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Abstract. Abelian relative difference sets of parameters (m, n, k, A) = (p?, p, p% p“~!) are studied in this
paper. In particular, we show that for an abelian group G of order 1;2“'l and a subgroup N of G of order p, a
( p2‘ , D pzc, pzc ~1y._relative difference set exists in G relative to N if and only if exp(G) < p”‘l, Furthermore,
we have some structural results on (p%¢, p, p. p*~!)-relative difference sets in abelian groups of exponent p¢+L,
We also show that for an abelian group G of order 2242 and a subgroup N of G of order 2, a (22¢+1, 2, 22¢+1 22cy.
relative difference set exists in G relative to N if and only ifexp(G) < 2°72 and N is contained in a cyclic subgroup
of G of order 4. New constructions of ( pz”l, p- p2‘+1, p?)-relative difference sets, where p is an odd prime,
are given. However, we cannot find the necessary and sufficient condition for this case.

1. Introduction

Let G be a group of order mn which has a subgroup N of order n. An (m, n, k, A)-relative
difference set (RDS) R in G relative to N is a k-element subset of G such that the expressions
riry !, with r{, 7, € R and r{ # r,, represent each element in G\N exactly A times and
represent no nonidentity element in N. The concept of RDSs was introduced by Butson
[4], (5] and Elliott and Butson [13] as a generalization of difference sets. For general
descriptions of RDSs and their relation with designs, please consult [14].

Using the notation of the group ring F[G], where F is either the ring of rational integers
or the field of complex numbers, a subset R of G is an (m, n, k, A)-RDS in G relative to N
if and only if

RRY = keg + MG — N) %))

where we identify a subset A of G with the element 3 ., g in F[G] and write R =
{r~1:r € R). Furthermore, if G is abelian, then R is an (m, n, k, 1)-RDS in G relative to
N if and only if for every character x of G

k if x € G\N*
X(R)X(R) = { k —an if x € N*\{xo} @)
k? ifx =7xo

where N+ = {x € G* : x is principal on N} and xo is the principal character of G.
Recently, RDSs with parameters (m, n, k, A) = (p®, p®, p®, p*?), where p is a prime,
have been studied intensively, for examples, see [3], [7], [8], [12], [19]. RDSs with these
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parameters have a lot of important applications. For example, some of these RDSs can
be used to construct sequences with ideal auto-correlation and cross-correlation properties,
see [12].

In this paper, we continue the work of Davis [8] on (p?, p, p*, p*~1)-RDSs. For a
given abelian group G of order p® and a subgroup N of G of order p, we shall study
the conditions under which a (p®, p, p®, p®~1)-RDS exists in G relative to N. Complete
answers for (m, n, k, 1) = (p%, p, p>¢, p>*~1) and (2%+1, 2, 2%+, 22¢) will be given.

In the following, we list some theorems on the exponent bounds of groups containing
these RDSs.

THEOREM 1.1 (Pott [23]). Let p be a prime, G an abelian group of order p**! and N a
subgroup of G of order p. If there exists a (p®, p, p®, p*~')-RDS in G relative to N, then
exp(G) < p'“/Z*1 where [x] denote the smallest integer greater than x.

THEOREM 1.2 (Ma and Pott [19)). Let p be an odd prime, G an abelian group of order
p**2 and N a subgroup of G of order p. If there exists a (p* ™!, p, p**!, p*)-RDS in G
relative to N, then exp(G) < p°*l.

2. The Constructions of (p*, p, p*, p*~1)-RDSs

By Theorem 1.1, an abelian group of order p***! containing a (p%, p, p*, p*~1)-RDS
must have exponent not exceeding p°+!. In the following, we shall study three construction
methods of these RDSs. Theorem 2.1 is a slightly improved version of a result by Davis [8].
Theorem 2.2 is based on the K-matrix construction developed by Davis [6] and Kraemer
[16]. Finally, Theorem 2.3 is an inductive construction.

For convenience, throughout this paper, the cross product of groups will be regarded as
the internal direct product.
THEOREM 2.1 Let p be a prime. Let G be an abelian group of order p**' which contains
a subgroup E = ( ) X H where |H| = p° and exp(H) = o(oz) p° < pt*l. Then there
exists a (p*, p, p*, p*"1)-RDS in G relative to N = (@?"”").

