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Abstract The control framework of hierarchical consistency of timdiscrete-event systems (TDES’s) is investi-
gated in a standard two-level hierarchy. Real-time corscaptl the associated theoretical results supporting ¢ensis
TDES hierarchies are developed. Where the given low-leyglesn model of the hierarchy possesses time fidelity,
a consistency version that assures time fidelity of the keght system model is also developed. Importantly, this
version furnishes a sound real-time high-level specificatiesign foundation for hierarchical control. An example
illustrates the new time-fidelity control foundation. Givehat in general, a given two-level TDES hierarchy is not
hierarchically consistent between the levels, the strataxistence and synthesis of thefstiency structure for hier-
archical consistency is investigated. Both the timed weisof hierarchical consistency - without and with outportet
fidelity guarantee - are successively treated. The abitract output-system refinement procedures for the version
without output-time fidelity guarantee are first developedd class of TDES hierarchies under mild output-system
design restrictions. The abstraction methods for the eensith output-time fidelity are then developed for a subglas
‘linearly’ structured under further output-system desigastrictions. A detailed example explains and illustrakes
use of an overarching method developed.

Keywords Hierarchical control timed discrete-event systemfrmal languagesfinite automata.

1 Introduction

Under the general framework of formal languages and finitdifite-state) automata, the seminal concept of hier-
archical consistency for logical or untimed discrete-¢é\@stems (DES’s) (Zhong and Wonham, 1990) is suitably
extended to timed DES’s (TDES's) in this paper. In a twodgustimed hierarchical control setup, conceptualized in
(Zhong and Wonham, 1990) and algorithmically realized iggfdnd Seow, 2014a), the system at the low level drives
the system at the high level which is an abstraction of theaéoy via an information channel modeled by a hierarchi-
cal reporter map. Depicted in Fig. 1, this setup consistsvoftiorizontal levels of standard feedback control which
are vertically interconnected so that a manager at the leigdl (or high-level supervisor) can issue commands to an
operator at the low level (or low-level supervisor) to cohtx real DES modeled by a Moore automaton (Eilenberg,
1974), in response to information of interest sent up froenltiw level to the high level. By hierarchical consistency
between the levels (Zhong and Wonham, 1990), a low-levedrsigpr implementing feasible commands issued (or
virtual controls) at the high level can fully realize a cafiaible prefix-closed specification task (Ramadge and Won-
ham, 1987) prescribed at the high level. The importanceafihchical control stems from the fact that, in general,
a hierarchical structure conforms better to practice andees a given system more manageable for system spec-
ification and control in terms of large-scale system desmmprehensibility and improving control computational
efficiency (Ngo and Seow, 2014a).
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Fig. 1 The command & control hierarchy (Zhong and Wonham, 1990)

Based on architecturally the same two-level setup as thiaratd@cal control of untimed DES’s (Zhong and Won-
ham, 1990), in this paper, a TDES hierarchy is modeled by ardMaatomaton representing the low-level system
driving the high-level system of the hierarchy. The Mooréauwaton is constructed from a given TDES (automaton)
model for the low level and a new timed formulation of a hiehécal reporter map modeling the information channel,
via which the high-level system is ‘virtualized’ and drivien the low-level system. The Moore model of the low-level
system may be constructed from a TDES model proposed in @Braand Wonham, 1994). This TDES model is
a timed transition graph, and is a formulation that posseseand system (event-) timing semantics as implicitly
founded in (Brandin and Wonham, 1994), but formally and ieip} elucidated in this paper. In this system model,
time is represented by a special event denoting an atonkiofithe global clock. By sound system timing seman-
tics, we mean the system model possesses time fidelity, abaring time progression as unstoppable and never
halting an executing activity event. In generalizing hiehécal control to real time, the high-level system abgtcac
may aggregate time but should respect high-level time fidét tandem with the low-level system model respecting
low-level time fidelity. Without high-level time or outptitne fidelity, designers would often need to go beneath the
abstraction level to ensure that desired timing requirgsare correctly specified for the real system at the low Jevel
and this as a result could increase complexity afiorein specification design and synthesis.

There are several real-time control approaches usifigrdint TDES models proposed in the literature. Besides
‘timed transition graphs’ (Brandin and Wonham, 1994), otietable TDES models include ‘clock automata’ (Brave
and Heymann, 1988), ‘timed transition (semantics) mod€lstratf and Wonham, 1990), ‘timed state automata’ (Cas-
sandras, 1993), ‘timed automata’ used in (Wong-Toi anffridan, 1988; Alur and Dill, 1994), and ‘timed Petri nets’
(Cofer and Garg, 1996). Timed transition graphs are a slsgikclass of finite automata formulated as system mod-
els for real-time supervisory control of TDES’s in (Brandind Wonham, 1994), and are able to represent a variety of
timing issues for a useful range of control problems (Wonh2016). Despite the well-known complexity shortcom-
ings of timed transition graphs as TDES models (Knap, 20@ha@ and Wonham, 2003), the real-time nonblocking
control theory (Brandin and Wonham, 1994) and its subsedgiex@lopments form a mathematically rigorous body of
conceptually rich work based on this graph model. Theseldprents include work on supervisor reduction (Gohari
and Wonham, 2003),flécient control synthesis using binary decision diagrams@Bp(Saadatpoor and Wonham,
2007), control under partial observation (Lin and Wonha@$95t Cai et al, 2014), nonblocking control with commu-
nication delay (Park and Cho, 2008), specification autométnsparency for validation (Dhananjayan and Seow,
2015) and translation (Dhananjayan and Seow, 2014) frorass df real-time temporal logic, decentralized control
(Nomura and Takai, 2011, 2013; Sadid et al, 2014), modulatrab(Ho, 2003; Schafaschek et al, 2017), localized
or distributed control (Zhang et al, 2013) and that with camivation delay (Zhang et al, 2014), and hierarchical
control (Wong and Wonham, 1996; Saadatpoor, 2009). In aearech, we add to this intellectually promising body
of real-time control research by extending the monolithinteool theory for TDES'’s (Brandin and Wonham, 1994) to
hierarchical control. The contributions include a numbien@w timed concepts to support hierarchical consistency
with output-time fidelity, within the same elementary framoek and computational foundation for formal languages
and finite automata.

Central to timed system abstractions for hierarchical istascy, without and with output-time fidelity guarantee,
is the strict version of the respective new system abstiactoncepts called output-control consistency and timed
output-control consistency, extending the untimed vergichong and Wonham, 1990) to real time in this paper.
Of critical interest is the latter stronger concept thattaegs the notion of time fidelity in system abstraction. The
need for physical time fidelity in system abstraction is lpartotivated by challenges in real-time design of cyber-
physical systems (CPS’s) (Lee, 2009, 2010). Charactedsdublistic integrations of computation, communication,
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and physical systems, CPS’s are an important source ofrbiecal TDES's. In CPS research, it has been put forth
that system abstractions carried out need to unify the gt (i.e., digital or physical) timing dynamics and the
high-level (or cyber) computations in a high-level systewdel with correct time representation for control design.
Generalizing logical (Zhong and Wonham, 1990) to timeddrighical control and borrowing the CPS terminology
from (Lee, 2010), the proposed system abstraction for hibieal consistency with output-time fidelity is said to
correctly ‘physicalize the cyber’ by aggregating the phgéty of time into the cyber (virtual) system, and ‘cyberiz
the physical’ by semantically linking cyber or high-leveleats and their control properties, defined in the cyber
system for an application of interest, to appropriate ptaisiontrol behaviors in terms of timed low-level events in
the real (physical) system. Importantly, with or withouné fidelity, the high-level TDES model of the hierarchy
resulting from the application of either abstraction cqrigeroposed is endowed with a natural control structure,
which subsumes the tick preemption concept of event forBngndin and Wonham, 1994) and is a generalization of
the untimed version (Zhong and Wonham, 1990).

Despite its importance as a control architecture, therelatively little work on hierarchical control in a real-
time framework. One related earlffert (Wong and Wonham, 1996) extends the hierarchical cbotiogical DES’s
(Zhong and Wonham, 1990; Wonham, 2016) - a bottom-up (ofleldiatraction) design approach - to atimed version.
However, unlike the timed transition graph formulationte TDES model (Brandin and Wonham, 1994) adopted for
our research, in (Wong and Wonham, 1996), the system pyop&time not halting an executing event is relaxed for
both levels of the hierarchy. Because of this relaxatioa tittk event at both levels is akin to timedin general, and
may be treated like any other event. The research therefme mbt consider system time fidelity, and in this aspect
is fundamentally dferent from this paper.

Another related fort (Saadatpoor, 2009; Saadatpoor et al, 2008) extendsetadhical control using state tree
structures (Ma and Wonham, 2005) - a top-down (or detaihegfient) design approach - to a real-time version. In this
approach, a given TDES model is of the type (Brandin and Want®94) possessing time fidelity, and is encoded
(equivalently) into a timed state tree structure withootetiaggregation or abstraction fdfieient BDD-based control
synthesis. System time fidelity is a non-issue in this costartal approach.

The rest of the paper is organized as follows. Section 2 pteserelevant background for and on the modeling
and control-theoretic study of TDES's that includes urteag the fundamental properties of system tick preempt-
ability and time fidelity. Section 3 follows up with a Moorestgm formulation for two-level hierarchical control, and
explains the need for system output-time fidelity. Sectialefines the constituent concepts for the system concept of
timed output-control consistency, by which the systemralbtibn at the high level possesses a natural timed control
structure as the system at the low level. An earlier versfdhework in Section 4 was published in (Ngo and Seow,
2014b); the concepts are more fully developed in this pdpgether with these constituent concepts, Section 5 adds
a timed concept of partner-freeness to formulate systeficigncy structures for hierarchical consistency between
the two levels, without and with output-time fidelity guale&. Section 6 investigates the structural existence and
synthesis of the dficiency structure for hierarchical consistency, based acwin Section 7, it is shown that hierar-
chical consistency can be achieved for a class of TDES loleies under mild output-system design restrictions, and
the version with output-time fidelity can be achieved for bdass ‘linearly’ structured under further output-system
design restrictions. Section 7 ends with a discussion orrgdiming and scaling to multiple levels the consistency of
a two-level hierarchy. Section 8 concludes the paper. Eiesrand figures are provided to help explain and illustrate
the theoretical concepts and the use of the proceduresopedk|

2 Background

The relevant notation for and background on supervisoryrobaf TDES'’s, taken mainly from (Ramadge and Won-
ham, 1987; Brandin and Wonham, 1994), are reviewed in thuscse The fundamental properties of preemptability
and fidelity of system atomic time, founded implicitly in @rdin and Wonham, 1994), are explicitly defined or
elucidated for our subsequent theoretical development.

1 A timeout event can be used in timed models as explained ins@airas and Lafortune, 2008b). It is a marker that spedifees
maximal duration that a system can stay in a system stateinwithich an activity event it is defined for at the state iseotpd to occur.
A timeout occurrence indicates that the activity event laled to occur within the specified duration. Because thedut occurrence
may model disablement of the activity and other events uperiag a new state, it is fierent from time ticks that simply model time
progression.
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2.1 Languages & Automata for TDES Modeling

Let X be a finite set of symbols representing events. A string isite fiequence of events. LEt be the set of strings
overZ, including the empty string (a sequence with no events); afidl = >* — {¢}. Given a strings e 2*, a string
s is a prefix ofs, denoted bys' < s, if (3t € 2*)s't = s; a strict prefix ofs, denoted bys' < s, if § < sands # s,
and a stfix of sif 3t e 2*)ts' = s.

A formal languagd is defined ove by a subset ai*. ForLy, L, = 2*, L, is said to be a sublanguagelofif
Ly < Ly. The prefix closure ok, denoted byL, isL = {s' | (3se L)S < s}, the set of prefix strings of strings In
Clearly,L < L, andL # & providede € L. The languagé is said to be prefix-closed if = L.

A regular language is a language that can be generated byeadtaie automaton (Hopcroft and Ullman, 1979).
An automatorG is a 5-tuple(Q, X, 6, go, Qm), WhereQ is the set of states; is the finite set of events,: 2’ x Q —» Q
is the (partial and deterministic) transition functiap,is the initial state, an@, <= Q is the subset of marked states.
Note that the state s€is finite unless otherwise specified. That an evert is defined at a staige Q is denoted
by 6(c, g)!, and —§(o, g)! otherwise. For an event subsgt< 2 and a statg € Q, let2’(q) = {o € 2" | 6(c,Q)!},
the subset of events i’ that are defined at statp The transition functiors can be extended t&* as follows:
6(e,q) = g, and (Vo € X)(Vs € 2*)5(s0, q) = (0, 6(s,q)), which is defined iff = §(s,q) anddé(o, d) are both
defined.

Two languages characterize the behavior of autom&amamely, the prefix-closed languabéG) = {se 2* |
4(s,0o)!} and the marked languaden(G) = {se L(G) | (S, tb) € Qm}. By definition,Lim(G) < L(G). We write
G = EMPT Y(called an empty automaton) provided the stateset ¢j; andL(EMPTY) = Lp,(EMPTY) = &.

A stateq € Qis reachable (from the initial statg) if (3se€ 2*)4(s, qo) = g, and coreachable {fise 2*)5(s,q) €
Qm. AutomatonG is reachable if all its states are reachable, and coreazlifadll its states are coreachable and so
Lm(G) = L(G). Finally, automator is trim if it is both reachable and coreachable.

Graphically, an automato®8 is represented by an edge-labeled directed graph as follwgsaphical node de-
notes an automaton state.cAlabeled edge, directed from a node denoting a sjatea node denoting a statg,
represents the transition of evenfrom qto ¢, i.e.,é6(c,q) = . A node with an entering arrow denotes the initial
stateq, and a node that is darkened or is a double-concentric amsietes a marked state.

An automatonG is usually formed by the synchronization wfcomponent automat@:,Gy, -+ ,Gn, N = 2,
whose interactions among them may be modeled on the syrmls@peratofl (Cassandras and Lafortune, 2008a);
and is denoted bz = G; || G2 || --- || Gy, called the synchronous product. This product may be coctstd for
n = 2 as detailed in (Cassandras and Lafortune, 2008b), antsieely so forn > 2 by the associativity of. If then
automata share the same event set, then the synchronougfgeoeduces to the Cartesian product (Cassandras and
Lafortune, 2008a), modeled on the Cartesian operatand denoted bg = G, n G, - - 1 Gy,.

