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Abstract—We study a generalized busy-time scheduling model on heterogeneous machines. The input to the model includes a set of
jobs and a set of machine types. Each job has a size and a time interval during which it should be processed. Each job is to be placed
on a machine for execution. Different types of machines have distinct capacities and cost rates. The total size of the jobs running on a
machine must always be kept within the machine’s capacity, giving rise to placement restrictions for jobs of various sizes among the
machine types. Each machine used is charged according to the time duration in which it is busy, i.e., it is processing jobs. The objective
is to schedule the jobs into machines to minimize the total cost of all the machines used. We develop an O(1)-approximation algorithm
in the offline setting and an O(u)-competitive algorithm in the online setting (where p is the max/min job length ratio), both of which are
asymptotically optimal. This paper significantly improves the analysis of the algorithms over our preliminary work.

Index Terms—busy time; scheduling; analysis of algorithms; approximation ratio; competitive ratio.

1 INTRODUCTION

In this paper, we study generalized busy-time scheduling on
heterogeneous machines. In this model, each job is specified by
a size and a time interval of execution. The job size refers to
the instantaneous resource demand for job execution, while the
duration of the execution interval is called the job length. The jobs
are to be scheduled into machines nonpreemptively. At any time,
the total size of the jobs running on a machine cannot exceed the
machine’s capacity. Each machine used is charged proportional to
its busy time which is the total length of the time periods in which
it is processing jobs. Multiple types of machines with different
capacities and cost rates are available. The goal is to schedule the
jobs into machines to minimize the accumulated cost of all the
machines used. We focus on the algorithmic aspects of the above
model and aim to develop effective solutions in both the offline
and online settings.

Our busy-time scheduling model has useful applications. Ma-
jor cloud providers such as Amazon EC2 [3], Google Cloud [9]
and Microsoft Azure [16] provide different types of predefined
server instances (virtual machines) for customers to rent at dif-
ferent rates. Jobs with various resource demands have placement
constraints among the server types accordingly. The servers rented
from the clouds are charged according to their working hours. It is
critical for cloud users to decide the types and numbers of servers
to rent in order to minimize the total rental cost for processing their
jobs. Our model elegantly captures the “pay-as-you-go” billing
feature of the clouds and the goal of optimizing the monetary
expenses for cloud users.

There have been quite a few studies on busy-time scheduling,
but almost all of them assumed homogeneous machines only.
Earlier work has investigated scheduling interval jobs of uniform
sizes, so that each machine can run at most a fixed number of jobs
simultaneously [25], [2], [11], [8], [21], [15], [7]. This problem
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was termed interval scheduling with bounded parallelism and is
NP-hard. More recent work has addressed scheduling interval
jobs of non-uniform sizes, where the number of jobs that can
share a machine is not fixed [12], [13], [23], [19], [17], [4]. This
problem was termed MinUsageTime dynamic bin packing. For
both problems, the objective is to minimize the total machine busy
time for processing a given set of jobs. In the offline setting where
all the jobs are known, there exist O(1)-approximation algorithms
for both problems [2], [11], [8], [10], [17], [7]. For jobs of uniform
sizes, Flammini et al. [8] presented a 4-approximation First Fit
algorithm that schedules jobs in descending order of length. Chang
et al. [7] showed that the work of Alicherry and Bhatia [2] and
that of Kumar and Rudra [11] imply 2-approximation algorithms.
They also proposed a 3-approximation GreedyTracking algorithm
for a more general case of scheduling flexible jobs that have laxity
in starting. For jobs of non-uniform sizes, Khandekar ef al. [10]
gave a S-approximation algorithm by extending the work of [8].
Ren and Tang [17] presented a 4-approximation dual coloring
algorithm by extending the work of [11]. Very recently, Buch-
binder et al. [6] presented algorithms with improved asymptotic
approximation ratios. In the online setting where jobs are released
when they are to start execution and the job lengths are not known
until they complete execution, the competitiveness of scheduling
is bounded from below by the variation of job lengths for both
problems [12], [13]. That is, the competitive ratio of any online
algorithm is Q(1), where (1 is the max/min job length ratio among
all the jobs to schedule. It has been shown that the First Fit
algorithm achieves a competitive ratio of 1+ 3 for scheduling jobs
of non-uniform sizes, closely matching the lower bound [19]. In
the case that the length of a job is revealed when it is released, the
competitiveness of scheduling has a tight bound of ©(+/log 1) [4].
In addition, recent work has also considered discrete charging unit
[22], machine launch cost [20], and load predictions [6] in busy-
time scheduling. However, none of the above work has studied
multiple types of machines.

With heterogeneous machines, jobs have different restrictions
on which types of machines can process them. In addition, various
machine types can differ in the normalized cost rate per capacity



unit. As a result, the cost of scheduling each job depends on not
only other overlapping jobs scheduled on the same machine but
also the machine type. To the best of our knowledge, the only
work that considered heterogeneous machines was [18], which
investigated just two simple cases in which the normalized cost
rate per capacity unit increases or decreases monotonically with
the machine capacity. In both cases, it was shown that there
exist O(1)-approximation and O()-competitive algorithms. The
authors of [18] conjectured that in the general case, the asymp-
totic approximability and competitiveness of scheduling would be
dependent on the cost and capacity profiles of the machine types.
In this paper, we close this open problem by developing O(1)-
approximation and O(1)-competitive algorithms in the offline and
online settings respectively for any set of machine types and any
set of jobs, when there are plenty of machines available for each
type.

We note that there has also been considerable research on
power-down mechanisms to transition a machine into low-power
modes for conserving energy and on dynamic speed scaling to ap-
ply low speeds when possible for saving energy [1]. However, the
focuses of these problems are different from busy-time schedul-
ing. The power management problem aims to strike a balance
between the energy consumption in the high-power states and
the energy overheads of power-up operations to transition from
a low-power state to a high-power state when needed. Dynamic
speed scaling assumes that jobs can run at variable speeds and
the power consumption is a function of the machine speed. The
goal is to dynamically set the machine speed to minimize energy
consumption while providing the desired quality of service.

This paper significantly extends a preliminary conference ver-
sion [14]. We streamline the algorithm analysis and considerably
improve the approximation/competitiveness results. The rest of
this paper is organized as follows. Section 2 formally defines
the busy-time scheduling problem on heterogeneous machines.
Section 3 introduces some preliminaries for the algorithm design
and analysis. Sections 4 and 5 present the design and analysis of
the offline and online algorithms respectively.

2 PROBLEM DEFINITION

Formally, the input to the Busy-time Scheduling on Heterogeneous
Machines (BSHM) model includes a set of jobs J and a set of
machine types M.

Each job J € J has its size s(J) which represents the
resource demand for processing J, and its time interval of exe-
cution I(J) := [I(J)~,I(J)"). We refer to I(J) as J’s active
interval and say that J is active during I(J). We also refer
to the two endpoints I(J)~ and I(J)* of I(J) as J’s start
and end times respectively. We denote the length of I(J) by
len(J) := I(J)* — I(J)~ and refer to it as the job length.

Each job needs to be scheduled to run on a single machine.
Let M = {1,2,...,|M]|} be the set of the indices of all
machine types available, where every machine type indexed by
z € {1,2,...,|M|} has a cost rate 7, (per unit time) and a
resource capacity g,. At any time, the total size of the jobs running
on a machine cannot exceed the machine capacity. Each machine
used is charged at its cost rate for the time duration in which it
is processing at least one job (known as its busy time). There are
sufficient machines of each type available. The objective of BSHM
is to minimize the total cost of machine usage for processing all
the jobs 7.
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We study both the offline and online settings of BSHM. The
difference between the two settings lies in how much information
about 7 can be used for scheduling each job. In the offline setting,
all the information about J can be used, while in the online
setting, only the information available before each job J starts
can be used for scheduling J, i.e., this includes the start times and
sizes of the jobs started before I(J)™ and the end times of the
jobs ended before I(.J)~.

The performance of an offline algorithm or an online algorithm
is often characterized by its approximation ratio or competitive
ratio, i.e., the worst-case ratio between a solution constructed by
the algorithm and an optimal solution over all instances of the
problem [5], [24]. To facilitate algorithm analysis, we assume that
the cost rate of each machine type 2 is a power of b, where b > 1
is a constant, i.e., 7, € {b™ : n € Z}, where Z denotes the set
of all integers. This assumption will cause us to lose at most a
factor of b = O(1) in deriving the approximation or competitive
ratio of any algorithm. Specifically, for each z € M, suppose c,
is the real cost rate of machine type z, which can be any positive
value, and r, € {b"™ : n € Z} is the power of b such that
% -1, < ¢, < 1., which is the assumed cost rate for machine type
z to be used throughout the rest of this paper. Given a set of jobs
J, the optimal scheduling for machine cost rates r,’s must have a
cost within b times the optimal scheduling for machine cost rates
c;’s. Then, the approximation or competitive ratio of an algorithm
increases by at most a factor of b from cost rates r,’s to ¢,’s.

For two different machine types ¢ and j, if their capacities
satisfy g; < g¢; and their cost rates satisfy r; > r;, then type-
¢ machines will not be needed for processing jobs because any
type-¢ machine used can be replaced by a type-j machine that has
at least the same capacity but lower or equal cost. Thus, without
loss of generality, we assume that the machine types have distinct
capacities and it holds that g1 < go <+ < gpmandry <1y <
s T M)

To facilitate presentation, we further define some notations.
We denote by OPTggum(X) the optimal cost of scheduling
any given set of jobs X for the BSHM problem. For any
job J, m(J) denotes the machine type in {1,2,...,|M]|}
such that s(.J) € (gm(s)—1,9m(s))> ie., m(J) is the lowest-
indexed machine type that can accommodate job .J. We refer to
m(J) as the exact machine type of J. For any set of jobs X,
S(X) := 3 jex 5(J) denotes the total size of these jobs, and
span(X) := UyexI(J) denotes the time interval(s) in which at
least one job in X is active. For any set of jobs X" and any time
instant ¢, X(t) :== {J € X : ¢t € I(J)} denotes the active jobs
in X at time ¢, and S(X,¢) := S(X(t)) denotes the total size of
the active jobs at time ¢.

For ease of reference, Table 1 summarizes the key notations in
this paper (including those to be introduced later).

3 PRELIMINARIES

Our algorithm design and analysis are built upon two basic
concepts: cost-per-capacity graph and one-shot job scheduling.
The cost-per-capacity graph characterizes the cost-effectiveness
of different machine types, which will guide which machine type
to use in scheduling jobs. One-shot job scheduling is a relaxed
problem that focuses on assigning jobs to machines at a single
time instant. It provides a lower bound on the total cost needed
to run the active jobs and facilitates the analysis of approximation
and competitiveness.



TABLE 1
Summary of key notations

Notation Definition

s(J) size of job J

I(J) active interval of job J

len(J) length of job J

m(J) exact machine type of job J

span(J) | time span of job set J

J(t) active jobs in job set 7 at time ¢

S(T) total size of job set J

S(J,t) total size of active jobs in job set J at time ¢

m max/min job length ratio

b base value for cost rates of machine types

M set of machine types

T cost rate of a type-z machine

9= capacity of a type-z machine

p(2z) parent of machine type z

P(2) machine type z and all its ancestors

f(z) children of machine type z

A(z) tree rooted at machine type z

y(2) younger siblings of machine type z

e(z) elder siblings of machine type 2z

T(z) machine type z and all the younger siblings of P(z)

H, jobs whose exact machine types are in the tree rooted at type z
3.1 Cost-per-capacity graph

A main challenge for the general BSHM problem comes from
the arbitrary order of the normalized cost rates per capacity unit
among different machine types. We construct a directed graph
called the cost-per-capacity graph to describe the relations among
the machine types in terms of their normalized cost rates.

Definition 3.1. In the cost-per-capacity graph, each node ¢ rep-
resents a machine type ¢ € M. Each node 7 has a directed edge
pointing to node p(i) := min{j : j > iAr;/g; < r;/g;} if such
p(2) exists (i.e., p(4) is the lowest-indexed machine type above i
that has a lower normalized cost rate than 7). By convention, we
define p(i) = Liftheset {j : j > i Ar;/g; <r;i/g:} is empty.

Since edges always point from lower-indexed nodes to higher-
indexed nodes, there is no cycle in the cost-per-capacity graph.
Moreover, since each node has at most one outgoing edge, for any
two nodes ¢ < j, there is at most one path from ¢ to j. Thus, the
graph must be a forest.

Proposition 3.1.1. The cost-per-capacity graph is a forest.

For simplicity, we shall use the terms “node” and “machine
type” (or “type”) interchangeably. We say that p(i) is the parent
of 4, and ¢ is a child of p(¢). Let f(¢) denote the set of children of
node i: f(i) := {z : p(z) = i}. Let P(4) denote the set of nodes
including node ¢ and all its ancestors p(i), p(p(7)), p(p(p(7))),
.... Let A() denote the set of nodes in the tree rooted at node i:
A(i) :=={z:i€ P(2)}.