Proof. Let H = ®j=1(ﬂj) where 0(8;) = p¥ and by = maxj<j« b; = e. For0 <i; <
p% —1,1 < j <t,define

t
e
Dil-iz ~~~~~ i = ®(ﬁja11p J) c E
j=1

and choose gj, i, € G so that
{8iriyniy (0SS p*—lfor2<k<rand0<ij<p-—1)
is a system of distinct coset representatives of E in G and

— m . .
8iydgyei, = 0 Bniig..s
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foriy = pm+nwhere0 <n < p—1. Let

PP =1 ph2—1 P —1

R= U U U Dil.ig.....i,gfj.iz ..... i
=0 f=0 i=0

We claim that R is a (p%, p, p*, p**~1)-RDS in G relative to N.
If x ¢ N*,itisobviousthat x is principal onexactly one Dy, ;, andhence |x (R)| = p°.
It remains to show [R N NA| = 1 forall & € G. To prove this, it suffices to show

(Di i 8irin iy N (Dt &t i) =8
for all (i1, iz, ..., 1) # (i1, 15, ..., i}). Suppose

{

! it k; e i ptYi k;
H(ﬂj“’p ) iy i@ = H(ﬁja’ ) 8il.il....i!

j=1 =1
for some (i1, 2, ..., i) and (i{,i5,...,4)). Letiy = pm +n and i{ = pm’ + n’ where
0<mm <p* ' —1land0 < n,n’ < p— 1. The equation above can be possible only

if @i, ioi, and 8il.ij....;; are in the same coset of E. But by the definition of g;, ;,
have i; =i]ffor2§j <t,n=n"and

iy We

—i7

,
—Ji
@ Ly =&

Then k; = k; mod pb for 1 < j < t which imply
irky +wpt™ ! +m = itk; + m' mod p°.

Hence (m — m')(pk; + 1) = 0 mod p~! and m = m’ mod p*~!. It forces m = m’ and so
. -
Iy =1;. a

We remark that the construction described in the proof of Theorem 2.1 can be generalized
to nonabelian groups by the method of Dillon [11] and Davis [8]. For example, if G is a
group of order p***! and the center of G contains a subgroup E = (o) x H where H is an
abelian group of order p® and exp(H) = o(w) = p?, then there exists a (p*°, p, p*, p>*~1)-
RDS in G relative to N = (oz"H). Using the same construction as above, we only need to
prove that the subsets Q;, ;, i, where0 <iy < p—1land0<i; < p”/‘l for2 < j<t¢,
of E defined by

pe—l__l
m
= U o me—H].iz.,...i,

m=l

Oiviseiy

satisfy

p~1 [)"2—1 p[”—l
DD Cinnn O = poep+ pFTIE — p¥IN (3)

i1=0 i,=0 i =0
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and for (i, iz, ..., &) % (i), ihy .o 00,

(=1 -2
Qivig.eis Qi 1 z‘,’=PC+e E @

......

Let x be a character of E. If x ¢ N, it is obvious that x is principal on exactly one
D;, i,....i, and hence exactly one |x(Q;, i...; )| has the value p¢ while all the others are
Finally, we want to point out that similar generalizations can also be applied to other
constructions in this paper.

THEOREM 2.2 Let p be a prime. Let G be an abelian group of order p>**!, which contains
a subgroup E = (@) x H where |H| = p°*! and exp(H) = o(at) < p, and let N be any
subgroup of H of order p. Then there exists a (p*, p, p*, p>*~!)-RDS in G relative to N.

Proof. Define an equivalence relation on G* by
x ~ x' ifand only if ker x|y =ker x'|g.

Let {11, [x2], - . ., [xn] be the equivalence classes with x; ¢ N-+. Let K, = ker XelH-

Foreacht € {1,2,...,n}, let by, y,, z, be clements with 7, € H\K, and y,, z, € G\ H,
let p* = p¢/|K;| (= o(x:|u)/p) and define a p* x p* matrix M, = (mg.)) by mg) =
)!,zflzﬁ_(”i+1)j fori, j =0,1,..., p% — 1. Suppose the matrices M, satisfy the following
conditions:

(A) If x e (K} NN $)\[xol, where o is the principal character of G, then the sum of the
values of x on any column of M, is 0.

(B) If x € [x:], then the sum of the values of x on any row of M, is 0 except for one row,
which depends on yx, where the sum has absolute value p*.

(C) The set {y,z,j :0<j<p¥—1land! <t < n}forms acomplete system of distinct
coset representatives of H in G.

