APPENDIX

A. PROOF OF LEMMA 1

We define Ri—1 = (J;_, W(r;). Obviously, Rx—1 C Ri—1.
For each item © € Ry_1, let W' (r) denote the set of all the
items 7’ in R}, such that 7 € W (7). Figure 9 shows an example of
W=(r). It follows from the earlier explanation that each item in
W1 (r) must have a duration no longer than that of r. Moreover,
by definition, I(r) overlaps with each item in W ().
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Figure 9: Definition of W ! (r)

For each item v € W™'(r), it can be shown that I(r')~ >
I(r)~ —1(I(r)). Assume on the contrary that (')~ < I(r)~ —
I(I(r)). Since the duration of r’ is no longer than that of 7, it
follows that I(r')* = I(r")” +1(I(r")) < I(*")” +1(I(r)) <
I(r)~, which contradicts to the fact that I(r) overlaps with I(r").
Similarly, it can be shown that I(r')™ < I(r)* + I(I(r)). Note
that the X-periods of all the items in R, are disjoint. Therefore,
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Thus, we have

& = En:( Z s(r)-l(X(Ti)))
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TERK-1
< Y0 s(r)-3-1(I(r)
TERK_1
= 3-d(Rk-1)
< 3-d(Rp-1).

Hence, the lemma is proven. O

B. PROOF OF LEMMA 2

We prove this claim by showing that when the examination of an
altitude h completes, all the area between altitude ~ and the next
altitude A~ to examine (h~ < h) is colored.

Consider the coloring status of the horizontal line at altitude h
after h has been examined. It is obvious that this line must be fully
colored since by definition, the examination terminates only when
the uncolored interval set is empty. Thus, after the examination,
the horizontal line at altitude A consists of blue intervals and red
intervals only. A blue interval b may be colored during the exam-
ination of altitude h or an earlier examination of another altitude
T (Wt > h) (for example, [t4,ts5) in Figure 10). Note that blue
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Figure 10: Item placement in demand chart

coloring can only be done by step 18 of Phase 1 which colors blue
all the area below the altitude under examination to the bottom of
the demand chart. Thus, in either case, all the area below the blue
interval b at altitude » must have been colored blue.

Likewise, a red interval e may be colored during the examina-
tion of altitude h (for example, [t3,t4) in Figure 10) or an earlier
examination of another altitude h* (™ > h) (for example, [t1, t2)
in Figure 10). Note that red coloring can only be done due to item
placement (step 9). Suppose that e is colored due to the place-
ment of an item 7. This implies that r’s lower boundary (at altitude
h — s(r) or h™ — s(r)) must be below h. According to step 16
of Phase 1, the altitude of ’s low boundary would be added to M
for examination. Since h~ is the next altitude to examine after h,
it must hold that b — s(r) < h™ or h™ — s(r) < h™. Therefore,
the area below the red interval e between altitudes h and h™ are
colored red when the examination of altitude ~A completes.

By similar arguments, when the examination of the last (lowest)
altitude h completes, all the area between altitude h and the bottom
of the demand chart is colored. We remark that, strictly speaking,
the bottom line of the demand chart at altitude O is not colored. But
this does not affect the correctness of the following analysis for ap-
proximation ratio. U

C. PROOF OF LEMMA 3

It is obvious from the algorithm that r’s left boundary (at time
I(r)™), right boundary (at time I(r)*) and upper boundary (at al-
titude k) are within the demand chart. Thus, we only need to check
r’s lower boundary (at altitude h — s(7)).

Based on the proof of Lemma 2, at the beginning of an altitude
h’s examination, all the area above altitude h has been colored.
According to the algorithm, if an item 7 is allowed to be placed
at altitude h, its interval I(r) must overlap with some uncolored
interval I,, at altitude h. It can be inferred that the area above the
intersection I(r) N I, at height h cannot be colored blue. This is
because when blue coloring is performed over some interval, all the
area below the interval to the bottom of the demand chart is colored
blue (step 18). Thus, the area above the intersection I(r) N I, at
height h can only be all colored red.

Consider atime ¢t € I(r) N I,. Let Ss(t) denote the total size of
all active small items at time ¢. Recall that the height of the demand
chart at time ¢ is Ss(t). Thus, at time ¢, the distance from altitude
h to the ceiling of the demand chart is S5(¢) — h. Since this range
has all been colored red, by the algorithm definition, among all the
small items that have been placed before examining altitude h, the
total size of those active at time ¢ is Sg(¢t) — h. The new item r
to be placed at height h is also active at time ¢. If h < s(r), it
implies that the total size of all active small items at time ¢ is at



least Ss(t) — h + s(r) > Ss(t), which contradicts the definition
of Ss(t). Hence, h > s(r) and the lemma is proven. O

D. PROOF OF LEMMA 4

Assume on the contrary that there is an item r left not placed
at the end of Phase 1. We check the coloring status of its active
interval I(r) at altitude s(r), where s(r) is the size of 7. According
to Lemma 2, I(r) is colored at altitude s(r).