Let y(i) denote the set of younger siblings of node i:
y(i) = {z : z < i Ap(z) = p(¢)}, and let e(i) denote the
set of elder siblings of node i: e(i) := {z : z > i Ap(z) = p(i)}.
Furthermore, let 7'(7) denote the set of nodes including 7 and all
the younger siblings of P(): T'() := {i} U (U.cpuyy(2)).

Figure 1 shows an example cost-per-capacity graph. By
the above definitions, p(10) = 11, P(10) = {10,11,13},
1) = {9,10}, A(ll) = {8,9,10,11}, y(11) = {7}
and e(11) = {12}. In Figure 1, the nodes in grey constitute
T(10) = {3,5,7,9,10}.

The cost-per-capacity graph has several properties useful to
our analysis. The first property below follows directly from the
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Fig. 1. An example of the cost-per-capacity graph
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definition of the graph.

Proposition 3.1.2. For any k € M, ri/gr < 1;/g; for each
i€ A(k), and /g, < r;/g; for each j € e(k).

By the above proposition, the root of the leftmost tree (e.g.,
machine type 3 in the example of Figure 1) has the lowest
normalized cost rate among all machine types.

Proposition 3.1.3. For any k € M, the node set A(k) of the tree
rooted at k has consecutive indexes, and k is the highest-indexed
node in A(k).

Proof. Since all the edges point from lower-indexed nodes to
higher-indexed nodes, each node k£ € M must have the highest
index among all the nodes in the tree rooted at k.

Given any k, let j; denote the lowest-indexed node in the tree
rooted at k. Let j; < j2 < --- < j, = k denote all the nodes
along the path from j; to k. By definition, we have r/gr =
Tin/Gin < Tijn_1/Gjn_1 < -+ < 75, /9;. In addition, for each
g=1,2,...,n—1,since j441 is the lowest-indexed node having
a lower normalized cost rate than j,, for any node i between j,
and jg41, we have 71, /gx < 75,/9;, < 7i/gi. This implies that
the parent of ¢ must have an index no higher than k. As a result,
all the nodes between j; and k have parents indexed no higher
than k. Thus, they must all be in the tree rooted at k. O

Proposition 3.1.4. For any k € M and any 41,12 € T(k), if
i1 < i, then r;, /gi, < 14,/9i,. That is, for the nodes in T'(k),
their normalized cost rates are non-decreasing with indexes.

Proof. By definition, T'(k) = {k} U (U.ep()y(2)). Thus, for
any ¢ € T(k)\ {k}, we have i € y(z) for some z € P(k).
Proposition 3.1.3 implies that ¢ is smaller than all the nodes in
A(z). Since k € A(z), it follows that ¢ < k. Thus, k is the
highest-indexed node in T'(k).

Case 1: 11 < 19 < k.

Since i1, 12 € T(k), we have i1 € y(21), 42 € y(z2) for some
21,22 € P(k). We show that z; > 2 must hold. Otherwise, if
z1 < z2, we have i1 € y(z1) C A(z2) and i2 € y(z2). By
Proposition 3.1.3, it holds that 75 < %; which contradicts to the
condition ¢; < 2o. Therefore, z; > zo. It follows that 11 < 15 <
p(iz) = p(z2) < p(z1) = p(i1). By definition, p(i1) is the
lowest-indexed node having a lower normalized cost rate than 7.
Thus, we have r;, /i, < 74,/ i,

Case 2: 11 < 13 = k.

In this case, we have i; € y(z) for some z € P(k). Hence,
i1 < k <z < p(2) = p(i1). Similar to Case 1, by the definition
of parent, 7, /g;;, < /g must hold. O



Proposition 3.1.5. For any & € M, the trees rooted at the nodes
T(k),ie., {A(7) : i € T'(k)}, are a partitioning of {1,2,...,k}.
Furthermore, the trees rooted at the nodes U, ¢ p(k)e(z), ie.,
{A(j) : j € e(2) ANz € P(k)}, are a partitioning of
M\ ({1,2,...,k—1}U P(k)).

Proof. For each i € T(k), i is the highest-indexed node in A(7).
In addition, k is the highest-indexed node in T'(k). Therefore,
UieT(k)A(i) - {1, 2,..., /{i}

Since the cost-per-capacity graph is a forest, all the nodes
M can be partitioned into the tree rooted at k (A(k)), the
ancestors of k (P(k) \ {k}), and the trees rooted at the younger
and elder siblings of k and its ancestors (A(j) for each j €
U.epr) (¥(2) Ue(z))). For any ¢ € M\ Uierr)A(7), it
can be shown that ¢ > k. Note that by definition T'(k) =
{k} U (Usep@y(2)). Thus, either ¢ € P(k) \ {k} or ¢ €
A(j) for some j € e(z) where z € P(k). In the former
case, clearly ¢ > k. In the latter case, by Proposition 3.1.3,
since k € A(z), it holds that ¥ < z < q. Therefore,
Uier)A(i) = {1,2,...,k} is proven. It also follows that
Ujeu.cpime(nA) = M\ Uieray A(i) \ (P(k) \ {k}) =
M\ ({1,2,...,k—1} U P(k)). O

3.2 One-shot job scheduling

To understand the optimal cost of BSHM, we start by considering
scheduling jobs on heterogeneous machines at a single time instant
and refer to this problem as one-shot scheduling. In the one-
shot scheduling problem, we relax the constraint that each job
must be scheduled into a single machine and allow a job to
be divided into multiple pieces along its size dimension and
each piece to be scheduled into a distinct machine. However,
we retain the restriction that all the machines into which a job
is scheduled must have capacities no less than the original size
of the job. Furthermore, we relax the constraint that the number
of machines used for each machine type must be an integer. We
allow the number of machines for each machine type to be any
non-negative real number. For the highest-indexed machine type
used, we require that its number of machines must be at least 1.
The goal of one-shot scheduling is to minimize the total cost rate
of all the machines used for accommodating the jobs.

Note that BSHM does not allow jobs to be divided and
it enforces each job to be scheduled into the same machine
throughout its active interval. BSHM also requires the number of
machines used to be non-negative integers. Therefore, the optimal
cost OPTgsum(J) of BSHM for a set of jobs 7 is bounded from
below by the accumulated cost of optimal one-shot scheduling for
the active jobs 7 (t) at each time instant ¢, i.e.,

OPTpsin(T) = / OPT,(J(1)) dt, (1)
t

where OPT(J(t)) denotes the optimal cost rate of one-shot
scheduling for the jobs J(t). Note that in one-shot scheduling,
only the sizes of the jobs [J(t) matter while the active inter-
vals of the jobs are irrelevant. We shall use the above lower
bound in the analysis of algorithm performance with respect to
OPTgsum(J).

We define a machine configuration w as a set of numbers
{w(z) : z € M}, each representing the number of machines for
a machine type. Given a set of jobs J 1d " the one-shot scheduling
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problem essentially seeks a minimum-cost machine configuration
described by the following optimization problem:!

min Z w(z) T, 2)

zeEM
st. S{J e T m(J) >i}) < Zw(z) - gz, Vi € M;(3)
z>1
w(z) > 0,Vz € M; 4)
w(k) > 1, where k = max{z : w(z) > 0}. (5)

Constraint (3) says that the total capacity of the machines of
types at least ¢+ must be no less than the total size of the jobs
whose exact machine types are at least ¢. Constraint (4) says
that the number of machines used for each machine type is non-
negative. Constraint (5) says that the number of machines for the
highest-indexed machine type used must be at least 1. We remark
that the last constraint (5) is essential for one-shot scheduling to
be a reasonable approximation of real scheduling that requires
the machine numbers to be integers. Without constraint (5), the
optimal one-shot scheduling would schedule every job J into the
machine type of the lowest normalized cost rate among those with
sufficient capacity for J, so that the number of machines used for
the highest-indexed type can be a very small fractional number. As
a result, the cost rate of real scheduling can be arbitrarily higher
than the optimal one-shot scheduling, making the latter useless in
the algorithm analysis.

Remark 3.2.1. The one-shot scheduling problem can be solved
in polynomial time. An intuitive approach is to iterate through
k (i.e., the highest-indexed machine type used) and compare the
best machine configuration for each k value. Given a k value, the
best machine configuration is to fill up the capacity of one type-k
machine with jobs in decreasing order of size. Each remaining job
(including the fraction of the last job that cannot completely fit
into the type-k machine) can be scheduled into the machine type
of the lowest normalized cost rate and sufficient capacity.

The following are some observations for an optimal machine
configurations, where k,p; = max{z : w*(z) > 0} denotes
the highest-indexed machine type used by an optimal machine
configuration w*.

Proposition 3.2.1. All the machine types used by w* must be
from T (kopt ), i.e., w*(¢) = O for each type ¢ € M\ T'(kope).

Proof. By Proposition 3.1.5, it suffices to show that the machine
numbers are 0 for the non-root types in the trees rooted at types
T'(kopt). Assume on the contrary that w*(i) > 0 for some type
i € A(z)\{z} for some z € T'(kop:). We can replace w*(4) type-
¢ machines with g—z - w*(7) type-z machines that have the same
capacity. The new machine configuration is also a feasible solution
to one-shot scheduling. Since i € A(z) \ {z}, by definition, type
z has a lower normalized cost rate than type 7. As a result, the new
machine configuration has a lower total cost rate than w*, which
contradicts to the optimality of w™. O

Proposition 3.2.2. For each type i € P(kop) \ {kopt}. the
total cost rate of the machine types used in the tree rooted at
¢ must not exceed the cost rate of one type-¢ machine, i.e.,

*
D ceaingiy W(z) T2 <1
1. Since only the sizes of the jobs matter in one-shot scheduling, we use the

notation 7 '¢ for the input to one-shot scheduling, differentiating it from the
input J to BSHM.



Proof. The argument for this observation is similar to the previ-
ous observation. If not, we would be able to construct a feasi-
ble machine configuration by replacing type-z machines (where
z € A(4) \ {i}) with type-i machines which leads to a strictly
lower total cost rate than w™. O

Let H, = {J € J' :m(J) € A(z)} denote the set of jobs
whose exact machine types are in the tree rooted at type z.

Proposition 3.2.3. For each type i € P(kopt) \ {kopt }, the total
size of the jobs whose exact machine types are in the tree rooted
at ¢ must not exceed the capacity of one type-¢ machine, i.e.,

S(H;) < gi.

Proof. Note that for each type z € A(7) \ {i}, by the definition
of the cost-per-capacity graph, 2= < 2-.1t follows that

* * gZ
Y w@)g= Y w@) =
z€A()\{i} ze A(i)\{i} z
< . A
Z w*(2) -7, .
ze€A(D)\{i}
<y % = g; (by Proposition 3.2.2).

On the other hand, observe that since i € P(kopt) \ {kopt }
(A@ N} NH{L2, ko = A N {12, kope} =
{20,20 +1,... opt} where zo = min A(i) N {1, 27 o kopt}
(refer to Proposmon 3.1.3). By constraint (3) of one-shot schedul-
ing, the feasibility of the machine configuration w™* implies that
Dicean{iy W (2) - 9: = Xamy zot 1oy W(2) - 92 2
SHJ € J' : m(J) > z}) = SH{J € J'¥ : m(J) €
A(i)}) = S(H,). =

Proposition 3.2.4. There are two lower bounds for the total cost
rate of the optimal machine configuration: (i) OPT;(J 1d’) >

Ty and (i) OPTy(T14) > ¥ e,y S

/opt)

Proof. The first bound is due to constraint (5) of one-shot
scheduling. The second bound is due to constraint (3) of one-
shot scheduling and that the normalized cost rates of the machine
types in T'(kop:) are non-decreasing with indexes (Proposition
3.1.4). O

Proposition 3.2.5. There is an upper bound for the total cost
rate of the optimal machine configuration: OPT;(J'?%) <

S(Hegpy ) S(H )
max {17 gkoptt } ’rkOpt + ZZGT(kOPf)\{kUPt} S

Proof. The reason is simple: the machine configuration on the
right-hand side is a feasible solution to one-shot scheduling. [

Remark 3.2.2. The optimal machine configuration for one-shot
scheduling may not be unique. Consider two machine types which
have the same normalized cost rate, i.e., 71 /g1 = 72/g2. They are
siblings in the cost-per-capacity graph. Suppose all the jobs have
sizes less than or equal to g; and the total size of them is at least
g2. Clearly, one optimal machine configuration is to use machines
of type 2 only which can exactly accommodate all the jobs, and
another optimal machine configuration is to use machines of type
1 only which can exactly accommodate all the jobs.

Although the optimal machine configuration may not be
unique, for the purpose of analysis, we shall always refer to
one particular class of optimal machine configurations described
below.
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Theorem 3.1. There exists an optimal machine configuration w*
such that k,p; := max{z : w*(z) > 0} € P(ko), ie., the
highest-indexed machine type £, used is either kg or an ancestor
of ko in the cost-per-capacity graph, where ko := max{m(J) :
J € J'} is the highest-indexed exact machine type among all
the jobs.

Proof. Take any optimal machine configuration w;. We construct
another machine configuration ws based on w; as follows:

w1 (2) if 1 <z < ko,
0 otherwise.