Let

n p-1

R = U U mg.)K,.

t=11,j=0

Then |R| = Y, p™|K,| = p° > r_, p% = p* since |{yz{ 10 < j < p"—landl<
t < n}| = p°. Let x be a nonprincipal characterof G. If x € H*, then x (R) = 0 because
of (C). If x € NY\H*, then x(R) = 0 because of (A). If x ¢ N*, then |x(R)| = p°
because of (A) and (B). Hence R is a (p’, p, p%, p*1)-RDS in G relative to N.

Now, it remains to show that A;, y;, z; can be chosen in the way that the matrices M,
satisfy the conditions (A), (B) and (C):
() h, € H\K, is chosen so that H/K, = (hK,).
(i) z; = ko™ where p¢ = o(x).
(iii) Let 1, v, . . ., ¥5 be distinct coset representatives of E in G where f = p“ . Also,
assume sy, 52, - . ., S, are in descending order. Choose y, by the following algorithm:



ON (PA, P, PA, PA~1)_RELATIVE DIFFERENCE SETS 61

Stepl. Let £Lbean f x p® matrix of integers, each row of which contains the integers from
0 to p® — 1 in order, all initially unmarked.

Step2. Lett = 1.

Step3. Let d; be an unmarked entry of £. Mark out all entries in that row of the form
d; + kp®™ mod p? for 0 < k < p% — 1. Call the row where 4, lies r;.

Stepd. Let y, = y,a%.
StepS. Increase the value of ¢ by 1. Stop if r > n; otherwise, go to step 3.

Following the same argument as [16], it is not hard to see that these 4;, y;, z; satisfy our
requirements. n

THEOREM 2.3 Let p be a prime. Let G = {(a) x B be an abelian group of order p**!,
where B contains a subgroup H of order p° with exp(H) < o(a) < p°*t!, and let N be
a subgroup of H of order p. If there exists a (p*~2, p, p*~2, p*~3)-RDS in (a”") x B
relative to N, then there exists a (p*, p, p*, p*=1)-RDS in G relative to N.

Proof. Let Rybea(p*~2, p, p%=2 p%=3).RDSin (a?’)x Brelativeto N. Leto(e) = p°.
Define

R ={a?y:0<i<pyeB and "’y € Ro}.

Let H = @;zl(ﬂj) where o(B;) = pand N = ( {’brl). Suppose by = max;<;< b;. For
0<i;<p”—1,1<j<tand (i, p) =1, define

e—hs

t
;o e—hi
Diy .y = QBe" ) C (") x H
j=1

and choose g, ;,....i, € G so that

{giini:0<ip <pl—1forl<k<t (i, p)=land0<i, < p—1}

is a system of distinct coset representatives of (cx”e-hj) x H in G\({«?} x B) and

2—bs

.. . — P
8ivisod, = O

[STRZTVRIN FER TS I FURUSON A
fori; = pm+n where 0 <n < p — 1. Then

p=1 phr-l

e—1
R= U U U Di iy, 8ivig.i U (@ )R
0<iy<ph—1.(G.p)=1 =0 ;=0

is a (p*, p, p*, p**"1)-RDS in G relative to N. The proof is similar to Theorem 2.1.
|
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Combining Theorems 2.1, 2.2 and 2.3, we have a necessary and sufficient conditions for
the existence of (p%, p, p*, p*~1)-RDSs.

THEOREM 2.4 Let p be aprime. Let G be an abelian group of order p**' and N a subgroup
of G of order p. Then there exists a (p*, p, p*, p**~")-RDS in G relative to N if and only

ifexp(G) < p“*l.

Proof. The necessary part follows by Theorem 1.1. For the sufficient part, Theorems 2.1
and 2.2 provide the constructions of all the required RDSs except when G = () x B where
o(a) = p*' and N < B. But the existence of these RDSs can be shown inductively by
applying Theorem 2.3. n

3. (p%, p, p*, p*1)-RDSs in Abelian Groups of Exponent p°+!

In Section 2, we have studied the constructions of (p*, p, p*, p?**~1)-RDSs. In this
section, we shall work on the special case that the abelian groups have exponent p°*!. For
this case, we have detailed knowledge of the structure of the RDSs. We remark that this is
of particular interest for the study of the much more difficult case of (p*, p?, p*, p*=*)-
RDSs with b > 1. As an example, we shall discuss the existence problem of abelian
(16, 4, 16, 4)-RDSs at the end of this section.