2.2 Timed Discrete-Event System (TDES) Model

A TDES (Brandin and Wonham, 1994) can be modeled by an autontatled activity transition graph (ATG) and the
timing information associated with each system event. Goimgp the ATG model and timing information furnishes
a timed transition graph (TTG), an automaton generatinfiqe@-closed and marked languages that explicitly model
the timed behaviors of the TDES.

Formally, the ATG of a TDES is the automaton

Gact = (A, Zact, Oact, 30, Am), (1)

where the state set is redesignateddathe set of activities, and is finite, with each activity asated with a time
duration, X, is the finite set of activity eventsgc; : 2act x A — Alis the activity transition functiorgy is the initial
activity, andA, < Ais the subset of marked activities.

LetN = {0,1,2,- - -}, the set of natural numbers. In associating the A with timing information, each event
o € Xyt is assigned with time bounds, namely, a lower time boyne N and an upper time boung, € N u {0},
wherel, < u,, and specified as{l,, u,]. A time bound is quantified in terms of a number of ticks of thebgl
clock. A time tick is denoted by a special event symiich ¢ X, and its occurrence denotes a transition or passage
of an atomic unit of time. Under these time bound assignmentg is divided into two disjoint subsetsspe and
Zrems 1€, Zact = Zspe U Zrem and Zspe N Zrem = &, and this partition is denoted WYaet = ZspelZiem. The set
2rem = {0 € Zat | U, = o0} is called the subset of remote events; and thelggt = {0 € Zact | U, < 0} iS
called the subset of prospective events. Each avent, has a local countdown timey with a default value,,
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initialized asu, if o € Zspe andl,, if o € Ziem. Intuitively, the existence of a lower time bound means #magvent-
is only eligible orready to occuiin the TDES aftet, ticks upon entering an activity i6,¢ (1) whereo is defined,
and will never occur before that; and eaatk occurrence decreases the timeby one tick count, untit, = 0. If
o is a remote event ang is or has decreased to 0, it becomes eligible but might or nmghoccur next. Ifo- is a
prospective event, it might occur during<t, < u, — |, and must occur next whep = 0 (at which it is said to be
imminent) unless it is preempted by another eligible atstigivent. The timer interval or duratidD,, is defined foro-
as[0,u,] if o € Zspe and[0, ] if o € Ziem. Thereforef, € D,. Being instantaneous (Brandin and Wonham, 1994),
an event occurrence is modeled as abrupt with no time duaratio

Let2 = X 0{tick}. Given the ATGG, (1) and timer information as defined above for each eveatX,, the
TTG of the TDES is the automaton

G= (Q’ 2’ 6’ Jo, Qm), (2)

with finite state seQ = A x [[{D, | o € X4t} @and marked state s€, = A x [ [{D, | o € Zact}- Each state e Q
is of the formqg = (&, {t, | o € Zact}), andgp = (ao, {t,0 | o € Zact}) is the initial state.

For an activity eventr € X, and a state] = (a,—) € Q, o is eligible atq provideds(o, g)!, and is said to be
enabled at) provideddaci(o, @)!; and (o, q)! iff dact(o, @)! and

{t(r =0, ?f o€ Zrem 3)
0<t, <U, — |y, if 00 € Zgpe
The TDESG is also subjected to both the following conditions: For gw@r= (a, —) € Q,
s(tick, q)! iff (VB8 € Zspe dact(B, @)!)tg > O; (€]
(Vse X 6(s ))d(s.a) # a. ®)

Condition (4) - time-progressivity (TP) - characterizeattthe time eventick is eligible at statey provided no
prospective event is due at the state. Condition (5) - agtleop freeness (ALF) - asserts that there is no activigplo
at a state] € Q in TDESG. An activity loop is a cycle containing only activity evengnd repeated execution of an
activity loop is deemed to incur no time duration. As suclpare physically infeasible, this condition is needed to
exclude such loops in (the languages of) TDES

In meeting TP (4) and ALF (5), the persistence of time (ewohjtis not violated in TDES mod&3, characterizing
the fact that a TDES can never stop the clock (Brandin and \A/oni1994).

We now briefly review TDES composition (Brandin and Wonha894). A TDESG is usually a modular system
of ncomponent TDES'&1,G,, - - - ,Gp, N = 2, with their respective component ATG3 act, Goact, - * - » Gnact; and
it is herewith denoted bz = G;||G,|| - - ||Gn, Where|| is called the composition operator. The approaclHj|-of
composing the modular TDES based orG,ct = Giact I| Goact Il - - - Il Gnact - the ATG of G, is detailed in (Brandin
and Wonham, 1994). Where no two arbitrary component TDES#sesan activity events = G1|Gz|| - [|Gn =
G11G2 |l --- || Gn (Wonham, 2016).

2.3 Timing Properties of TDES Model

For an automatof® of the type (2) modeling a TDES, the following are its quahtatemporal properties.
Property 1 (Persistence of timet q = §(S, o). Then(Zac(Q) = &) = 4(tick, g)!.

Proof For a statey = (a, {tz | B € Zact}), asSume,i(q) = . Then, to prove thad(tick, g)!, according to TP (4),
we need to show that for gl € Xspe Such thava(8, @)!, ts > 0. SinceXa(q) = o iff for all B € Zact, —6(B, ), it
follows by the assumption and (3) that, for AlE Xspe Such thav(8, a)!, ts > Uz — Iz > 0, i.e.,tz > 0. Hence the
property. o

The property states that a time evéick is always eligible at a reachable state with no eligiblevétytievents. By
Property 1, the continual time elapse that persists eveangltire transience or absence of system activity is modeled.
The next property strengthens Property 1.

Property 2 (Prospective persistence of tirhe} g = (s, o). Then(Zact(0) N Zspe = &) = 6(tick, g)!.

Proof For a state] = (a, {ts | 8 € Zact}), aSSUME5¢t(0) N Zspe = . Then, SiNC&ye(0) N Zspe= & Iff Zaci(d) = I
or (Zaci(Q) # I & Zact(d) S Zrem), We Need to prove two cases, as follows:
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— Case 1Suppose&,(q) = &. Then, by Property 1, it follows tha(tick, g)!.

— Case 2Supposey.(Q) # I & Zact(Q) < Zrem Then to prove thad(tick, g)!, according to TP (4), we need to
show that for every evefite Xspesuch that,(8, @)!, tz > 0, as follows:
Applying the fact thatiem N Zspe = &, We haveXae(0) N Zspe = &, meaning that-6(8, q)! for all 8 € Zspe
Therefore, by (3), it follows that, for gt € Xspe Such thaba(8, @)!, tz > us — g = 0, i.e.,tz > 0.

Hence the property. o
The property states that the evéiok is always eligible at a reachable state with no eligible peasive event.
Property 3 (Time invariance of event eligibilityet q = 6(s, go) andq’ = §(tick, q). ThenZae(q) S Zac(d).

Proof Let g = d(tick,q), with g = (a {ts | B € Zact}) andq’ = (&, {t; | B € Zac})- Sinced = 4(tick, g) and
—6aci(tick, @)!, & = a. Therefore, folB € Zact, Sact(B, @)! Iff dact(B, &)!. SinCEZact = ZspelZrem, t0 show that for
B € Zact, B € Zact(Q) = B € Zact(d), we need to prove two cases, as follows:

— Case 1 Suppose8 € Zt(0) N Zspe Thend(B,0)! and by (3),6ac(8,@)! & 0 < t3 < Ug — Ig. Sinced(tick, g)!,
tz > 0 by (4). Sinc&aci(B,a)! & B € Zspe & tg > 0, the occurrence dick only decreases timey by one unit,
i.e.,t/; =tz — 1. Hence, since & tlli < Ug — lg & 8ac(B, &), 6(0, d)! by (3), and therefor@ € Zaei(q).

— Case 2 SupposeB € Zuet(d) N Zrem Thend(B,0)! and by (3),dac(8,a)! & t5 = 0. Sincedae(B8,a)! & B €
Zem & t3 = 0, the occurrence dick does not decrease the timigrfurther, i.e.,t; = t; = 0. Hence, since
té =0 & 6act(B, @)1, 6(B,d)! by (3), and thereforg € Z(d).

Hence the property. o

The property states that eligible activity events at a rablehstate remain eligible at another following the time
elapse of a tick. By Property 3, the continual execution ofetivity event as time elapses iffextively modeled.
Applying this property iteratively, tick occurrences repent the elapse of time until some eligible activity event
occurs instantaneously.

2.4 Control-Theoretic Setting & System Time Fidelity

The control-theoretic setting (Brandin and Wonham, 1984)I/DES’s assumes that the subset of events controllable
by an external supervisor is predetermined. In a logical DdSevent is controllable if it is prohibitable, in that it
can be prevented from occurring by (control) disablemexteding to a TDES5 (2), this notion of controllability

is subsumed for activity events, and the euv@k solely denoting an elapsed real time is also consideredatatile
wherever its system transitions can be preempted. In TGES), it is further postulated that an eventiig,e is not
prohibitable, or uncontrollable, and it must occur nexteits upper time bound is reached unless it is preempted
by another eligible activity event, whereas an evenfim, may be. WithZ,e; = ZspelZiem, it follows that the set of
prohibitable events, denoted By, is a subset ke, i.€.,2hih S Zrem. IN What follows, the uncontrollable event set
is defined agty = Zact — Zhib = Zspel (Zrem — Zhib). Let Ztor S 25t be the set of forcible events. An eventig is
either forcible or it is not. An enforced forcible event cartyopreempttick, i.e., onlytick will not occur next, at a state
where bothtick and the forcible event are eligible. As a forcible event carelther prohibitable or uncontrollable,
various cases with regard to the preemptabilityick by a forcible event are distinguished in Definition 1.

Definition 1 (Tick preemptability) The eventick € X'(q) with g = 6(s, qp) for an arbitrarys € L(G) is said to be
non-preemptable afif 2 (q) n2tor = &f; unambiguously preemptablegif 2 (q) N Zior 02y # &f; and ambiguously
preemptable a if 2(q) N Xtor 0 2y = F & 2(Q) N Zor N Zhip # .

Where the context is understood, tatin Definition 1 is dropped when referring to tick preemptéii

The eventtick is ‘controllable’ by preemption through a forcible evengt by disablement as for an event in
Zhib, Since nothing can stop the global clock. Accordingly, tbatmllable event set is defined &8s = 2 — 2, =
2hipu{tick}. Therefore2 = 20X, and this is identical to the control-theoretic setting fagital DES’s (Ramadge
and Wonham, 1987).

Whenever it is not written as a member of the respective esebsets, a prohibitable and an uncontrollable
event may be identified by a superscript and ‘-’ on its event symbol, respectively, and additiogdthllowed by a
superscript ‘#' provided the event is forcible.

We now define the various notions of control strings (and &)emith respect to (w.r.t) the transition structure of
a TDESG. Given an arbitrary nonempty strirfg= o102 - - - ok € 2* which is a stfix of some string oL (G), and
whereco; € Z for alli (1 <i < k), stringsis said to be
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controllable if, for some (1 < i < k), o € Zhip, Or o = tick and is unambiguously preemptable;
uncontrollable if, for ali (1 <i < k), oy € 2y, or o = tick and is non-preemptable;

ambiguously controllable if, for all (1 < i < k), o € 2, or o = tick and is not unambiguously preemptable,
and for somg (1 < j < k), oj = tick and is ambiguously preemptable;

preemption-unambiguous if, for dl(1 < i < k), eithero; € Xy, Or o = tick and is not ambiguously preempt-
able.

Note that a string as defined above is either controllable, uncontrollabledsiguously controllable. Therefore, it is
not controllable if it is either uncontrollable or ambigwhucontrollable, or equivalently, for al(1 < i < k), o € 2,
or o = tick and is not unambiguously preemptable. An ambiguously obiabie event is an ambiguously preempt-
abletick. A preemption-unambiguous string does not contain amhbiglygpreemptable ticks, and an uncontrollable
string is preemption-unambiguous.

Now, given the uncontrollable event ggtin the control-theoretic setting formulated, an importsygtem model
property that strengthens Property 1 but weakens Properisty2be presented.

Property 4 (Uncontrollable persistence of timedt q = 6(s, Qo). Then(Zac(q) N 2y = &) = §(tick, g)!.

Proof By the fact thatspe < 2y, a logical corollary, replacingspein Property 2 by, follows. Hence the property.
[}

The property states that the eveiuk is always eligible at a reachable state with no eligible mtadlable event.
This means the evolution of time in the modgldoes not halt regardless of the absence of activity eventiseor
disablement of all eligible prohibitable events at a rehthatate.

Properties 1 to 4 present new supporting insights for oweareh. They provide a clearer understanding of the
TDES modelG (2) (Brandin and Wonham, 1994) reviewed. In fact, Propsreand 4 together with ALF (5) of
the TDESG model system time fidelity, characterizing time progressie never halting an executing activity event
(Property 3) and unstoppable (Property 4 and ALF (5)). Eajaintly, the modeG is said to possess sound system
(event-) timing semantics; or the tintiek is said to be>-uninterrupting.

In general, an arbitrary TDES model is said to possess tineétfidf it is a TTG G that obeys Properties 3 and 4,
as well as ALF (5).

2.5 Supervisory Control of TDES's

For a sublanguage < L(G) (having the same event sE}, letZ4(q) = {o € 2 | §(0,q)! andso € L} be the set of
eligible events at stagw.r.t > and the strings € L, such that] = §(s, go). Then a (specification) languagec 2*
is said to be controllable w.1G if, for all se L with L = K n L(G),

Ly - | Z(@) N (Zu o {tick}), if 2(a) 0 Zior = &
2@ =2 {Z(q) A S, if ZL(q) A Zror % .

Intuitively, it means that following an arbitrary strirge L, the TDESG does not slip out (of and hencé) on an
uncontrollable event, and amigk that it may slip out on can be preempted without the TDES Blipput as a resullt.
In general K may not be controllable w.r®, but the supremal (or largest) controllable marked suhlagg of the
TDESG that lies withinK exists. This sublanguage can be generated by a trim automanoputed a$ upcorG, K)?
(Brandin and Wonham, 1994; Wonham, 2016), and is exdcflyovidedK is controllable and. = K n Ly(G).

SupcoiG, K) is a timed supervisor automat@with the same event sét, and is said to be nonblocking (for
TDESG) sinceLn(S) = L(S) for a trim and hence coreachal3e= S upcofiG, K). As a supervisor that can generate
the marked language & upcoliG, K) in conjunction with TDESG, S = SupcoiiG, K) is said to be optimal or
maximally permissive (w.r& under languag&). To exercise supervision @B, the supervisos can ‘disable’ events
in 2. = ZhipU{tick}, i.e., disable prohibitable activity events and preetigit, where appropriate.