(0)
In essence, wy modifies w; by shifting the costs from the machine
types {ko, ko+1,...,|M|}\ P(ko) to the machine types P (ko).
By Proposition 3.1.5, the trees rooted at the nodes U ¢ p(x,)€(2).
e, {A(j):j € e(z) Az € P(ko)}, form a partitioning of M \
({1,2,...,kg — 1} U P(kg)). By the above construction, for
each 2z € P(ko), we have w1 (2) 72 + 3 jcez) 2iea(y) w1(i) -
ri = w2(2) e = wal2) T+ Piee(z) Dieag) wali) T
Hence, w; and wy have the same cost rate.
It remains to show that ws is a feasible machine configuration
for one-shot scheduling. First, we check wq against constraint (3).
By the deﬁnltlon of ko, for each [ > ko, S({J € J'¢ : m(J) >
) =0< YN wa(2) - g
By Proposition 3.1.2, for each i € A(j) where j € e(z)
and z € P(ko), we have r./g. < r;/g; < ri/g;. Therefore,

for each z 6 P(ko)s wi(2) - 9= + 3 jee(z) 2icag) w1(d) - gi =
wl( ) ‘. +Z]€e (2) ZZEA(j) wl(i)'Ti % < wl(z) Tz £Z+
Z]Ge (2) ZZGA(J wy (@) 7 ff =wa(2) 7s- fj = wa(2) - G-
As a result,
| M|
ST e T :m(J) > ko}) < D wi(2) - g-
z=kg
= Z z)-g. + Z Z w (7)
z€P (ko) j€e(z) i€A())
[M|
< Y wa(2)-g: < D wa(2) - g (7)
z€P (ko) z=ko

where the first inequality is due to the feasibility of w;.

For each [ = 1,2,...,ky — 1, we have S{J € gt .
m() > 1) < M) - go < SM wn(z) - g, where
the first inequality is due to the feasibility of w;, and the second
inequality is because of (7) and ws(z) = wi(z) for each
z=1,2,...,ko— 1.

Next, we check wo against constraint (5). Let k1 := max{z :
wy(z) > 0} and k2 := max{z : wa(2z) > 0} denote the highest-
indexed machine types used by w; and ws respectively. Clearly,
ko € P(ko) If k1 € P(ko), then ko = k; and wg(k‘g) =
wy (k1) > 1.1 ky ¢ P(ko), then ky € A(j) for some j € e(k'g).
Note that in this case ky < k;. By definition, wo (k) > 5L .

Z Thy
’wl(lﬁ) > % > b>1.
Therefore, w- is feasible and hence optimal. O

Remark 3.2.3. The optimal machine configuration described by
Theorem 3.1 is still not necessarily unique. Consider two machine
types where 7o = b - 71 and g2 = (b + 1) - g1. The normalized
cost rates satisfy 72/g2 < 71/g1, so type 2 is the parent of
type 1. Suppose all the jobs have sizes less than or equal to g1



and the total size of them is b - g;. Then, one optimal machine
configuration is to use one machine of type 2, and another optimal
machine configuration is to use b machines of type 1. Both
machine configurations conform to the description of Theorem
3.1. For the analysis of our offline algorithm in Section 4, any
optimal machine configuration described by Theorem 3.1 suffices.
For the analysis of our online algorithm in Section 5, among all
the optimal machine configurations described by Theorem 3.1, we
shall choose the one with the largest kqp;.

4 THE OFFLINE SETTING
4.1 The offline algorithm: ALG ¢ fiine

We now discuss the offline BSHM problem, which is NP-hard
since it is a generalization of interval scheduling with bounded
parallelism.

Note that jobs of small sizes may be put into machines of large
capacities, but jobs of large sizes cannot be put into machines of
smaller capacities. Thus, to make full use of available machine
capacities, we schedule jobs into machines in decreasing order of
machine capacity. To optimize the cost, large machines are used
only when (1) they are required by the exact machine types of
outstanding jobs; or (2) they are more cost-effective than small
machines to meet the total resource demand of outstanding jobs.

Consider a set of jobs J for BSHM. For each machine type
zeM,let H, = {J € J : m(J) € A(z)} denote the set of
jobs whose exact machine types are in the tree A(z) rooted at z.
Algorithm 1 shows our offline algorithm ALG ¢ fiin. for BSHM.
The algorithm iteratively determines the set of jobs K, assigned
to each machine type z in descending order of type indexes (line
1). For each machine type z, we consider all the unassigned jobs
in H,, denoted by R, (line 2). Note that R, includes jobs whose
exact machine types are z (denoted by RQ in line 3) and jobs
whose exact machine types are z’s descendants in the cost-per-
capacity graph (given by R, \ R”). The jobs in R” must be
assigned to type z (line 4) since all the types indexed higher than 2
have been considered before. For each job J in R, \ R", we check
whether it is cost-effective to open a type-z machine throughout
J’s active interval. If so, J is assigned to type z (lines 8-9). If
not, J is left to subsequent iterations and will be assigned to a
descendant type of z. To decide whether it is cost-effective to
open a type-z machine at a time instant ¢, we examine R, (t), i.e.,
all the active jobs in R, at time ¢. If there exists at least one job in
R! active at ¢ (ie., t € span(R")), time instant ¢ is considered
cost-effective (line 6). Otherwise, all the jobs active at ¢ are from
R. \ R!. Thus, each job active at ¢ must have its exact machine
type in one of the trees rooted at z’s children. For each child type
x of z, we compute the number of type-r machines needed to
host all the active jobs [} ; whose exact machine types are in
the tree A(x) rooted at = (lines 5-6). The total cost rate of the
machines calculated in this way gives a lower bound on the cost
rate to host all the jobs active at ¢, since each type x has the lowest
normalized cost rate in the tree rooted at & (Proposition 3.1.2). If
the total cost rate exceeds a fraction p > 0 of the cost rate of
a type-z machine, time instant ¢ is considered cost-effective (line
6). Note that the set of active jobs does not change between two
successive job starts/ends. Thus, the cost-effectiveness only needs
to be evaluated once for each interval between two successive job
starts/ends. As a result, the cost-effectiveness evaluation can be
conducted in polynomial time.

Algorithm 1: ALG ¢ fiine
Input: A set of jobs J and a parameter p.
Output: A schedule for 7.

1 for z = M|, M| —-1,...,1do

R H \ (Ui | M| =1,.. 241 K

R {JeR, :m(J) =2z}

K, « R

Fpi < {JeR.(t):
x € f(z) and t;

6 T. < span(RM)U{t : erf(z) S(gz't)rm >pr.}

7 | foreach J € R, \R" do

8

9

2
3
4
5

m(J) € A(z)}, for each

if I(J) C T, then
‘ add J into K ,;

10 end
11 end
12 schedule jobs in K, into type-z machines by using

the dual coloring algorithm (see [17]);
13 end

It is easy to infer that ALG¢fiin. eventually assigns each
job J to either its exact machine type m(J) or an ancestor type
of m(J). After assigning the set of jobs K, to each machine type
z, we use an existing dual coloring algorithm [17] to schedule
the jobs in K, into type-z machines (line 12). Dual coloring
is a 4-approximation algorithm for scheduling a set of jobs into
homogeneous machines (i.e., all machines have the same cost rate
and capacity) to minimize the total cost of machine usage.

The output of the ALG o fiine algorithm has the following
properties for any time instant ¢ € span(/7).

Property 4.1. Let kos := max{z : K,(t) # 0} be the highest-
indexed machine type used by ALGf fiine at time ¢, and ko :=
max{m(J) : J € J(t)} be the highest-indexed exact machine
type among the active jobs at time ¢. We have k. sy € P(ko), i.e.,
kog is either ko or an ancestor of kg.

Proof. Obviously, k,¢s > ko. It suffices to show that kg is in
the tree rooted at k,ss. Assume on the contrary that kg is not in
the tree rooted at ko7 s. By Proposition 3.1.3, kg is smaller than
all the nodes in the tree rooted at k,ss. Take any job J assigned
to type ko . By the algorithm definition, J’s exact machine type
m(J) is in the tree rooted at k, s . As a result, kg < m(J), which
contradicts to the definition of k. O

Property 4.2 follows from the algorithm definition directly. It
says that if k¢ ¢ is higher than the exact machine types of all the
active jobs, assigning the active jobs to ks ¢’s child types would
incur a total cost rate at least a fraction p of a type-k, s r machine.

Property 4.2. If k,;s > ko, we have Emef(koff) S(Hy,t) -

o= et by, ) SWat) 5 Z PeTh,, where f(kopy) is the

set of ks ¢’s child types.

Recall that the cost rate of each machine type is a power of b.
For the offline setting, we set the base value b = 3.2 Property 4.3
says that for each type z, the total cost rate of the machines needed
for hosting all the jobs assigned to z’s descendants is bounded by
the cost rate of 1—;’ P type-z machines.

2. Our analysis of the ALG ¢ f1ine algorithm can be easily extended to any
base value b. For ease of exposition, we set b = 3 in the analysis which can
achieve a close to best approximation ratio for ALG ¢ fiine-
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Fig. 2. An illustration of S; and S» for Case 2 in Property 4.3

Property 4.3. For any machme type z € M, we have
ZzeA(z)\{z} (K 1) -y < 5 16y . ., where K; is the set of jobs
assigned to type z ,and S (K, t) is the total size of the active jobs

in K; at time ¢.

Proof. We are to show that the above inequality holds for any
z € M and t € span(J). We use induction on the height [ > 1
of the tree rooted at z, where the height of the tree is defined
as the number of nodes along the longest path from a leaf node
to the root. The base case when [ = 1 is trivially true because
A(2) \ {z} =0, so it suffices to consider the mductive case. Let
T := {t € span(J) : RL(t) = OAY sy ( iy < pors),
i.e., T consists of all time instants that are not cost effective to
open a type-z machine. Observe that the set T is a union of left
closed and right open intervals because the active interval of each
job is a left closed and right open interval. For each job J € R,
by the definition of ALG, fiine (lines 8-9), J is assigned to type
z if and only if I(J) N'T = 0, i.e., J’s active interval does not
contain any time instant of T'. For a fixed time instant ¢, we have
eithert € Tort ¢ T.

Case 1: t € T.

In this case, K, (t) = 0, i.e., no job active at ¢ is assigned to
type z. All the jobs R . (t) active at ¢ are passed to z’s child types
f(2). Thus, R (t) = Uge f(2) R (). By definition, for each child
type z € f(z), Fyt = Ry(t) D K,(t), where F, ; is computed
by line 5 in the iteration of type z, R (t) is the set of active jobs at
t passed to type x, and K () is the set of active jobs at ¢ assigned
to type . Therefore,

s Sy

icAGnzy TP

S(Ky,t S(K;, t
S SKat) >y g .
wef(x) \ I icA@n\{zy
S(F, S(K;,t
Cy (B0, St
wef(z) \ 7" icA@\(ay T
S(K;,t
<p-r;+ Z Z g Ty
wef(z)icA@N =} I
(by the definition of T')
S(K;, 1)

=p-r,+ Z Z - T
sef(INA@\ (o} 2D icA(@N\{z} T
16
Z gp *Tg
€ f(2)AA()\ ()} 0
(by induction hypothesis).

Suppose f1 < fa < ... < f, are all the child types = of
z satisfying A(z) \ {z} # 0, i.e., x is not a leaf. For each ¢ =

2,3,...,n,since A(fy) \ {fq} # 0, we have f,_1 < f; — 2 by

<p-r.+

Proposition 3.1.3. It is easy to see that erf ZMA(@\{I;#@ 5 16,).

Tzlsboundedby 5]0 ( +bg+b5+ DT, = 5p fr R
z p r,. Hence, eventually, we have
S(K;,t) 6 11
Z 7'7ﬁi<p'rz+5p'rz:€p'rz-

iean{zp

Case2:t ¢ T.

Let R,(t) = R.(t) \ K,(t) denote the set of jobs active
at t which are passed to z’s child types f(z). Clearly, R’ (t) =
Uzef(z)Ra(t), where R, (1) is the set of active jobs at ¢ passed to
type x. By definition, R, (t) can also be written as R’ (t) = {J €
R.(t) :m(J) € A(z) \ {z} AI(J)N'T # (0}, i.e., each job in
R’ (t) must contain in its active internal some time instant of T.
Since t ¢ T, we find the maximum time instant in T before ¢ and
the minimum time instant in T after ¢. Then, each job in R/ (¢)
must contain one or both of these two time instants. Thus, we can
bound the total cost needed for hosting the jobs R, (¢) based on
the fact that the time instants in T’ are not cost-effective.

Formally, consider two sets of time instants: S; :=
span(R.(t)) N T N (—oo,t) and Sy := span(R,(t)) N T N
(t,00). Figure 2 shows an example of R.(t), T, S; and So,
where R/, (t) consists of two jobs J; and Jo. Note that S; and
S5 are both unions of left closed and right open intervals because
span(R,(t)) and T are.