Before we state our main results, we list some useful lemmas.

LEMMA 3.1 (Ma [18)). Let p be a prime. Let Z be an element in Z[G] where G is an
abelian group with a cyclic Sylow p-subgroup. Let P denote the unique subgroup of G of
order p. If x(Z) = 0 mod p° for all nonprincipal characters x of G, then

Z = p'X +PY

where X, Y € Z[G). Furthermore, if the coefficients of Z are nonnegative, then X and Y
can be chosen to have nonnegative coefficients.

LEMMA 3.2 Let p be a prime. Let G = A x B x H be an abelian group such that
A = (Zp)', B=@j_(Bj) o)) = p’ < p® for 1 < j <1, and (p,|H|) = 1. Define
e=a(s ~ 1)+ Z}zl b; and

R ={W x Q_,(Bj¥;) : W is a subgroup of A of order p**~"
such that A/ W is cyclic; and y; € A, o(y;) < Y.

(Note that every element in R is a subgroup of A x B of order p®.) Suppose there exists a
subset D of G such that x (D) = 0 mod p° for all nonprincipal characters of G. Then

D= Z UXy +KY
UeR

where Xy, Y C G and K is the maximal elementary abelian p-subgroup of A.
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Proof. Write D =}, . UXy -+ L where Xy;, L C G suchthat gUU ¢ Lforallg e G
and U € R. We have to show L =0 mod K. Forany U € R, let py : G — G/U be the
canonical epimorphism. Note that the Sylow p-subgroup of G/ U is cyclic and

X(L)=x(D) = > x(U)x(Xy) =0mod p°
UeR

for all nonprincipal characters of G. By Lemma 3.1,
pu(L) = pYy + PyZy

where Yy, Zy € Z{G /U] with nonnegative coefficients and Py is the unique subgroup of
G/U of order p. By the definition of L, we have Yy = 0. Thus we get

UL =0mod K

for all U € R. Since every element of T = {0 € Aut(A x B) : 6(A) = A} permutes R
and all orbits # {1}, K\{1} of T on A x B are multiples of K, we have

1

1
ZUE’—T—IZZUEm;eG—'KI_I

UeR cel UeR

Z [U N (K\{1}leg = neg mod K
UeR

for some positive integer n. Since ver UL =0mod K, we conclude that L = 0 mod K.
[ |

We want to point out that in this paper, we only need the particular version of Lemma 3.2
when s = 1 and H = {eg}. Since we believe that this lemma is useful in the study of other
difference sets, we state it in the most general form. As an example, we give a corollary
which provides a generalization of aresult of difference sets by Arasu and Sehgal [2]. Since
in this paper we are not mainly interested in this subject, we omit the proof. The readers
are referred to [15], [17] for the terminology of difference sets used in the corollary.

COROLLARY 3.3 Let p be a prime. Let G = A x B x H be an abelian group where A is
a cyclic p-group, |B| = p®, exp(B) < exp(A) and (|H|, p) = 1. Furthermore, assume
that D is a (v, k, })-difference set in G, p?* | n = k — X and p is self-conjugate modulo
exp(H). Let K be the maximal elementary abelian p-subgroup of G and p : G — G/K
the canonical epimorphism. Then p(D) = 0 mod p.

EXAMPLE 3.4 Corollary 3.3 can be applied together with the sub-difference set argument
developed by McFarland [20]. The condition p(D) = 0 mod p aften forces p(D) to be
two-valued, i.e. the coefficients of p(D) take only two integer values. If, for example, p
is odd, |A| = p® and D is a Menon difference set, then by a result of Arasu, Davis and
Jedwab [1], B must be cyclic and by Corollary 3.3 and McFarland’s argument, every group

= Zpe X Lpe x H with ¢ < b also must have a Menon difference set. This result has
also been obtained by Davis and Jedwab [9] independently.
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The following is a well-known result of RDSs, e.g. see [19].
LEMMA 3.5 Let p be a prime. If R is a (p*°, p, p*, p*>*"1)-RDS in an abelian group G,
then x(R) = 0 mod p* for all characters x of G.

Now, we are ready to state and prove our theorems on the characterization of (p*, p, p%,
p>*~1)-RDSs in abelian groups of exponent p*!.