Let G be TDESG but with all its states marked. It follows that® = S upcoriG, K), thenL,(S) = L(S); and
by definition, an arbitrary languagefor whichZ ~ L(G) = L(S) is controllable w.r.G. Such a ‘safety’ supervisor
S obtained forZ is not guaranteed to be nonblocking for the original TOESInlessZ n Ly(G) = L(S).

2 Note that, since TDES is a (finite-state) TTG, the language of interest for conssaithesisK n Lm(G), is a regular language and
can thus be modeled by a TTG. In the algorithmic computatidbortham, 2016) ofS upcoiiG, K), K can be practically expressed as a
regular language by a specification TTG.
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Finally, in practice, a (control) specification language, abitrary constraint on which a supervisor is to be
synthesized to restrict (the behavior of) a TDES as specifgedrescribed by an automaton. To fix the notion of
specification languages in automata, we define a specificali® C for a TDESG as a trim automaton that shares
the same event set as the TDESThis TTG is said to prescribe the specification langulgéC) for restrictingG
to within the languagé.,,(C m G). Note that the essence of the control requirements by spewifn TTGC is in
the ‘composed’ specification TTG ~ G, which prescribes intra-system restrictions. As thesgictisns include
prohibitions on activity events and tick preemption in gaheC n G need not satisfy Properties 3 and 4 of system
time fidelity.

3 Towards a TDES Hierarchy with Time Fidelity

In a two-level hierarchical setup as in (Zhong and Wonham®0),%the low-level TDES needs to be equipped with
an output function that drives the high-level TDES model.nodel a class of such low-level TDES'’s, a Moore
automaton (Eilenberg, 1974) is used.

3.1 Low-level TDES Model Formulation for Hierarchical Cooit

In general, a TDES modéb (2) with event se needs to be re-structured into a Moore automd®g, V) - an
automatod G, = (Q,2, 6, go, Qm) associated with an information channel defined by a vodidizanapV : Q —
TU{1o}, WhereT = Tyt {th} - such thatL(Gj,) = L(G) andLn(Gip) = Lm(G). Tact denotes the high-level (virtual)
activity event setty, called a high-level time or output-time tick, denotes aetiaggregation of low-level ticks of the
global clock in TDESG,, and the symbot, denotes a ‘silent output’. For the low-level TDEXR,, we henceforth
replacetick by t; to distinguish it as a low-level atomic time tick; therefafe= X, {t}.

Let w" denote a string oh € N consecutive occurrences of strimg with w® = &; andw* denote strings of
finitely many occurrences of string such that we writesw* € L(Gyo) if, for all n > 0, sw' € L(Gy,), and is such
thats(w, ) = g, whereq = 6(s,qo) € Q. Then the Moore construction (Eilenberg, 1974)3f for the TDESG is
based on a given timed reporter map - a virtual projection.(G) — T*, defined such thai(e) = £ and, foro € ~
andso € L(G), 6(so) is eitherd(s) or §(s)r for somer € T. The given mag obeys the following time-output design
laws:

Law 1: Fors(sts’)* e L(G), ands, s” € 2*, (s(s'ts")") = 6(s)(t'tnt”)" for all n > 0, wheret’,t” € T*.
Law 2: Foro € X andso € L(G), 8(s0) = 0(S)th = o = 1.

The constraint by Law 1 means th@j, must be constructed such that whenever a sjate (s, tp) in G, has,

traversing through it, a loop string containing a low-letiele tickt, i.e.,5(sts’,q) = qfor somes, s’ € 2*, the

loop strings't;s” must traverse through a stateGi, that outputs or vocalizes a high-level time tigkIn this sense,

Gy is tp-responsive. The constraint by Law 2 means that the highl-tésk ty, is a time output, in that it must be real

time-driven, i.e.1y is always a vocalization that immediately follows the exemuof a low-level tickt, in G,. With

0 obeying the time-output design laws, the low-level TDGS constructed is said to be time-output responsive.
For the constructe@,,, the vocalization map for everys' € L(Gy,) is defined by

_ [1o, if S =go0ré(s,q) ¢ Quoc
V(e(s'.6)) = {T e T, otherwise,

where the selected sub€@j,. = Q, called vocal state set, is defined as follows. &Far > ands = so,

# Quoc, if (s0r) = 6(9)
(s, go) {e Quoo if B(sor) = 6(9)T.

A conceptual procedure applicable for constructing a MAdPES (G0, V) from a given TDESG and a reporter
map 6, or simply a TDES(G, 6), is prescribed in (Zhong and Wonham, 1990; Wonham, 2016)héngraphical
representation dBj, and any Moore automaton in general, every vocal state i@septed by a node containing the
symbol of an event that it vocalizes.

3 Although the same 5-tuple notation is used as in SectionitzsHpuld be clear in the context that the structur&gfis in general not
the same as that of a given TDES
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The inverse reporter map fore T* is now defined as followss—%(t) = {s e L(Gy) | 6(s) = t}. In what
follows, extending andd— to #(K) < T* for K < L(Gj,) andd~1(E) < L(Gy,) for E < T*, respectively, we have:
8(K) = {8(s) | se K}, andd—(E) = [y 67 1(1).

The Moore automato(Gy,, V) is simply referred to a&,, whenV is understood. Under the maf) G, outputs
events inT to drive some high-leve#-image modelGy; whenever it reaches a vocal state Q,oc, and otherwise
outputs the silent symbal, ¢ T to signal no ‘significant’ change for the high level. Formgathodel Gy, the high-
level image ofG,, is an automaton such thatGy;) = {6(S) | S€ L(Gio)} andLm(Gri) = {6(S) | S€ Lm(Gio)}- Ghi
is said to generate events bfunder the9-map onL(Gy,). The pair(Gy, Gni) represents a two-level TDES hierarchy.

The vocal language @, denoted byt yo(Gio), is

Lvoc(Glo) = {SE L(Glo) | S=¢gor 6(5> QO) € Qvoc}s

which is the sublanguage &fGy,) containing the empty string and all the strings oE(Gy,), called vocal strings,
that end in a state dyoc. In a richer characterization, let an arbitrary vocal stisre L(Gy,), denoted by

s=< 9,00, %, k1>, (6)

to be of the forms = S'o10; - - - o with o € X' (1 < i < k), such that:

- V((s, ) eTif s #¢,

- V(6(So102---0i,Q)) =T (L<i<k-1),
- V((sq)) =7€T,

- Xo = 6(S, ),

- X =6(So102---0,0) (1<i<K).

In everys = < 9,0, %,k 7 > (6) of L(G)p), S € L(G)) is called the reference prefix of strimgand is an empty
string if X is the initial low-level system staig € Q. Such a strings € L(Gyo) is called ar-string and has a $iix
o103 - - - ok that runs from the initial state or a vocal state, via nonav@tates of5,4, to a vocal state outputting the
high-level eventr € T. This sufix is called the co-silent string &f(6).

A fundamental result for the Moore TDES moday}, follows.

Lemmal L(Glo) = Lvoc(GIo)-

Proof For a TDES modeGyq, thatL,(Gip) < L(Gyo) is straightforward. It remains to show tHaiGi,) < Lyoc(Gio),
as follows: By Property 1 and the finiteness of state@etf the TDESGyo, everys, € L(Gp) can be extended to
somesw* € L(Gyo), wheres, < s'andw e 2. Then sincef(w, q) = g, whereq = 6(S, Qo) € Q, by ALF (5) of Gy,
i.e., the fact thatvg e Q)(Vse 21, 6(s,0)!)6(s,q) # g, stringw ¢ X5, and hence contains a titk By design Law
1 of the reporter map from which the time-output responsi, is constructed, fosw* e L(G,), it necessarily
follows that9(s'w) = 6(s )tytntp, wherety, t; € T*. Thereforef(s)tity € L(Gpi), and sinc&(L(Gy)) = L(Gpi), there
exists ap-strings” € Lyoc(Gjo) With §' < §” such tha¥(s”) = 6(s)tsty. Then, sinces’p < ¢,and thereforf'.s’p <9,

it follows thats’p € Lyoc(Gio). Hence the lemma. O
Two propositions for a TDES hierarchi$,, Gni) may now be presented.

Proposition 1 Given a TDES hierarchyGy,, Gyi), Gy is activity-loop free.

Proof Consider a TDES hierarch®io, Gni), whereG; gef (X, T, &, %0, —). By Property 1 and the finiteness of state set
Q of the TDESG,, everys’p € L(Gjo) can be extended to sorsav* € L(Gyp), Wheres’p < s andwe X*. Then since
5(W,q) = g, whereq = 6(,qo) € Q, by ALF (5) of Gy, i.e., the fact thatvg € Q)(Vs e 2, d(s 9)))d(s,q) # q,
stringw ¢ X, and hence contains a titk By design Law 1 of the reporter mapfrom which the time-output
responsiveG), is constructed, it follows that, fag@w* € L(Gyo), 8(SW") = 6(5)(t1thtz)" for all n > 0, wherety, t; €
T*. Since state seX of Gy, is finite, there exist amy > 0 and am;, > 1 such that for alh > 0, 6(S') (t1tsto)™1] €
L(Gnhi), wherety = (titat2)™, and is such tha&(to, X') = X, wherex' = £(6(s)(tatnt2)™, Xo) € X (and we can
thus write6(s') (titat2)™t5 € L(Gpi)). Therefore,(vx € X)(Vt € TT &t X)!) (€(tLX) = X) =t ¢ T). By
contraposition(Vx e X) (vt € T, £(t, X)1)&(t, X) # X. Hence the proposition. o

act

Proposition 2 Given a TDES hierarchyGy,, Gy;), G obeys Property 1.
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Proof Consider a TDES hierarch{Gyo, Gpi), whereGy,; def (X, T,&, %0, —). Then, for an arbitrary € L(Gy;) and

hence an arbitrary state= £(t, Xo) € X, we need to prove that Property 1 1Bf;, i.e., (Tact(X) = &) = &(th, X)!,
holds, as follows: Sincé(L(Gjp)) = L(Gni), there must exist a stringe Lyo(Glo) such tha¥(s) = t. By Property

1 for Gyo, there exists some € X such thatso- € L(G,). Furthermore, by Lemma 1, there must also exist a string
w e X* such thatow € Lyo(Gjo) and is some-string ofL(G, ), wherer € T and stringsis its reference prefix. With
6(sow) = tr and thust(r, £(t, Xp))!, it follows that if Tac(£(t, X)) = &, thent ¢ Ty which meang € T — Ty, €.,

7 = t,. Hence the proposition. o

In other words, the passage of aggregated time, as repeeldmnthe ticking of;,, is continual in the (uncontrolled)
high-level TDESGy,;, in that the tickty, is always eligible in the absence of activity events at &éGy,.

3.2 System Abstraction: Need for Output-Time Fidelity

The transition of a high-level time tick € T in a system model abstraction (Wong and Wonham, 1996) detiote
passage of some low-level time tickstpfTime abstraction (or state vocalizationtek T) is qualitative if it signals

an amount of low-level time elapsed that is possibly irragbut deemed important by hierarchical design, in which
case it is said to apply a non-periodic timescale (betweehith and low level). Time abstraction is quantitative if a
periodic timescale 1 n reminiscent of that in (Gohari and Wonham, 2003) is apphetich is a fixed time ratio of

1 high-level tick oft, for everyn low-level ticks oft;, where integen > 1. However, be it qualitative or quantitative,
to lay a sound design foundation for timed hierarchical m@ntve postulate that high-level time (or output-time)
fidelity must also be upheld in the control design of a higraa abstraction for a base or low-level TDES model
under the real-time control-theoretic setting (Brandid &¥onham, 1994) reviewed. This is so that the event timing
feature, ofspecifying a real-time requirement for control that is natly in congruence with time fidelity of the
TDES modeés laid in (Brandin and Wonham, 1994), can be extended tersyabstraction. By this, we mean that
a real-time specification such as ‘an activity event mustpeta execution within one time tick since it started’ can
be prescribed in terms o¢f € T for the system abstraction, with the sublanguage genebstéide high-level timed
specification on the system abstraction not violating thenided high-level timing semantics of the specification.
Otherwise, we would often need to go beneath the abstraletiah to examine or re-examine the low-level Moore
system structure, to ascertain if desired timing requirgmare correctly prescribed.

Example 1Consider an example depicted in Fig. 2. For the TOESgiven in Fig. 2(a), two system abstractions
are proposed, as shown in Fig 2(b). Both the abstractionsegesALF and Property*4But Abstraction 1 violates
Property 3, whereas Abstraction 2 does not and hence pesdéseg fidelity.

Now, to illustrate the need for time fidelity in system absti@n, consider a high-level specification TTG Spec,
as shown in Fig. 2(c). It asserts that a high-level activitgreer must complete execution in not more than one high-
level time tick upon event eligibility or initiation. As skm in Fig. 2(d), the sublanguage due to the specification
on Abstraction 1 (without time fidelity) is represented by@ T, whereas that due to the same specification on
Abstraction 2 (with time fidelity) is represented by TTG 2e@illy, as opposed to TTG 2, the timing semantics
of TTG 1 is incorrect or unsound against the intended timieguirement of ‘at most one tick far-completion’
prescribed by Spec, asappears as disabled after a high-level tick. [

To specify real-time high-level specifications for hietdoal control without incorrect high-level timing seman-
tics due to the system abstraction, the problem of inteset construct not only a system abstraction possessing
time fidelity such as Abstraction 2, but also one endowed wittatural timed control structure that subsumes time
fidelity, as will be elaborated in the next section. Put synplr intent is to preserve real-time system dynamics at
the abstraction or high level with conceptually the samétiege control-theoretic setting as assumed or given at the
low level. Reviewed in Section 2, the assumed setting isghktime system model and control basis under which the
control synthesis method for TDES’s (Brandin and Wonhar84) % developed. Importantly, it is the necessary basis
on which an arbitrary proper control specification for a giiDES can always be stated. A real-time specification is
said to be proper if, in conjunction with a given TDES, it geates a sublanguage of sound timing semantics (against
the specified high-level timings), feeal-timeand not simplytimed control synthesis, against which the supervisor
synthesized can be unambiguously understood in terms ofipieig or restricting the specified real-time durations
for activity events.