If some part of I(r) is colored red, let’s consider a point (¢, s(r))
that is colored red where ¢t € I(r). Suppose that (¢, s(r)) is colored
red due to the placement of another item r’ at altitude h’. Then, we
have t € I(r') and h" > s(r) > h' — s(r’). It follows similar
arguments to the proof of Lemma 3 that among all the small items
that have been placed before examining altitude k', the total size of
those active at time ¢ is Sg(¢) — h’. Note that items 7 and r’ are
also active at time ¢. Thus, the total size of all active small items
at time ¢ is at least Sg(t) — b’ + s(r’) + s(r) > Ss(t), which
contradicts the definition of Sg(¢).

On the other hand, if the entire interval I(r) is colored blue at
altitude s(r), let’s consider the maximum altitude h (h > s(r)) at
which the whole interval I(r) is blue. Then, one or more parts of
I(r) at altitude h are colored blue during the examination of alti-
tude h. Assume that the last part of I(r) is colored blue due to an
uncolored interval I,, satisfying I(r) N I, # (. Then, before the
last part of I(r) is colored blue, r is an item satisfying the condi-
tion for placement (step 7) since I (r) NI, # 0 and I(r)\ I, has all
been colored blue. Thus, instead of coloring I, (and the area below
it) blue, r should have been placed at altitude h, which again leads
to contradiction. Hence, the lemma is proven. O

E. PROOF OF LEMMA 5
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Figure 11: Item overlapping in demand chart

Lemma 2 has shown that the entire demand chart is colored after
Phase 1. According to the algorithm definition, any red area cannot
be further covered by any new item after it is colored red. Thus,
no two items can overlap in red areas. Now, it is left to show that
no three items can overlap together in blue areas. Assume on the
contrary that a blue area [t1,t2) X (hi1, ha] (where t; < t2 and
h1 < hg) is covered by three items 1, r2 and r3 in their placement
as shown in Figure 11. Suppose that the placement of each item 7;
causes an uncolored interval I; to be colored red at some altitude.
Obviously, I1, Iz and I3 cannot intersect with one another along
the time dimension. Moreover, since the area [t1,t2) X (h1, ho] is
colored blue, we have I; N [t1,t2) = 0 (i = 1,2, 3). Thus, at least
two of I, I and I3 must be on the same side of [¢1,t2). Without
loss of generality, assume that I and I3 are both on the right side
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of [t1,t2), ie., I; >tz and Iy > tp. Since Iz and I3 do not in-
tersect, assume without loss of generality that I5 is on the left side
of I. Then, it follows thatt2 < I, < I < Iy < If. Asa
result, between r2 and 73, the first item placed would have colored
the area [I;, I) x (h1, ho] red, making it impossible for the sec-
ond item to be placed. This leads to a contradiction. Therefore, no
three items can overlap together in blue areas. Hence, the lemma is
proven. O

F. PROOF OF THEOREM 2

Let S(t) denote the total size of all active items at time ¢. Then,
we have S(t) = Sr(t) + Ss(t) at any time ¢.

At any time ¢ when there are only large items active, it is obvious
that

(280 (t)] = [2S(t)] < [45(t)] < 4[S(®)].
At any time ¢ when there are only small item active, it is apparent
that
2[28s(t)] —1=2[25(t)]—1<2-2-[S(t)] —1 < 4[S(#)].
Now consider any time ¢ when there are both large and small
items active. Apparently, 0 < [2Ss(t)] — 2 - Ss(t) < 1. If
0 < [2Ss(t)] —2- Ss(t) < %, we can rewrite the total number of

open bins as follows.

|25L(t)] +2 [zss(tﬂ -1

= |25.(t)] +2-(2- Ss(t) ([2Ss(t)] —2- Ss(t))) — 1
= |250(t)| +4-Ss(t)+2- ([2Ss(t)] —2- Ss(t)) — 1
< [25c(t)] +4-Ss(t)+1-1
= |25.(t)| +4-Ss(t)
< 4-Sp(t)+4-Ss(t)
< 4A[SL(t) + Ss(t)]
= 4[5(t)].
If £ < [28s(t)] — 2 - Ss(t) < 1, we have [4Ss(t)] =
2[2Ss(t)] — 1. As aresult,
|25L(t)| +2[28s(t)] —1 = |25L(t)] + [4Ss(1)]
< [25L(t) +4Ss(t)]
< [4SL(t) +4Ss(t)]
< 4[S1(t) + Ss(t)]
= 4[S(t)]