THEOREM 3.6 Let p be a prime. Let G = (&) X ®;’=1 (Bj} be an abelian group where

o(@) = pt', o(B;) = p”f,andz;zl b; = c. Thenasubset R of Gisa (p*, p, p*, p*1)-
RDS in G relative to N = {«®') if and only if

pbl—-l phz—l ph’—'l P

R = Z Z Z ®(5jaim‘+“”f YorEi it

i1=0 i=0 =0 j=I
for some integers ;, 4, . ., and |[RNNy|=1forally € G.

Proof Let Rbea (p%, p, p*, p**~1)-RDS in G relative to N. By Lemmas 3.2 and 3.5,
we can write

,phl -1 pb2 -1 ph, -1 i

R= Z Z Z ®(ﬁjaijpf+l_hj)Xh.iz.....i, + NY

f1=0 i= =0 j=I

for some X;, ;. .Y C G. Since [RN Ny| = 1for all y € G, it is obvious that
Y =,0. Applying suitable characters that are nonprincipal on N to the equation above
yields |X;, 4,...;, | # O for all i5,i2,...,i;. Since |R| = p?¢, we have [Xiydpi] = 1.
Hence without loss of generality, we can assume X, ;,... ;, = {e®12i Y foralliy, iz, ..., i

|

EXAMPLE 3.7 Let Rbea (16, 2, 16, 8)-RDS in Zg x Z4 relative to (4, 0)}. Then by Theorem
3.6, it is not difficult to see that, up to equivalence,

R = (0, 1)) + {2, D)(s1, 0) + (4, D)2, 0) + ((6, 1)} (52, 0)

where (s1,52) € {(1,3),(1,7), (3, D), (3, 5)}.

The following lemma is needed for studying the case when N is not contained in the
biggest exponent piece of G.

LEMMA 3.8 (Ma and Pott [19]). Let p be a prime and G a cyclic group of order p°®. Suppose
Z € Z[G] such that | x(Z)| = 1 for a character x of G of order p°. Then

Z =dg+ PY

for some g € G and Y € Z|G) where P is the unique subgroup of G of order p.
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THEOREM 3.9 Let p be a prime. Let G = (o) X ®‘;:1 (B;) be an abelian group where
o(@) = p*', o(B;) = p", and };_ by = c. If asubset R of G is a (p™, p, p**, p*™")-
RDS in G relative to N = (B! DI-I), then

k= Z Z Z@ﬁ; - Gfs"’z """ ”+(a”) 1

for some integers €;, 4, ; and Ry C G with |R;| = p*2.

Proof. Let R be a (p, p, p*, p*~1)-RDS in G relative to N. By Lemmas 3.2 and 3.5,
we can write

plzl_l phz 1 Ph' 1

R=Y 3 - ® ) K (@ Ry
i1=0 i=0 j=1
for some Xi, 4.0, Ri € G. Since [RN Ny| = 1 for all y € G, it is obvious that

KXivipoiy =010 (1, p) # 1.

For any iy, iz, ..., i with (i3, p) = 1, let p : G — G /U be the canonical epimorphism
where U = ®;=1(ﬂj(¥"“’(+1‘b" ). Let x be any character of G/U of order p°*!. Since
[x(p(R)| = p° and x({a?")) = 0, we have |x(0(X;, ;,...i )}l = 1. By Lemma 3.8, we
have

p( 1112 l,)_j:g+PY

where g € G/U, Y € Z[G/U] and P is the unique subgroup of G/U of order p. Taking
the inverse tmage of p, we have

®<ﬁ N K ,-,—a&® B gy + MY,

c+1- }

where g; € G, V) € Z[Gland M = p~}(P) = N®j (B ofi? ). Since [RNNy| =1
forall y € G, we have ¥; = O unless p = 2 and MY, = Mg,. Both cases imply
[Xi,4....i;] = 1. Without loss of generality, we can assume X;,,;, ., = {ag"l»'év»-u"r}..