4 In this example, the high-level tidk is eligible at every state in both the system abstractioascé their satisfying Property 4.
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Fig. 2 Implications on the timing semantics of a high-level speaifon on system abstractions without and with high-lewegtfidelity:
An illustration

4 Timed Control Structure

To admit control for a TDES hierarchiG,, Gri), the high-level activity event s@t,.; of Gy is partitioned into the
prohibitable event séf,;, and the uncontrollable event Siet, and into the forcible event s&t,; and the non-forcible
event sefl 4t — Tror; With controllable event séii; = Thi, U{tn}. However, the two high-level control-theoretic parti-
tions may not be unambiguous and correct under a given dghgoretic setting and a (Moore transition) structure
of Go. Even if they are, the structure Gf; is a TTG that might not possess time fidelity (wig)t although the TDES
Gy, constructed from a given TDES (2) and a reporter mafy does (w.r.t;).

For real-time high-level control a5y, Gri), Gio in general needs to be structurally refined so @yais endowed
with a natural timed control structure (w.r.t SUbs&ts, Tu, Ttor, Tact — Tfor and{ty}), i.e., so that every high-level
eventr € T, defined and output b, is unambiguously prohibitable or uncontrollable if it is T, or in Ty,
respectively, and is unambiguously forcible or non-foeiibit is in Tror OF in Tt — Ttor , respectively, and the time
tick ty € T is T-uninterrupting. The Moore transition structure of the T®&,, is defined to be timed output-control
consistent ilGy; possesses such a natural timed control structure.

In what follows, we present the theoretical developmenthef fundamental system concept of timed output-
control consistency, to lay a time fidelity foundation foa$éble hierarchical control of TDES’s. We first formulate
and explain the component concepts, namely, activity dtdpatrol consistency, output-force consistency and atutp
time-compliance. The formulation of these concepts enthé system definition of vocal string structure (6).
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Where a graphical illustration of a concept is needed, ibixesely depicted in shorthand drawing notation, where
a string traversing between two pertinent system statesjshically represented by a directed edge as for an event,
and labeled by the string whose consecutive event transitisepresents unless the context is clear, without stgwin
the intermediate states and transitions, and the edge hdsulde bars ) across it only if the intermediate states
that the string traverses through are all non-vocal.

4.1 Activity Output-Control Consistency

Definition 2 (Activity output-control consistency) A TDES Gy, is said to be activity output-control consistent
(AOCC) if, for everyr-string < , o, X, k, 7 > € L(Gpp) With 7 € Ty, it is the case that
— if 7 € Thip, thenoy - - - o is controllable, i.e., for somieg(1 < i < K), o7 € Zhip Or (0 =1 & Z(Xi—1) " Ztor N2y #
()
— if 7 € Ty, theno - - - o is uncontrollable, i.e., forall (1 < i < k), ogie Z,0r (07 = ) & Z(X—1) N Ztor = ).

For an AOCCGy,, as depicted in Fig. 3(a), € Thip only if there is a low-level event in the co-silent string, of
everyr-string of L(Gy,), which is prohibitable or is a tick at a state where an uncontrollable and forcible event is
also eligible. As depicted in Fig. 3(by,e T, only if every low-level event in the co-silent string, of eye-string of
L(Gy), is uncontrollable or is a tick at a state where no forcible event is eligible. Thereforend&OCC means
that every high-level evente T, (defined, and output b§),) is unambiguously prohibitable or uncontrollable.

[

(a) Forr € Thip: Low-level string-wise characterization of high-levekeat prohibitability
S’ \m O'f SO) \fﬂFl tl SO) sO) 0.]:
—>0 ’\‘[J >0 >0 29 >0 T
No eligible forcible event at
arbitrary stater;_;, whereo; = t;.

(b) Fort € Ty: Low-level string-wise characterization of high-leveket uncontrollability

Fig. 3 Activity output-control consistency

Time, represented by ticl, is uncontrollably persistent in the high-level abstmacts,; of an AOCCG),, and
this fact is formalized in Proposition 3.

Proposition 3 Given a TDES hierarchyGy,, G;) and that G, is AOCC, G, obeys Property 4.

Proof Consider a TDES hierarchiGio, Gni), whereGy, is AOCC andGy, def (X, T, &, %o, —). Then, for an arbitrary

stringt € L(Gy,;) and hence an arbitrary state= £(t, Xp) € X, we need to prove Property 4 G, i.e.,(Tact(X) n Ty =
&) = £&(th, X!, holds, as follows: Sincé(L(Go)) = L(Gni), there must exist a string € Lyoc(Gio) such that
6(s) = t. By Property 1 forGy,, there exists some € X such thatso € L(Gy,). Furthermore, by Lemma 1, there
must also exist a stringg € 2, whereo < w, such thaswe Lyo(Gjo) and is some-string of L(Gy,), wherer e T
and strings is its reference prefix. It then follows that one such string: o107 - - - o7 exists that is uncontrollable
or ambiguously controllable, i.e., it contains only uncotible activity events ot;’s that are not unambiguously
preemptable, found as follows:

Letog = €. Then for each, (0 < i < k— 1), if 2(6(sopo102- -+ 0, 0o)) N 2y # &, select a1 € 2, such
thatoiy1 € 2(6(Sooo102 - - - 074, Qo) ). Otherwise, select &1 = t that is defined by Property 4 f@,,, such that
Tit1 EE(5(S(T00'10'2~~~O'i,qO)).

With 6(so102 - - - o) = tr, itis clear that(r, £(t, Xp))!. Becaus&s, is AOCC, by Definition 27 ¢ Thip, Since the
co-silent stringv = o010 - - - o of ther-string swe L(Gy,) is either uncontrollable, implying € T, or ambiguously
controllable, implyingr = t,,. Therefore, it can only be thate T, u {t}. It thus follows that ifT4((£(t, X)) n Ty = &,
thent ¢ T, implying thatr = t;,. Hence the proposition. o
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4.2 Output-Force Consistency

We first define and explain two supporting concepts, befofiaidg the structure of an OFG,.

Definition 3 (Preemptability of t, by 7 € Ta) Consider an arbitrary-string (6) of L(Gy,) with reference prefix
s € L(Gp) andt € Ta Thent, is said to be unambiguously preemptable wWst7) if, for every t,-string <
W, @j,Zj, h, th > € L(Gjo) such that(w) = 6(s') andw € L(Gy,) is the reference prefix of somestring (6) ofL(Gio),
there exists a-string < w, i, X, K, 7 > € L(Gy), With agay - - - ap = ogo1 - - - 0 for somep (0 < p < min(h,k))
whereag = 09 = g, andz, ¢ {x | (0 <i <k-1}foralln(p < n < h),suchthatrp,; € Zhip O (pt1 =
t| & Op+1 € Zfor).

Consider an arbitrary nonempty string= api1ap42- - - an that leads, from a statg, lying along the transitions
defined by the co-silent stringio - - - o of somer-string of L(Gyo), 7 € Tact, that exists, to a vocal state outputting
th, via subsequent non-vocal states that are not lying aloadrémsitions defined by the co-silent string. Then, in
words, w.r.t the reference prefskof ar-string ofL(Gyo ), ty is unambiguously preemptable if evegystring of L(Go)
with reference prefixv, such that(w) = 6(s') and stringw is also the reference prefix of sometring ofL(Gy,), has
such a stringrio; - - - opr if 0 < p < min(h,k) andr if p = 0, as its sffix, with @1 in stringr either a prohibitable
event or a; which can be preempted by a forcible eveny, , that lies along the co-silent string of thestring that
exists. This characterization is depicted in Fig. 4(b), arfdr the high-level abstraction shown in Fig. 4(a).

o#

o(s") th

(a) High-level abstraction of the characterizations@r T¢or

[
00— (D) @@

N
Ap+1

w
zj_q

)
o >0 >0——(t)

(b) Preemptability of, by : 6(w) = 6(s'), andapy1is  (c) Preemptability of, by r-mirage:6(w) = 6(s'), ande;j is prohibitable,
prohibitable, orrp, 1 ist) andop, 1 is forcible. or oj ist; and there is a forcible and uncontrollable event at statg.

Fig. 4 Output-force consistency: Low-level string-wise chagazations of high-level event forcibility

Definition 4 (Preemptability of t, by r-mirage, T € Tac) Consider an arbitrary-string (6) ofL(Gy,) with reference
prefix s € L(Gjp) andt € Tae. Thenty is said to be unambiguously preemptable w.r.t the mirages'of) if, for all
W e L(Gp), W = g0r§(w, o) € Quog, if (W) = 6(s') andr’ # 7 for everyz’-string (6) ofL(Gjo) with reference prefix
w € L(Gp) andt’ € Tac, then for evenytp-string < w, aj, zj, h, th > € L(Gpo), there exists somg(1 < j < h) such
thataj € Zhip OF (o) =t & 2(Zj—1) N Zor N 2y # ).

In words, consider an arbitrarystring of L(Gy,) with reference prefis’ andz € T, Thenty, is unambiguously
preemptable w.r.t the mirage 6§, 7) if, for every other stringv € L,o(Gjo) that has the samimage as string/,
but is not the reference prefix of amystring of L(Gyo), everyty-string of L(G,) with stringw as its reference prefix
has its co-silent string either containing a prohibitablers, or at; which can be preempted by a forcible event that is
uncontrollable. This characterization is depicted in Big), and is for the high-level abstraction shown in Fig)4(a

Definition 5 (Output-force consistency)A TDES Gy, is said to be output-force consistent (OFC) if, for every
string (6) of L(Gy,) with reference prefixs € L(Go) andt € T, for which there exists &-string with reference
prefixw' e L(Gjp) such thaB(w') = ('), T € T+ iff ty is unambiguously preemptable w(<, 7) and its mirage.

For an OFQG, as depicted in Fig. 4, € Tiq if T € Tae can unambiguously preempt the tigkvhenever the former
is virtually enforced at a high-level state reached, wheagadty, are eligible as depicted in Fig. 4(a). And any such
high-level state is reached following an underlying vodehg that has the samimage as the reference prefix of
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an arbitraryr-string of L(Gy, ), and whose co-silent string is under the characterizatsrdepicted in Figs. 4(b) and
4(c). Otherwiser € Tact — Tror. Therefore, being OFC means that every high-level event 5¢; is unambiguously
forcible or non-forcible. By the standard model of eventiog (Brandin and Wonham, 1994), a high-level activity
event is unambiguously forcible provided, when enforcedan always preempt the time tigk

4.3 Output Time-Compliance

Output time-compliance can be achieved by a proper desiggdesign of the reporter m@pand is formally defined
as follows.

Definition 6 (Output time-compliance) A TDES Gy, is said to be output time-compliant (OTC) if, for evergtring
of L(Gyo) with reference prefids' andr € Ty, if there exists ay-string of L(Gy,) with reference prefix; such that
6(s) = 0(r1), then there exists &string of L(G),) with reference prefix, such that(ry) = 6(r1)th.

For an OTGG),, same as the non-causdiext of the ticking of; on the eligibility of a low-level activity event i5q,
the resultant ticking of,, is never the cause of a high-level activity event becomimgjgible in Gy,;. This non-causal
effect is due to the defined characterization depicted in Fign8,is made clear by Proposition 4.

3 3

o(s") ty

(a) High-level abstraction of the characterizationf@ Tac; (b) Time-compliantr € Tact: 6(S') = 6(r1),r2

T

wiWz, andé(rz) = 0(r1)ty.

Fig. 5 Output time-compliance: Low-level string-wise charaizi&ion for time invariance of event eligibility at the higgwvel

Proposition 4 Given a TDES hierarchyGio, Ghi), Gni obeys Property 3Gy, is OTC.

Proof Consider a TDES hierarch{Go, Gy,;), whereGy; def (X, T,&, %0, —). ThatGyp; obeys Property 3, i.e., for an

arbitrary stringt € L(Gy,;), and hence an arbitrary state= £(t, Xo) € X, if X = &(th, X) € X, thenTae(X) S Tact(X),
(equivalently) means that if € Tau(£(t, %)) andty € T(£(t, X)), thent € Tau(&(tth, Xo)), i.€., if tr, tty € L(Gpi),
wheret € Ty, thentthr € L(Ghi). Sinced(L(Gio)) = L(Gni), there always exists asie L(Gj,) such tha®(s) = t.
Together, it means that for an arbitrarstring of L(G,o) with reference prefixs, whered(s') = t, if there exists a
ty-string of L(Gy,) with reference prefix, such tha#(r;) = t and therefor&(s') = 6(r;), then there exists astring
of L(Gy) with reference prefix, such tha#(r,) = tt, and therefor@(r,) = 6(r1)ty. By Definition 6, this means that
Gyo is OTC. Hence the proposition. o

Proposition 5 Given a TDES hierarchyG, Gpi) and that G, is AOCC and OTC, & is a TDES model with time
fidelity.

Proof Given a TDES hierarch{G,, Gpi), by Proposition 1Gy; is activity-loop free. Sinc&, is AOCC, by Proposi-
tion 3, Gy satisfies Property 4. And sin€, is OTC, by Proposition 4Gy, satisfies Property 3. Therefore, sirngg

is activity-loop free and satisfies Properties 3 and 4 of a $Diodel, it is a TDES model with time fidelity. Hence
the proposition. o

4.4 Timed Output-Control Consistency

Based on the concepts of activity output-control consisteoutput-force consistency, and output time-compliance
the two concepts of output-control consistency may now lieele.
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Definition 7 (Output-control consistency)A TDES Gy, is said to be output-control consistent (OCC) if itis AOCC
and OFC; and timed OCC (TOCC) if itis OCC and OTC.

The foregoing theoretical development culminates in thieviang theorem.
Theorem 1 Given a TDES hierarchyG,, Grj) and that G, is TOCC, G, is a TDES model with time fidelity.

Proof Consider a TDES hierarch¥so, Ghi), whereG, is TOCC. By Definition 7, a TOCG, is hecessarily AOCC
and OTC. Hence the result by Proposition 5. o

Importantly, along with the unambiguous control propertié high-level activity events, the abstractiGg; of a
TOCCGy, provides a real-time basis of generally coarser time geaitylthat is decoupled from the low level, for
which high-level specification TTG’s can be independengigcfied for feasible hierarchical control design.

5 Hierarchical Consistency: Theoretical Conditions

A core high-level supervisor expectation issue for timemtduichical control design inherited from the untimed \a1si
(Zhong and Wonham, 1990) is explained, and two versionsasihthical consistency for TDES's, without and with
output-time fidelity guarantee, are then defined to addtessssue. Before that, a conceptual computation tool is
reviewed, and a timed concept of partner-freeness is subadly introduced as the absence of vocal-state partners
and illustrated using this tool, to complete the timed aystsynthesis framework for hierarchical consistency.