Let 1 := sup .Sy if Sy is nonempty (e.g., t;1 = by in Figure
2), and to := min Sy if So is nonempty (e.g., to = a3 in Figure
2). Observe that t1 < t < to, if both exists. Suppose that € > 0
is an infinitesimal. Note that t4 — ¢ € T and to € T. Then,
for each job J € R.(t), either t; — € or to is in I(J), since
otherwise I(J) N'T would be empty so that J € K.(t). Thus,
we have R/, (t) C R,(t1 — €) U R,(t2). Consequently, after the
partitioning of jobs among z’s child types f(z), we have R, (t) C
Fy t,—¢ U Fy 4, for each child type x € f(z), where Fy 4, _ or
F; 1, is defined to be empty if S; or Sy is empty. Therefore,

x

S S(Rat)

vefz) I

S Z S(Fx,tl—e U Fr,tz) . ’I"x
v€f(2) 9u

< Z M T+ Z Fa t2 Ty
wefn 9o vef(z 97

<p-ry4+p-r,=2p-r, (sincet; —e it €T). (8)

By definition, K, (t) C R,(t), i.e., the set of jobs assigned to
type = must be among those passed to type . Similar to Case 1,
we have

S(K;,t
s S

ieaan{zr P



S Kzat S K7,7t
-y (B Ly S
vef(z) \ T iea@n\{zy I
S Rx,t S Kut
<y SReD sy S
vef(z) 97 vef(z)icA@n{zy I
S(Ra, t 16
< Z ( ) g+ =P Tz
ecf(z) I c€f()NA(2)\{w}#0

(by induction hypothesis)

Z S(R$>t)r +§p7“

(same as Case 1)
9z 5

z€f(z)

16
< Ep -7, (by equation (8)).

Hence, the inductive case is proven. O

4.2 ALG,¢fiine achieves O(1) approximation

We exploit the properties of the cost-per-capacity graph to ana-
lyze the ALG,f fiine algorithm. In particular, Proposition 3.1.5
indicates that all the machine types indexed from 1 to any k form
a disjoint union of the trees rooted at nodes from the set T'(k),
where T'(k) includes type k and all the younger siblings of k’s
ancestors. Proposition 3.1.2 says that the machine type at the root
of each tree has the lowest normalized cost rate among all the
types in the tree. This implies that given any k and any job J
within the capacity of a type-k machine, the machine type with
the lowest normalized cost rate that can accommodate J must be
from T'(k). In our analysis, T'(k) plays a critical role to bridge
the cost of ALGffiine and the optimal cost of BSHM. The
general idea is as follows. For each time instant, we charge the
cost of the machines used by the ALG fiine algorithm to only
machine types T'(koys) (where kofs is the highest-indexed ma-
chine type used by ALG ¢ fiine). We also charge the cost of the
optimal one-shot scheduling to only machine types T'(kop:) (i-e.,
Proposition 3.2.4, where ko, is the highest-indexed machine type
used by the optimal one-shot scheduling). Finally, we establish
the connections between the costs of T'(koss) and T'(kop) by
carefully analyzing different possible relations between ko f ¢ and
kopt according to the definition of the ALGf f1ine algorithm.

ALG ¢ fiine schedules the jobs in each K, into type-z ma-
chines by the dual coloring algorithm. The dual coloring algorithm
[17] guarantees that the total cost rate of type-z machines used at
any time instant ¢ is bounded by 4 - [S(K,t)/g.]| - ., where
S(K,,t) is the total size of the active jobs in K, at time ¢, g, is
the capacity of a type-z machine, 7, is the cost rate of a type-z
machine, and 4 comes from the approximation ratio of the dual
coloring algorithm. The following theorem shows that the sum of
[S(K.,t)/g.]| - r. over all machine types z is bounded by O(1)
times the cost rate of the optimal one-shot scheduling for all the
active jobs J(t) at time ¢.

Theorem 4.1. At each time instant ¢, we have ZZG M [
r, < max{2 +2 5 p, 24 4 %} - OPT1(J(¢)).

Proof. Let kg := max{m(J) : J € J(t)} be the highest-
indexed exact machine type among the active jobs at time ¢. Let
kogs = max{z : K.(t) # (0} be the highest-indexed machine
type used by ALGoffiine at time t. Let kope = max{z :
w*(z) > 0} be the highest-indexed machine type used by the
optimal machine configuration w* for one-shot scheduling of

s

8

J (t). By Property 4.1 and Theorem 3.1, both ko sy and kop are
in P(k‘o)

Case 1: kopt > kofy.

By Proposition 3.1.5, {1,2, ..., kors} C {1,2,...  kopt} =
UzeT(kop)A(2). Let H, = {J € J : m(J) € A(z)} denote
the set of jobs whose exact machine types are in A(z).

For each type z € T (kop), we have

) {S(Kﬂ o

icA(z) 9
szt Ki7 ¢
SM'TZ Z Mrz"’_ Z’ri
9 iea\ ) 7 i€A(2)
K, t 1
< M T, 4 36]9 o, + Z r; (by Property 4.3)
9= i€A(z)
H, t 1 .
SM'T2+€GP'T2+ Z T (smceKz(t)CHz(t))-
9= i€A(z)

opt

Slnce the cost rates are powers of b = 3, we have Zz 172 <
3
S ot Thop =1/(1 = 3) Tk, = 5 - Tk,,,. Therefore,

3 R

~| g
(K; )
- > xR M

2€T (kopt) 1€A(2)

S(H,,t
v (suto

< p o+ Y, T
2€T (kopt) 9= i€A(z2)
S(H,,t Fort
c oy SULo (H*p) o
2€T (Kopt) 9=

Tkopt

c oy SULD (Hl;p);

2€T (Kopt) 9=
< 5 n 24
=13 5 p

Case 2: kof ¢ > kope, which implies ko r € P(kopt) \ {kopt }
(see Figure 3 for an illustration).

@ ® .0 OO0
© O
/&\
o & JoleRe
. ‘QQ 10)

Fig. 3. A diagram illustration for Case 2 in Theorem 4.1

) -OPT1(J(t)) (by Proposition 3.2.4). (9)

@" >@: y € P(x)
@)y =p)
O : Tlhoss)

@ : o) N Alkogy)

Since korp € P(kopt) \ {kopt }, by Proposition 3.2.3, we have
S(Hy,;;yt) < Gk,;;- By similar arguments to equation (9), we
have

k

[,

9=z



koff 1

S(Hg,,,,t
( (K.,t) - gi +7"z> + {(kff)w Thyp

Gkoyy
(SIHCC Kk?off( ) C Hkoff( ))

r, 16
S Z S(Kut)i‘i’g Z T
2€T (kog£)\{koss} z€T (kos )
k‘,off—l
+ Z Ty +ri,,;, (by Property 4.3)
z=1
koys
T, 16
< > S(Hz,t)-g—z—&-(l—l-gp)-Zrz
2€T (koyy)\{kos s} z=1

(since K,(t) C H,(t))
< Z S(Hzat) '

2€T (kos)\{koss}
(10)

where T'(ko ) are the grey nodes in Figure 3.
Now we give an upper bound to 7, .. Since ko > kopt and
kopt € P(ko), it follows that kors > ko. By Property 4.2, we

have
Y S(H,, t)

z€f(kosy)

D Thyp <

where f(kory) is the set of k,ss’s child types (see Figure
3). Observe that the set of jobs whose exact machine types
are in A(kosy), ie., Hy, ., can be partitioned into {H,

x € f(koss)} because the exact machine type of each job
in H ko;; must be lower than kot ¢. Furthermore, the parti-
tioning {H, : « € f(koss)} can be further partitioned into
{H, : 2 € T(kopt)NA(kos )}, where T'(kopt )N A(Ko s p) are the
black nodes in Figure 3. This is because the exact machine type of
each job in Hy,,, must be lower than or equal to k¢, and each
machine type z € T'(kopt) N A(kos ) must be in the tree rooted
at some type © € f(kosy). For each z and the corresponding x,
type 2 has a normalized cost rate no less than type x. Therefore,

S S(H )= 3 S(H..t)- 2
€ f(hors) 92 €T (kopt)NAlkors) 9z

As a result,

S(H,,1)- =2

>

2€T (Kopt)NA(Kos 1)

Thopy <

)

SRR

Combining equations (10) and (11), we get
ko
L[ S(K,t)
> [0
z=1 gZ

< Y s
2€T (koss)\{koss} 9z
S(H..1)- =

. (24 3 )
2
O 2/ T hogenAlkors) 9=

24 3

< max {1,
2€T (Kkopt)

24
< (5 + 2?;) - OPT1(J(t)) (by Proposition 3.2.4),

where the second inequality is because T'(kosyr) \ {koss} and
T(kopt) N A(koyys) are disjoint subsets of T'(Kopt). O

9

The cost of scheduling J by ALGffiine is bounded by

Jic span(r) (zemd - [S(Kz,t)/g.] - 12) dt, where span(J)
is the time interval(s) in which at least one job in J is active. By
Theorem 4.1, we have

/ (24{5([(2’&—‘7”2) dt
te€span(J) \ e m 9=

24 24 3
pv*“r*}'/ OPT(J(t))dt
5 2p te span(J) 1( ( ))

5 24 24 3
< 4-max{f + Py + %} OPTgsum(J)

2 5
(by equation (1)).

<4 max{§+—
- 2 5

Together with an additional factor of b = 3 due to the power
of b assumption for cost rates (Section 2) the approximation ratio

of ALGOfﬂ”Le is12- max{— + 5 p’ = _|_ i}

Corollary 4.2. ALG,f f1ine achieves an approximation ratio of
12 max{g + %p, % + %}

Therefore, ALG o fiine is an O(1)-approximation algorithm.
Since p > 0, the approximation ratio is minimized when

3 —|— —p = % + =-. The best achievable approximation ratio
1s approx1mately 78. §3 when p ~ 0.8478.

5 THE ONLINE SETTING
5.1 The online algorithm ALG ,,jine

We now discuss the online BSHM problem. We say that a machine
is opened when it receives the first job to process. When all the
active jobs end in an open machine, the machine is closed. In the
online setting, jobs are released when they are to start execution.
For simplicity, we assume that jobs are released one at a time.
Algorithm 2 shows our online algorithm ALG,,jine for each
new job J released. The algorithm iteratively considers the exact
machine type m(J) and its ancestor types for processing J (lines
1 and 9). When a machine type z is considered, if there are one or
more type-z machines that are open and have available capacity
to host job J, J is scheduled into the machine which was opened
earliest among these machines (this is known as the First Fit rule)
(lines 3-5). If not, we check whether a new type-z machine should
be opened. If type z has no parent in the cost-per-capacity graph
or opening a new type-z machine does not cause the total cost
rate of the open machines for all the descendant types of each z’s
ancestor z € P(z)\{z} to exceed that of one type-z, machine, a
new type-z machine is opened to host job J (lines 6-8). Otherwise,
we proceed to consider the parent type p(z) (line 9).

By the definition of ALGoniine, €ach job is scheduled into
its exact machine type or an ancestor of its exact machine type.
Thus, all the jobs scheduled into a machine type z must have
exact machine types in the tree rooted at z. For each machine type
z € M and each time instant ¢t € span(7), let N(z,t) denote
the number of type-z machines being open at time .

To analyze the ALG,pjine algorithm, we create a set of
artificial jobs to fill up the unused capacities of open machines,
in order to establish the relation between the cost of ALG oniine
and the cost of the optimal one-shot scheduling (Section 5.2).
For each time instant, we invent a mechanism to charge the cost
of the optimal one-shot scheduling to individual jobs within an
O(1) factor (Section 5.4). This charging mechanism provides a
nice “monotonic” property (adding new jobs never decreases the



Algorithm 2: ALG ,p1ine

Input: A new job J released at time I(J)~

Output: A machine for processing J
1z m(J);
2 while true do
3 if there exist type-z machines open at time I(J)~
with available capacity at least s(.J) then
4 among these machines, return the machine which
was opened earliest;

5 end

6 if p(z) does not exist or Vz, € P(z)\ {z},
ZzEA(za)\{za} NgTy < Ty, — T, where ng is the
number of type-x machines open at time I(J)~ then

7 ‘ open and return a new type-z machine;
8 end

9 | z<+p(z);
10 end

costs charged to existing jobs, see Theorem 5.8). Based on this
property, we show that the cost due to the artificial jobs is bounded
by a factor O(y) of the cost due to the original jobs (Theorem
5.4), where p := max e 7 len(J)/ min ¢ 7 len(J) denotes the
max/min job length ratio. This leads to the O(p) competitive ratio
of the ALG ,p1ine algorithm. Without loss of generality, in the
following analysis, we assume that the maximum and minimum
job lengths are p and 1 respectively.

5.2 A set of artificial jobs R

We start by creating some artificial jobs to fill up the capacities of
the open machines by ALG ,p1ine. By “fill up”, we mean that the
original jobs and the artificial jobs have a total size no less than
the machine capacities. We do not physically place the artificial
jobs into machines while observing the machine capacities.

