate (%)
Convergence rate (%)

N
o
N
o
N
o
N
o

o

50 100 ‘250 500 1000 0 50 100 250 500 1000 o 50 100 250 500 1000 0 50 100 250 500 1000
Iteration limit Iteration limit Iteration limit Iteration limit
(a) rnd COPs (b) WGCPs (c) SF nets (d) SW nets

FIGURE 6.11: Convergence rates under different iteration limits (|X| = 80)

—— MBE
36 —— Toulbar 35 3 29
. —— GAT-PCM-INS |, . ”
8 DBP g 833 8
8 8 8 8
35 3.0
T DBP-SCFG  |B B g
s —— DABP(R=5) |& £32 3
s s s s
234 DABP (R=10) |£ 2.5 g E,
2 —— DABP (R=20) Z° \ 2 31 2
33 - 2.0
30 26

0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000

(a) rnd COPs (b) WGCPs (c) SF nets (d) SW nets

FIGURE 6.12: Solution quality comparison (|X| = 100)

6.5.4 Convergence Analysis

We further compare the solution quality of different methods in each iteration and
analyze the convergence rate of BP variants in Figure 6.8-6.13. We omit the cases
of DABP with R = 10 and R = 20 in convergence rate results since they are
similar to the one of DABP (R = 5). It can be seen that DBP improves slowly and
fails to find good solutions within 1000 iterations, especially on WGCPs. DBP-
SCFG substantially improves the convergence as well as solution quality of DBP by
introducing another degree of freedom through asymmetric function splitting [36].
On the other hand, our DABP allows more flexibility in composing BP messages
by reasoning optimal dynamic hyperparameters through seamlessly integrating BP
and DNNs, and it also significantly outperforms and converges much faster than
both DBP and DBP-SCFG.
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FIGURE 6.13: Convergence rates under different iteration limits (|X| = 100)

6.6 Chapter Summary

In this chapter, we propose DABP, the first self-supervised DNN-based BP for solv-
ing COPs. By allowing dynamic damping factors and different neighbor weights
for each variable-node, our DABP strictly generalizes the state-of-the-art DBP and
has more fine-grained control for composing new messages to trigger effective ex-
ploration without altering the semantic of BP messages. Moreover, by seamlessly
integrating BP, GRUs and GATs within the message-passing framework, DABP is
able to infer the optimal hyperparameters automatically according to the BP mes-
sage dynamics. Finally, equipped with a novel self-supervised loss function, our
DABP does not require expensive training labels and can avoid out-of-distribution
issue with efficient online learning. Extensive experiments confirm the great supe-

riority of our DABP over the state-of-the-art baselines.

Since it relies smoothed costs as the self-supervised loss function, our DABP is ded-
icated to solve COPs and is not trivial to be adapted for other scenarios. Therefore,
in future we will explore more training paradigms to extend our model to solve
other important reasoning tasks over graphical models, e.g., computing partition
function [91], and finding constrained most probable explanation [196]. It is also
interesting to further boost the performance of our model by incorporating popular

deep learning techniques such as contrastive learning [197] and transformer [66].



Chapter 7

Conclusions and Future

Directions

7.1 Conclusions

DCOPs are an important formalism for multi-agent coordination and optimization
and have been successfully applied to various real-world applications including
radio channel allocation, vessel navigation, mobile sensor team and smart grids.
In this thesis, we aim to develop scalable and the efficient techniques for solving
large-scale DCOPs by leveraging the power of heuristic search and deep learning

to efficiently explore the high-dimensional solution space.

In Chapter 3, we improve the scalability of Max-sum BP by combining B&B and
domain pruning technique. We first propose GD?P to accelerate BP on the prob-
lems with densely distributed utility functions by continuously tightening a running
lower bound. We further enhance GD?P by merging the entries with the same util-
ity value into a search tree to enable efficient B&B on tied entries, resulting in a
new algorithm called ST-GD?P. To balance the reconstruction overhead and the
domain pruning efficiency, we propose a discretization mechanism for ST-GD?P
which merges small search trees into a bigger one. Finally, we introduce a Par-
tial Tree-sorting Scheme (PTS) with different sorting criteria to reduce the memory
consumption of ST-GD?P. We theoretically show the soundness and the superiority

in terms of pruning capability of our algorithms. Extensive empirical evaluations

129
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indicate that the proposed algorithms significantly outperform the state-of-the-art

acceleration techniques in various benchmarks.