5.1 Moore Reachability Tree for Conceptual Computation
Consider a Moore automatqi®,, V), whereG, = (Q,2, 48,00, Qm) is reachable. The (Moore) reachability tree
(Wonham, 2016) generated (@, V) is the Moore automato(Gio, Vi), of which:

= Giot = (Q, 2, 6t, N, Qmy), such that(Gjot) = L(Go) andLim(Giot) = Lm(Gio), WhereQ; and Qm; are called
the infinite set of nodes and marked nodes, respectivelyeaol node is identified with a strirege L(Gyo) by a
bijectionnode: L(G,) — Q: : s — nodgs), such that the initial or root nod® = nodde), and, extended to
2*, 6t(e,n) = nwheren = nod€s) for ans' € L(Gy,), and(Vo € X)(Vse 2*)6i(so, n) = 6t(o, 6t(s n)), and is
defined asiod€ s sor) if n' = §¢(s,n)! & &¢(o, ')l

— Vi : Qi — T u {70} is the corresponding vocalization map, such that for artraryis € L(Gyp), V;(6:(S, g)) =
V(5(s o).

Clearly,L(Gjot) = L(Gio) andLm(Giot) = Lm(Gio), and conceptually, translations between a Moore autonetdn
its Moore reachability tree can be made (Wonham, 2016).6Sponding with a state &, underV, underV;, a node
of the Moore tree automaton (or simply tr&&) ; is silent if it outputsr,, and vocal if it outputs a high-level event in
T; andQyoct © Q; denotes the vocal node set®f,;. Note that every string df(Gj,) can be uniquely identified by a
node in the tree, and vice versa.

In what follows, the terminology, drawing notation and cepts formulated for states and state-transitiorSef
carry over to nodes and node-transitions of the correspgnieeGyo ;. It should be understood that, in referring to
ar-string< s, 0, %,k 7 > € L(Gjot), X andx (1 < i < k) are nodes defined by the transition functirof G ;
over the reference prefig and strings'o 10 - - - oy, respectively, and w.r.t the root nodg

5.2 Consistency for Hierarchical Control

Consider a two-level TDES hierarcho, Gyi), whereGy, is OCC. Given a high-level specificatidh = T*, the
optimal high-level timed supervisor synthesized for itsfpr closureE w.r.t Gy is Spi = SupcoliGp;, E). Let K =
6~1(L(Shi)) < L(Gyo), the (low-level) maximal sublanguagelofGy,) whose projection under the timed reporter map
0 is L(Syi)- In general K is prefix-closed but not controllable w.&,. Consider the low-level timed supervisBg,
synthesized foK w.r.t Gy, given bySj, = SupcoliGy,, K).Then since(Sy,) < 6L (Sy;), it follows that in general,

6(L(Si0)) = L(Shi)- @)
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Inclusion (7) asserts that the projection of the prefix-etbanguage generated 8y, under the supervision &, is a
sublanguage of the prefix-closed language generaté&si,joynder the high-level (virtual) supervision 8f;. Indeed,
(7) may turn out to be strict, in which case the low-level eys6), under the supervision &, cannot meet the
expectation of high-level supervis8g;.

The basis for hierarchical control design for a two-levelH®hierarchy(G,o, Gy,;) requires the equality in (7),
i.e.,0(L(Sp)) = L(Shi). In what follows, two concepts of hierarchical consisteany defined.

Definition 8 (Hierarchical consistency)A TDES hierarchy(G, G) is said to be
1. hierarchically consistent (HC) ifyE)(E < T*)

(Shi = SupcoliGy;, E))& (S = SupcoriGio, 8~ (L(Shi)))), 8(L(S)) = L(Shi);

2. and HC with output-time fidelity (HC-OTF) if, additiong)iGy,; possesses high-level time fidelity.

5.3 Vocal-State Partnership & Strictness of Output-Cdr@ansistency

That Inclusion (7) may be strict can be explained using theeept of vocal-state partnership for OCC DES's (Won-
ham, 2016) extended to OCC TDES's. Intuitively, if two vostdtes of an OCC TDES are vocal-state partners, they
output two diferent, eligible controllable outputs that cannot in gehleeandependently controlled, in that, in taking

a low-level control action necessary to disable or preemptautput, it is possible that this action also prevents the
other output from occurring next. This partnership conégfarmalized as follows.

Definition 9 (Control-dependent vocal states Jor a TDESG)q, let g1, 0, € Quoc, Where eitheV(q;) or V(qy) is
an event ofTae. Then (g, 02) is said to be a pair of control-dependent vocal states {Wewos’, <%, il, where
s,w, 5", 8,5 € 2* ando € X, if, for all i € {1,2}, there exists &(q;)-string of L(Gy,), with commaon reference
prefix s and co-silent string of the forw, = wos’s, with q = §(s, ¢p) andg; = §(wi, g), such that the following
three conditions hold:

CDS1) o is not uncontrollable, i.eq € Zhip or o = t) & Z(6(S'W, 0p)) N Ztor # .

CDS2) §" € (2, u {t})* and is uncontrollable, i.ev,s, € 2*, if sity < §” thenZ(6(SWoSa, o)) N Ztor = .

CDS3) 3j € {1, 2} such thatsj € (2, u {;})* and is not controllable, i.evs, € Z*, if s,t; < s; then
Z(6(Swos’'sy,q0)) N Zor N 2y = .

Note that a pair(g;, gz) of states inG,, may be control-dependent over several strings structurgbeoform
[s,wos’, <g, j].

Definition 10 (Vocal-state partnership)For a TDESGy,, letqs, 02 € Quoe, Where eithel(q;) or V(0p) is an event
of Taet. Then(ap, @) is said to be a pair of vocal-state partner¥/{fy;) # V(g2) and(qy, gz) is a pair of control-
dependent states.

n
s’ w o
—0 ’@ >0 >0

Fig. 6 Vocal-state partnerg; and g, of a TDESGyo: They are depicted respectively by nodgsand n, in a subtree of the system
reachability tree, with/(g1) = Vi(m) = 71 andV(p) = Vi(nz) = 72, wherery # 12 ando € Zhjp Or is a preemptable tick. Note that,
each dotted line, fow; andws, indicates a catenation of strings between two vocal nodes.

Together with Definition 9, Definition 10 for a pair of arbityavocal-state partneig andd, of a TDES(Gyo, V)
is depicted in Fig. 6, respectively by nodes andn, in a subtree of the reachability tree generatedGgr. As
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defined, this tree is also a Moore automaton, denote@hy, Vi), with Gio ¢ def (Qr, 2, 61, Ng, Qmy) and vocal node
setQuoct S Qt, except that its transition function is defined over an indirsiet of elements called nodes instead of
a finite set of states, with aftierent node representing a possibly duplicate sta@gpfeached by a dierent string
of L(Gy). As depicted, Condition CDS1 asserts that, along the strimg’ defining the transitions via non-vocal
nodes from vocal node of G corresponding to vocal state= §(S, gp) of Gp, the eventr is prohibitable, or is
a tick t; that is not non-preemptable. Condition CDS2 asserts thayewent along the string’ is uncontrollable,
or is a non-preemptable tick. Condition CDS3 asserts theasttings; for somej € {1, 2}, defining the transitions
from non-vocal node, corresponding to non-vocal statevos”, g) of Gy, via non-vocal nodes to the vocal node
that outputsrj € T, i.e.,Vy(n;) = 7j = V(;j), contains no prohibitable events and no unambiguouslynpésble
ticks. Therefore, along this strirg), thatr; cannot be prevented from occurring is definite only if no tdéng the
transitions defined by the strirgy is ambiguously preemptable.

For discussion’s sake, l¢t= 1. Then under such vocal-state partnershifoefa,) as depicted byn;, ny) in Fig.
6, if the TDESGy, is OCC, thenr; € T, for all i € {1,2}, and the low-level control action guaranteed to prewgnt
from occurring - by disabling or preempting an event alorgttansitions irG,, defined by the stringvo- - will also
preventr, from occurring. In other words, for an OG&,,, the control ofr; andr; is generally not independent if the
associated paifg, z) are vocal-state partners.

It follows that, to guarantee independence of high-levalti, it is suficient for an OCC TDE$5), to be free of
vocal-state partners.

Definition 11 (Partner-freeness)A TDES Gy, is said to be partner-free (PF) if it does not contain votatespart-
ners.

Two strict versions of output-control consistency follow.

Definition 12 (Strictness of output-control consistencyA TDES Gy, is said to be strictly OCC (SOCC) if it is
OCC and PF. It is said to be strictly TOCC (STOCC) if itis SOQ@ ®&TC, or equivalently, TOCC and PF.

5.4 Hierarchical Consistency Theorem

We are now ready to state the structural conditions for tmsistency of a two-level TDES hierarchy.
Theorem 2 A TDES hierarchyG,, Gyj) is HC if G is SOCC, and HC-OTF if fgis STOCC.

Proof Given a TDES hierarchyG,o, Gy,i), the proof for the two cases proceeds as follows.

Case 1Gy, is SOCC. By Definition 12, is OCC and PF. For an arbitraByc T*, letSp; = S upcotiGy;, E) and
Sio = SupcotiGy, 1(L(Shi))). By Definition 8-1, to show thatG,, Gp;) is HC, we need to show thatL(Sy,)) =
L(Shi), as follows:

Suppose.(Sh) = &. ThenL(S,) = & and trivially,(L(S0)) = 6(&) = & = L(Shi).

In the rest of the proof for this case, suppos€Sn) +# . Then L(S,) # . Otherwise,
SupcotiG, 8~ 1(L(Shi))) = EMPTY. By Lemma 1 that(Gj,) = Lyoc(Gio) and the definition o1, for ev-
ery So € L(Gp) whereo € X, 8 € 74L(Sh)) & So ¢ 071(L(Sh)) = So € Lyoc(Gio). Therefore, that
SupcoiiGi, 6~ (L(Shi))) = EMPTYimplies L(Sh) # & = L(Shi) o L(SupcoiiGhi, L(Shi))). In turn, this
meansL(Sy) is empty or not controllable, contradicting the suppositicatL(Sy;) is nonempty and controllable.

By Inclusion (7),0(L(Si)) < L(Shi). It remains to show that(L(S;)) = L(Syi). To do that, we now suppose
6(L(Si)) < L(Sni) and show a contradiction of the fact that the gi@gis PF, as follows:

SinceL(Shi) — 0(L(Sw)) # I, lett be a string ofL(Gp;) such that € L(S;) — 6(L(Sp)). SinceL(Sp) # &,
£ € L(Sp) and hence € 6(L(S)o)). SinceL(Gy;) is prefix-closed ana@ € 6(L(S),)), the longest prefix’ of t exists
such thatt’ < tandt’ € 8(L(Sp)). Let s € 87%(t) and (s, o) € Quoc U {Qo}. It follows thats ¢ L(Sj,). Since
L(Si) # & and is prefix-closed, the longest prefixof s exists such thas' € L(S,) ands(s,qo) € Quoc v {do}-
Lett” = 6(s). Thent” < t’ and therefore” e L(Sh). Letw € X+ such thatsw < s, §(SW, o) € Quoc U {To}
andd(sw) = 6(s)r; for somer; € T. SincelL(Sy) is controllable,s € L(S,) andsw ¢ L(Sj), it follows
that (W) (3o € Z)Wo < w, SW € L(Sp) ando € Zhp or (o = )& 3y € Ztor, 6(SWy, Qo)) SWy € L(Sp)).
Otherwisew € (X, u t))* and contains no unambiguously preemptapland is such that, due to the controllability
of L(Sy0), every event o, n o that can preempt & in w exits the boundary oE(Sy), i.e., (YW, W't < w)
SW e L(Sio) and(Vy € Zhip » Ztor, S(SW7y, qo)!)SWy ¢ L(S))), and we haves'w € L(S),), hence contradicting
the maximality ofs’ w.r.t inclusion inL(Sj,). Thusw € (Z*)(Zhip U {tj})(2y U {t;})*, such that the event af in
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(Zhib U {t1}) is either prohibitable or & that can be preempted by some forcible event that does riahexvoundary
of L(Syp), and every event aky,j, n 2tor that can preempt § in its sufix string in (X2, u {t;})* that contains no
unambiguously preemptabteexits the boundary ok (S),). Now, letw € X* ando € (Zhp U {ti}) be such that
SWo < Sw, SW e L(S,0) andsSwo ¢ L(Sp), i.e.,oc must be disabled to stay I(Sy,).

In what follows, there must exist a stringe (2, U {t;})* that contains no unambiguously preemptahl@and
where every event ofi, N Ztor that can preempt & in v exits the boundary oE(Sy,), such that(sSwov, go) €
Quocu {Go}, (SWav) = 6(5)1, for somer, € T andd(Sw'ov) ¢ L(Shi), because having no such stringontradicts
the fact that.(Sy,) is the supremal controllable sublanguag@of(L(Shi)) W.r.t Gp.

Letqy = 6(Sw,qo) andgy = §(SWov, ) and. ThusV(q,) = 71 andV(gp) = 72. Sincev extends froms'w o
and is not controllable in general, the longest common pigfing Sw” € X* of Sw ands'w ov exists such that
sSw'w; = sSwandsw’v; = sSwov wherewy,v; € Z*. It follows thatw” = wWos; for somes; € 2*. Sincev
is not controllables; is not controllable. It follows that there must exist a grsf € 2* that is the longest $tix
of s; that is uncontrollable, i.ew'os; = WosS’, wheres; is not controllable (i.e., uncontrollable or ambiguously
controllable). Thereforéq,, gp) is a pair of control-dependent vocal states daw os,s”, <y, —] sincev, is not
controllable becauseis not controllable, and therefore satisfies Condition CBBBefinition 9; and

— if s, is uncontrollable, then satisfies Condition CDS1 and strisgs” satisfies Condition CDS2, of Definition 9;
and

— if s, is ambiguously controllable and thus is of the fogja’s] for somes;, s; € (2, u {ti})*, wheres] is
uncontrollable and’ = t; is ambiguously preemptable, then evetisatisfies Condition CDS1, and strisgs”
satisfies Condition CDS2, of Definition 9.

Sincef(sw) = t"11 € L(Sh) andd(sSwov) = t"1, ¢ L(Sh), it follows thatr; # 7, and therefore/(aqu) # V(qz).
Together with the fact thdty, g,) is a pair of control-dependent vocal stat@g, gy) is a pair of vocal-state partners
by Definition 10, contradicting the fact that the given is PF.

Case 2Gj, is STOCC. Then, by Definition 12, it is necessary that thgtis SOCC, and therefore by the proof
of Case 1 above(Gy, Gri) is HC. It also necessary th&, is TOCC, and therefore by Theorem Gy; possesses
high-level time fidelity. Combining, it follows thdG,, Gyi) is HC-OTF by Definition 8-2.