For each job J € J, we create three artificial jobs: J’s twin
job W (J), p-extension job F),(.J) and 2u-extension job F,,(J).
They have the same sizes as J, i.e., s(W(J)) = s(F,(J)) =
5(F5,(J)) = s(J). Their active intervals are defined as follows:

o I(W(J))=1I(J),ie., W(J) has the same active interval
as J;

o I(E,(J) = [L(N)T,I(J)T + p), ie, F,(J) extends
J’s active interval by a period u;

o I(Fou(J)) =[L(J)T, I(J)T +2p), ie., Fa,(J) extends
J’s active interval by a period 2.

Let R = {W(J),Fu.(J), Fou(J) : J € J} denote all the
artificial jobs created. In the following, we show that at each time
instant ¢, the active jobs 7 (t) together with the active jobs R ()
satisfy some properties. Given a time instant ¢, for each machine
type z, let H, = {J € J() UR(t) : m(J) € A(z)} denote
all the active jobs in J(t) U R(t) whose exact machine types
are in the tree rooted at z. S(H) is the total size of the jobs in
H,. Lemma 5.1 says that for each machine type z, if there are
multiple type-z machines open at time ¢, the jobs in H, fill up the
capacities of these machines except one.

Lemma 5.1. For each machine type z such that N(z,t) > 1, we
have S(H,) > (N(z,t) — 1) - g..

Proof. As illustrated in Figure 4, suppose n = N(z,t) > 1 type-
z machines being open at time ¢ were opened in the order of
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Fig. 4. Artificial jobs fill up capacities of open machines at time ¢

mi, Ma, ..., My. Recall that all the jobs scheduled into these
machines must have exact machine types in the tree rooted at z.
We pick an active job J; (black rectangle) in each machine m; at
time t. For each 7 > 1, when J; was scheduled into m; at its start
time I(.J;)~, machine m;_; was also open at that time. Let K21
denote the set of active jobs in machine m;_1 at time [(J;)~
(black rectangles). By the First Fit scheduling rule, we must have
s(J;) + S(K: 1) > g, foreachi = 2,...,n. As aresult,

?

On the other hand, each job .J; has a twin job W (.J;) active at ¢
(grey rectangles), where W (J;) € H.. In addition, each job J €
Ki~! has a p-extension job F),(.J) which extends J by a period
{ (rectangles in back slash pattern). Either J or F),(J) is active
att,since I(J)™ < I(J;)~ <tandt—I(J)T <len(J;) < p.
Thus, either J or F},(J) is in H,. Therefore, the total size of the
jobs in H, must be greater than (n — 1) - g,. O

" (s(J) + SKD) > (n—1) - g..
=2

Lemma 5.2 says that for any active job J at time ¢, for each
machine type z, if there are multiple type-z machines open at time
I(J)~, the jobs in H, fill up the capacities of these machines
except one.

Lemma 5.2. Take any job J € J(t). For each machine type z

such that N(z, I(J)~) > 1, we have S(H,) > (N(z,I(J)”) —
1) g..

Proof. The proof is similar to Lemma 5.1. As illustrated in Figure
5, take any active job J (black rectangle) at time ¢, and we consider
all the type-z machines being open at its start time I(J)~.
Suppose n_= N(z,I(j)_) > 1 type-z machines being open
at time I(J)~ were opened in the order of my, ma, ..., my,. All
the jobs scheduled into these machines must have exact machine
types in the tree rooted at z. We pick an active job J; (black
rectangle) in each machine m; at time I(J)~. For each ¢ > 1,
when J; was scheduled into m; at its start time /(J;)~, machine
m;_1 was also open at that time. Let ICi’l denote the set of active

jobs in machine m;_1 at time I(J;)~ (black rectangles). By the



Fig. 5. Artificial jobs fill up capacities of open machines at time I(.J)~

First Fit scheduling rule, we must have s(J;) + S(K{™1) > g,
foreach? = 2,...,n. As a result,

> (0

=2

§) 4+ Sk 1)) >n—-1)-g.

Each job J; has a twin job W (J;) (grey rectangles) and a p-
extension job F),(J;) which extends J; by a period p (rectangles
in back slash pattern). One of these two artificial jobs must be
active at time ¢, since [(J;)~ < I(J)” < tandt—I(J;)" <
len(J) < p. Thus, either W (J;) or F},(J;) is in H. In addition,
each job J € K1 has a 2p-extension job Fb,,(.J) which extends
J by a period 2 (rectangles in slash pattern). Either J or Fy,,(J)
is active at time ¢, since I(J)~ < I(J;)” <tandt — I(J)* <
len(J;) + len(J) < 2u. Thus, either J or Fy,(J) is in H..
Therefore, the total size of the jobs in H, must be greater than
(n—1)-g.. O

Based on Lemmas 5.1 and 5.2, we can prove that the total cost
of the machines used by ALGyine at any time ¢ is bounded by
O(1) times the cost of the optimal one-shot scheduling for the
active jobs J (t) U R(t).

Theorem 5.3. If b3 — 302 — b+ 1 > 0, at each time instant
t, we have 3\ N(z,t)-r. < max 3b2 711, - 3%2 T
OPT(J(t) UR(L)).

Proof. Please refer to Appendix A. O

5.3 A sufficient condition

Note that all the artificial jobs R can be broken down into W =
W) :J e TJhFy =A{F.,(J):J e J}ad Fy, =
{F5,(J) : J € J}. For any time instant ¢, the combination of
any optimal one-shot scheduling for the active jobs in J U F3,, and
any optimal one-shot scheduling for the active jobs in W U F,, is
a feasible one-shot scheduling for the active jobs in 7 UR. Recall
that 7 (t) denotes the active jobs in J at time ¢. By optimality,

OPT(J(t) UR(L))

< OPT(J () U Fapu(t)) + OPTL(W(E) U Fu(t)). (12)
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In order to prove that ALGopiine is an O(p)-competitive al-
gorithm, it suffices to show the following theorem. Define a
function F,; with d > p which maps each job J in J to
its d-extension job Fg(J) such that s(Fy(J)) = s(J) and
I(Fy(J)) = [L(J)T,I(J)" + d), ie., the job Fy(J) has the
same size as J and extends J’s active interval by a period d.

Theorem 54. Let H = {Fy(J) : J € J} with d > p.
We have [, ooy OPTH(T (1) UH(1) dt < 25 (d + 1) -

fte span(J) OPTl(j(t)) dt.
Applying Theorem 5.4 by letting d = p and 24, we have

/te span(J) Z

N(z,t)-r,dt
ze€M
32 -1

213 }
P10 32 —bt1
- / OPT,(J(t) UR())dt  (by Theorem 5.3)
espan(J)
32 -1

2v°
P10 32 b+ 1
3 (OPTL(J () U Fap (1)
€span(J)

+OPT, (W(t) U F, (t))) dt  (by equation (12))

302 — 1 203 2
: 3+ 2
b2—1’b373b27b+1} po1H+2)

. / OPT,(J(t))dt (by Theorem 5.4)
espan(J)

< max{

< max{

< max{

307 —1

2p3 2b
< .
—max{ -1 ’b3—3b2—b+1} point
-OPTgsam(J) (by equation (1)).

Together with an additional factor of b due to the power of
b assumption for cost rates (Section 2), the competitive ratio of

. 2_ 3 2

ALGoniine is max { L bg,ﬁ,ﬁ,bﬂ} - 25 (Bu+2).
Theorem 5.5. ALG,nline achieves a competitive ratio of
3b2—1 203 (3 +2).
b2—1 > B3—3b2—b+1 - Ee (3

Therefore, ALG oniine is an O(u)-competitive algorithm. The
best achievable competitive ratio is approximately 59 - (3u + 2)
when b = 7.

max {

5.4 A modified O(1) approximation of optimal one-shot
scheduling

Recall that in Section 3.2, we defined the one-shot scheduling
problem for a set of jobs J 4 1n order to prove Theorem 5.4, we
shall charge the machine cost of the optimal one-shot scheduling
to individual jobs in J 1d and have a desired “monotonic™ property
that the cost charged to each job is non-increasing as the job set
J'? expands. A major challenge to guarantee the “monotonic”
property is that the highest-indexed machine type used by the
optimal one-shot scheduling is derived from J'¢ and it may
change as J'¢ expands. In fact, the optimal one-shot scheduling
is not adequate to address this challenge. In the following, we
present a modified machine configuration which is an O(1)
approximation of the optimal one-shot scheduling and has the
desired “monotonic” property.

Given a set of jobs J 1d, recall that the optimal machine
configuration for one-shot scheduling may not be unique. In other
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TABLE 2
Definition of #(71¢, .J)

.. #(J19, J) for each job 7T, J) for each #(J19, J) for each
condition . . .
Je H; (1 € T(kopt) \ {k‘opt}) jobJ e H; (i€ f(k‘opt)) job J e Hk ot
S(Hkppi) Z Ghopt s(J) - % s(J) - ;’ZDP: s(J) - ;:opi
op op
S(Hopt) < Gopy and Lo i i Tkopt * . TRopt
(I:jtz Tkopt v s(J) gi s(J) - ;7 - ;71 N gkoZ: o () qko;t
L7 e s() - 5 s() - 5 S() - TR (14 )
opt
words, the choice of the highest-indexed machine type £, used (2—’ — ;’Zﬂ) to ensure that the total cost charged is 7, . Since
by the optimal one-shot scheduling may not be unique. Among all . o ~ 1d Thopt ”
the optimal machine configurations for J 1d described by Theorem € [0’ 1), we have 7(77%, J) € (S(J) " Gkopt s(J) - gi for

3.1, we choose the one with the highest highest-indexed machine
type used, and denote its highest-indexed machine type used by
kopt. That is, if there exists another optimal machine configuration
with the highest-indexed machine type £ used, then k,,; > k must
hold. Next, we define the modified machine configuration based on
the chosen optimal machine configuration. For ease of reference,
Table 2 summarizes how the machine cost of the modified machine
configuration is charged to individual jobs in J'¢.

For each machine type i € M, let H; = {J € J'?:m(J) €
A(i)} denote the set of jobs whose exact machine types are in the
tree A(7) rooted at type i. Then, by Proposition 3.1.5, {H; : i €
T (kopt)} is a partitioning of J %, where T'(kop) includes type
kopt and all the younger siblings of k,,;’s ancestors.

For each i € T'(kopt) \ {kopt}, the jobs in H; are always
accommodated by type-i machines in the modified machine con-
figuration. Hence, we need 2412 type-7 machines with a total cost
of S(H;) - “ . Each job is charged a cost proportional to its size,
ie., eachjob Je H; is charged a cost of 7(J 14, J) := s(J)- - o
Note that we include the job set 7' in the notation T 1d J)to
indicate that the machine configuration and hence the cost charged
to each job is dependent on 7.

For the jobs in Hy,,,, if their total size is at least the capacity
of one type-kop; machine, i.e., S(Hy, ,) > k,,,» all of them are
accommodated by type-k,,; machines in the modified machine

] S(H . .

configuration. Hence, we need % type-kop+ machines with
opt

a total cost of S(Hy,,,) - gi"p’ Again, each job is charged a cost

proportional to its size, i.e., each job J € Hy,
of #(J, J) :=s(J) -

If S(Hk,,,) < k., We aim to use one type-k,,; machine to
accommodate all the jobs in Hy, , with a cost of r, . The cost is
charged to the jobs in Hy_, as follows. Note that the jobs Hy, ,
can be further partitioned into H}! = {J € J' : m(J) =

kopt} and {H; = i € f(kopt)} Where f( opt) 1s the set of k‘opt S

_ . Tkopt Ty
child types. Let ¢ : S(Hkopt) Qku; 2 i f(hope) S (Hi) - 5+ be
the cost of using type-k,,: machines to accommodate [ ,ilopt

type-¢ machines to accommodate each H; where ¢ € f(kopt).
() If ¢ > 7y,,,, each job J € Hy
AT ) = s(J) - ngff Note that in thls case, we must have
Use f(kop) Hi 7 () since otherwise ¢ = S(Hkopt) . ;Z‘::
Tho,.- Each job J € H; where i € f(kop) is charged a
cost of 7(J14,J) == s(J) - (ﬁ - (ﬁ — Tkopt

p” i . a*), where
v J JRopt
a* € [0,1) is given by o = (¢

= Thope)/ Ziéf(kopt) S(H;) -

is charged a cost

opt
Tkopt

Ikopt

and

, 1s charged a cost of

each job J € H;.

(i) If ¢ < 714,,,, each job J € H; where i € f(kopt)
is charged a cost of #(J'?, J) := s(J) - oIt Hk # 0,
each job J € Hk is charged a cost of r(jld J)

s(J) - gk::: (1 + 5*), where 5* > 0 is given by * =

(Thope — )/ (S(H,’;‘opt) : ;’;"”‘) to make the total cost charged
equal to rg, .. .

It is easy to see that the charging mechanism described above
has the following properties.

Property 5.1. (1) #(J',J) = s(J) -
where i € T'(kopt) \ {ko t}
@) F(TT) > s(J) - g
(3) for each type i € f(k opt)
J € H;.