In summary, at any time ¢, the total number of open bins is
bounded by 4[S(t)]. Therefore,

/ |2SL ()] dt +/ (2[2Ss(t)] — 1) dt
Urer I(r) Urerg (1)

< / 4[S(t)] dt
UrerI(r)
S 4- OPTtotal (R)7

where the last inequality follows from the bound given in Proposi-
tion 3. Hence, the theorem is proven. ]

G. PROOF OF LEMMA 6



According to First Fit packing, every time a new bin is opened,
the sum of the levels of the new bin and any existing bin must ex-
ceed 1 (the bin capacity). Since the items arriving in the second
stage do not depart in this stage (by definition, all the items depart
in the interval (¢, ¢ + p] which is part of the third stage), the level of
any open bin would never decrease over time. Thus, the sum of the
levels of any two open bins must always exceed 1 at any moment in
the second stage. Consider any moment in the second stage. Sup-
pose there are n open bins at that time. Let z; (: = 1,2,3,...,n)
denote the level of the i-th open bin. Based on the above reasoning,
forany 1 <7 < 5 < n, we have

z; +x; > 1. (11)

Adding up the inequalities (11) forall 1 < ¢ < j < n, we obtain

n—l Zmz

n—l)

It follows that

(12)

1< 1

Hence, the lemma is proven. 0

H. PROOF OF LEMMA 7

By definition, the supplier bin of b;, must have an index lower
than j;. Since b;, and b;, share the same supplier bin, the supplier
bin of b, also has an index lower than j;. Note that j; < jo, if bin
bj, is closed after time a;,, by definition, the supplier bin of b,
must have an index no less than j;. Thus, it can be inferred that bin

b;, is closed no later than aj,, i.e., IJ1 < aj,. Similarly, we also
have I+ < ajs, I;r < Gjyseees I;;_l < aj,. Therefore, all the
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periods I L2 1 Lb 2ul i 3 do not overlap and
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Figure 12: Case 1 of 7;, ’s arrival

If r;j, is an instance of Case 1 (see Figure 12), the length of
the supplier period Pj, ist —t3 = ¢t — (t — A) = A. Since
aj, <tz < aj, <aj; <--- < aj, <t+ p,all the periods
22 UL, 122 U2, ..., 172 U I fall in the time interval
from t3tot + p. Since they do not overlap, their total length is
boundedby t+p—t3 =t+p— (t —A) = p+ A. Thus, the total
length of P;,, I]Lf I]Lf, IJL; IJL;, Cl, Ijjf U IJL:‘ is bounded
by A+p+A=p+2A

If r;, is an instance of Case 2 (see Figure 13), the length of the
supplier period Pj is aj, + A —ts. Since t3 < aj; < aj, <

aj; < -+ < aj, <t+p,allthe periods I;> U I3, ;2 U I

Ji1 2 T2 Jz2
IL2 U IJL3 fall in the time interval from aj, tot+ p. So,
thelr total length is bounded by ¢t + p — a;,. As a result, the total
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Figure 13: Case 2 of r;, ’s arrival

length of P;,, I3 U I, 12 U2, ..., I;* UL is bounded

byaj, +A—tzs+t+p—ay 7p+A—|—t—t57p+2A
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Figure 14: Case 3 of 7;, ’s arrival

If r;, is an instance of Case 3 (see Figure 14), the length of
the supplier period P, is (aj; + A) — (a;; — A) = 2A. Since
t <aj <aj, <aj; < - < aj, <t+ p,all the periods
ILZ UILls, IJL; U[L3 - I] LJIJL3 fall in the time interval from
tto t+ p. So, their total length is bounded by p. Therefore, the total
length of P;,, I3 U I, 12 U2, ..., I;> UL is bounded
by p + 2A.

Hence, the lemma is proven. (]

I. PROOF OF INEQUALITY (7)
For each bin group H € G, let I-2

part of the period I (2H

e — Ugeg Py () denote the

that does not overlap with any supplier pe-

riod of the flag bins of all bin groups, and let IfL(zH N(Uceg Pr(c)y)

denote the part of the period It that overlaps with the supplier
periods.