Hence the theorem. =

5.5 Hierarchical Mission Control of a Robotic Camera System

As an illustration of the STOCC system concept for buildingexarchy that is HC-OTF, we now present an example
of a simplified robotic camera system. One may think of it ascaluie on board a drone or an unmanned aerial
vehicle, for use in a surveillance mission along a desightéyeng route. This module is to be organized as a hierarchy
(Gio, Gni), constructed from a given TDE®, 0) that is represented by a Moore AT&,; and the associated event
timing information as shown in Fig. 7, with: L(G) — T* and T, = {71, 72}, under a periodic timescale 1 : 2.
The event sely; = {01, 02,03} of G is partitioned with2y, = {01,073} andXte, = {o3}. The definitions of the
activities and events are given in Table 1.

Fig. 7 Camera system: Moore ATG model and associated event timings

Following the construction as shown in Fig. 8, it can be vedifihatGy, is:

— OCC, by settindlyip = {r2} andTy = {11}; Tior = {72} andry € Tsor-

— PF, due to the absence of a partnership structure as dejidteg 6, by determining that for all state paicg, 02)
with V(q1), V(d2) € T, every pair ofV(qy)-string andV (d)-string with common reference prefix and co-silent
strings with common prefig, has eitheV (1) = V(0z) = thor s= e.
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Table 1 Symbol definitions for a robotic camera system hierar@y, Gni)

Models| Event Activity

Gio o1: Detected new object localized| ap:  Scanning and detecting new suspicious moving or stajonar
op. Camera set object of interest
o3.  Camera clicked ;.  Setting camera shutter speed and aperture based on sgietgli

ay:  Improving camera setting and zooming in on localized dbjec

Ghi 71:  New object seen
72.  Photo taken

t

t

2 3]

Fig. 8 Camera system: A constructed hierar¢®®,, Gni)

— OTC, by observing thaby,; obeys Property 3 and following Proposition 4.

Therefore, in the constructed hierard®f,, Ghi), Gio is STOCC by Definition 12, and hence the hierarchy is HC-OTF
by Theorem 2.

A system abstraction is very useful if it can abstract awayegessary low-level language details and provide
unambiguous control information of interest abstractethaguages of high-level events. As this example hierarchy
shows, the abstractioB;,; provides a clear understanding of the application mistswal driven by the underlying
real TDESG),, and allows real-time requirements to be more readily ifledtand specified at the high level.

As a specification example ov&,;, consider a controllable specification asserting thatticoally, the robotic
camera, upon seeing a new object, is to take a photo with ribefug,-time delay as soon as it is ready to do so
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(following a ty-setuf). This specification may be prescribed by a TTG (3df;) that structurally isGy; (see Fig.
8(a)), but with the self-loog,-transition at state 3 removed. A low-level superviSy for the TDESG,, can be
synthesized for which(L(Sj,)) = L(MC).

In driving home the point, a hierarchy that is HC-OTF is neegyg if we need to synthesize low-level supervisor
solutions that fully realize the prefix closure of contrblls high-level real-time specifications w.r.t the higkide
TDES model, without violating their intended high-levehing semantics.

6 Hierarchical Consistency: Output-System Synthesis

In general, a Moore TDE®G),, V) constructed from given hierarchical system informati@6) is not STOCC.
Refining it to be so by modifying the associated magor G, turns out to be a challenging research problem.
Herewith, we first investigate the structural existence symthesis (or refinability) issues for SOCC systems, and
point out the abstraction anomalies to be removed for oioigi8 TOCC systems. Along with it, the conditions under
which timescale is preserved under a system refinementsaregihterest. In essence, these conditions are the system
structural conditions under which a refinement does nabdhice a newii,-string for the refined TDES. Details of this
aspect of our investigation are found elsewhere (Ngo, 2016)

By system refinement or synthesis, we refer to redefining tyeVover G,,, without removing any given high-
level activity and timing informatiarit can be easily deduced that a TDEg refined as such remains time-output
responsive (in the sense of not invalidating the time-adudesign Laws 1 and 2). Therefore, the system concepts and
their constituent relationships defined for a given TDGS are also applicable to a refined TDES, and so are the
definitions and results presented in Sections 3 through ®réviequired, a refined TDES will be referred to by the
same symbol,, to imply that it remains time-output responsive as themiVBESG,, in all the theoretical proofs
of subsequent synthesis results.

For clarity of description, every system refinement (pracedor method) will be defined, and thought of, as
being ‘implemented’ in terms of refinement of the Moore resiility tree introduced in Section 5.1, i.e., redefining
the mapV overG, is made by redefining the correspondiigover its treeGio 1. The system refinement is therefore
conceptuaf.

6.1 String-wise Control Partitions of Outputs

At this juncture, it is useful to bring in some string-wisefidéions for the event-control properties ofe T, as
follows. Given an arbitrary-strings = < s, i, X, K, 7 > € L(Gyo):

— 7 € T is said to be controllable w.rg if the co-silent string ofs is controllable, i.e., for some(1 < i < k),
T € Zhip OF (07 =t & 2(Xi—1) N Ztor N 2y # ).

— 7 € T is said to be uncontrollable w.istif the co-silent string ofs is uncontrollable, i.e., for all (1 < i < k),
gieZyor(oi =t & 2(Xi-1) N Zior = ).

— 7 € T is said to be ambiguously controllable ws.if the co-silent string of is ambiguously controllable, i.e.,
foralli (1 <i < Kk),oie2jor(oj =1& 2(X-1) nZtor n 2y = &), and for soma (1 < i < k),
oi =1 & 2(Xi-1) N Ztor N Zhib # .

— 7 € Tqat is said to be forcible w.r.§ if ty is unambiguously preemptable w.td, r) and its mirage, and is not
forcible w.r.t§' otherwise, in either case that there existg-atring with reference prefig’ € L(Gy,) such that
6(s”) = 6(5), or else it is said to be force-don’t-care ws't

In the above, all the definitions except the last are for /el = T U{th}. A 7 € T that is force-don’t-care w.r.t
the reference prefig of a givenr-string is said to be definable as either forcible or not faeciv.r.ts'. It follows that
the definitions induce two string-wise control partitiorisvbore outputs. In one partition, an arbitrarg T is either
controllable, uncontrollable or ambiguously controll.r.t to every of itsr-strings, and in the other, an arbitrary
T € Tact IS either forcible or non-forcible w.r.t to the referencefipx of every of itsr-strings.

5 ExaminingG, for the curious reader, this high-level tick models the minin time required by the underlying system for auto-
adjusting the setting of the camera shutter speed and apéotanticipate a clear photo finish.

6 In principle, in place of reachability trees, morigient and compact representations are available for peadthplementation that
can be stored (Wonham, 2016; Zhong and Wonham, 1989).
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6.2 OCC-System Refinability & Refinement

In what follows, a TDES is said to be AOCC-, OFC-, and OCC-aystefinable, if it can be refined to be AOCC,
OFC, and OCC, respectively.

Theorem 3 A TDES G is not AOCC-system refinablg there exists a-string < ¢, o, X, k, 7 > € L(Gjo) with
T € Taet, SUCh that

— 01---0k—1isnot controllable, i.e.,forall (1 <i < k—1),07e 2, 0r (o] = t§ & Z(X_1) nZtor n 2y = &), and
— ok iIs ambiguously controllable, i.ex = t; and is ambiguously preemptable.

Proof (If): Suppose there existsrestrings = < s, o, X, k, 7 >€ L(Gpp) With 7 € Ty, such that

—foralli (1<i<k-1),cieZyor(oi=1t & X(X-1) NnZtor n 2y = &), and
— o = t; and is ambiguously preemptable.

Then, ther-string s € L(Gy,) does not satisfy any of the respective conditionfoe Tn, and7 € T, stated in
Definition 2, and it follows tha6, is not AOCC. Regardless of any Moore transition redefinititong the co-silent
stringo10 - - - ok—1 Of s, thatoy = t is ambiguously preemptable remains, and hence there willyas exist ar-
string of L(Gy,), with reference prefix'o - - - o for somei (1 < i < k— 1), for the refined5,, that does not satisfy
any of the respective condition fare Tn, andt € T, stated in Definition 2, implying that the refinégl, is not
AOCC. Hence, the give6, is not AOCC-system refinable.

(Only if): Supposes), is not AOCC-system refinable, and is therefore not AOCC. tfrgethey mean that there
exists ar-strings = < ¢, 0y, X, k, 7 > € L(Gjp) With 7 € Ty, that

— does not satisfy any of the respective condition:fer Tri, andr € T, stated in Definition 2 and thus
—foralli (1<i<k),oie2yor(oi=t& Z(X_1) N Zior n 2y = &), and
— forsomei (1<i <Kk), (oi =1t & Z(X—1) N Ztor N Zhib # &),
— and no Moore transition redefinition along its co-sileningtio-107 - - - o1 can be made to satisfy the condition
for 7 € Ty as stated in Definition 2, implying the additional conditib@toy, = t) & Z(X—1) N Ztor N Zhib # -

In other words, ifG,, is not AOCC-system refinable, by logical conjunction, thesests ar-string s = <
s, i, %, Kk, 7 > € L(Gpp) with 7 € Tyt Such that

—foralli (1<i<k-1),cieZyor(oj=1t & X(X-1) N Ztor n 2y = &), and
—ox=tand(Z(X_1) " Ztor " Zu = @) & (Z(X_1) N Ztor N Zhib # &), i.€., is ambiguously preemptable.

Hence the theorem. O

Noting that, by definitiong- € 2 is not ambiguously controllable if € 2, or oo = t; and is non-preemptable or
unambiguously preemptable, a logically straightforwastbtiary of Theorem 3 follows.

Corollary 1 A TDES G, is AOCC-system refinablg;ifor everyr-string < s, o, Xi, k,7 > € L(Gjo) With 7 € Tqe,
the following condition holds: Ié-; - - - o¢_; is not controllable, themr, is not ambiguously controllable.

We now present a conceptual procedure named Proc€lD@ SR for a TDES(Gy,, V). We then show, by the
proof of Theorem 4 below, that Proced€C-SR can be applied for OCC-system refinement of an AOCC-system
refinable TDESGyo, V).

The procedure is defined over the reachability (@g;, Vi), as follows: WithTae = {tn | 1 < n < x}, of set
cardinality|Tac| = x:

Stepl) Let{en | 1 < n < x}, {Bn | 1 < n <} be the sets of new high-level outputs, whéog} n Taet = &
and{Bn} N Tact = & initially, and {an} n {Bn} = &. For alln (1 < n < «) and for everyr,-string s = <
S, i, %, k, 7n > 0f L(Goy), if 7y is controllable w.r.s, redefinéV,(6(s, o)) = ap; if 7, is uncontrollable w.r.t
s, redefineV;(6:(s, o)) = Bn; and ifr, is ambiguously controllable w.is for some (1 < i < k—1) such that
i =1 & Z(X—1) N Ztor 0 Zhip # @, and forallj (i < j <k),o;e Zyor(oj =t & Z(Xj—1) N Ztor = &),
redefineVi(6¢(So1---oi,np)) = tn, and redefine/,(6¢(s,no)) = Bn. By refining (Giot, Vi) as such, each
original T, € Ty is replaced byr, or 8, accordingly, such that the modified Set: < {an,Bn}-
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Step 2) Let{a, | 1 < n < x}, {8 | 1 < n < x} be the sets of new high-level outputs, Wh¢ig} N Taet = &
and{B,} N Taet = & initially, and {@p} ~ {Bn} = &, {@n} » {an} = & and{Bn} ~ {Bn} = . For each
v € {an,Bn} N Tact and for everyy-string of L(G, ) with reference prefix/, if y is not forcible w.r.ts', then
for everyy-string s of L(Gjo;) with reference prefixv such thay(w) = 6(s'), redefineV;(si(s, o)) = 7;
and if y is force-don't-care w.r.&, then for everyy-string s of L(G,) with reference prefixw such that

o(w) = 6(s), redefineV,(6:(s, ng)) = ;‘, e {¥,y}’. By further refining(Go, V) as such, eachn € Tyt is
further replaced by either, or @y, eachB, € Tac is further replaced by eithé, or B, such that the further
modified seflact S {a@n, Bn, @ns Bn}-

Following the procedurelpy, = {an, an} N Tact; Tu = {,Bn,E} N Tact; andTsor = {a@n,Bn} N Tact. IN the maximal case,
each enumerates) (1 < n < x) is replaced by four distinct outputs,, an, 8, andg,, and the maximal cardinality of
the newT 5¢t is 4x.

Theorem 4 A TDES G, is AOCC-system refinablg it is OCC-system refinable.

Proof (If): Suppose a given TDES), is OCC-system refinable. Th&jy, can be refined to be OCC, and hence AOCC
and OFC by Definition 7. That the TDES, can be refined to be AOCC implies it is AOCC-system refinable.

(Only if): Suppose a given TDEG, is AOCC-system refinable. It is fiicient to show that using Procedure
OCC-SR, it can be refined to be AOCC, and then OFC without violatiregehktablished AOCC-system property, and
hence OCC by Definition 7. The necessity proof proceeds &msvei

— Show that the given TDES), can be refined to be AOCC:

An arbitraryr, € TactiS, in general, either ambiguously controllable, consdolé or uncontrollable w.r.t every-
string ofL(Gy,). By Corollary 1, for everyr-string< s, o, —, k, 7 > € L(Gjo) With 7 € Tacy, the prefixo - - - o1
of its co-silent string is either controllable or ambigulyusontrollable, and its terminal event, € X' is, string-
wise, either controllable or uncontrollable. Hence evepgtrings = < ¢, oy, —, k, 7y > of L(Gyp), w.r.t which
Th € Tact iS ambiguously controllable, has the longest prefix; - - - o, for somep (1 < p < k- 1) - at which
op = 1 and is ambiguously preemptable, and beyond which thixsty 1 - - - o is uncontrollable. With the new
event output notation accordingly defined, and over thehaaitity tree constructed fdg,,, Step 1 of Procedure
OCC-SR labels such a prefix astgstring and such a,-string s as g8-string, ofL(Gy,), with the newt,-string
Soi---0op as its reference prefix; and as a result, the ggstring s now satisfies the condition for an activity
event inT, as stated in Definition 2 (of activity output-control consigy).

The step also relabels every othgrstring s € L(Gyo), W.r.t whicht, € Ty is controllable or uncontrollable,
as anap-string or aBy-string, ofL(Gy,), respectively, and as a result, the neyv or B,-string s now satisfies the
condition for an activity event iy, or Ty, respectively, as stated in Definition 2.

