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Abstract

A partial geometry admitting a Singer group G is equivalent to a partial differ-
ence set in G admitting a certain decomposition into cosets of line stabilizers. We
develop methods for the classification of these objects, in particular, for the case of
abelian Singer groups. As an application, we show that a proper partial geometry
IT = pg(s+1,t+ 1,2) with an abelian Singer group G can only exist if t = 2(s + 2)
and G is an elementary abelian 3-group of order (s + 1) or II is the Van Lint-
Schrijver partial geometry. As part of the proof, we show that the Diophantine equation
(3™ —1)/2=(2"" —1)/(2" — 1) has no solutions in integers m,r > 1, w > 2, settling
a case of Goormaghtigh’s Equation.

1 Introduction

A partial geometry pg(s+ 1,t + 1, «) is an incidence structure of points and lines with the
following properties:

1. every line has s 4+ 1 points,
2. every point is incident with exactly ¢ 4 1 lines,
3. through any two points there is at most one line,

4. for every line L and every point p not on L there are exactly « lines through p that
meet L.

We remark that our notation essentially follows Bose [2]. This notation was also used in
[4, 5, 14, 15]. It seems more natural than others since s + 1, ¢t + 1 and « correspond to the
objects counted in conditions 1, 2 and 4.

Partial geometries were introduced by Bose [2] in order to unify and generalize certain
aspects of the theory of nets, association schemes and designs. The point graph of a partial
geometry has the points of the geometry as vertices and two points form an edge if and only
if they are on a common line. It is well known [2] and straightforward to show that the point
graph of a partial geometry is strongly regular. This provides an interesting link between
design theory and strongly regular graphs.

Let v, respectively b, be the number of points, respectively lines, of a partial geometry

pg(s+ 1,t+ 1,a). Elementary counting [2] shows that

v=(s+1)(a+st)/a,
b=(t+1)(a+ st)/a.

As described in the table below, the notion of partial geometries includes several geometrical
structures as special cases.



pg(k,r k) Steiner 2-design

pg(k,r,r) dual of Steiner 2-design

pg(k, k, k) projective plane of order k — 1
pg(k,k+ 1,k) affine plane of order k
pg(k,r,r—1) (k,r)-Bruck net
pg(k,r,k —1) transversal design T'D(k, )

pg(k,r, 1) generalized quadrangle GQ(k — 1,7 — 1)

A proper partial geometry is a partial geometry that does not fall into any of the above
categories, i.e. a pg(s+1,t+ 1, ) with 1 < o < min{s,t}.

In this paper, we are interested in partial geometries admitting Singer groups, i.e. point
regular automorphism groups. Improper partial geometries with Singer groups exist in abun-
dance. Some prominent instances are cyclic projective planes, affine translation planes and
translation nets. However, proper partial geometries, in particular those with Singer groups,
seem to be extremely rare. The purpose of this paper is to provide some explanation for
this phenomenon and to pinpoint certain cases where it might be worth looking for new
examples.

A crucial observation for the study of partial geometries with Singer groups is that
such a geometry always gives rise to a partial difference set: Let G be a Singer group of
apg(s+1,t+1,a). We can identify G with the point set of the geometry. Let 1 be the
identity element of G. By property 2 of a partial geometry, there are exactly ¢ + 1 lines
through the point 1, say Lq,...,Ls1. Let

t+1

D=\ {1}).

It is straightforward to check that the quotients gh™', g,h € D, g # h, cover each element
of D the same number of times and cover each element of G\ (D U {1}) the same number
of times. Such a set D is called a partial difference set. We call such a partial difference
set arising from a partial geometry geometric. A partial difference set with the same pa-
rameters as a potential partial difference set arising from a partial geometry will be called
pseudogeometric, see Definition 5. Powerful tools are available for the investigation of partial
difference sets, see [15, 16, 17, 18]. We will use and extend this machinery to derive new
results on pseudogeometric partial geometries with abelian Singer groups.

Let Lq,...,L;+1 C G be the lines from above. If G is abelian then by [17, Thm. 3.4], each
L; either is a subgroup of GG or does not contain any two elements which are inverses of each
other. In the first case, we call L; a subgroup line, in the second case an orbit line. Following
[11], we say the partial geometry is of spread type if all L;’s are subgroup lines. If there are
no subgroup lines, the geometry is said to be of rigid type. In case there are subgroup lines
as well as orbit lines, the geometry is said to be of mized type.

De Winter [11, Remark 5.3] conjectured that no pg(s+1,¢+ 1,2) with abelian Singer
group of mixed type exists. We will verify this conjecture except for one exceptional para-
meter family by proving the following.



Theorem 1 Let II = pg(s+ 1,t + 1,2) be a partial geometry with an abelian Singer group
G of mized type. Then s+ 1 = 3" for some a > 1,t=2(3*+1), G is an elementary abelian
3-group of order 33, and there are exactly 3% + 3 subgroup lines.

Let us summarize the known parameters s+1, t+1, « for which a proper pg(s + 1,t + 1, a)
with an abelian Singer groups exists. An infinite family was discovered by Thas [20, 21].
His construction is based on PG-regult which are defined as follows. Let n > 2 be an integer
and let ¢ be a prime power. By PG(n,q) we denote the desarguesian projective geometry
of dimension n over F,. Let m < n and let R be a set of pairwise disjoint m-dimensional
subspaces of IT = PG(n, ¢). Then R is called a PG-regulus if there is a constant « > 0 such
that the following condition is satisfied.

If U is any m + 1-dimensional subspace of PG(n, ¢) and an element V' of R is a subspace
of U, then U has a point in common with exactly « elements of R\ {V'}.

Given such a PG-regulus R, a partial geometry can be constructed as follows. Consider
IT as embedded in ¥ = PG(n + 1, q). Let P be the set of points of ¥ which are not in IT and
let B be the set of all m + 1-dimensional subspaces of ¥ which intersect II in an element of
R. Let G be the geometry with point set P, line set B and incidence given by the incidence
of 3. Tt is straightforward to check that G is a pg(¢™™!, |R|, «). Furthermore, the group of
elations of X with axis II is a regular automorphism group of G.

Let r be any positive integer. Denniston [8] constructed maximal (2"T% — 27 4 2% 2%)_arcs
in PG(2,2") for k = 1,...,r. Such an arc O is a set of 2"7% — 2" +2F points of PG(2,2") which
meets every line of PG(2,2") in either 0 or 2% points. Thus O is a PG-regulus in PG(2,2")
with o = 2¥ — 1. Hence the construction of Thas shows that for every positive integer r and
k=1,...,r, there is a pg(2",2 % — 2" + 2% 2% — 1) with an abelian Singer group.

Aside from Thas’ infinite family, there are two proper partial geometries with abelian
Singer groups known: a pg(6, 6, 2) constructed by Van Lint and Schrijver [13] and a pg(9, 21, 2)
discovered by Mathon [6]. The partial geometry of Van Lint and Schrijver is of rigid type. To
our knowledge, all other known proper partial geometries with Singer groups are of spread
type. In particular, no proper partial geometry of mixed type is known.

All known proper partial geometries I with an abelian Singer group G which are different
from the Van Lint-Schrijver geometry have the following properties.

e (G is elementary abelian.
e II is of spread type.

The main thrust of this paper is to investigate whether these two properties must hold for all
partial geometries with abelian Singer groups different from the Van Lint-Schrijver geometry.

Some interesting results on this problem are known already: the order of an abelian
Singer group of a partial geometry of spread type must be a prime power [17, Thm. 3.6].
This result was strengthened in [9, Thm. 2.5]: Every partial geometry of spread type is
isomorphic to a partial geometry obtained by Thas’ construction (see above). However, note
that this is not a complete classification since PG-reguli have not been classified.



2 Partial Geometries with Singer groups and their Par-
tial Difference Sets

Let G be a Singer group of a partial geometry. As usual, we identify G with the point set
of the geometry and let G act by right translation. An element z of G corresponds to the
automorphism of the geometry induced by G — G, g — gx. The G-stabilizer of a line L is
denoted by Stabg (L), i.e.

Stabg(L) ={z € G: Lv = L}.

If |Stabg(L)| = 1 we say that L has a trivial stabilizer.

Loosely speaking, we will show that a partial geometry admitting a Singer group is
equivalent to a partial difference set admitting a certain decomposition into cosets of line
stabilizers. To make this connection precise, we use the language of group rings.

Let G be a multiplicatively written finite group. The identity element of G will be denoted
by 1. We will always identify a subset A of G with the element » gea 9 of the integral group
ring Z[G]. In particular, we refer to group ring elements with coefficients 0 and 1 only as
sets. We write b for a group ring element b-1,b € Z. For B =} ,byg € Z|G] and r € Z
we write B := > gecbeg” and B[ =37 b, We call {g € G : b, # 0} the support of B.
When we write A C B for A, B € Z|G], this means that the support of A is contained in
the support of B. A group homomorphism G — H is always assumed to be extended to a
homomorphism Z|G] — Z[H] by linearity. For A=3_ _,a,9, B=)_ ;b9 and a positive
integer n we write A = B mod n if a; = b, mod n for all g € G.