EXAMPLE 3.10 Let R be a (16,2, 16, 8)-RDS in Zg x Z4 relative to N = ((0, 2)). Then
by Theorem 3.9, up to equivalence, R = ((2, 1))(1, 0) + ((6, ))(j. 0) + ((4, 0)) R; where
je{2,3}

First, we show that j = 2 is impossible: If j =2, then Ry /{(0,2)) = hy +hy + hs + hy
where hy = (3,0), hy = (0,0), hs = (1, 1) and hy = (2, 1). We define g; = 1 ifh; € R,
ande; = —~1ifh;(0,2) € Ry. Let x1, x» be the characters defined by (0, 1) = x2(0, 1) =
V=T, x1(1,0) = =T and x,(1,0) = —1. Then

X1(R)/2 = —&1/—1 483 — 83— e4+/—1 and
x2(R)/2 = —&1 + &3 — e3/—1 4+ ea/—1.
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Since | x1(R)| = | x2(R)| = 4, this implies
[(e1 = &) A (g2 = €3)) V(61 = —&4) A (87 = —&3)] and
[(e1 = &) A(es = —&4)] V [(81 = —&2) A (3 = 84)]
which is impossible.

Hence without loss of generality, R = {(2, 1))(1,0) + {(6, 1))(3,0) + ((4,0))R;. Let
X3 be the character defined by x3(1,0) = —1 and x3(0,1) = 1. Then x3(R) = —8 +
2x3(Ry) = 0. Thus Ry C kerys = ((2,0),(1,0)). Hence Ry /{(4,0)) is a RDS in
((2,0), (1,00} /{(4,®)) = Zy x Zy4 relative to ((0,2)). By Theorem 3.6,

R /{(4,0)) = ((2,00)(0, 51) + ((Z, 2))(0, 52)
where (s1, 52) € {(0, 1), (0,3), (1,0, (1,2), (2, 1), (2, 3), (3, 0), (3, 2)}. So up to equiva-

lence,

R = (2, D)(1,0) + ((6, D)3, 0) + ((4, OO, s1) + (2, 51) + (0, 52) + (2, 52 + 2)].

Finally, we show that using our Theorems 3.6 and 3.9 and alemma by Ma and Pott [19], itis
possible to settle the existence problem of abelian (16, 4, 16, 4)-RDSs in G % Zg X Z4 X Zy.

Result 3.11. A (16,4, 16,4)-RDS in an abelian group G 2% Zg X Z4 X Z, exists if and
only if exp(G) < 4 or G = Zg x (Zy)* with N = 7y x Z,.

The case G = Zg x Z4 X Zy is not more difficult but it involves too many cases (there
are a lot of possibilities for the forbidden subgroup). By some ad hoc calculations, we have
the following result (it is clear from our calculations that all the other cases can be treated
similarly):

Result 3.12. Let G = Zg X 7y X Zo.

(a) There is a (16, 4, 16, 4)-RDS in G relative to {(4, 0, 0), (0, 2, 0)).

(b) Thereisno (16, 4, 16, 4)-RDS in G relative to ((2, 0, 0)), {(0, 1, 0)), {(4, 0, 0), (0, 0, 1)}
or {(0,2,0), (0,0, 1)).

For the existence parts of Results 3.11 and 3.12, the (16, 4, 16, 4)-RDS in (Z4)? relative
to N = Z; x Z is due to Davis and Seghal [10]; and other RDSs whose existence is not
previously known are all constructed by lifting suitable (16, 2, 16, 8)-RDSs (Resuit 3.12(a)
has also been obtained independently by Davis and Seghal [10]). For the nonexistence
parts, it is known that there is no abelian (16, 4, 16, 4)-RDS in G if exp(G) > 32, see [24].
The nonexistence in the case exp(G) = 16 follows from a theorem by Schmidt [21]. If
exp(G) = 8 and there is a cyclic subgroup of order 8 which does not contain the forbidden
subgroup, then we can project the RDS to a (16, 2, 16, 8)-RDS R’ in an abelian group G’
with exp(G’) = 8. The structure of R’ has been determined by Theorems 3.6 and 3.9 and
we can use this together with some character arguments to obtain the results mentioned
above. If the forbidden subgroup is contained in every cyclic subgroup of order 8, then we
use Lemma 4.7 of [19] together with some character arguments. For the details, please see
[22].
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4. (226+1 , 2’ 2ZC+1’ 22C)-RDSS

Let us consider (2%¢F1, 2, 2%¢+! 22¢).RDSs. 1t is interesting that these RDSs are quite
different from the RDSs that we have seen in the previous sections. For example, no
such RDSs exist in elementary abelian groups. Using the method of Davis [8] and the
constructions in Section 2, we have the following three existence theorems. The first one
is also an improved version of a result by Davis.