It thus follows that Step 1 of Proceduf@CC-SR refines the given TDE$, to be AOCC according to
Definition 2, with the new set of high-level activity outpUig: < {an,n} partitioned intoThiy = {an} N Tacrand
Tu = {Bn} N Tact.

— Show that the AOCC-system refin€g, can be further refined to be OFC without violating the estilgld AOCC-
system property:
With additional new event output notation accordingly dedinand over the reachability tree of the now AOCC-
systemGy,, Step 2 of Procedur®CC-SR relabelsan-strings ands,-strings asa,- and 8,-strings, of L(Gyp),
accordingly as needed, such that the refi@gdecomes OFC according to Definition 5. As the step entailg onl
output relabeling, it thus follows that every newly formegt or Bn-string of L(Gy,), like their ay,- or B,-string
counterpart, retains satisfying the condition for an digtigvent inTy;, or T, respectively, as stated in Definition
2.

It thus follows that Step 2 of Proceduf@CC-SR refines the TDES5,, to be OFC without violating the
AOCC-system property established by Step 1, and hence fihed&,, is OCC according to Definition 7, with
Tact  {@n.Bn. @n.Bn} partitioned intoThpy = {an, @n} N Tact @Nd Ty = {Bn.Bn} N Tacy; and partitioned with
Tfor = {(ln,ﬁn} N Tact

Hence the theorem. O

In subsequent references, Steps 1 and 2 of Proc&didfe-SR may be separately referred to as Subprocedures
AOCC-SR andOFC-SR, respectively. Henceforth, when we say a TDES is OCC-, AQ@@d OFC-system refin-
able, we now mean, more specifically, that it can be refine@t®@8C, AOCC and OFC, using Proced@€C-SR
and SubproceduresOCC-SR andOFC-SR, respectively.

X
7 An event denoted by symbalis simply called a force-don't-care event, and is eifer .
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6.3 PF-System Refinement & SOCC-System Refinability

Relating as explained in Section 5.1, the terminology amtepts formulated for state pairs@§, carry over to node
pairs of the corresponding tr€x, ;.

In logical hierarchical control, a method over the systeMisore reachability tree is developed (Zhong and
Wonham, 1990; Wonham, 2016) to break up vocal-node parthgfirst finding them via breadth-first search of the
tree. To refine a TDES5,, V) so that it becomes free of vocal-state partners, howevsrdiscovered that, in finding
vocal-node partners ovés', wos”, <g, j], similarly by breadth-first search of the tréo;, V;), and breaking them
up, new vocal-node partners may be introduced. This is Isedalbreaking them up, the m&pneeds to be redefined
so that the nodé;(s'wo, ng) outputst;, if o~ € 2(5:(S'w, ng)) is an ambiguously preemptable tick, and otherwise, as in
the partners-breakup method for logical hierarchical @drfzhong and Wonham, 1990; Wonham, 2016), outputs a
given new activity event. The following example illustrathis issue.

Example 2Consider a subtree of the reachability (&, V;) for a Moore TDESGy,, as depicted in Fig. 9(a) with
S € Lyoc(Giot), W, 8" € Z*, 0 € Zarforall i (1 < i < 5), andry, 72 € Tact. SUpposery, o, 03 andos are
prohibitable,o4 is uncontrollable and- is also forcible.

n
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(a) Partnergny, nz) (b) Partnergny, n3) removed with new partner®y, ns) introduced

Fig. 9 An example showing that partnership removal can introd@ve partnership

The subtree, according to Definition 10, has a pair of vocalenpartners, namelyn,, nz). To remove their
partnershipV; can be redefined such that the non-vocal nogéreachable by string'wo1’t)) becomes a vocal
node outputtingy, as depicted in Fig. 9(b). However, in so doing, a new pairagfal-node partners is introduced,
namely,(ny, ng), as depicted in Fig. 9(b). [

In general, the issue is due to vocal-state partners beiddeh’ by certain pairs of control-dependent vocal states
outputting the same activity event, formalized as follows.

Definition 13 (Hidden vocal-state partnership)For a TDESG,, let;, gz € Quoc, Where eithel(q;) orV(qy) is an
event ofT,¢.. Then(qy, g2) is said to be a pair of partner-hiding state¥f);) = V() € Tact and(ay, 0p) is a pair of
control-dependent states oef, wos”, <g, j], for which (3s; € Z*) (st < 5) & Z(6(SWoS” s, o)) N Zsor N Zhib #
).

In words, two system vocal statgs and g, outputting the same activity event are partner-hiding éyttare con-
trol dependent ovefs,wos’, <&, j] in the system, such that an ambiguously preemptable ticsktsexitq’j =
5(swos’s;, qp) along somes; € 2* for which sty < s;, for which g; andqﬁ, i € {1,2} andi # j, are vocal-state
partners ifqg were to outputy,.

To break up partners without introducing new partners, gibireadth-first search strategy, conservatively, pairs
of vocal-state partners and partner-hiding states need turdken up. In what follows, a conceptual procedure for
PF-system refinement, named ProcedifeSR, is defined over the reachability tré8,;, Vi) of a TDES(Gy,, V), as
follows: For each paitn;, ny) of vocal-node partners or partner-hiding nodes ¢ggewos’, <%, ilin Gy, detected
with Swo € L(Go;) found by breadth-first search of the ti@g starting from its root node, it is the case that

1. if o € 2(6(Sw, ng)) is ambiguously controllable, i.e; = t, and is ambiguously preemptable, then redefine
Vi(t(S'wor, ng)) = th;
2. else redefin®;(6:(Swo, ng)) = 1, whererp ¢ T is the given new activity event.

Definition 14 (Partner-hiding-state freeness)A TDES Gy, is said to be partner-hiding-state free (PHF) if it does
not contain partner-hiding (vocal) states.
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Therefore, by Definitions 11 and 14, ProcedBie-SRrefines a TDES5, into a system that is not only PF, but also
PHF.

Henceforth, a TDES is said to be SOCC-system refinable ifritlzarefined to be SOCC using the (ordered)
application of ProcedureF-SRfollowed by Procedur©CC-SR, or either one of these two procedures.

6.4 SOCC-System Synthesis Theorems

Theorem 5 A TDES G, is SOCC-system refinable if it is AOCC-system refinable avet, @ach(s',wos’, <, j]
of every pair(qy, gz) of vocal-state partners or partner-hiding states, it is ttase that for,ij,k € {1,2},i # j, and
S = S.ak Whereay € 2,

— if V(q) # ty and ¢ is not controllable, thew; is preemption-unambiguous;
— if V(q;) # th, thene; is uncontrollable.

Proof Consider an AOCC-system refinable TDEgR with the structural conditions as specified. It igfsiient to
show that, by applying Procedurd--SR followed by Procedur®©CC-SR, the given TDES5|, can be refined to be
PF without violating AOCC-system refinability and then het refined to be OCC without violating the established
PF-system property, and hence SOCC by Definition 12. Thef proceeds as follows:

— Show that the given TDES), can be refined to be PF without violating AOCC-system refilitgibi
For each structurgs’, wo's”, <g, j] of every pair(qs, ) of vocal-state partners (Definition 10) or partner-hiding
states (Definition 13), both of which are control-dependemal states (Definition 9) i, ProceduredPF-SR,
in computing over the Moore reachability tree constructed®y,, V), labels strings'wo- as arp-string wherer,
is a new high-level activity output, only if in the co-silesttingwo of the newr,-string, eitheir € Zhip or o =t
and is unambiguously preemptable. Therefore, the ngstring with reference prefig satisfies the condition
for AOCC-system refinability (required by eaetstring of L(Gy,) for every high-level activity event), as stated
in Corollary 1.

Next, letsj = sjej for s; € 2* ande; € 2, if V(qj) = 7j € Tac. Then, sinces; is not controllable by
Definition 9 for control-dependent vocal states that vatate partners and partner-hiding states are, together
with the condition thaty; is uncontrollable, it follows that the newj-string with reference prefix'wo- and
co-silent strings”s’jaj satisfies the condition for AOCC-system refinability asexddan Corollary 1.

Fori € {1,2},i # j,lets = dajfor s € 2* ande; € 2. It follows that if V(g) = 7j € Tae and s
is not controllable, then, that; is preemption-unambiguous implies is either controllable or uncontrollable.
Consequently, this implies that the newstring with reference prefigwo and co-silent string”sa; satisfies
the condition for AOCC-system refinability as stated in Glary 1.

Hence, by refinings, as such using ProceduR¥-SR the refined5, is not only PF and PHF, implying it is
PF, but also remains AOCC-system refinable according tollaoyd..

— Show that the PF-system refin€&g, can be further refined to be OCC without violating the esthigld PF-system
property:
Since the refineds,, is AOCC-system refinable, by Theorem 4, it is OCC-system abfan using Procedure
OCC-SR.

An arbitraryt, € Ty is, in general, either ambiguously controllable, consdolé or uncontrollable w.r.t ev-
ery t,-string of L(Gy,). As defined, over the reachability tree constructedGgr, SubprocedurdOCC-SR of
ProcedurdOCC-SR simply relabels, accordingly;,-strings ofL(G,), w.r.t whicht, € Ty is controllable or
uncontrollable. Eectively, no vocal-state partners are created herewith.

It remains to show that, in Subproced®CC-SR relabelingr,-strings ofL(Gj,) w.r.t which eachr, € Tyt
is ambiguously controllable fiectively no vocal-state partners are also created, assilo

We note that ap-strings = So; - - - o € L(Gp), Wwhereo € T foralli (1 < i < k) ands is its reference prefix,
w.r.t whicht, € Taet is ambiguously controllable, has the longest prefix; - - - o, for somep (1< p<k—1) -
at whicho, = t; and is ambiguously preemptable, and beyond which thxsty, 1 - - - o is uncontrollable.

Herewith, SubprocedurdOCC-SR labels such a prefix astgstring and relabels,-string s as someg,-string
accordingly, with the nevi,-string S'o; - - - o as its reference prefix. It then follows that, to prove by cant
diction, assume that, due to the preceding refinentgris the new vocal state outputting theandg, is some
originally existent vocal state outputting an activity ezeuch thatq,, g,) forms a pair of vocal-state partners
over some structurgs’, wos”, <g, j], whereqy = 5(sSwos’s;, o), @ = 6(SWos’s,, o) and j € {1,2}. As-
sociating this structure with the form of the strisgthe co-silent string of the-string iswos’s; = o1 - - - o7,
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which is ambiguously controllable as, is, and sar; - - - op—1 is either uncontrollable or ambiguously control-
lable. Together with Definition 9 for control-dependent abstates that vocal-state partners are, it can only be
thato = t and is ambiguously preemptable (i.€.js ambiguously controllable), and so the string: - - op_1
must be ambiguously controllable. Thus, it follows thats not controllable and we may l¢t= 1.

In what follows, since statg; resides along the co-silent string of the initially givepstring s, there exists
a stringw; € (Zy u {t;})* such thats = swos’sw). And sincew is the co-silent string of the newly formed
Bn-strings, V\/l = opt1- - - ok and is therefore uncontrollable. Singeis not controllable antle is uncontrollable,
it follows that the vocal state reachable by strexutputtingz,, initially and vocal state, must initially be a pair

of control-dependent vocal states oyt wos’, <ZW3, j], according to Definition 9. It follows that, if they output
the same activity events, they form a pair of partner-hidtages by Definition 13, or otherwise form a pair of
vocal-state partners by Definition 10, contradicting the fhat theG,, is PF and PHF.

Therefore, refinings), to be AOCC using Subprocedup®©CC-SR does not introduce new vocal-state part-
ners, implying the AOCC-system refin&j, remains PF.

Finally, as defined, over the reachability tree construébe,,, Subprocedur©FC-SR of ProceduréDCC-
SR simply relabelsr,-strings ofL(Gj,) accordingly, and hence does not create new vocal statesharefdre
does not introduce new vocal-state partners.

All'in all, the OCC-system refine®, remains PF.

Hence the theorem. =
A corollary of Theorem 5 follows.

Corollary 2 An OCC TDES @ is SOCC-system refinable if, over edahwos’, <, j] of every pair(gs, ¢p) of
vocal-state partners or partner-hiding states, it is theseghat forjj e {1,2},i # j,

— ifV(q) # tn, then $is preemption-unambiguous,
— if V(q;) # th, then g is uncontrollable.

Proof Consider an OCC TDES), with the conditions as specified for each structigewos’, <, j] of every pair
(a1, 02) of vocal-state partners (Definition 10) or partner-hidinigtas (Definition 13), both of which are control-
dependent vocal states (Definition 9)3q. Taken together, the structural conditions (and thesedlecthe given fact
that G, is OCC) can be logically shown to be stronger than thgancy conditions stated in Theorem 5 for an
SOCC-system refinable TDES. It thus follows ks is SOCC-system refinable. Hence the corollary. o

6.5 STOCC-System Synthesis: A Discussion

Consider a hierarch§G,, Gy;) built based on the proposed formulation. Suppdges SOCC and hence OCC. Based
on the foregoing theoretical development, Property 4 anB @) are satisfied faBy;. Suppose we want the tigkfor
the high-level modeGy,; to model real time, i.e Gy, to possess time fidelity. What then remains to attain hightle
time fidelity is thatGp; must also satisfy Property 3, and this is so provitggis or can be refined to be OTC while
remaining SOCC, and hence STOCC - fisient condition for HC-OTF. Any violation of Property 3 k8, is caused
by either of two anomalies in the abstraction of the origialore TDES, namely, either, upon &®-occurrence, an
eligible high-level activity event becomes ineligible bhas one of its event-control properties modified.

W.r.t high-level time fidelity, the temporal dynamics of a@GCGy, being not OTC is deemed erroneous as the
real-time soundness of all specifications w.r.t its abftaenodelGy,; is not guaranteed. This necessitates a redesign
of the reporter map by refining (G, V) that removes the abstraction anomalies as well, and thisrgkeproblem
of existence and synthesis (by refinement) of an ST@Us a challenging one. In the next section, we study the
SOCC-system refinability of an existent class of TDES’s, show that a ‘linear’ subclass formulated is STOCC-
system refinable.

7 Hierarchical Consistency for NTU & NTI Systems

We consider a class of Moore TDES'’s, that we call next-outprrhinal-control unambiguous (NTU) systems. NTU
systems impose some output-system design or modelindgctests in the resultant class of TDES hierarchies. A

8 By original, we refer to the low-level TDES prior to undemgiProcedur®©CC-SR.
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special subclass of NTU systems, called non-terminal Gowrol invariant (NTI) systems, is also defined. In what
follows, the SOCC-system synthesis of NTU TDES's is formaltoved. A further restricted linear subclass of NTI

systems is also characterized, which, importantly, letsilfito STOCC-system synthesis of linear NTI systems
as also formally proved, and that entails a neat strategyhifrarily removing the abstraction anomalies identified
without violating SOCC-system refinability in obtaining STC systems.