Denote the order of G by v. A k-subset D of G is called a (v, k, A\, ) partial difference
set in G if the multiset
{gh™":g,h € D}

contains each nonidentity element of D with multiplicity A and each nonidentity element
in G\ D with multiplicity p. Throughout this paper, we only consider nonempty partial
difference sets, i.e., we assume k£ > 0. We call a partial difference set D trivial if D U {1}
or (G\ D)U {1} is a subgroup of G. A partial difference set D with D = DY is called
reversible. A partial difference set is called regular if it is reversible and it does not contain
the identity element. In this paper, we only consider regular partial difference sets. In the
group ring language, partial difference sets can be characterized as follows.

Result 2 [15, Thm. 1.3] Let D be a k-subset of a group G of order v such that D does not
contain the identity element. Then D is a (v, k, A\, p) partial difference set in G if and only
if in Z|G| the following equation holds.

DDV = (k — p) + (A — p)D + uG. (1)

Remark 3 Note that applying “"1” to both sides of (1) yields (A — pu)D = (A — ) DY,
Hence every partial difference set with A # p is reversible. This well known observation
is important since, in the abelian case, it allows us to determine the character values of D
explicitly, see Result 13.



Theorem 4 Let s,t,a be positive integers and let G be a finite group. The following state-
ments are equivalent.

(i) There is a partial geometry pg(s + 1,t + 1, ) admitting G as a Singer group.
(ii) There are a setU of subgroups of G and subsets Ry of G, U € U, satisfying the following
conditions.

e le Ry forallU elU.

o |U||Ry|=5+1 forallU € U.

o The element
D=—(t+1)+Y RyUR;" (2)
Ueu

of Z|G] is a partial difference set in G with parameters

Z: («E—l—li)(st—i-oz)/a,

=s(t+1),

A=s+(a—1)t—1, (3)
p=a(t+1).

Proof (i)=-(ii): Assume that a pg(s+ 1,¢+ 1, «) with an abelian Singer group G exists.
Let Ly,...,Li+1 be the lines which contain 1. By [17, Thm. 2.3], the set

t+1

D=—(t+1)+) L
=1

is a partial difference set in G with parameters (3). We have to show that D can be written
in the form (2).

Let L be any line containing 1 and let U = Stabg(L). Then Lu = L for every u € U, i.e.
L is a union of left cosets of U, say
i=1

where g; € L and r|U| = s+ 1. Since L contains 1, we can assume that one of the g;’s is
1. Note that a line Lg, g € G, contains 1 if and only if g~ € L. Hence the lines through 1
which are in the same G-orbit as L are exactly Lg~!, g € L. Hence the set

ULs'=U aUg"
geL ij=1

is contained in D. Using the group ring notation and letting Ry = »;_, g;, this means that
—r+ RyU Réﬁl) is contained in D. This shows that D has the form (2).

(ii)=-(i): Assume that D defined by (2) is a partial difference set in G' with the given
parameters. In particular, this implies that D is a set, i.e., has coefficients 0 and 1 only. We
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have to show that a pg(s+ 1,t 4+ 1,a) with G as a Singer group exists. We take G as the
point set of the geometry and

{RyUg:U eU,g € G}

as the line set.

We first show that two lines RyUg and Ry Wh, UW € U, g,h € G, are identical only if
U=W and Ug = Wh. Assume RyUg = Ry Wh. Since Ry and Ry contain 1, this implies
gh™' € RyW and hg™' € RyU. Hence gh' € RyW NURY. If g # h and U # W,
then this would imply that gh™! # 1 has coefficient > 2 in D, a contradiction. Thus g = h
or U =W. But ¢ = h and U # W is not possible since then RyU = Ry W and every
nonidentity element of RyU would have coefficient > 2 in D. This shows U = W. Hence
RyUg = RyUh. This implies gh™ € RyU, say gh™' = ru with » € Ry, v € U. Thus
RyU = RyUhg™' = RyUu~'r=! = RyUr~t. If r # 1, then there would be nonidentity
elements with coefficient > 2 in RyU Rg_l), a contradiction. Hence r = 1 and gh™! = u.
This shows Ug = Uh. In summary, we have shown that two lines RyUg and Ry Wh,
UW el, g,h € G, are identical only if U = W and Ug = Wh.

It is obvious that every line has exactly s 4+ 1 points. Now let h € G be any point. We
have to show that there are exactly ¢ + 1 lines through h. For each U € U and every r € Ry
there is exactly one right coset Ug of U such that h € rUg. Hence, for every U € U, there
are exactly |Ry| lines RyUg which contain h. Thus the total number of lines containing h
is > ey |Rul- On the other hand, counting the number of elements of D gives

st+) =k=—(t+1)+ > [RllUl=—(t+1)+(s+1) ) [Ryl.
veu veu
Hence o, |Ru| =t + 1. This shows that there are exactly ¢ + 1 lines through each point.

We now show that all lines containing 1 are contained in DU{1}. Let 1 € RyUg, U € U,
g € G. Then ¢! € RyU, say g7 = ru, r € Ry, u € U. Hence RyUg = RyUu'r =
RyUr C RyU Rg;l) is contained in D U {1}. This shows that all lines containing 1 are
contained in D U {1}.

To show that any two lines intersect in at most one point, assume that |L N M| > 2 for
distinct lines L, M. Choose g € LN M. Then Lg~! and Mg~! are distinct lines containing
1 which contain a further common point, say h. But then h has coefficient > 2 in D, a
contradiction.

It remains to show that for every line L and every point g not on L, there are exactly

a lines through g which meet L. First let L be a line containing 1, i.e., a line contained in
D U {1}. We claim that

DL =sL+a(G-L). (4)

For the proof of (4), let
T=[(D—s+a)L]"V[(D—-s+a)Ll.
Note that D = D=1 and
D*=at+1)G+(s—a—t—1)D+ (t+1)(s—a)

7



by Result 2. We compute
T=L"Y9D+a-s)(D+a—s)L
=LY [D*+2(a—s)D+ (a—s)*] L
=LV at+1)G+(a—s—t—1)D+(t+s—a+1)(s—a)] L.
The coefficient of 1 in LEVGL = |LI?G is |L|?> = (s 4+ 1), and the coefficient of 1 in LV
is |L| = s+ 1. We also need to compute the coefficient of 1 in L("VDL. Since L is a line, we

have L = RyUr~" for some U € U, r € Ry. The coefficient of 1 in LV DL is the number
of solutions of

1= (rlulr_l)_ld(r2u2r_1), r,79 € Ry, d € D,uy,us € U,
i.e. of
d = riuguytry ri,re € Ry, d € D,uy,us € U. (5)

By (2) and since D has coefficients 0 and 1 only, there are exactly |U| solutions of (5) if
d e RyU R,(jl) and d # 1, and no solutions otherwise. Note that the number of nonidentity
elements in RUUR(U*D is ]RUURE;UI — |Ry|. Hence the coefficient of 1 in LEYDL is
(IRByURy Y| = [RuU| = (RullU1)* = ([BullU]) = (s + 1) = (s + 1) = s(s + 1),
By what we have shown, the coefficient of 1 in T is
at+D(s+1)2+(a—s—t—Ds(s+ 1)+ (t+s—a+1)(s—a)(s+1)
= a(s+1)(st + ).
Write (D +a —s)L =)

gec Agg With ag € Z. Then

Y ag=[D+a—s|[Ll=(k+a-s)(s+1)=(s+1)(st+a).
9€G
The coefficient of 1 in T is ) e ag. Hence
> al=a(s+1)(st+a)
e
Since |G| = (s + 1)(st + «) /v, this implies a, = a for all g € G and hence
(D+a—s)L=aG.
This proves (4).
Now let g be any element such that Lg is a line not containing 1. Then ¢~ ¢ L and by

(4) the coefficient of g~! in in DL is . But this coefficient equals |Lg N DJ, so |[LgN D| = «.
Hence there are exactly « lines containing 1 which intersect Lg.

Now let g be any point and let L be any line not containing g. Then Lg~! does not
contain 1. By what we have shown, there are exactly « lines trough 1 meeting Lg~!. Hence
there are exactly « lines containing ¢ and intersecting L. Q.E.D.



Definition 5 We call the set D from Theorem 4 a geometric partial difference set. Any
regular partial difference set with parameters (3) for positive integers s, ¢, a will be called
pseudogeometric.

Lemma 6 Let D be a partial difference set corresponding to a proper partial geometry.
Then D is nontrivial.

Proof By [15, Prop. 1.2], a regular (v, k, A, ) partial difference set is nontrivial if and only
if

VA< —p<VA-2 (6)
where A = (A — p)? + 4(k — p). Since D has parameters (3), we get A\—p=s—t —a—1
and VA = s+t — o+ 1. Since the partial geometry is proper, we have s > « and ¢t > 0.
This implies (6). Q.E.D.