THEOREM 4.1 Let G be an abelian group of order 2*°+? which contains a subgroup E =
() x H where |H| = 2° and max{4, exp(H)} = o(x) = 2¢ < 2¢Y2 Then there exists a
(2241 2 2%+l 22 RDS in G relative to N = (o> ).

Proof. Let H = @)_(;) where o(;) = 2% and by = max<j< b; = 1 or e. For
0<i;<2"—1,1<j<t,define

and choose g;, ;,...;, € G so that
(1)if by = 1 (and e = 2), then

{gi1ipi i 0<ip<lforl <k <t}

is a system of distinct coset representatives of E in G; and
(ii)if b = e > 2, then

(8iriaeis 10 <ig =2 —1forl <k <rand0 <ij <3}
is a system of distinct coset representatives of £ in G and

m
8itdyedy, = O Bniiy.. iy

foriy =4m 4+ n where 0 <n < 3.
Then

211271 271
R= U U U D is....i, 8y -
0=0 =0 =0

is a (2%+1, 2, 22¢+1 226 RDS in G relative to N. ]

THEOREM 4.2 Let G be an abelian group of order 2°*2, which contains a subgroup E =
(o) x H where |H| = 2" and 4 < exp(H) = o(a) < 2°, and let N' = (B) be any cyclic
subgroup of H of order 4. Then there exists a (2*+1,2, 2%+ 226y RDS in G relative to
N = (g%
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Proof. Define an equivalence relation on G* by
x ~ x' ifandonlyif kery|y =kerx'|g.

Let [x1], [x2], ..., [xx] be the equivalence classes with x; ¢ N*. Let K; = ker x/|4.
Following the same argument as Theorem 2.2, there exist i, € H\K,; and v, z; € G\H,
1 <t < n,such that the 2 x 2% matrices M; = (m; )) where 2 = 2°/|K,| (= o(x;|n)/4),
defined by mf ) =yl KW fori, j=0,1,...,2% — 1, satisfy the conditions (B) and
(C) of the proof of Theorem 2.2 and the followmg condition:

(A) Ifx € (Ktl N N™*)\[xo], where xo is the principal character of G, then the sum of
the values of x on any column of M, is 0.

Then
n 2%-—1
rR=J U mf kK vpK)
t=11i.j=0
is a (2%¢t1 2, 22¢+1 92¢).RDS in G relative to N. [ |

THEOREM 4.3 Let G = (o) x B be an abelian group of order 22, where B contains a
subgroup H of order 2°¢ with 4 < exp(H) < o(a) < 2°*?, and let N’ = (B) be a cyclic
subgroup of H of order 4. If there exists a (2%, 2, 2%~1,22¢=2).RDS in (a*) x B relative
to N = (B?), then there exists a (2%*1,2, 2%t 229).RDS in G relative to N.

Proof Let Robea (2%71,2,2%1 22-2).RDS in (%) x B relative to N. Let o(a) = 2°.
Define

R ={a%y:0<i<22 yeBanday € Ry}.

Let H = ®] {B;) where o(;) = 2% and B = ﬂzb‘ Suppose by = max;<;< b;. For
0<i;<2%—1,1<j<t and (i,2) = 1, define

t
e—b; 2!)172 -_2€-bj pe=bhs
—® YU B QB Y C (@) x H
j=1

and choose g, 4,.....;; € G so that

{Givipi 10 <ip <2 —1forl <k <t,(i,2)=1and0 <i; <3}

is a system of distinct coset representatives of («* ™) x H in G\({(«®) x B) and

m2ebs
8iligeni; = & 8y dg Mgy e dy
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for i; = 4m + n where 0 < n < 3. Then

2/72 -1 2/}, —1

2.?—!
R= U U U Dy gy i 81y, U™ )Ry
0<i <2211, (j;.2)=1 =0 i =0
is a (2%¢+1 2 22¢+1 22¢) RDS in G relative to N. =

Combining Theorems 4.1, 4.2 and 4.3, we have a necessary and sufficient condition for
the existence of (221, 2, 22¢t1 22¢) RDSs.

THEOREM 4.4 Let G be an abelian group of order 2**? and N a subgroup of G of order 2.
Then there exists a (2°¢71, 2, 22¢+1, 22Y.RDS in G relative to N ifand only if exp(G) < 212
and N is contained in a cyclic subgroup of G of order 4.