Since s(rymy) <

f(H)

+2A, it follows that

s(rycm) - Z(I,%(ZH) n (UGeng(G)))

A
p+2A U

Therefore, based on (5) and (6), we have
d(Pycany) + s(rycny) - 1Ty,
d(Prn) + s(rscn) - U 3y)

IL

< F(H)

N (Uceg Pra)))-

—UcegPr(a))

—s(recmy) - (I3 N (Ueeg Pra)))
A L
> 87 TR ALy N (Ueea Pra)))
A L L
> SR (1Pra) + > w2 u )

bjeH



A
Cpt2A (I8 N (VaeaPrey))
A L
TN (Z(Pf(H ) + (I3, — Uaes Pra)) JrIf(3H>)
A L L
+— (152 U Ike)
2A J J
P b €H,j#f(H)
> 2 (ip WIfa VI P
< L1 oA ~(( (i) + (f(H Ul — Uceg f(G>))

A
oA Z WIf?UI). (13)
bjeH,j#f(H)

By definition, different groups of bins have different supplier
bins. Thus, the supplier periods of the flag bins of all bin groups,
i.e., Py(m)’s, do not intersect with each other. In addition, the Lo-
periods and L3-periods of all the bins do not intersect with one
another as they are associated with different bins. Therefore, any
time point associated with each bin can simultaneously belong to
at most one supplier period and one Lz-period or one Ls-period.

As a result,

U (Pranu (U 7o)

Heg bjeH

(e, Y

b;eH,HEG

(1 u1f))

can be broken into the following disjoint periods: Pj(z for each
bin group H € G, and (IjL2 UIjL3 —Ugeg Pr(a)) for each bin b; in
each bin group H € G. Also note that item 7; is active throughout
the period 1 JL 2,

Hence,

d( U Franu (U UIJ-L‘”’))))

Heg bjeH
= Y d(Pia)+ >, d(I[?UI® —UgegPra))
HeG bj€H,HEG
> Y d(Pray)+ Y d(I* = UcesPro))
Heg b,EH,HEG
> Y d(Prany)+ Y s(ry) - 1(I[* — Useo Pr(o),
Heg bjeH,HEG
(14)
and
(U Pranu (U 12 ur)
Heg b;€H
= Z U(Pycmy) + Z I(I7? VI = Useg Py(ay)-
Heg b;€H,HEG
(15)
Combining (13), (14) and (15), we have
d( U Pf(H)U( U (If2uff3))>
HeG bj€H,HEG
=d( U (Pramu U a2 ury))
HeG bjEH
> > AP+ Y s(ry) U(I[* = Uceg Pra)
Heg b;€H,HEG
> Y d(Pyy) + Y s(rscm) - LI 12y, — Uaes Pra)
Heg Heg
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> (d(Pf<H>) +s(ram) - LI &y — Uceng<G>))

Heg
A
> > UPsm)
p+2A Heg
A Lo L3
+m';egl (3¢ Y Iy = Ysea Pricy)

A L L
+p+2A-Z SoapruI)

HEG bjeH,jAf(H)

Y

A
PEEYN > UPram)

Heg

A
+p+ 2A Z 1(I}* UI* — Uceg Pr(o))
bj€H,HEG
A
= on (U B v airuiy)
HEG bjeH
A a
RSN (U Panu( U arur)). as
P Heg b;€H HEG

Recall that the bins in the bin groups of G include all the bins b;
where I # (J and an item of size less than ﬁ is placed in b;

by the end of I*. According to Proposition 5, for all the other bins,
I/* = (and I/ = 0. Thus,

U

bjeH,Heg

(1 uIt) =

Uatz v,

i=1

As a result, (16) can be rewritten as

m

( U Pran v (U, U1L3)))

Heg =1

(s

A
ST (UPf<H>U( (2 U L)) an

I
—

2

The remaining periods in the left bin usage time, i.e., |J], I, IF -

Usneg Pran U (U, 172 U I7#)) € U, I, all fall in the
Lq- perlods of the bins. By Proposition 4 the bm levels are at least
+2 —5x high in these periods. Therefore, we have the following re-
{ation between the length and the time-space demand of these peri-
ods:
m
U Pron U (U= u1i))

Heg i=1

U Pran U O[L2U1L3 ). (18)
1=1

Heg

p+2A (UI
L_
Sd(izulh

Combining (17) and (18), we obtain
= L
p+2A ';l(l
— A " L
Cp+2A (U
A -Z(UP U61L2 IL3>
T 2A f(H)

Heg i=1
IF - Primy U ( " (Ij2 U I®))
p+2A (U U FH) Z:LJ1 )

Heg

IN



<d( U Pram u(U(JjLQ uI))

+d(UI - U Pron v ( UI U[J'Lg)))
d(CJI)
>

i=1

IA

(Ly).

U
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