Corollary 7 Using the notation of Theorem 4, let L = RyU be a line of the partial geometry
admitting G as a Singer group. Then

Stabg(L) =U.

Furthermore, if U is a normal subgroup of G, then |U| € {1,s + 1}.

Proof Since L = RyU, we have U C Stabg(L). Assume that there is g € Stabg(L) \ U.
Then RyUg™! = RyUg = RyU and hence ¢! = ru for some r € Ry, u € U. Note r € U.
But then RyU = RyUg = RyUu'r=! = RyUr~! which in view of (2) implies that every
element of RyU has coefficient > 2 in D, a contradiction. This shows Stabg(L) = U.

If U is a normal subgroup of G and |U| & {1, s+ 1}, then there is a nonidentity element
of G with coefficient > 2 in RUUR(U*D = RUR(U*UU, contradiction. Q.E.D.

Since we are mainly interested in the case of abelian Singer groups, we state this case
separately. The following follows directly from Theorem 4 and Corollary 7.

Corollary 8 Let s,t,a be positive integers and let G be a finite abelian group. Then follow-
ing statements are equivalent.
(i) There is a partial geometry pg(s + 1,t + 1, ) admitting G as a Singer group.
(ii) There are a set U of subgroups of order s +1 of G and a set L of (s + 1)-subsets of G
such that

D=—(t+1)+) U+Y LL™Y (7)

veud LeLl

is a partial difference set in G with parameters (3).

Notation 9 We call the elements of ¢ in Corollary 8 subgroup lines. For L € L all the sets
Lg™!, g € L, are distinct lines of the geometry which pass through 1. We call these lines
orbit lines.



The following observation is useful.

Lemma 10 Orbit lines do not contain any elements of order 2.

Proof Let Lg~! be an orbit line, L € £, g € L. Assume that Lg~! contains an element
h of order 2, say h = lg~* with [ € L. But since h = h~! = gl~!, we conclude that h has
coefficient > 2 in LL=Y and hence in D, a contradiction. Q.E.D.

3 Partial Difference Sets and Characters

Complex characters of abelian groups are an indispensable tool for the study of partial
difference sets. Let G be a finite abelian group. We denote the group of complex characters
of G by G*. The character sending all g € G to 1 is called trivial and denoted by xq. For
a subgroup W of G, we write W+ for the subgroup of G* consisting of all characters which
are trivial on W. We will repeatedly make use of the following elementary properties of
characters of finite abelian groups. For a proof, see [1, Section VI1.3].

Result 11 Let G be a finite abelian group.
(i) Let D =} dgg € C[G]. Then

g_‘iz (Dg™")
eG*

for all g € G (Fourier Inversion Formula). In particular, two elements of C|G| are equal if
and only if all their character values are equal.

(i) If x € G* is nontrivial on a subgroup U of G, then x(U) = 0.

(iii) If H is a subgroup of G and A, B € Z|G] with x(A) = x(B) for all x € G*\ H*, then
A= B+ XH for some X € Z[G].

(iv) G** is isomorphic to G and an isomorphism G — G** is given by g — 1, where 7, is
the character of G* defined by 7,(x) = x(g9), x € G*.

Corollary 12 Let G be a finite abelian group, let U be a subgroup and let S be a subset of
G. Then
U]

[SNUI= 15 D0 x(S).

G| ~
xeU

Proof Let p: G — G/U be the canonical epimorphism. The set of characters of G/U can
be identified with U+ such that x(X) = x(p(X)) for all X € Z|G] and all y € U+. Note
that [S N U| is the coefficient of 1 in p(S). Hence

1 U
|ISNU| = |G/U| Z x(p ||Z

c(G/U)* xeU+

10



by Result 11(i). Q.E.D.

Recall that a partial difference set D is called regular if D = DY and 1 ¢ D. Part (i)
of Result 11 leads to the following.

Result 13 [15, Cor. 3.3] Let G be an abelian group of order v. A k-subset D of G with
1 € D is a reqular (v, k, A\, p) partial difference set in G if and only if

for every nontrivial character x of G.

Notation 14 Result 13 indicates that the parameter A := (A — u)? + 4(k — u) plays an
important role in the study of regular partial difference sets. We will use this parameter
throughout this paper.

An essential tool for the study of partial difference sets is duality. It was developed by
Delsarte in his PhD thesis [7]. Let D be a regular (v, k, A, u) partial difference set in an
abelian group G. The dual of D is defined as

D" ={x€G :x#x0 X(D)=(A—p—VA)/2}.

Delsarte [7] proved that the dual of a partial difference set again is a partial difference set.
Since Delsarte’s result is formulated in a different framework, we sketch a proof here for the
convenience of the reader.

Result 15 [7] Let G be an abelian group and let D # G\ {1} be a regular (v, k, A, 1) partial
difference set. Then the dual D* is a reqular (v, k*, \*, u*) partial difference set in G* with
parameters

2%k 4 (0= 1)\ —p+ VA)

— VA

L 2k+(w=DA—p+VA) P+ (A= p+v—2k+VA)?
o= WA * 4N

. A—p+v—2k+VA

- VA

Proof Since 1 ¢ D, we have > .. x(D) = 0 by Result 11(i). This implies

k*

A =pu

k+ D (A= p— VA) 2+ (v — |D*| = 1)(A — p+ VA)/2 = 0.

Hence

|D*| = [2k + (v — 1)(A — p+ VA)]/(2VA) = k*.

11



In the following, we will use the canonical isomorphism between G and (G*)* given by
g~ (G* = C, x— x(9))- In particular, for g € G and Y = }_ .. ayx € Z[G"], we write
g(Y) :== > ca- axx(g). We also use the Fourier transforms

[HZIG) = ZIGT], X = 30 cq- X (X)X
F:Z|G*] — Z|G], Y — deGg(Y)g.

It is well known and follows easily from Result 11 that
F(f(X)) = vXY (9)
for every X € C[G]. By Result 13 we have

f(D)=/~c><o+(—A_“z_\/z>D*+(—A_“;\/Z

) (G" = D" — xo). (10)
Using 1 ¢ D, DY = D, (9), (10), and Result 11 we get

20D =2F(f(D) = ¥ [%—Hu—\/Z—z\/Z g<D*)] g. (11)

g9€G,g#1
Hence /x
2k—A+p—vA 1fg g D
gD =8 s (12)
—Zvt VA L ifge D
Now the assertion follows from Result 13. Q.E.D.

4 Results on Partial Difference Sets

In this section, we recall some basic results on partial difference sets in abelian groups and
prove several new results. These tools will be very helpful in the investigation of partial
geometries with abelian Singer groups in the following sections.

Let D be aregular (v, k, A\, ) partial difference set in an abelian group G. The following
parameters are usually associated with D.

B=A-p
A=A=p?+4(k—p) (13)
§=VA

It is known that “usually” the parameter A is a square, i.e. that § is a positive integer (see
[15] for the case that A is not a square).

Using (1) one finds the identity

2k=v+ B+ (v+8)?2—(A-32)(v-1). (14)

12



In particular, (v + 3)? — (A — 3?)(v — 1) is a square. By Result 15,

D*={x e G :x#x0, x(D)=(8-19)/2}.
is a regular (v*, k*, \*, u*) partial difference set in G* with

*

V¥ =,
o 2k+ (B+6)(v—1)
a 26 ’
5*:_(1}_2“5%)
0 | (15)

5 = VTP AR =) = 5.
e (2=
oo (GEZOTY,

A*:ﬁ*_i_u*.

Lemma 16 Using the notation from above, if A is a square, the following hold.
(a) B and § have the same parity.
(b) D is nontrivial if and only if —6 < < § — 2.
(c¢) If D # G\{1}, thenv = (2k — 3+ 9)/2=0mod J.
(d)
) D

If D is nontrivial, then v, 6, 0* have the same prime divisors.

D® = D for all t relatively prime to v.

(e
Proof (a), (b), (d), (e) and v = 0 mod ¢ in (c) are well-known, see e.g. [15]. By (15), we

have oh— B4 s 548
-8+ +BY .
” +( ' )a.

Since k*, 0* are integers and (3, 0 have the same parity, (2k — 5+ 0)/2 = 0 mod 0.
Q.E.D.

E*+1=

Corollary 17 Let p be a prime and let D be a reqular partial difference set in an abelian
group G = H X P where P is a p-group and |H| is not divisible by p. Suppose the parameter
A is a square. Let h € H. Then

lmod (p—1) ifheD

Omod (p—1) ifh ¢ D. (16)

|DﬂPh|E{

13



Proof Assume gh € D where g € P. Since P is a p-group, the order of g in G is a power
of p, say p®, a > 0. By Lemma 16 (e), we have D = D® for all ¢ relatively prime to |G]|.
Using the Chinese remainder theorem, we conclude ¢g'h € D for all i relatively prime to p.
The number of these elements ¢g'h is (p — 1)p®~'. Hence D N Ph can be decomposed into
sets of cardinality divisible by p — 1 and possibly the single element set {h}. The latter set
occurs in the decomposition if and only if h € D. Q.E.D.