Property 5.2. When S(Hy,,,) < k..

(L) if ¢ > 7y, or H,?Om # (), the total cost charged to all the
jobsin Hy_ . isrg,,,;

(2 ifec <ry,,, and H ,?Opt = (), the total cost charged to all the
jobsin Hy,,, is ¢ =3 icpep,, ) S(Hi) - 2.

With the costs charged to individual jobs, the total cost of the
modified machine configuration is given by 3 ;¢ 714 (T4, J).
Next, we prove that the modified machine configuration is an O(1)
approximation of the optimal one-shot scheduling in terms of the
total cost.

% for each job J € H;

- for each job J € Hy,
FTY, ) <

opt?

s(J) - Lt for each job
gi J

Theorem 5.6 (O(1) Approximation). 3 - > ;¢ 714 (T, J) <
OPTl(jld) < bL ZJejld T(J J)

Proof. If S(Hy,,) > k,,,. the total cost of the modified
machine configuration is exactly the same as that of the optimal
one-shot scheduling. Thus, it suffices to consider the case when
S(Hkopi) < Ghiops-

For the left inequality, we have

PORCCEED DI SRR
Jegtd 2€T (kopt) JEH.
St t Y S(H»-E—Z

2€T (kopt)\{kopt }
(by Property 5.2 and Property 5.1 (1))

<2-0OPT(J') (by Proposition 3.2.4).

For the right inequality, if ¢ > r,,, or H ,?Om = (), by Property
5.2 (1), the cost of the modified machine configuration due to the



. . . . ~ 1d _
jobsin Hy, , is ry, . ie., ZJerom H(J', J) = r%,,,- Thus,
we have

> KT, )
Jegtd
= Thope T Z S(I{Z)LZ
2€T (kopt)\{kopt } gz
S(H :
_max{l,(’“”‘)} et Y S(H) =
Gkopt 2€T (kopt ) \{kopt } 9=

> OPT(J'%) (by Proposition 3.2.5).

It remains to consider the case when ¢ < 7, and H ,?Upt = 0.
Note that H ,?Opt = () implies all the jobs in Hy, , have exact
machine types lower than k,,;. Thus, machine type k,,; must
have at least one child type. By Proposition 3.1.3, k,p — 1 is
the highest-indexed child type of k,p. Consider the following
machine configuration in which the highest-indexed machine type
used is kopr — 1:

opt

max{1, S(H z)}le— kopt — 1,
w'(z) == % if z € T(kopt — 1) \ {kopt — 1},
otherwise.

It is easy to see that w’ is a feasible machine configuration for
one-shot scheduling. By optimality, we have

Z w'(2) -, > OPT(JY). (13)
2€T (kopt—1)
On the other hand,
Z w'(z) -7,
2€T (kopt—1)
{ S(Hkoptfl) }
=max{ 1, ——2—= 0 .rp
Gkopt—1
+ Z S(Hz) . Ti
€T (kopt—D\{kope—1} 9z
<+ > S(HL) - (14)

2€T (kopt—1) 9=

Since kop: — 1 is the highest-indexed child type of k,p:, by
definition, T(kopt — 1) = (T(k’opt) \ {kopt}) U f(kopt)~ Thus, by
Property 5.1 (1) and Property 5.2 (2), ZzeT(kopt—l) S(H,) - ;—i
is exactly the total cost of the modified machine configuration.
Therefore, we have

> AT )

Jegtd

= > sH)-=

2T (kopr—1) 9z
> Z w'(z) -7z | —Th,,—1 (by equation (14))
2€T (kopt—1)
> OPTl(jld) — T, —1 (by equation (13))
1
> OPT(J') — — 7.,

b

> OPTy(J'%) — % -OPT{(J'%) (by Proposition 3.2.4)
-1
= bT -OPT,(J").
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An essential step to prove the “monotonic” property of the
modified machine configuration is to show that the highest-
indexed machine type used is non-decreasing as the job set J 1d
expands.

Lemma 5.7. For any two sets of jobs X C ), we have ko > k1,
where k; is the highest-indexed machine type used by the mod-
ified machine configuration for &X', and ks is the highest-indexed
machine type used by the modified machine configuration for ).

Proof. Please refer to Appendix B. O

Theorem 5.8 (Monotonic Property). For any two sets of jobs
X C Y, we have (X, J) > 7#(Y, J) for each job J € X.

Proof. 1t suffices to prove the special case of the theorem in which
Y\ X is a singleton, say Jy. Denote by k; the highest-indexed
machine type used by the modified machine configuration for
X. Denote by ko the highest-indexed machine type used by the
modified machine configuration for ) = X U {Jy}. By Lemma
5.7, ko > ky. Thus, either ko € P(ky) or ko € A(i) for some
i € e(a) for some a € P(ky), where P(k1) includes k1 and all
its ancestor types, and A(¢) is the tree rooted at type 3.

Let H, = {J € X : m(J) € A(z)} denote the set of jobs in
X whose exact machine types are in the tree A(z) rooted at type
z.

Recall that T'(k1) includes k7 and all the younger siblings of
k1’s ancestors, and T'(k2) includes k2 and all the younger siblings
of ko’s ancestors. If ko € P(k1) \ {k1} (see Figure 6 for an
illustration), for each type z € T'(k1) N A(k2) (the black nodes),
for each job J € H,, it follows from Property 5.1 that 7(X, J) >
s(J)- 5= = s(J)- 7= = 7(XU{Jo}, J), where z € f(k2) such
that z € A(x). For each type z € T'(k1)\ A(k2) C T'(k2)\ {k2}
(the grey nodes), for each job J € H,, we have 7(X,J) =
s(J) - 5= =7(X U {Jo}, J) by Property 5.1 (1).

»@;]/EP(;}',)
®® [ OO [EEn

O O O Tk \’“Q)

@ : T(k) N Aky)

7
f“>..Q,QQ

Fig. 6. A diagram illustration for the case of ko € P(ki) \ {k1} in
Theorem 5.8

If ko € A(z) for some i € e(a) for some a € P(ky) (see
Figure 7 for an illustration), for each type z € T'(k1) N A(a) (the
black nodes?), for each job J € H., it follows from Property 5.1
(1) and (2) that (X, J) = s(J) - 2= = s(J) - 4= = F(X U
{Jo},J), because a € T'(k2) \ {k2} by definition. For each type
z € T(k1) \ A(a) (the grey nodes), for each job J € H,, we
have #(X, J) = s(J) - 2= = F(X U{Jo}, J) by Property 5.1 (1).

If ko = ki, we have m(Jy) < ki. By Proposition 3.1.5,
{A(2) : z € T'(k1)} form a partitioning of {1,2,...,k;}. Note
that A(k1) can be further divided into &, and the subtrees rooted
at k1’s child types. Thus, there are three possible scenarios: (i)
m(Jo) = k1; (i) m(Jy) € A(i*) for some i* € f(ky); and (iii)

3. k1 can be equal to a. In this case, T'(k1) N A(a) = {k1}.
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@ Q & Qe i
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Fig. 7. A diagram illustration for the case of k2 € A(¢) in Theorem 5.8

m(Jp) € A(z) for some z € T'(k1)\ {k1}. It suffices to consider
scenarios (i) and (ii) because 7(X, J) = #(X U{Jy}, J) for each
job J € X in scenario (iii) by definition. In scenarios (i) and (ii),
the monotonicity can be verified by mechanically checking the
definitions for different cases in Table 2. Note that when a new
job is added to J ld  the total size of the jobs in H kope do€s mot
decrease and c does not decrease. Thus, the applicable definition
of #(J1%, J) can either stay in the same row or move from a
lower row to an upper row in Table 2. Recall that o* and 5* are
parameters for adjusting the costs charged to individual jobs to
tally with the total cost specified. It is easy to see that the cost
charged to each job never increases by observing that o* does
not decrease and 5* does not increase. We present the detailed
verifications below by enumerating all the possible cases.
Specifically, let ¢ := S(H}") - % + Yier) SHi) - 3
where Hl! ={J € X : m(J) = ki}. If m(Jo) = k1 (scenario
(1), there are three cases: (i.1) S(Hg,) > gk, (.2) S(Hy,) <
gk, and ¢ > 7,5 and (i.3) S(Hy,) < gk, and ¢ < 7, (see the
three rows in Table 2). Observe that it suffices to compare only
the costs charged to the jobs in Hy, before and after Jy is added.
In case (i.1), clearly 7(X,J) = #(X U {Jo},J) for each job
J € Hy,.Incase (i.2), if S(Hy, ) +5(Jo) > g, by Property 5.1
(2) and definition, for each job J € Hy,, 7(X,J) > s(J)- ;% =
F(XU{Jo},J). If S(Hy,) + s(Jo) < gk, on the one hand, by
definition, #(X, .J) = (X U {Jy}, J) for each job J € H}! . On
the other hand, for each type ¢ € f(k), for each job J € H;,

e (3532 )

Faeu () =) (2= (B2 ).

gi gi Ik,

and

It is easy to see that o] < o because
C— Tk,
i Tk
Dicf(ey) S(Hi) - (;* - ﬁ)
_ c+ s(Jo) —L — 7,
- . T
Zief(kl) S(H) - (;7 - ﬁ)

In case (i.3), for each type i € f(kq), for each job J € H;, by

o=

*

:a2.

definition and Property 5.1 (3), 7(X,J) = s(J) - i+ = #(X' U
{Jo}, J). For each job J € HJ! , by definition,
R, ) = s(0) - 2 (L4 B7) 2 5(J) - 2
9k Gk
where
« Tk, — C
Br = ;

S(Hp) - o+
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Therefore, if S(Hy, )+s(Jo) > gk, or c+s(J0) > 1), , then
(X, J) > s(J)- gﬂ =X U{Jo},J) foreachjlob JeH].
If S(Hy,) + s(Jo) < gk, and ¢ + s(Jp) - =+

for each job J € th,

< T),, note that

Thy — 24 S(H;) &
f(X,J):s(J)& 1 Zef}ikl) 7«,51 ) 9i
9k, S(HE) - ot
Similarly, for each job J € Hlfgl’
_ Pry, Tk~ 2oie (k) S(H) - o
FXU{J} J)=s(J) 2. klef 0 U5
Gy (o) g+ S(HP,) -

Clearly, 7(X,J) > F(X U{Jo}, J).

If m(Jo) is in A(i*) for some i* € f(k1) (scenario (ii)),
similarly there are three cases: (ii.1) S(Hg,) > gr,; (ii.2)
S(Hg,) < gk, and ¢ > 75,5 and (ii.3) S(Hy,) < gk, and
¢ < 71, (see the three rows in Table 2). Again, it suffices to
compare only the costs charged to the jobs in [}, before and after
Jo is added. In case (ii.1), clearly #(X, J) = #(X U {Jo}, J) for
each job J € Hy,. In case (ii.2), if S(Hy,) + s(Jo) > gk,, by
Property 5.1 (2) and definition, for each job J € Hy,, #(X,J) >
s(J) - gﬁ =7F(X U{Jo},J). If S(Hy,) + s(Jo) < gk, on the
one hand, by definition, 7(X, J) = 7(X U {Jo}, J) for each job
J e H hl On the other hand, for each type ¢ € f(k1), for each
job J € H;,

e (3532 )

FAU L D) =) (= (22T ).

gi gi 9ky

and

It can be shown that a] < a3. In fact, by definition,

of = C— Ty
L ri Tk1
Dict(e) S(Hi) - (g - E)
and
. c+s(Jy) - =
ay = Y
Dicphn) S(Hi) - (; -3 ) +5(Jo) - (g* - q,tﬁ)

where i* € f(k1) such that m(Jy) € A(i*). Note that for o], its
nominator is less than or equal to its denominator meanwhile for
o, the term s(JO)

-

than the term s(Jp) - ( o gT) added to its denominator. Thus,
1

we must have o < o In case (ii.3), for each type i € f(kq), for

each job J € H;, by definition and Property 5.1 (3), 7#(X,J) =

s(J)- g = H(XU{Jo}, J). For each job J € H' by definition,

FX,T) = s(T) - 22 (14 87) > s(J) - 2,
9k, 9k,
where
Te, —C
L
LTS(Hp)

Therefore, if S(Hg, ) +5(Jo) = gr, or c+s(Jo) then
(X, J) > s(J)- ;"1 =7FXU{Jp},J) for eachJOb J € Hj .




If S(Hy,) + s(Jo) < gk, and ¢ + s(Jp) - note that
for each job J € Hkl,
i - re, Tk T 2ieson) SHI) g
T(Xﬂ])*s(J)i h Tky ’
Gk, S(Hkl) .

Similarly, for each job J € H ,?l,
F(XU{Jo},J)

o). M T D SO - G = s(o) -
Gk, S(Hl};l) : ;% '
Clearly, 7(X,J) > #(X U{Jo}, J). O

5.5 Proof of Theorem 5.4

Now, we are ready to finish the proof of Theorem 5.4 which is the
last piece in the analysis of ALG ynjine.