Proof. The sufficient part follows by Theorems 4.1, 4.2 and 4.3. For the necessary part,
exp(G) < 2¢72 follows by Theorem 1.1. Also, by Lemma 3.1 of [8], N must be contained
in a larger cyclic subgroup of G. =

5. (p¥+! p, p+!, p%)-RDSs when p is an Odd Prime

The constructions of (p**!, p, p?*!, p*)-RDSs are more difficult than the other cases.
By Theorem 1.2, we know that the exponent of an abelian group containing such a RDS
cannot exceed pt!.

The following lemma is a variation of the product construction of Davis [7].

LEMMA 5.1 Let G be an abelian group, K and N subgroups of G such that K "N = leg]},
and p : G — G /K the canonical epimorphism. If R, is a subset of G of size m such that
p(Ry)isan (my, n,my, my/n)-RDSin G/K relative to p(N) and |x (R)|* = m; for every
character x € G*\Nl, and Ry is an (my, n, ma, my/n)-RDS in K x N relative to N, then
RiRy is an (mymy, n, myma, mima/n)-RDS in G relative to N.

Proof. It follows by the character argument. n

THEOREM 5.2 Let p be an odd prime. Let G be an abelian group of order p***? which
contains a subgroup E = {a1) x {a) X H where |H| = p®, exp(H) = o{o1) = p¢ < pt!
ando(oy) = p. Thenthere existsa (p*™*!, p, p>*!, p?)-RDSin G relativeto N = (a{)em]).
Proof. Apply Lemma 5.1 where K = (a;), R) is a subset of G of size p% such that p(R,)

isa (p*, p, p*, p>*~1)-RDS constructed in the proof of Theorem 2.1 (using the same H
and @ = o), and Ry isa (p, p, p, 1)-RDS in N x K relative to N. [ ]

Similarly, the following theorem is obtained by applying Lemma 5.1 to the construction
of Theorem 2.2.
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THEOREM 5.3 Let p be an odd prime. Let G be an abelian group of order p**2, which
contains a subgroup E = (o)) x (ap) x H where |[H| = p°*! and exp(H) = o(ay) <
p¢ and o(ay) = p, and let N be any subgroup of H of order p. Then there exists a
(p**L, p, p**!, p*)-RDS in G relative to N.

Finally, similar to Theorem 2.3, we have an inductive construction.

THEOREM 5.4 Let p be an odd prime. Let G = (o) x B be an abelian group of or-
der p**2, where B contains a subgroup (ay) x H such that |H| = p°, exp(H) <
o(w)) < p! and o(ay) = p, and let N be a subgroup of H of order p. If there
exists a (p¥*~', p, p**~, p*~2)-RDS in (o 2) x B relative to N, then there exists a
(p**1, p, p**!, p*)-RDS in G relative to N.

Proof  Let Ro be the (p*~', p, p%~!, p?~2)RDS in (&) x B relative to N. Let
o(ay) = p°. Define

Ry = {aipy 0<i<plye Bandaipzy € Ro}.

Let H = ®}=l(ﬁj) where 0(f;) = pbiand N = (ﬂf’b‘_l). Suppose b, = max<;<; b;. Let
Rybea(p, p, p, D-RDS in (&) x N relative to N. For 0 < i; < p% — 1,1 < j <t,and
(i1, p) = 1, define

f
e—bj I)euhx

Diviponis = ReQiBjerf” ") C el ) X o) x H

Jj=1
and choose g;, ;,....i, € G so that
{8iiniy 0<ig<p*—1forl <k <t (i,p)=1land0<is<p—1}

e—bs

is a system of distinct coset representatives of (Ot{7 ) x {a2) x H in G\({e) x B) and

mp* —bs

gh.l‘z.....l’, - 1 gil.iz.m.i_;-)J‘t,f:+1,....i,«
fori; = pm+n where0 <n < p—1. Then

pr—1 ph—i

e—1
R = U U U Diiri8ioi Uial IR
051’15[7”! —L. (i1.p)=t1 ip=0 ir=0
is a (p2*1, p, p¥*1, p)-RDS in G relative to N. |

It is unfortunate that Theorems 5.2, 5.3 and 5.4 cannot cover all the abelian groups
of order p2*2 and exponent not exceeding p*!. For examples, we cannot construct
(p**, p, p*°*', p*)-RDSs in the following groups:

(a) Zpen x A where |A| = p°t! and A does not contain any maximal cyclic subgroup of
order p.

(b) Z, x B where |B| = p°*? and B does not contain any maximal cyclic subgroup of
order p or p*.
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