Partial difference sets in abelian groups G have the amazing property that in many
cases certain subgroups of GG also contain partial difference sets. This “sub-difference set
property” was discovered in [19, 16] and is one of the major tools for the investigation of
partial difference sets. We quote this result in the form given in [15, Thm. 7.1].

Result 18 Let D be a nontrivial reqular (v, k, A, ) partial difference set in an abelian group
G. Suppose A is a square. Let N be a subgroup of G such that |N| and |G/N| are coprime
and |G/N| is odd. Let

= (IN|,6) and 0 :— V”J.

27
Then DN N is a reqular (v', k', N, i) partial difference set in N with v' = |N| and

B =XN—-u=p-2r0 (17)
Remark 19 Note that the parameters k', \'| i/ of the partial difference set D N N can be
expressed in terms of v/, 3, 7, and 6 using (14) and (17).

Lemma 20 Assume that a nontrivial reqular (v, k, X\, i) partial difference set exists. If A is
a square, then k* + k > 2(v — 1).

Proof For a nontrivial partial difference set, ;1 > 1. By [18, Theorem 5.1], 1 must be even
if A is a square. Hence p > 2. By counting the number of quotients gh™ € G\(D U {1}),
g,h € D, we obtain k* — k > u(v — k — 1) and hence k? + k > 2(v — 1). Q.E.D.

The following is an improved version of [18, Theorem 2.2]. For a prime p and positive
integers b, z, we write p°||z if p® divides z and p’*! does not divide z.

Theorem 21 Let D be a reqular (v, k, A\, u) partial difference set in an abelian group G.
Suppose D # G\{1} and A is a square. If p is a prime diwvisor of v such that p™|lv and
p"||6, then

k,gu(p —1)+¢
pr—1
where
0 if < —p",
E=4 (B+p")?/4 if —p" < B < 2p™ —p" — 2,

(B=p"+p +1)(p™—1) if 3>2p" —p" —2.

14



Proof For y € G*,

- 2k — 0)/2 if x is trivial
X(D)_<¥>:{< B+0)/2 if xist

0 or ¢ otherwise
= 0 mod 6.

Let P be the Sylow p-subgroup of G and p : G — G/P the natural epimorphism. Then

p(D)=a+p" D by
9eG/P\(1}

where a, by are integers and 0 < a < p™ — 1. The result follows by the same arguments as
in the proof of [18, Theorem 2.2]. Q.E.D.

In certain cases, it is possible to strengthen the bound on k& from Theorem 21 considerably
by a finer analysis. The following is a result of this type which will be very helpful for the
study of pseudogeometric partial difference sets in the next section.

Theorem 22 Assume that there is a nontrivial reqular (v, k, \, u) partial difference set D
in an abelian group G such that A is a square and = X — pu < 0. Let p be an odd prime
dividing v and let m, v be positive integers such that p™||v, and p" divides each of k, §, and
8. Then

(P =p =Dk < p(p™ 1) +% {(p—‘z)p” (ﬁ+6+—2k ;5‘5)] .

Proof Write G = P x H with |P| = p™ and (p, |H|) = 1. By Result 13 we have x(D) =
(8 +6)/2 and hence x(D) < (8 + ¢)/2 for all nontrivial characters y of G. Using Corollary
12, we get

DOH| = — 3 x(D)

xeH+

1 m—1 )

<L (k+ (" — 1B+ )) (18)
p 2
1 2k — 3 —90

= - (ﬁ +0+ —6) .
2 pm

Now let p: G — G/P be the canonical epimorphism. Applying p to (1) yields
p(D)p(D)™) = pup™(G/P) + Bp(D) + k — p. (19)

Let C be the coefficient of the identity in p(D)p(D)~Y. Since 3 < 0 we have
C<pp™ —1) +k (20)

by (19). From the assumptions, we have x(D) = 0 mod p" for all characters y of G. Since
|G/ P| is not divisible by p, this implies

p(D) =0 mod p" (21)
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Now let h € H be arbitrary. Corollary 17 yields |D N Ph| = 1mod (p — 1) if h € D and
|IDNPh|=0mod (p—1)if h ¢ D. If |DN Ph| = 1mod (p — 1), then by (21) we have
|IDNPh| =p"+ (p—1)p"u for some u. Let X = {Ph: h € DN H}. By what we have shown,
we can write

p(D)=p" X+ (p-1)p"Xi+(p—-1)pY (22)

where X, X,Y € Z|G/P] have nonnegative coefficients, the support of X; is contained in
X and the support of Y is disjoint from X. Now assume that some g € X has coefficient
¢ > 01in X;. Then the coefficient of ¢ in p(D) is p"[1 + ¢(p — 1)] and thus the contribution
of this coefficient to C' is

P+ e(p— D2 > p? 4+ op?(p— 1)
Hence the contribution of p" X + (p — 1)p" X to C is at least
P+ P (p = 1) X
Since | X:1|+ Y| = (k —p"|X])/[(p — 1)p"] we get
C=—(p—2)p”|X|+(p-1)p'k (23)

from (22). By (18) we have

X< (se0+ 2220,

Combining (20), (23) and (24) gives the assertion. Q.E.D.

Theorem 23 There are no regular (v, k, A\, i) partial difference sets with parameters satis-
fying v = zw?, A = w? and 3 = w — 6 where w and z are any integers with z > w > 4.

Proof Suppose there exists such a partial difference set D in a group G. Since —VA <
B < VA — 2, the partial difference set is nontrivial by Lemma 16 (b). By (14) we have

k=g (v B= VTP - (B - 1)

1
= 3 <2w2+w—6j:w\/22w2—1Ozw—|—24z+1>

and (v+ 8)? — (A — %)(v — 1) is a square.

We first consider the case z > 5. Let X = (102w — 242 — 1)/(2*w?). Note that 0 < X <
10/(2w) < 1/2. By Taylor’s theorem we have

1 1
Vi-X=1- 5 X - §(1 — X)X,

16



for some X; with 0 < X; < X. Note that zw?X = 10w — 24 — 1/z < 10w — 24 and
X < 10/(zw). Also recall z > 4. Hence

wvVz22w? — 102w + 242 + 1

= 2w*V1—-X
1 1 1\ %2
2ll—=X—-(1-= X?
>Z’LU[ 9 8 9

1 1 /1
> zw? — 5(10w —24) — 7 (—0) (10w — 24)
zZW
100

2V/8

> 2w? — 5w+ 12 —

> 2w’ — 5w.

So either k < 3w or k > v — 2w — 3. If k < 3w, then by Lemma 20, we have

<9+3+1 <5
Z — [— —_—
—2 2w w? ’

a contradiction. If £ > v — 2w — 3, then v — k — 1 < 2w 4 2 and we have the same result by
applying Lemma 20 to G\(DU{1}). Finally, for 2 = w = 4, we have (v+ 3)? — (A — 3%)(v —
1) = 22w? — 102w + 24z + 1 = 193 which is not a square, a contradiction. Q.E.D.

Theorem 24 Assume that there exists a reqular partial difference set D in an abelian group
with parameters v = u®, A = (3u)? and 3 = —u — 6 where u is a positive integer. Then
u=06 oru=23" withn >1.

Proof Since v and A have the same odd prime divisors by Lemma 16 (d), we have u = 3"w
where n,w > 1 and ged(3,w) = 1. First assume w > 4. We apply Result 18 with |N| = w3.

Then m = w and
g |Bxm|_| 3" =1 3] _ 3"+l
oo | 2 wl| 2

Hence, by Result 18, there exists a partial difference set with parameters v/ = w3, A’ = w?
and ' = § — 270 = w — 6. But this is impossible by Theorem 23. So w = 1 or 2.

It remains to show that n = 1 if w = 2. Thus assume w = 2 and n > 2. Write z = 3".
We use (13) and (14) to calculate the parameters of D and obtain the following two possible
cases.

v k A L & A
83 8x2 + 22 — 3 6x 8x + 6 —21 — 6 | 3622
Qa3 | 823 — 8x2 —4x — 3 | 8% — 1622 | 82% — 1622+ 22 + 6 | —22 — 6 | 3622

For the first case, Lemma 21 implies k& < 7u contradicting n = 2. For the second case,
the parameters of the complementary partial difference set G\ (D U {1}) are as follows.

) k A 7 1] A
83 | 8x2 +4x +2 | 102+ 10 | 8z +6 | 22 + 4 | 3622

17



We apply Lemma 21 with p = 2. Note that £ = (8 -8+ 2+ 1)(8 — 1) = 7(6 — 5) since
B >2-324+4=22 Hence k < T7(u+  —5) by Lemma 21, i.e. 8% + 4z +2 < 7(10x + 5).
This implies < 9 and hence n < 2, a contradiction. Q.E.D.