Proof of Theorem 5.4. For each job J € J and each time in-
stant t € I(J), define 71(J,t) = 7(J(t),J). For each job
J € J and each time instant t € [I(J)*,1(J)" + d), define
7o(J,t) := 71(J,T), where 7 := %len(gf) + I(J)~
(note that I(J)~ < 7 < I(J)" and hence 71(J,T) is valid,
as illustrated in Figure 8).

Fig. 8. An illustration of 73 (J,t) := 71 (J, 7) in Theorem 5.4

We have
/ Fo(J,1) dt
Jeg \Jtell(N)*,I1(J)*+d)Nspan(T)

< To(J,t) dt
o Z </te[1(.1)+,1(J)++d) 2(51) >

JeJg
=Y / Fi(J,7)dt
Tz \Jtelr(n+.1())++a)
t—1(J)*" _
(where 7 = ————len(J) + I(J)7)

d

N dt
:J;j </TEI(J) 71(J,7) o dT)
d
— Z (/.,-ej(J) 1(J,7)—— len(J) dT)

JeJ
<d- Z (/ 71(J,7) d7-> (since 1 < len(J))
Jed TeI(J)
—d- 7(J(t),J)dt

tespan(J) JeT(®)

(by swapping Z and / ).

Claim: For each time instant ¢ € span(J), let G, := {J €
J it —d < I(J)" <t} be the set of jobs ending in the period
(t — d,t]. We have 3° ;7 T(T(8),J) + X jeg, T2(Jt) =
2 serwun T(T (&) UH(L), J).

15)

15

Proof of Claim. By definition, G; consists of all the jobs
whose d extensions to right cover time ¢. Since H = {Fy(J) :
J € J} where Fy(J) is the d extension of job J, the active
jobs in H at time ¢ are exactly the d extensions of the jobs in
G, ie., H(t) = {Fy(J) : J € G}, Hence, F, is actually a 1-1
correspondence between G; and H(t) such that s(J) = s(Fy(J))
for each job J € G;. Note that for the definition 7, only the job
size matters while the job’s active interval does not. Therefore, we
have

F(T@®)UH(),J) =7(T(t) UGy, J) for each job J € T (t),
and
(T () UH(t), Fy(J)) = 7(J(t) UGy, J) for each job J € G;.

By Theorem 5.8 (monotonic property), J(t) C J(t) U G;
implies that for each job J € J(t), #(J(t),J) > 7(J(t) U
G, J). It remains to show that for each job J € Gy, 7o(J,t) >

FT @) UG, J).

Take any job J € G;. Let 7 := %len(ﬂ + I(J)".
We first show that ¢t — d < 7 < t. Clearly, since t — d <
I(J)* < t, we have # < 1and hence 7 < I(J)* < &
It remains to show that ¢ — 7 < d. Consider the function
f@) =t = (0 4 1)t — 2). Since 1 — LD —
AHI(I) T =t > 0, the function f(z) is increasing with x. Thus,
t—71 = f(len(J)) < f(d) = d, since len(J) < p < d.

We then show that 7 () C J(t) U G;. Each job J € J(7)
is active at 7. If .J is also active at ¢, then J € J(t). If .J is not
active at £, it must end in the period (7, ], i.e., 7 < I(J)T < t.1It
follows from t — d < 7 that t — d < I(.J)T < t. Hence, J € G,.
Therefore, J(7) C J(t) U G;.

Note that J € G; indicates t — d < I(J)" < t, which
implies that I(J)~ < 7 < I(J)T. Thus, J € J(7) C J(t)U
G:. By Theorem 5.8 (monotonic property), we have 7o(J,t) =
i (J,7) =7(T(1),J) > (T (t) UG, J). End of Claim

It follows that

F(T(t) UH(D),
tYUH(t)

7(J(t),J)dt
JeT(t)

/ J)dt
te span(J) JeT(

<
te span(J)

+ / Z 7o(J,t)dt (by the above Claim)
tespan(J) jcg,

B /te span(J)

Ay
Jers < telI(J)*,1(J)t+d)Nnspan(T)

(by swapping / and Z)

<(d+1)- / > #(J(t),J)dt (by equation (15)).
€ span(J) Jeg ()

7(J(t),J)dt
JeT(t)

7o (J, ) dt)

Eventually, by Theorem 5.6, we have

/ OPTy (7 (t) UH(L)) dt
€span(J)

=y
<_ 7 .
=51,

(T () UH(),J)dt

€span() je 7 (HUH(t)



b
s—(dﬂ)-/ 2 I, )
b—1 tespan(J) ye 7(p)
2
<2 4 / OPT:(J (1)) dt.
h_1 tespan(J)

6 CONCLUDING REMARKS

We have studied the general problem of busy-time scheduling
on heterogeneous machines. An O(1)-approximation offline algo-
rithm and an O(u)-competitive non-clairvoyant online algorithm
have been developed for any sets of jobs and machine types. One
future direction is to investigate or improve the tightness of the
approximation ratio in the offline setting. Another direction is
to study the problem in the clairvoyant online setting where the
length of a job is revealed when it is released.
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APPENDIX A
PROOF OF THEOREM 5.3

Lemma A.1. For each machine type z € M and each time instant
t € span(J), we have 3=, 4 )\ o3 NV (i, 1) -1 <7

Proof. By the definition of ALG ,y1ine (lines 6-7), the claim holds
obviously for any time instant ¢ when a machine of any type 7 €
A(z) \ {z} is opened. For any other time instant ¢’, the total cost
rate of the open machines of types A(z)\{z} cannot exceed that at
the immediate previous time instant £ when a machine of any type
i € A(2)\{z} is opened. Hence, we have 3, 4(,)\ -3 NV (i, 1)
T <D ieaen gz} V(1) 1 <71 O

Lemma A.2. Suppose ag, a1, az, . . .1s a sequence of integers such
that each a,, € {0,1,2} and a,, = 2 only if a,,+; = 0. We have

an 2 2p? .
2on=012,.. % < 2n—024,. 57 = po—7 Whereb > lisa
constant.

Proof.
Qn, 1
> s > .

n=0,1,...

1 1 1 1
+ Z <b7n + bn+1 + (b? - b71,+1)>

n=0,1,... s.t. ap, =2

1 1 1
<2 oEt X (bfn*ibnﬂ)
n=0,1,... n=0,1,... s.t. a,, =2

Note that for each two distinct indices nm; and no such

that a,, = an,, = 2, we have |n; — ng| > 2. Thus,

the term >, 1 i a4 —o (g — garr) must be bounded by

because % — decreases with

> (L _ 1 1
n=0,2,4,... \pn pn+1 pn+1

increasing n. Therefore,

a 1 11
S T (7 - T)
Z b Z b n=0,2,4,... b bt

n=0,1,... n=0,1,...
_ ¥ 2 2 20>
= = T =73 7 -
n=0,2,4,... br L- b2 b 1

O

Proof of Theorem 5.3. Let k,, be the highest-indexed machine
type used by ALGoniine at time t. Let w™* be an optimal machine
configuration for one-shot scheduling of 7 (t) U R(¢), which is
chosen by Theorem 3.1. Let kop; = max{z : w*(z) > 0}
be the highest-indexed machine type used by w*. Recall that
H, ={J € Jt)UR() : m(J) € A(z)} denotes the set
of jobs in J(t) U R(t) whose exact machine types are in the tree
rooted at z.

Case 1: kopt > kon.

Observe that {1,2,...,kon} C {1,2,...,kopt} =
UzeT(k,p.)A(2) by Proposition 3.1.5. So, we have

OPT(J(t) UR(L))

> Z S(H,) - 2 (by Proposition 3.2.4)
2€T (kopt) 9=

= )

2€T (kopt ) AN (2,t)>1

(N(z,t) —1)-r, (byLemma5.1).(16)

Consequently,

kon
SN t) o= Y > N(it)-r
z=1

2€T (kopt) i€A(2)

17

= Z N(z,t) r,+ Z Z N(i,t)-r

2€T (kopt) 2€T (kopt) i€A(2)\{2}
é Z (N(Z7t)_]-)rz+ Z Ty
2€T (kopt)AN (2,8)>1 2€T (opt)
+ > 7, (by Lemma A.1)
2€T (kopt )NA(2)\{2}#£0
< OPTL(J(t) UR(L)) + > 2.1,
2€T (kopt )NA(2)\{2}#0

+ Z T2
2€T (kopt )NA(2)\{2}=0

(by equation (16)). a7

Since the cost rate of each machine type is a power of b > 1,
for each z € T'(kopt), 72 = 7= - Tk, for some non-negative
integer n. Denote by a, the coefficient of b% * Tkop, in the
SUM D €7 gy ) N A\ {2370 27 T2 T D02 (ko) AA(\ {3 =0 T2
Observe that each a,, € {0,1,2} and a,, = 2 only if a,+1; = 0.
Thus, by Lemma A.2, we have ZZ%T(kopt)/\A(z)\{z};é@ 2.1, +
ZzeT(kum)/\A(z)\{z}:@ r, < b%%l * Tk, Furthermore, by
Proposition 3.2.4, 7, , is a lower bound of OPT1 (J () UR(?)).
Therefore, it follows from equation (17) that

Kon 2
> N(zt) - r.< (1 + b22b_ 1) -OPT(J(t) UR(t))

z=1
362 —1

=Yo7 "OPTL(J(H) UR(®)).

Case 2: kopt < kon.

First, we show that N (kop,,t) = 1. In fact, if N (kop,t) > 2,
by Lemma 5.1, we have S(Hy,,) > (N(kop,t) — 1) - gk, >
Jk,,,» which contradicts to Proposition 3.2.3.

Furthermore, since kop: < kop, the exact machine types of
all the jobs in J (¢) must be lower than k,,,. Take any active job
J in type-k,, machines at time ¢. Since JeJg (t), we have
m(J) € A(f1) for some type fi € f(kon) (see Figure 9). When
scheduling J , ALG y,1ine checks if J should be scheduled into
machine type f1 before considering type k.. Since J is rejected
by type fi, by the definition of ALGoniine, we know that at
J’s start time I(.J) ™, no open type- f; machine can accommodate
J (lines 3-5); and one of the following conditions must hold to
prevent opening a new type- f1 machine (lines 6-8):

0 e Ao\ {kon} N L) T) s re gy 2 78,

(i) There exists some type k% € P(kon) \ {kon} such that

D e ANk kon} NV (2 L) 7) et My, T F74 2 Ths,
where ny,, represents the number of type-k,, machines being
open immediately before J is scheduled. Note that N,
N (kop, I(J)7) if J is scheduled into an open type-k,,, machine;
and ny,, = N(kon,I(J)™) — 1if J is scheduled into a new
type-kon, machine. However, the latter case cannot happen. If
the latter case happens, we have >, 4 pa) g2y N (2, I(J)")-
Ty — Tk, T T = Tpa. Since 1y, > 1y, it follows that
D ceamanray N(z, I(J)™) - r. > 7}, which contradicts to
the definition of ALG,piine (line 6).

Therefore, to summarize (i) and (ii), there exists some type
k® € P(kop) such that

>

z€A(KS)\{k4}

N(z, I(J)7) - re 475 > rpa. (18)



@— >@: y € P(x)
@y =pl)
O T\ (K}
@ (ko) NAKR?)

O
®
Fig. 9. A diagram illustration for Case 2 in Theorem 5.3

By the definition of ALGoniine, Hg,, is nonempty. As
illustrated in Figure 9,* since kopt < kon < k2, kopt must be in
A(kon) \ {kon} and thus in A(k%)\ {k2}. As aresult, T (kopt)
can be partitioned into T'(kop) N A(k?) and T(k2) \ {2}
(see the black nodes and the grey nodes in Figure 9 respectively).
Therefore, we have

OPT(J(t) UR(?))

> Z S(H,) - r—z (by Proposition 3.2.4)

2€T (kopt)

- ¥ ks*(hrz)-lhr S S(H.)- 19
2E€T (kopt)NA(KL) 9= 2€T(EA)\{k2} 9=

Since ke < k%, all the jobs in J(t) U R(t) have exact
machine types lower than k% . Thus, H L can be partitioned into
{H, : x € f(k*)}. In addition, {H, : x € f(k®)} can be
further partitioned into {H, : z € T(kop) N A(k®)}. Each
machine type z € T'(kopr) N A(k®) must be in the tree rooted
at some type x € f (kA) and hence type 2z has a normalized cost
rate no less than type x. Therefore, we have

S(H
2€T (hopr)NA(RD) 9= Lerke) Yz
opt x

It follows from equation (19) that

OPT1(J(t) UR(L))
S S(H,) - = S S(H.)-

vef(k2) 9o Ler(ran\ (ko) 9z

> > S(H,) -
€ f(KS)AN (z,1(J)=)>1 v
+ >
2€T (k2)AN (z,t)>1
> > (N (2, I1(J)7) -
z€ f(kA)AN (z,1(J)~)>1
+ > (N(z
2€T(KA)AN(z,t)>1
(by Lemmas 5.2 and 5.1).