In Chapter 4, we develop a novel scalable context-based sampling algorithm for
solving DCOPs by leveraging DNNs to approximate the high-dimensional tables
generated during the solving process. We first introduce a new context-based sam-
pling algorithm built upon regret-matching, with a novel regret rounding scheme
for incentivizing exploration. Compared to the existing regret-based local search
algorithms, our method performs sampling on a pseudo tree and stores regret val-
ues for each context separately, which allows an agent to devise different strategies
for different contexts. Then we present a neural-based scheme to improve the
scalability of the proposed sampling algorithm by using DNNs to approximate the
regret values, which is the first attempt to leverage DNNs to solve DCOPs. Finally,
we theoretically analyze the regret bound of our algorithms, and demonstrate the
superiority over the state-of-the-art baselines through extensive empirical evalua-

tions.

In Chapter 5, we develop the first general-purpose deep model for DCOPs, called
GAT-PCM, to generate efficient heuristics for a wide range of DCOP algorithms
by learning to estimate the optimal cost of a target assignment given a partially-
instantiated DCOP instance. Specifically, by introducing a novel directed tripartite
graph representation based on microstructure, we effectively encode a partially
instantiated DCOP instance and use GATs to learn generalizable embeddings. We
then pretrain the model with the optimally labelled data generated by an exact
DCOP solver. To enable decentralized model inference without disclosing local
constraint costs, we propose a Distributed Embedding Schema (DES) where each
agent exchanges only the embedded vectors via localized communication. As a
case study, we develop two efficient heuristics for local search and backtracking
search for DCOPs based on GAT-PCM, respectively. Finally, extensive empirical
evaluations indicate that GAT-PCM-boosted algorithms significantly outperform

the state-of-the-art methods in various standard benchmarks.

In Chapter 6, we investigate using DNNs to boost the performance of BP. Our
model, DABP, seamlessly integrates BP, GRUs, and GATs within the message-
passing framework to reason about dynamic neighbor weights and damping factors

for composing new BP messages. Specifically, given a factor graph and the BP
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messages in previous iterations, we infer the optimal hyperparameters for cur-
rent iteration through GRUs and GATs, followed by a multi-head attention layer.
Furthermore, unlike existing neural-based BP variants, we propose a novel self-
supervised learning algorithm for DABP with a smoothed cost, which does not
require expensive training labels and also avoids the common out-of-distribution
issue through efficient online learning. Extensive experiments show that our model

significantly outperforms state-of-the-art baselines.

7.2 Future Directions

In this section, we discuss several future directions.

First, the existing acceleration methods for Max-sum BP are based on purely static
knowledge and fail to exploit the characteristics of GDL algorithms or runtime
information. For example, query messages in Damped Max-sum [36] could change
slowly when damping factor is high. Therefore, one can leverage such similarity
between two consecutive iterations and give priority to search the neighborhood
of optimal assignment found in the last iteration. As a result, a possible research
direction is to investigate how to utilize the algorithmic characteristics or running

history to further improve BP’s scalability.

Second, beside context-based regret-matching, there are also DCOP algorithms like
DPOP [25] and DUCT [4] that require to store exponential size of information dur-
ing the solving process, which severely limits their scalability. Unfortunately, these
methods usually involve highly nonlinear operations when computing such infor-
mation (e.g., taking min w.r.t. a cost table in DPOP), which makes it nontrival to
parameterize them by DNNs due to the compounding approximation errors. There-
fore, an interesting yet challenging direction would be developing effective neural
scheme for these algorithms to reduce the memory consumption while keeping the

approximation errors acceptable.

Third, although our GAT-PCM show superior performance on generating efficient
heuristics for DCOP algorithms, it cannot deal with the instances with hard con-
straints. That is primarily due to the fact that hard constraints are typically

denoted by infinity cost, making it difficult to train directly due to the numerical
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instability when regressing the optimal cost values. Consequently, training the om-
nipotent cost model for general DCOPs that support hard constraints could be a
promising research direction. Besides, privacy is a critical concern when deploying
DCOP algorithms. Therefore, another important research direction is to develop
secure mechanisms that prevent agents from discovering sensitive information (e.g.,

constraint costs) by reverse-engineering the embedded vectors exchanged in DES.

Finally, our DABP is dedicated to solve COPs and is not trivial to be adapted for
other scenarios since it relies smoothed costs as the self-supervised loss function.
Therefore, it is interesting to explore more training paradigms to extend our model
to solve other important reasoning tasks over graphical models, e.g., computing
partition function [91], and finding constrained most probable explanation [196].
Besides, our DABP currently solves each COP instance from scratch, i.e., starting
from randomly initialized model weights and continuously improving through mul-
tiple restarts, which is simple but less efficient when the problem instances have a
similar pattern. Therefore, another promising direction for future work could be
leveraging meta-learning [198] to learn efficient initial weights, so as to adapt new

COP instances fast and reduce the number of restarts needed.
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