5 Pseudogeometric Partial Difference Sets

In this section, we obtain several new results on pseudogeometric partial difference sets.
First let us fix some notation which we will use in the rest of this section. Let D be a
pseudogeometric partial difference set in an abelian group G. Recall that the parameters of
D are given by (3). Using the notation of Section 4, we have

v=(s+1)(st+ a)/a,

k=s(t+1),
A=s+(a=1)t—1,

(25)
po=a(t+1),

b=A—pu=s—a—t—1,
d=/FP+4k—p)=s—a+t+1.

Furthermore, by (15), the dual partial difference set D* has parameters

(s + 1)(st + )

V¥ = ,

k*_s(s—a—l—l)(st—l—a)
 a(s—a+t+1)
. (s+D(s—a)(s—a+1)(st+a)
H= als—a+t+1)32 ’ (26)
(s+1)(st + «)
als—a+t+1)
6*__(3—2a+1)(3t+a)
B a(s—a+t+1)

5 =

Note that D =G\ {1} ifand only if k =v —1,ie,if a =s+ 1.

Theorem 25 Let D # G\ {1} be a pseudogeometric partial difference set with parameters
(25) in an abelian group G. Then

(s+1)(t+ 1) =0 mod 6. (27)
Furthermore, let p be a prime divisor of 0 and define m, r by p™||v and p"||d.

(i) If B <0, then
3—1<pm—1

a pr—1"

18



(i) If B < —p", then

s p"r—-1
— < 29
a pr—1 (29)
(i) If B <0 and 5* <0, then
b (s+1)(s—a)
30
p" s—a—1 (30)
(iv) If 3 < —p" and 3* < —p™", then
9 v 2
<s+1 and < (s+1)~ (31)
D" p™

Proof We get (27) directly from Lemma 16 (c). For (ii), if 8 < —p", applying Theorem 21
to D yields s/a < (p™ —1)/(p" — 1). For (i), suppose < 0. Then by Theorem 21,

SS“(ZZ—_D*(anpT—D

where 0 < 46 < (B+p")? < p*. Since B =s—a—-t—-—1<0,s—a < t+1 Thus
pPP<d=s—a+t+1<2(t+1)and

p
S e AT

Now we first study (iv), i.e. § < —p" and §* < —p™~". Note that p™"||d*. Applying
Theorem 21 to D* yields

S0 p—1
< .
oD = prr o1
Combining (29) and (32), we get

(p’") (s—a)s+D) pm—p" . P -1 o

(32)

o

S —pmr—1 pm—1

Hence ¢§/p” < s+ 1 and

(s+ 1)(st + )

s+ 1) [50 — (s +a1)(s—a)}

= (s+1) :2(5—3—1)—|—8—|—1]

<(s+1) :Z;:__ll{pr(s—l—l)—s—l}—ks%—l]
= (s+1)p".

This completes the proof of (31).
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Finally, for (iii), we have § < 0 and $* < 0. Define A = (st + a)/(s —a +t+ 1) and
B=(s—a+1)(st+a)/[a(s—a+t+1)]. Note that * = A— B and 6* = A+ B. Applying
Theorem 21 to D* yields

8§(5+1)(5—a) pm—1 N &*
) pmfr —1 B(pmfr _ 1)
where 0 < 4¢* < p*™~"), By the same argument as the proof of (i), we get
(s —1)0 _ pm—1
(s—a)(s+1) pmr—1
Combining (28) and (33), we get (30) Q.E.D.

(33)

Corollary 26 Let D be a pseudogeometric partial difference set with parameters (25) in
an abelian group G. Let p be a prime divisor of § and define m, r by p™||v and p"||6. If
s>2a—1, <0 and p does not divide s + 1, then

§/p" <s+1 and v/p™ < (s+1)%

Proof Since av # s+ 1, we have D # G \ {1}. Hence (s + 1)(t + 1) = 0 mod ¢ by (27).
This implies t + 1 = O0mod p" and f = § —2(t + 1) = Omod p". So § < —p". Note that
B = —(s—2a+ 1)v/[0(s+1)] < 0since s > 2a — 1. On the other hand, p™~" divides 3*
and hence * < —p™~". Now the assertion follows from Theorem 25. Q.E.D.

In Section 6 we will show that most geometric partial difference sets satisfy the condition
t = z(s 4+ 1) + « for some positive integer x. Note that in this case, the parameters of the
partial difference set take the following form.

v=(s+1)>2(sz+a)/a,
d=(s+1)(xz+1),

k=s[(s+1)z+a+1], (34)
B=—(s+1)(z—1)—2a—2,
p=af(s+ 1)z +a+1].

Moreover, if ¢t = z(s + 1) 4+ « the parameters of the dual partial difference sets are given by

v = (s+1)%(sz + a)/a,
s(st+a)(s—a+1)

= a(r+1) ’
5 (s 4+ 1)(sx + «) v
alx +1) 5’ (35)
. (sz4a)(s—2a+1)
Fr=- a(z+1) ’
, (sr+a)(s—a+1)(s—a)
e oz +1)° '
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From Theorem 22 we can derive the following restriction on partial difference sets with
parameters (34).

Theorem 27 Assume that there is a pseudogeometric partial difference set with parameters
(34) in an abelian group such that s > 2a — 1, x +1 = p" and (sz + a)/a = p™ for some
prime p and m > r. Then p = 2.

Proof Assume p > 3. We apply Theorem 22 to the dual of D. Note p™||v and that all of
kE*, 3*, and 6* are divisible by p™~". Also note that

% (ﬁ*+(5*—|—2k*_—ﬁm*_6*> =p's(s—a+a+1).
Furthermore,
(T =T D = " = 1) = (p = 2P (s — o+ U,
Hence Theorem 22 implies
s—a+l1<p(s—atz+l)=s—ap™ " +1

and hence m = r, a contradiction. Q.E.D.

6 (General Results on Proper Partial Geometries with
Abelian Singer Groups

First let us fix some notation which we will use in the rest of this section. Suppose there
exists a proper partial geometry IT = pg(s+ 1,¢+ 1,«) with an abelian Singer group G.
By Corollary 8, the partial difference set D in G arising from the partial geometry has
parameters (25) and its dual has parameters (26). Recall that by Corollary 8, we have

D=—(t+1)+Y U+Y LL"Y

veu LeL

and that the elements of U are called subgroup lines and the elements of £ are called orbit
lines. If there are no subgroup lines, the geometry is said to be of rigid type.

Lemma 28 For any nontrivial character x of G,
X(D)=—(t—1) ors—a.
Furthermore, if x(D) = —(t + 1), then x(S) =0 for all S € U U L.
Proof The first part is the consequence of Result 13. By (4),
DS =(s—a)S+ aG

for all S € YU L. Thus, [x(D) — (s — a)]x(S) = 0. If x(D) = —(t + 1), then x(S) = 0.
Q.E.D.
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Lemma 29 Let p be a prime divisor of s + 1 such that p™||v and p"||(s +1). Then
Ul(p" —1) <p™ -1 (36)

Proof The lemma follows because each subgroup line contains a subgroup of order p".
Q.E.D.

The following direct consequence of Lemma 16 (c) was proved in [11].

Lemma 30 If a proper pg(s+ 1,t + 1,a) with admitting an abelian Singer group exists,
then
v=(s+1)(t+1)=0mod?é.

Here v and 0 are given by (25).

Corollary 31 Suppose that 11 is of rigid type with s > 2a — 1. Then every prime divisor of
0 must divide s + 1.

Proof Suppose there is a prime divisor p of § such that p does not divide s + 1. Suppose
p"||0. By Corollary 26,

)
— < s+ 1.
pT

Recall 6 = s—a+t+1. Since the geometry is of rigid type, we have t +1 = (s+ 1)z for some

positive integer . As (s + 1)(t + 1) = 0 mod 6, we have x = 0 mod p" and hence z > p".

Thus
1) 1)
=—<-<s+1
P

s—a+(s+ 1)z
T

This implies s < «. But this is impossible since we assumed that the partial geometry II is
proper. Q.E.D.

In the following, we investigate the case with at least two subgroup lines in more depth.

Theorem 32 Suppose that 11 has at least two subgroup lines. We have the following:
(i) There ezists a positive integer x such that
t=(s+ 1)z +a.
In particular, there are at least o+ 1 subgroup lines.

(ii) The partial difference set associated with 11 has parameters (34) and its dual has pa-
rameters (35). Furthermore, st = 0 mod « and there exists a positive integer w such
that

s—a=(r+1)w.

(iii) (sz 4+ a)/a=0mod (x + 1) and wzr = 0 mod «.
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Proof (i) Let U; and Us be two subgroup lines. Then U; N Uy = {1} since otherwise there
would be coefficients > 2 in D. Thus U;U; is a subgroup of G of order (s + 1)?. Hence
(s +1)% divides v = (s + 1)(st + ) /a which implies —t + a = st + a = 0 mod (s + 1). So
we can write t = (s + 1) + « for some x > 1. Since there are exactly ¢ + 1 lines through 1
and since the number of orbit lines is divisible by s + 1, the number of subgroup lines is at
least a + 1. This proves (i).