Tz

) —=1)-r,
(20)

4. In Figure 9, k2 is deliberately made to be the parent node of ko, for the
illustration purpose, but 2 can be any node in P(kon) in general. The same
for fi and kop¢. In general, either of fi < Eopt or fi > kopt can happen.
f1 > kopt happens when m(J ) € A(kopt) and kopt € A(f1).

18

For the first item on the right-hand side of (20), equation (18)

implies that
> (N(z,
zef(k2)AN(z,I1(J)~)>1

I(J)7) -

1) -ry

ZTpa —Tf — Z To + Z N(Z7I(j)_)-7“z
zef(kD) zeA(z)\{z}
2T —TE — Z Tz + Z Tz
zEf(k2) z€ f(k2)NA(x)\{2}#0
(by Lemma A.1)
=Tgps =T — > 2ee ¥ 2

zef(k2)NA(2)\{z}#0

Since fi € f(kon) and k2 € P(koy), we have Ty <
Likewise, for each z € f(k*), we have 1, < 7. Then sim-
ilar to the discussion in Case 1, by Lemma A. 2 we can bound the
erm D pe p(k2)AA@N )20 2 e T Diae f(k2)AA@N 2} =0 T
by b% %'rkg = b2—b - 1o . Therefore, following the previous

cTra.

zef(k2)NA(2)\{z}=0

equation,
> (N(@, I(J)") =1) -7,
z€f(k2)AN (z,I(J)~)>1
1 2b b -3 —b+1
2(1757)2—1)'%: pop e GD
Thus, by equations (20) and (21),
OPT(J(t) UR(L))
-3 —b+1
> e Y (VDD
N 2€T(k2)AN(2,t)>1
(22)

Eventually, we have
Kon

ZN ZNZt
z=1
= Z N(z,t)-r,+ Z Z N(i,t)-r

ET (k) z€T (k~) i€ A(2)\{z}

< > (N(z,t) = 1) s+ Y

2€T(kA)AN(z,t)>1 2€T (k)

+ > 7. (by Lemma A.1)

2€T (k)AA(2)\{z}#0
= > (N(z,t) = 1) -7, + > 2.
2€T(KA)AN (z,t)>1 2€T(KA)NA(2)\{2}#£0

+ > re
2€T (k2 )NA(2)\{2}=0
By Lemma A.2, we have ZZeT(kA),\A(Z)\{Z}#wZ r, +

ZzeT(kA)/\A(z)\{z} g < b2b1 ria. Therefore, following

the previous equation, when b — 3b% — b+ 1 > 0, we have
kon
Z N(z,t)-r,
z=1
< Z (N(z,t) — 1)T+£'TA
= z b2 _ 1 k

z€T (®)AN (z,t)>1

Tz
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b2—1

= p3_3b2—b+1
b3—b

-OPT1(J(t) UR(t)) (byequation (22)).

In summary of Cases 1 and 2, Y% N(z,t) - r,
2 3
max { B=L, 2L OPT (T (1) UR()).

O IA

APPENDIX B
PROOF OF LEMMA 5.7

Before proving Lemma 5.7, we consider the following problem
first. Given the highest-indexed machine type used k, how to
compute the best machine configuration for the optimization
problem (2)-(5)? By Proposition 3.2.1, all the machine types used
by the best machine configuration are from T'(k). Let H, denote
the set of jobs whose exact machine types are in the tree rooted at
type z. By Proposition 3.1.5, {H, : z € T(k)} is a partitioning
of all the jobs J Ld 1f there was no constraint that at least one
type-k machine must be used, for each type z € T'(k), all the
jobs in H, should be accommodated by type-z machines since 2
is the type with the lowest cost-per-capacity rate among all the
machine types that can accommodate these jobs and have indexes
not exceeding k. Due to the constraint that at least one type-k
machine must be used, if S(Hy) < gk, some jobs from other
H.’s where z € T(k)\ {k} will have to be accommodated by the
only type-k machine used. To optimize the total cost, these jobs
should be selected from the H,’s with the highest indexes z, since
the cost-per-capacity rates of the machine types in T'(k) \ {k} is
non-decreasing with indexes (Proposition 3.1.4). We refer to the
jobs accommodated by the type-k machine (including those from
H.’s where z € T'(k)\ {k}) as the upgraded part U, and the jobs
accommodated by the type-z machines where z € T'(k) \ {k} as
the non-upgraded part V. Note that jobs are considered divisible
along the size dimension in such partitioning. There may be a job
crossing the upgraded and non-upgraded parts, i.e., a portion of
this job is in the upgraded part while the remaining portion is in
the non-upgraded part. Let S(U') and S(V') denote the total size of
the jobs in U and V respectively. By definition, we have Hy, C U
and S(U) < gi. We refer to the highest-indexed machine type
among the exact machine types of all the jobs in the non-upgraded
part V' as the boundary machine type z; (clearly z;, < k). In the
case that V' = (), we define z;, = 0.

If a new job Jy (whose exact machine type m(Jy) is lower
than or equal to k) is added to the job set JY U and V as
well as the cost of the best machine configuration will change. Let
zo € T'(k) be the index such that the exact machine type m(.Jp)
is in the tree rooted at type zg. It is easy to observe that:

() If S(Hy) > gk, Jo is always accommodated by type-zo
machines. Hence, the cost increase is s(Jp) - %.

() If S(Hy) < gx and 29 < 2z, Jp is added to the non-
upgraded part V' and accommodated by type-zo machines. Hence,
the cost increase is s(Jp) - ZO.

(Gii) If S(Hy) < gi. and 25 < 20 < k. Jo is added to the
upgraded part U. This may result in the total size of the upgraded
part U exceeding the capacity gy of the type-k machine. Thus, an
amount of job size max{S(U) + s(Jy) — gx, 0} will be moved
from the upgraded part U to the non-upgraded part V. Since the
cost of the upgraded part U does not change (which equals ),
the cost increase is given by the cost of the moved portion after
the movement. Note that the size of the moved portion is bounded
by s(Jo) because S(U) < gi. Hence, the moved portion will be
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accommodated by machine types from T'(k) that are no higher

. . Ts
than z, which have normalized cost rates at most g—“. Therefore,
Z0

the cost increase is bounded by s(Jp) - {T]ﬂ
9zq

(iv) If S(Hy) < gr and 2z, < z9 = k, Jo is added to the
upgraded part U. If S(Hy) + s(Jo) < gg, the number of type-
k machines used remains at 1. Same as the above case (iii), an
amount of job size max{S(U) + s(Jo) — gx, 0} will be moved
from the upgraded part U to the non-upgraded part V' and the cost
increase is bounded by s(.Jp) - Zf‘; =s(Jo) - .

) If S(Hy) < gk, 2 < z0 = k and S(Hy) + s(Jo) >
gk, the number of type-k machines used will be increased to
w. Only the jobs in the upgraded part U that are from
H,’s where z € T(k) \ {k} will be moved to the non-upgraded
part V. Thus, the amount of job size moved from U to V is
S(U) — S(Hg). The cost increase is given by the cost of the
moved portion after the movement plus the cost of the additional
type-k machines. The former is bounded by (S(U) — S(Hy))- 2=
(since the moved portion will be accommodated by machine
types with normalized cost rates at most —2 = %), while

9z
S(Hk)JrS(J(]) o 1

the latter is ( ) - 1. Thus, the cost increase

9k
is bounded by (S(U)— S(Hy)) - % + w 1
i = (S(U)+s(Jo) —gi) - 3= < s(Jo) - & = s(Jo) -
Tzg

. Alternatively, we can also conceptually consider the part
of Jo accommodated by the additional type-k machines, i.e.,
S(Hy) + s(Jo) — gk, as being “moved” to machine type zg = k.
Then, the collective “moved” amount is (S(U) — S(Hg)) +
(S(Hg) + s(Jo) — gr) = S(U) + s(Jp) — g In this way, cases
(iii), (iv) and (v) can be unified as moving an amount of job size
max{S(U) + s(Jo) — gk, 0} to machine types with normalized
cost rates at most % and the cost increase is given by the cost of
the moved portion after the movement.

(vi) In summary of all the cases above, the cost increase is

bounded by s(Jy) - ;ZO .
Z0

Proof of Lemma 5.7. 1t suffices to prove the special case of the
lemma in which )} \ X is a singleton, say Jy. Denote by k;
the highest-indexed machine type used by the modified machine
configuration for X'. Denote by ko the highest-indexed machine
type used by the modified machine configuration for ) = X' U
{Jo}. Obviously, m(Jy) < ko. If m(Jy) > ki1, we immediately
have ko > m(Jy) > ki. Thus, to show that ko > ky, it suffices
to consider the case when m(Jy) < kj.

By Theorem 3.1, k; is in P(kg) where kg := max{m(J) :
J € X} is the highest-indexed exact machine type among all
the jobs in X. If m(Jy) < ko, ko is also in P(kg). On the
other hand, if m(Jy) > ko, k2 is in P(m(Jp)). Since ko <
m(Jp) < k1 and ko is in the tree rooted at ky, by Proposition
3.1.3, m(Jp) is also in the tree rooted at k1. Thus, k; is also in
P(m(Jy)). In summary, k1 and ko are either both in P(kg) or
both in P(m(Jy)). Therefore, either k1 = ko or one of them is
an ancestor of the other in the cost-per-capacity graph.

We prove ko > ki by contradiction. Let w; be the optimal
machine configuration for jobs X, in which the highest-indexed
machine type used is k1; and w] be the best machine configuration
for jobs X U {Jy}, assuming the highest-indexed machine type
used is k1. Let woy be the best machine configuration for jobs X,
assuming the highest-indexed machine type used is k; and w) be
the optimal machine configuration for jobs X U {Jy}, in which
the highest-indexed machine type used is ks.



If k1 > ko, we are to prove that the cost difference between
wy and w] is no more than the cost difference between wo and
wh. As a result, the cost of the machine configuration w] is lower
than or equal to the cost of the optimal machine configuration
w}, for scheduling jobs X U {.Jp}, and hence w] is optimal. This
contradicts to the choice of the highest-indexed machine type ko
used by the modified machine configuration for jobs X U {.Jy},
which is defined to be the highest among the highest-indexed
machine types of all the optimal machine configurations for jobs
XU {JO}

Let z5 € T'(k2) be the index such that the exact machine type
m(Jy) is in the tree rooted at type zo, and let z; € T'(k1) be the
index such that the exact machine type m(.Jy) is in the tree rooted
at type z1. Note that k1 > ko implies that k1 is an ancestor of ko
in the cost-per-capacity graph. Thus, we have either zo = 21 < k;
(Gf m(Jo) ¢ A(k1)) or zp < 21 = k1 (if m(Jo) € A(kq1)). In
either case, it holds that gzl < -z

Let Hy, denote the set of Jobs in X whose exact machine types
are in the tree rooted at type ko. If S(Hg,) > gx,, by observation
(i) above, the cost difference between wo and w} is s(.Jp) - Zz )
On the other hand, by observation (vi) above, the cost difference
between wq and w] is at most s(Jy) - gzl < s(Jp) - 22

If S(Hy,) < gk, since k1 € P(]C;) \ {kz2}, we Tmust have
S(Hy,) < gk, by Proposition 3.2.3, where Hy,, denotes the set of
jobs in X whose exact machine types are in the tree rooted at type
k1. Let Uy and V; be the upgraded and non-upgraded parts of w1,
and let Us and V5 be the upgraded and non-upgraded parts of ws.
It must hold that the upgraded part U7 has a total size no less than
the upgraded part Us, i.e., S(Uy) > S(Us), because gr, > Gk,-
This implies that the boundary machine type 23, of w; is no
higher than the boundary machine type 2, of wa, i.e., zp, < 2p,.
If z9 < zb2 , by observation (i1) above, the cost difference between
wy and w} is s(JO) , and by observation (V1) above, the cost

difference between wy and wf is at most s(Jp)- —2L o < s(Jo) =
If zp, < 22, we have 2y, < 25, < 22 < 27. By observations (1112)
(iv) and (v) above, Jy is added to U; and Uy of w; and ws
respectively, while an amount of job size max{S(Uy) + s(Jp) —
9k, 0} and max{S(Usz) + S(Jo) — gk,, 0} needs to be moved
from U; to V; and from Uy to Vo respectively. Thus, the cost
difference between w; and w) (and between wy and w}) is the
total cost of the moved portion after the movement. It is easy to see
that the moved portions satisfy max{S(U;) + s(Jp) — gi,,0} <
max{S(Us2) + s(Jo) — gr,,0}. In fact, if S(Uz) < gg,, we
must have S(Us) = S(X) = S(U;) and the claim follows from
Jk; > Gk, On the other hand, if S(Uz) = gi,, the claim follows
from max{S(Uy) + s(Jo) — gx,, 0} < s(Jp) = max{S(Us) +
s(Jo) — gk, , 0}. Moreover, since z,, < zp,, each unit moved from
U; to V1 must be moved to a machine type indexed no higher than
that of each unit moved from Us to V5, so the former must have
a cost-per-capacity rate no higher than the latter. Hence, the cost
increase from w; to w) must be no more than the cost increase
from wy to wh.

O

20