(ii) Substituting ¢t = (s+ 1)z + « into (25), we deduce that the parameters have the form
(34). Since (s + 1)? divides v, we conclude that (sx + «)/« is an integer, i.e. sz = 0 mod «.
Note that D is nontrivial by Lemma 6. Hence 6 = (s + 1)(z + 1) divides (2k — 5 +0)/2 =
(s +1)(t+ 1) by Lemma 16 (c). This implies s —a = 0 mod (z + 1).

(i) We write x + 1 = XY where all prime factors of X are prime factors of s + 1 and
ged(Y,s+1) = 1. Since s+1—(a+1) = (x+1)w for an integer w, every prime factor of X is
a prime factor of @+ 1. Hence, X and « are coprime. It follows that (sx+a)/a =0 mod X.
On the other hand, as x + 1 divides v, we conclude that Y divides v. Since Y and s+ 1
are relatively prime, (sz + a)/a = 0mod Y also. As X and Y are relatively prime we have
(sz+a)/a =0 mod XY. Finally, (sz+a)/a = 0 mod (z+1) implies sz+a = 0 mod (z+1)a.
Since sz +a = [(z+ 1)w + ajz + a = (z + 1)(wzr + «), we see that wz = 0 mod «a.
Q.E.D.

Corollary 33 IfII has at least two subgroup lines, then s > 2a.

Proof Theorem 32 (iii) implies that (z + 1)« divides (sz — ) — (z + 1)a = z(s — ). As
s > a, we conclude that x(s — a) > (x + 1)a > za. This shows s > 2a. Q.E.D.

Corollary 34 Suppose that 11 has at least two subgroup lines. If L is an orbit line in II,
then (L) = G (here (L) denotes that smallest subgroup of G containing L).

Proof If (L) # G, then there exists a character y of G which is trivial on (L) but nontrivial
on G. Then x(D) > —(t+ 1)+ [x(L)P=—-(t+ D)+ (s+1)*=(s+1)(s+1—2)—a—1.
But by Lemma 28, x(D) = s —«a. So x > s+ 1. This contradicts s —a = (x + 1)w for some
positive integer w. Q.E.D.

In view of the above corollary, we only need to deal with the case s > 2a whenever II is
proper and it has at least two subgroups lines.

Theorem 35 Suppose that 11 has at least two subgroup lines. Let x be the integer defined
by (34). If there is a prime divisor p of x + 1 such that p does not divide s + 1, then p = 2,
r+1=2" and (sz + a)/a = 2™ for some positive integers m,r.

Proof By Theorem 32, the parameters of the partial difference set associated with II are
given by (34). Let p be a prime divisor of x+1 such that p does not divide s+1. Define m and
r by p™||(sx +a)/a and p”||x + 1. By (34) and Corollary 33, we have § < 0 and s > 2a+ 1.
Hence we have (s +1)(z +1) = < p"(s+ 1) and v = (s + 1)*(sz + o) /a < p™(s + 1)? by
Corollary 26. This shows z + 1 =p" and (sz + a)/a = p™.
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It remains to show p = 2. Since s > a, we have (sx + a)/a > z + 1 and hence m > r.
Thus p = 2 by Theorem 27. Q.E.D.

Theorem 36 Suppose that 11 has at least two subgroup lines. Let x be the integer defined
by (34). Then s+ 1 can have at most one prime divisor which does not divide (sx + «)/«.
Furthermore, this potential prime divisor cannot be larger than o + 1.

Proof Assume s+1 has at least two prime divisors, say ¢, g2, which do not divide (sz+a)/a.
Let ¢'||(s +1) for i = 1,2. Then by (34) we have ¢’*||v and ¢||0 for each i. Using (28) we
conclude s — 1 < a(g;* + 1) and hence

s<algr+1)

for all . Now (36) implies
(04 1)(g 1) < g 1

and hence o < ¢;* for all 7. Combining the two inequalities, we deduce that s < (¢;" +1)g;".
Without loss of generality, we may assume ¢;* > ¢5°> + 1. We then have

s+1>q'q? > (> +1)g5* > s.

51 52

This is impossible unless s + 1 = ¢'¢3*>. But then o > s/(¢3> + 1) > ¢;* — 1. Thus,
a > gt > ¢52. This is also impossible.

Now let ¢ be any prime divisor of s + 1 which does not divide (sz + «)/c. It remains to
show ¢ < o+ 1. Assume ¢ > a+ 1. Let U be a subgroup line of II. Recall that |U| = s+ 1.
Since ¢ does not divide (sx + «)/«, there is ¢ € G \ U such that the order of g in G in not
divisible by ¢g. Choose h € U such that the order of h in G is q. By Lemma 16 (d) and the
Chinese Remainder Theorem, we have hig € D for i = 1,...,g — 1. Recall that D consists
exactly of the points # 1 which are collinear with 1. Note that the line Ug does not contain
1. But it contains at least ¢ — 1 points collinear with 1, namely, hfg, i = 1,...,q — 1. Since
q — 1 > a, this contradicts property 4 of a partial geometry. Q.E.D.

By Corollary 33, Theorem 35 and Theorem 36, we have the following result.

Corollary 37 Suppose that 11 has at least two subgroup lines. Let x be the integer defined
by (34). If there exists a prime divisor p of x + 1 such that p does not divide s + 1, then
s+1=q" 2+1=2" and (sx + a)/a = 2™ where q is an odd prime and u, r and m are
positive integers. Furthermore, ¢ < o+ 1.

Theorem 38 Suppose that I has at least two subgroup lines. Then s+ 1 has at most three
prime factors.

Proof Suppose s + 1 has r prime factors with » > 3. By Corollary 37 and Lemma 16
(d), all prime divisors of v must be prime divisors of s + 1. Let s + 1 = H;:1 q;' where
¢y @2, - - -, G- are distinct primes and s; > 1. For each 4, let ¢*||(x + 1) and ¢;*||v where
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z; > 0 and v; > 1. Note that 6 = (s + 1)(z + 1) = [[}_, ¢ ™. By (28), for each i, we have
(s — fa < (g — 1/(g*+ — 1). Hence

r S5 r

S—]_ " " v q." S Qz
< V;—S8;—Xj — — 517, _ +1 .
( a ) Zle”’ 1_Hq 1—1 (8+1)(x+1)i:1qf—1 (s+1) b — 1

1=

Q

Simplifying, we get

O VN Gt V AR}

< — (37)
s+1 s(s+1) 1 a—1
By Lemma 36 we have a(q;” — 1) < ¢;" — 1 for all 4. Hence
q Vi —S; v - 4d; (S + 1)(81’ + Oé) - di
< < e <
o qu— Hq —1 s+1i:1q,-—1_ a Hqi_l
and . .
< (541 B < (s 12z +1 g 38
o < (s + )(sxm)H%_l_(H )(z + )H . (38)

By Theorem 25 (iii) we have §(s —a —1)/(s — a) < ¢;'"" (s + 1) for all i. Substituting
§=(s+1)(z+1) and s—a = (z+1)w, we have z+1—(1/w) < ¢ and hence z+1 < ¢ ™.
Therefore (z + 1)" < [[_, ¢*™ = (s + 1)(x + 1) which implies z +1 < (s + 1)¥/=D,
Substituting this into (38), we have

r+l 1 . qi . 39
S | e (3)

Combined with inequalities (37) and (39), we get

(r+1)(r=1) r 2
(s — 1)7 g
< .

<z:)5(8+1)§ (H qi%1>§‘ (40)

Note that r > 4 implies s + 1 > 210. Thus [(s — 1)/(s + 1)]°> > 2/3. Tt is obvious that
¢ > [qi/(q; — 1)]¥/% when ¢; > 5. On the other hand,

Asr > 4, we get

This contradicts (40). Hence we have proved r < 3. Q.E.D.
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7 The Case o =2

In this section, we begin with the proof Theorem 1. The proof will be completed in the
following sections. The following result is the consequence of [11, Corollary 2.3 and Lemma
5.2].

Lemma 39 Let II be a proper pg(s+ 1,t+ 1,2) with an abelian Singer group G of mized
type and let D be the partial difference set in G associated to 11. Then there is a positive

integer x such that
t+1=(s+1)z+3 (41)

and
s —2=0mod (z +1). (42)

Furthermore, (sx 4 2)/(2(z + 1)) is an integer and the parameters of D are given by

v=(s+1)2x+ 1) L‘Z—i)}

6= (s+1)(z+1),

k=s(t+1), (43)
f=—-(s+1@x-1) -

w=2t+1)

Proof By [11, Lemma 5.1], the geometry must have at least two subgroup lines. Hence
(41), (42) and (43) follow from Theorem 32. Q.E.D.

Note that by (35), the parameters of the dual D* of the partial difference D in Lemma
39 take the following form.

vt = (s+ 1)z +1) [Q?z—ii)] ’

k= s(s = 1) {;(z—i)} ’

pr=—(s—3) [;i—ﬁ)] "
=t [,

w= (s— 1) (xﬁ) {géii)}

Lemma 40 In the situation of Lemma 39, let p be a divisor of x+1, say, p"||x+1 for some
r>1.
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(a) Ifp#3, thens+1=3" x+1=2" and (sz + 2)/[2(x + 1)] = 2" for some positive
mtegers u, r, n.

(b) Ifp=3 andr > 2, thenx+1 = 3" and (sx + 2)/[2(x + 1)] = 3" or 23" for some
n > 0.

Proof Since s+1=3mod (z+1), we have (s+ 1,2+ 1) =1 or 3. So, if p # 3 then p does
not divide s + 1. Thus part (a) follows from Corollary 37.

Now assume p = 3 and r > 2. By part (a), we have z+1 = 3". Since s+1 = 3 mod (z+1),
we have 3||s + 1 (note that this conclusion would be false if » = 1 which is the reason why
the case r = 1, i.e. = 2, is a different story). Write (sxz +2)/(2(x + 1)) = 3"z where z is
not divisible by 3. Using Theorem 21, we get

sx + 2 2(3rtnt2 — 1) 3l —1
2-3"z= <s<——m = <34+ —.
c z+1 §> 3r+l _ 1 < + 3n<3r+1 _ 1)
This implies z =1 or 2. Q.E.D.

Corollary 41 In the situation of Lemma 39, one of the following cases must occur.

A: s+1=3-2" 2+1=3 and (s + 2)/[2(x + 1)] = 3" or 2-3" for some positive
integers m, r and n with r > 2.

B: s+1=3" 2+4+1=2" and (sz+ 2)/[2(z 4+ 1)] = 2" for some positive integers u, r, n.
C: x=2.

Proof If x + 1 has a prime divisor different from 3, then case B holds by Lemma 40. Now
let x 4+ 1 be a power of 3, say x + 1 = 3", r > 2. Then (sz +2)/[2(z + 1)] = 3" or 2- 3™ by
Lemma 40. It remains to show that s+1 = 3-2™ for some positive integer m. We have seen
in the proof of Lemma 40 that 3||s + 1, say s+ 1 = 3z where ged(z,3) = 1. By Theorem 36,
there can only be one prime divisor g of s + 1 apart from 3 and ¢ < a+ 1 = 3. This shows
that z is a power of 2. Q.E.D.

In the following sections, we work on the cases A-C stated in Corollary 41 in order to
complete the proof of Theorem 1.

8 Case A

Lemma 42 Case A of Corollary 41 is impossible.
Proof Assume s+1=3-2"2+1=3",r>3, and (sx+2)/[2(x+1)] = 3" or 2-3". Then

2(2¢- 37 — 1)

3.2m 1=
3 —1

(45)
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where € € {0,1}. First assume e = 0. If r would not divide n, then
ng(gn—H' —1,3 —1)= glntrr) 1 — g(nr) _ g <311,

But since 3" — 1 divides 2(3"*" — 1), we have
n—+r T 1 n+r r 1 T
ged(3™ — 1,87 — 1) > S ged(2(3" 1), 8 = 1) = 5(3" — 1),

a contradiction. Hence 7 divides n. This shows that, for € = 0, the right hand side of (45)
is even while the left hand side is odd, a contradiction. Hence ¢ = 0 is impossible.

Now let € = 1. Since 2 - 3"t" — 1 is odd, 2||3" — 1 and hence 3" = 3 mod 8. Then
(32" —1)(3 —1)=2(2-3*" —1) = 3.2"=2.3+"mod 4.

This implies m = 1 and s +1 = 6. But then 3 = s —2 = 0 mod (x + 1) contradicting
x+1=3" withr > 2. Q.E.D.

9 Case B and Goormaghtigh’s Equation

The Diophantine equation

=1 y¥—1
r—1 y—1

, y>x>1, mow > 2

is called Goormaghtigh’s Equation. It has been studied in several papers, see [3]| for a
reference. The only known solutions are (z,y, m,w) = (2,5,5,2) and (2,90, 13,3) and it is
conjectured that there are no other solutions. In order to deal with Case B of Corollary 41,
we prove the following new result on Goormaghtigh’s equation.

Theorem 43 The equation
3m—1 2™ -1

2 2r—1

has no solution in positive integers m,r,w with w > 1.

Proof Assume that there is a solution. Then we have
3" —=1)(2"—-1)=2(2""-1) (46)

Considering (46) mod 8 we see that r > 1. Taking (46) mod 4 we see that m is odd. Since,
for 7 > 3, the order of 3 mod 2" is 2”2, we get r < 74 from [3, Lemma 2.

Now consider the values p; and n; defined in the following table.

v |1 2 3 4 5 6 7
Di| 3 > 7 11 13 17 23
n; | 731031 | 2097151 | 453277445 | 14672749 | 632388379 | 12667487
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It is straightforward to check by computer that for i = 1,2, ..., 7 all solutions (m,r,w) of
3" —-1)2"—-1)=2(2""—1)mod n;;, m=1mod 2
have the property that
ged(m — 1,w — 1)r = 0 mod p;
Since r < 75, this implies
gedim —1l,w—1)>3-5-7-11-13-17-23/75 = 78278.2.

In particular, we have w — 1 > 78278.2. Using (46) we get 3™~! < 3™ —1 < 2"(w=1+2_ Since
w— 1> 78278.2 and r < 75, this implies

m—1 _ log2 2
< < 47.
w—1 ~ log3 <T+n—1)

Hence we can take o = 47 in [3, Lemma 4] and get
1
ged(m — 1w —1) < 743 (47 + 5) = 35292.5,
a contradiction. Q.E.D.

Corollary 44 Case B of Corollary 41 is impossible.

Proof In case B of Corollary 41 we have s+1 = 3%, z+1 = 2" and (sz+2)/(2(z+1)) = 2".

Hence
3“—1 ntr 1

= ) A7

2 2r —1 (47)

Note that r divides n since (27" — 1,2" — 1) = 2(®") — 1. This contradicts Theorem 43.
Q.E.D.

10 Case C

Now we consider the case x = 2 in Corollary 41, i.e. partial geometries pg(s + 1,2(s + 1) 4 3,2)
with abelian Singer groups of mixed type. Let G be the Singer group. Recall that by (13),
the associated partial difference set D in G has parameters

v=(s+1)°
d=3(s+1),
k=s2(s+1)+3], (48)

6 = _(S + 1) - 67
p=22(s+1)+3].
Recall that

D=—(t+1)+Y U+Y LL"Y. (49)

veu LeL
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Corollary 45 If a proper partial geometry pg(s + 1,2(s + 1) + 3,2) with an abelian Singer
group of mized type exists, then s+ 1 = 3" for some integer n > 2.

Proof In view of (48) and Theorem 24, we have s+1 =6 or s+1 = 3" with n > 1. For the
latter case, n = 1 is not possible since the partial geometry is assumed to be proper. Now
suppose s +1=6. Then v =23-3%, § =2-3% 3= —12 and 3* = —4. Applying Theorem
25 (iv) with p” = 2, we have 9 = 6/p" < s+ 1 = 6, a contradiction. Q.E.D.

Now we begin with the investigation of the case s + 1 = 3™ in Corollary 45.

Lemma 46 Let s+1 = 3" for somen > 2 and let D be given by (49). Let L € L be arbitrary
and g € L. Define L* := {hlhgl :hi,hy € L and hy # ha} C G. Then the following hold.

(a) If o(g) > 27, then L* contains at most 6 nonidentity elements of (g).

(b) If o(g) =9, then L* contains at most 2 elements of (g).

Proof First, we write L = Ay + Aus - - - + Ayuy such that A; are nonempty subsets of (g)
and (g)u; are distinct (g)-cosets not equal to (g).

We claim |A;] = 1 if i # 1. Otherwise, without loss of generality, we may assume
{1,¢°} C Ay where g% # 1. Since uy and g%uy are in L, both Lu, " and L(g%uy)~! are lines
that contain 1 but are distinct from L. Since g € Lu,' and g=* € L(g%ug)™!, both ¢°
and ¢~ are in D\ L. Therefore, Lg* and Lg~® are lines that do not contain 1 and hence
|Lg*ND| = |Lg~*ND| = 2. On the other hand, {g%, ¢*™!, g%us} C Lg® and {g™*, g~ us} C
Lg=@. Since g% g~% us and g%uy are in D, both ¢**! and ¢g=*! are not in D. However, as
o(g) is a power of 3, either o(g) = 0(g**!) or o(g) = 0o(¢g7*™') and by Lemma 16 (e), this
implies either g**! or ¢g=%! is in D, a contradiction.

Since |A;| = 1 for i # 1, we have L* N (g) = A;A7"\{1}. Now, let us write
Al = B1 U BQQ U ng2

where B; C (g3) for each i. Recall that DL = sL + 2(G — L) by (4) and g{¢®) + ¢*(¢®>) C D
by Lemma 16 (e). In DL, the coefficient of elements in (g®), g(g3) and ¢*(g3) are at least
|Ba| + |Bs|, |Bi| + |Bs| and |By| + |Bs| respectively. As o(g) > 9, it is not possible that
L contains a (g®)-coset. Therefore, each of |By| + |Bs|, |Bi| + |Bs| and |By| + | Bz| must
be at most 2. It follows that |B;| + |Bz| + |Bs| < 3 and in case |By| + |Bs| + |Bs| = 3,
|By| = |Bs| = |Bs| = 1. Now (a) is clear as [4;] < 3.

For (b), we have o(g) = 9 and it suffices to show |A;| < 2. If |A;] > 3, we may assume
{1,9,¢*™"} C L for some r. As g~ ¢ L, we have r # 2. When r = 0, we consider the line
Lg~!'. Note that {1,g} C L¢g7' N L but Lg~' # L as g~' ¢ L. This is impossible. When

r = 1, we consider Lg~* # L. Again, {g,¢°} C Lg~* N L and this is impossible. Hence,
|Ay] < 2. Q.E.D.

Theorem 47 Assume that a proper pg(s + 1,2(s + 1) + 3,2) admitting an abelian Singer
group G exists. Then G is an elementary abelian 3-group.
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Proof By Corollary 45, we have s+ 1 = 3" for some n > 2. Let D be the partial difference
set in G corresponding to the geometry and recall that D has the form (49). Note that
L] = 1 or 2. We claim that |J; ., LL"Y contains elements of order 3 only. Then by
Corollary 34, the group G must be elementary abelian.

Suppose there exists g € Ly for some L; € L such that o(g) > 9. Observe that, by
Lemma 16 (e), we have M = {g' : ged(3,i) = 1} C U, LL"Y as g ¢ U for any U € U.
If o(g) = 9, then by Lemma 46 (b), there can be at most 4 elements of M in |J, ., LLCV.
This contradicts |M| > 6 in this case. Hence o(g) > 27. However, by Lemma 46 (a), there
can be at most 12 elements of M in (J, ., LLY. This is impossible since |M| > 18 in this
case. Q.E.D.

Lemma 48 Let n be non-negative integer, n = exp % and X,Y € Zln].
() If | X|?+ |[Y]*=3" then X =0 or Y = 0.
(b) If | X]*+|Y|[*=2-3" then | X|* = |V |* = 3".
Proof For Z = e+ fn € Z[n] we have |Z|* = e* + f? — ef and hence
|Z|*=0,1,3,4, or Tmod 9 and (50)
|Z|* ¢ {2,5,6} (51)
Write X =a+bnp and Y = ¢+ dn with a,b,¢,d € Z.

(a) We prove part (a) by induction on n. By (51), the assertion is true for n < 1. Now assume
n > 2. In view of (50), |X]*> +|Y|?> = 0 mod 9 implies |X|* = 0 mod 9 and |Y|* = 0 mod 9.
It is straightforward to check that, in turn, this implies a = b = ¢ = d = 0 mod 3. Hence
X/3€Zlnl,Y/3 € Z[n], | X/3]*+|Y/3|* = 3"2 and the assertion follows by induction.

(b) Again, we use induction on n. By (51), the assertion is true for n < 1. Now, the same
argument as in the proof of part (a) completes the proof. Q.E.D.

Lemma 49 Let G be an abelian group of order (s + 1)3 for some positive integer s. Let S
be a subset of G such that |S| = s + 1 and in SSY all nonidentity elements of G have
coefficient 0 or 1. Furthermore, assume |x(S)[*> € {0,s+1,3(s+ 1)} for all characters x of
G. Let

z=Hx€G :x#x0 X)) =s+1}
y=1{x € G :x#x0 [X(9)>=3(s+1)}
Then

1

T = 5(3 +1)(s* + 4s),
1

y= 682(8 +1)

31



Proof The coefficient of 1in SSY is s+1. Hence by Result 11 (i), we have Y. .. [X(S)[* =
(s +1)* Since [S| = s 41, this implies > . [X(S)]* = (s + 1)* = (s +1)?, i.e.

w(s+1)+3y(s+1) = (s +1)* — (s + 1) (52)

The coefficient of 1 in (SSC)(SS1)=Y equals the sum of the squares of the coefficients
of SS1 and thus is (s + 1) + s(s +1) = (25 + 1)(s + 1). Using Result 11 (i), we get

> ovea IXEO)F = (2s+1)(s+1)* Hence 37, [x(9)|* = (2s+1)(s+1)*—(s+1)* = 2s(s+1)*
and thus

o(s+1)" +9y(s +1)* = 2s(s + 1)". (53)
Solving the equations (52) and (53) gives the assertion. Q.E.D.

Theorem 50 A proper pg(s+1,2(s+ 1) + 3,2) with an abelian Singer group and exactly
2(s 4 1) orbit lines does not ezist.

Proof Assume that such a partial geometry exists. By Corollary 45, we have s +1 = 3"
for some n > 2. By Theorem 47, the group G must be an elementary abelian 3-group. By
(49), we have

D=-12(s+1)+3]+ Uy + U+ Us + SSY + 77V

where the U;’s are subgroups of G of order s + 1 and S, T" are distinct orbit lines. Note
that x(D) = —[2(s + 1) 4+ 3] or s — 2 for all nontrivial characters x of G. By Lemma 28,
we have |x(9)|*> + [x(T)* € {0, s+ 1, 2(s + 1), 3(s + 1)}. Using Lemma 48, we conclude
IX(S)[? €40, s+1,3(s+1)} and |x(T)]* € {0,s+1,3(s+1)}. Let D* be the dual of D, i.e.

D" ={x € G": x # xo0, x(D) = —[2(s + 1) + 3]}
Then |D*| = (s — 1)s(s +1)/3 by (44). Let

X ={xeG :x#xo0 X =s+1},
Y ={x€G":x#x0 X(9)>=3(s+ 1)},
Z={xeG :x#xo XD =3(s+1)}

Then |X| = 5(s 4 1)(s* +4s) and |Y| = [Z] = $s*(s + 1) by Lemma 49. Furthermore, the
sets D*, X, Y, Z are pairwise disjoint. This implies

DT+ X[+ Y] +]2] < (s+1)* = 1.
Substituting the values for |D*|, | X|, |V, |Z] gives —s® + s> + 45 > 0 and thus n < 2, a
contradiction. Q.E.D.

Proposition 51 Fors+1=9, apg(s+1,2(s+ 1)+ 3,2) with an abelian Singer group G
and exactly s + 1 orbit lines does not exist.
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Proof Assume the contrary and let D C G be the associated partial difference set. Then
|G| = 3% and D = —21 + 3.2, U; + SSY where the Uy’s are subgroups of G of order 9
and S is an orbit line. By Theorem 47, the group G is elementary abelian. Furthermore,
Ix(S)]? € {0,9,27} for all nontrivial characters y of G. From Corollary 34 we conclude that
S contains a set {g,...,gs} such that (gi,...,g6) = G. In particular, g; # 1 for i = 1,..., 6.
Hence

S = {1,91, .-y gs, @, b}
for some a,b € G, a # b. Now let n = exp27i/3 and let x; be the character of G with
xi(g9:) = n and x;(g;) = 1 for i # j. Then

Xi(S) = 641+ xi(a +0b).
Since |x;(5)|> = 0 mod 9, we know that x;(S) is divisible by 3. Hence
n+ xi(a +b) = 0 mod 3.

This is only possible if y;(a) = x;(b) = n or x;(a +b) = 1 +n? But y;(a+0) =1+ n? is
impossible since |y;(S)]* = 36 in thls case. Hence

Xi(a) = x;(b) for i =1, ..., 6. (54)

Since the g; generate (G, we can write

6
a=]]o"
121
b=1lg"
=1

for some integers a;, b; with 0 < a; <2,0 <b; < 2. By (54) we get

77% = Xz(a) = Xz(b> = Ubi, 1= 1a 76

Hence a; = b; for all 7. This implies a = b, a contradiction. Q.E.D.

11 Proof of Theorem 1

Theorem 1 follows directly from Corollary 41, Lemma 42, Corollaries 44 and 45, Theorems
47, 50, and Proposition 51. If a proper pg(s+ 1,t + 1,2) with an abelian Singer group G
of spread type exists, then |G| = (s + 1)%, t = 2(s + 2), and G is an elementary abelian
3-group by [11, Thm. 4.1]. Furthermore, by [11, Cor. 6.12], the only pg(s + 1,t + 1,2) with
an abelian Singer group of rigid type is the Van Lint-Schrijver geometry [13]. Together with
Theorem 1 this implies the following.

Corollary 52 Let I1 by a proper partial geometry pg(s + 1,t + 1,2) with an abelian Singer
group G. Then G is an elementary abelian 3-group of order (s+ 1) andt=2(s+2) or Il
1s the Van Lint-Schrijver partial geometry.
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