Definition 15 (NTU and NTI systems)Lets = So107, - - - o be an arbitrary-string ofL(Gy,) with reference prefix
s andoj e X foralli (1 <i < k). Then the TDES5, is said to be NTU if, for each-strings € L(Gy,) of every
T € Tact, the terminal eventry, if it is a tick t;, is either non-preemptable or unambiguously preemptdiiie. TDES
Gy is said to be NTI if it is NTU and, for eachstrings € L(Gy,) of everyr € Tt U {th}, every (non-terminalyr
(1 <i < K) thatis a tickt is either non-preemptable or unambiguously preemptable.

For an NTU or NTI TDESGy,, the terminal eventr € X in everyr-string so- € L(Gy,) of every outputr € Ty is
either an unambiguously preemptable or a non-preempteilect an activity event (which is either prohibitable or
uncontrollable). In other words, the termimeicontrol of the next activity outputis unambiguous. For an NTI TDES
Gy, additionally, except the terminal tickof everyt,-string of L(Gy, ), the control preemptability of ticl elsewhere
(i.e., whethett; elsewhere can be preempted or not) is always the same urieamr system control dynamics. In
other words, referring tg as a system non-terminal time tick whenever it is not the irghevent of at,-string of
L(Gpp), the (low-level preemptive) control of non-terminal tinieks is invariant.

Remark 1We should point out that NTU TDES'’s are not a limited classiefdrchical systems. It is first discussed
in (Wong and Wonham, 1996) that, in general, a given TDES earetlesigned to become free of activity events,
each of which is both forcible and prohibitable. A Moore TD&g with Xior N Zhip = & or equivalently 2o, < 2y,
is clearly NTI since all its time ticks are control invariaahd hence is NTU. [

7.1 SOCC-System Synthesis for NTU Systems

For NTU systems, an important result follows.
Theorem 6 An NTU TDES @ is SOCC-system refinable.

Proof Consider an NTU TDES5,,. By Definition 15 of an NTU TDES and Corollary G, is AOCC-system re-
finable. Overs,wos”, <&, j] of every pair(a:, d2) of vocal-state partners (Definition 10) or partner-hidinates
(Definition 13), both of which are control-dependent vodates (Definition 9) irGy,, and lettings, = s, where
ax € X, ke {1, 2}, itis the case that, since the give, is NTU,

if V(ai) # tn, thene; is preemption-unambiguous; andvta;) # t,, thene; is uncontrollable.

Together, it follows that the NTU TDES,, satisfies the diiciency conditions stated in Theorem 5 for an SOCC-
system refinable TDES. Hence the theorem. o

7.2 STOCC-System Synthesis for Linear NTI Systems

Fundamental to the linearity characterization on an NTiesyss the system concept of linear time control-invariance
which requires the following definition.

Definition 16 (Timed-output-state control uniformity) A TDES G, is said to be timed-output-state control uni-
form (w.r.tTae) if, for all T € Tagy, if there exists a-string of L(Gy,) with reference prefix’ and atp-string of L(Go)
with reference prefixv’ such thap(w') = ('), then for everyr-string s € L(Gy,) with reference prefis” such that
6(s") = 6(5),  has the same controllability property ws.and the same forcibility property w.ist.

The characterization of the concept is depicted in Fig. 1@ doncept of linear time control-invariance follows.

Definition 17 (Linear time control-invariance) A TDES Gy, is linear time control-invariant (w.rl,e) if it is timed-
output-state control uniform and NTI.

Thus, a TDESG), is linear time control-invariant in the sense that
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T

6(s") th
(@) High-level abstraction of the (b) Low-level string-wise characterization:€ Tact, (W) = 6(s') = 6(s”), the controllability
characterization property ofr w.r.t §'s; is the same as that w.sf's,, and the forcibility property of w.r.t s’ is the

same as that w.rd’.

Fig. 10 Timed-output-state control uniformity

— itis timed-output-state control uniform, and thus at ariteathy high-level state wheremae T, andt;, are eligible,
and the state is reachable from below by a stehng Lyo(Gio), the string-wise control properties of Tyt Over
everyz-string ofL(Gy,) with reference prefis” such that(s”) = 6(s) are the same; and

— itis NTI, and thus at an arbitrary low-level state, whenewdick t; is eligible, the control preemptability of the
tick t; under arbitrary system control dynamics is always the séthe tickt, is not a terminal event of @-string
of L(Gyo).

Note that because a linear time control-invariant TDES i$, Nffing-wise, nor € Tt is ambiguously controllable.

The two possible abstraction anomalies, of an eligible T, becoming ineligible, and of it having one
of its event-control properties modified uportpeoccurrence, are formalized aspreemptability andy-property-
modifiability, respectively, as follows.

Definition 18 (t,-preemptability of 7 € Tae) Consider an arbitrary-string of L(Gj,) with 7 € T, and reference
prefix §'. Thenr is said to be,-preemptable w.r$' if there exists dn-stringw € L(Gy,) with reference prefix/ such
thatd(s') = 6(w'), but there is na-string of L(Gy,) with reference prefix such tha#(r) = 6(w).

Intuitively, t,-preemptability ofr € T, characterizes the situation where a high-level evettiat is eligible is
‘preempted’ or becomes ineligible following an occurrent#, at a high-level state whereandty, are eligible.
A proposition relating system output time-compliance ghapreemptability follows.

Proposition 6 A TDES G, is OTC jf, for everyr-string of L(Gj,) with reference prefix’swherer € Ty, 7 is not
th-preemptable w.r.t's

Proof For an arbitrary-string ofL(G,) with reference prefis’, wherer € T, by Definition 18 oft,-preemptability,
7 is notty-preemptable w.r.¢

— provided that for every,-stringw € L(Gy,) with reference prefixw’ such that(s') = 9(w’), there exists a-string
of L(Gyp) with reference prefix such that(r) = 6(w);

— provided that if there existsts, € 6(L(G)o) such that(s') = t, then there existsastring ofL(Gy,) with reference
prefixr such tha#(r) = (W )t,;

— provided that, if there existstg-string ofL(Gy,) with reference prefixv' such that(s') = 8(w'), then there exists
ar-string of L(Gy,) with reference prefix such tha#(r) = 9(w')ty; and

provided thatG, is OTC by Definition 6 of an OTC TDES. Hence the proposition. o

Next is thety-property-modifiability of ar € T, Essentially, it means that, for a TDES hieraral@(o, Gni)

whereGy,; def (X, T,& %o, —), there is some reachable state X with 7 € Tao(X), and a state’ = &(tp, X) € X,

for which there is nar-string s, € L(Gyo) with reference prefixs” such thatx' = £(6(s”), xo) andd(s”) = tt;, for
somet € T* such thatx = £(t, %), and for whichr has the same controllability and forcibility properties.ts;
ands’, respectively, as it respectively has w.r.t angtring s; € L(Gjo) ands/, wheres' is the reference prefix of;
such tha®(s') = t. In this paper, for a clearer exposition, itfBces to formally define this anomaly for a linear time
control-invariant TDES5,.

Definition 19 (th-property-modifiability of 7 € T,¢) Consider an arbitrary-strings; € L(Gyo) with 7 € T4 and
reference prefixs’, where TDESG), is linear time control-invariant. Thenis said to be-property-modifiable w.r.t
s if there exists ap-stringw € L(Gyo) with reference prefixw, whered(s') = 9(w'), and there exists astring
s; € L(Gyo) with reference prefis”’, whered(s”) = (w) such that, for every such € L(Gyo),
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— either,t is controllable w.r.t5, iff 7 is not controllable w.r.5,,
— or, 7 is forcible w.r.ts iff 7 is not forcible w.r.ts”.

Intuitively, characterizing for a linear time control-emant TDESG,, thety-property-modifiability ofr € Tact
refers to one ‘uniform’ string-wise event-control prope(of either controllability or forcibility) of the high-heel
eventr changing completely, following an occurrencetipht a high-level state whereandty, are eligible.

Based on Proposition 6, we may define a stronger concept oT@igystem.

Definition 20 (Control output time-compliance) A TDES Gy, is said to be control OTC if every € Ty is neither
th,-preemptable nati,-property-modifiable w.r.t the reference prefix of eaestring ofL(Gyo).

We now define the relative index for the starting state of timgést sffix of the co-silent string of §-string in a
TDESG, that may exist, along which the TDES will never diverge fronteging a state outputting.

Definition 21 (Output-time attractor limit) The attractor limit for atp-string < ¢, 0, —, Kk, ty > € L(Gyo), if it
exists, is the smallest indéx(1 < b < k) starting which the prefixs'cy - - - o for everyi (b < i < k) cannot be
extended to any-string of L(G,) with reference prefixs’, wherer € Ty

Intuitively, if no attractor limitb (1 < b < k) exists for at,-string < s, oy, X, k, t, > € L(Gyo), it means that every
prefix oy --- o (1 < i < k) can be extended to somestring of L(G,) with reference prefixs’, wherer € Ty If
it does, then evolving from TDES staxg, it is only after entering stats, that the evolution towards stakg or any
other vocal state that outputsis guaranteed.

Two more system concepts, for a linear time control-invariEDES, follow.

Definition 22 (Output-control determinism and anomalous output-timmedr blockability): Consider a linear time
control-invariant TDESG),. For everyr-string < S, 0y, X,k,7 > € L(Gjp) with 7 € Tag, and for everyr’-string
< 8, aj,— h 1 > € L(Gp) with7’ e T, such thatvee; - - - a@p = 001 - - - 0p for somep (0 < p < min(h, k)) where
ag = 0g = &, the TDESG, is said to be

1. output-control deterministic, if the following conditi holds: If7" # 7, theno; - - - o is uncontrollable, i.e., for
ali(l<i<p),oieZyor(oi=14&2(X-1) nZtor = &); and
2. anomalous output-time linearly blockable, if the follagy condition holds: If, w.r.&, 7 is eithert,-preemptable
or t,-property-modifiable, then
— if ¥/ = t,, the attractor limib (p + 1 < b < h) exists such that for some(b < j < h), @ € Zae, and

— for everyty-string < W', Bj, —, |, th > € L(Gjo), whered(w') = 4(s') andw’ cannot be extended torastring
of L(Gyo) with reference prefixv, the attractor limity (1 < b’ < I) exists such that for some(b’ < j < I),
Bj € Zact-

In words, for a linear time control-invariant TDES,, it is output-control deterministic if, for every-string,
7 € Taer and for everyr’-string of L(Gy,), both with the same reference prefixif = # 7’ and their co-silent strings
share the firsp low-level events, then each shared event is either undtatite or is at; that is non-preemptable.
This characterization is depicted in Fig. 11. Intuitivetyensures that every high-level prohibitable event caragbv
be solely disabled and every preemptahlean always be solely preempted.

a(s") T
(a) High-level abstraction of the characterization  (b) Low-level string-wise characterizatiom:€ Tact, 7 # 7, andoy - - - o7p is un-
controllable.

Fig. 11 Output-control determinism (under linear time contralarnance)
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T A From every non-vocal state along each of the
. two dotted lines shown, every next vocal state

6(s" th ) v that can be extended to is one that outputs.a

(a) High-level abstraction of (b) Low-level string-wise characterization:e Tact, 6(W') = 6(s'), and attractor limitdb, b’ exist,
the characterization: Thety,- followed by some activity evenigg, Sy in the co-silent strings of the respectigstrings shown
occurrence either preempts  (representing all sudi-strings that exist with reference prefixe§ s'). Denoted by dashed arrows
(making it ineligible) in one are system transitions where the causes of the two abetmamtiomalies lie: Either ne-string of
anomaly, or modifies one of its L(Gjp) exists with any of they-strings shown as its reference prefix, or a string-wise gntypof
control properties (making it controllability or forcibility for r changes upon entering a state vocalizirtg.a

ambiguous) in the other.

Fig. 12 Anomalous output-time linear blockability (under lineen¢ control-invariance)

Next, G, is anomalous output-time linearly blockable if, for evergtring with reference prefig’, r € Tac,
if 7 is eitherty-preemptable ot,-property-modifiable w.r.&, then two conditions hold. One, for evetystring
< 9, aj,z,hth > € L(Gp) whose co-silent string shares its fifsevents with the co-silent string of thestring,
there must exist an attractor lintitfor the t,-string such thab > p and the sffix of the co-silent string of thé,-
string starting from statg, must contain a low-level activity event, for somej = g (b < j < h). Two, for every
th-string < W, 8, yj, I, th > € L(Gjo) where its reference prefiw’ has the samé-image as the string’ and cannot
be extended to a-string with the same reference prefi%, there exists an attractor limif for the ty-string such
that the sffix of the co-silent string of thé,-string starting from statg, contains a low-level activity evey, for
somej = ¢ (b’ < j < ). This characterization is depicted in Fig. 12. Intuitivedppjomalous output-time linearly
blockability asserts that, at a high-level state whgend an activity event are eligible, if the occurrencé,gfreempts
the activity event or changes its controllability or foiitily property, then there must exist critical low-leveltaity
events whose occurrence discontinues or alters the ndtthie on-going high-level activity w.r.t time, respectiyel

We are now ready to define a linear NTI system, and presenTCE€-system synthesis result.

Definition 23 (Linear NTI system) A TDES G, is said to be linear NTI if it is linear time control-invarigroutput-
control deterministic and anomalous output-time lineattckable.

A lemma follows.
Lemma 2 Alinear NTI TDES G is PF and PHF.

Proof For a linear NTI TDESG,, consider an arbitrary-string < s, oy, X, k, 7 > € L(G,), Wherer € Tyt and an
arbitraryr’-string < s, @, —, h,7’ > € L(Gy), wheretr’ € T, such thatvge; - - - ap = o0 - - - 0 for somep (0 <
p < min(h,k)) whereag = ¢ = &, and letqy = §(So102- -0k qQo) € Quoc andd = §(Sa1a2 - - - an, o) € Quoc:
The proof then proceeds as follows.

To prove that G is PF: SinceGy, is output-control deterministic by Definition 23 of a lineldiTl TDES, it
follows by Definition 22-1 of output-control determinismath if r # 7, then for alli (1 < i < p), oj € X, or
(oi =t & Z(Xi—1) n Ztor = ). This implies that stringr; - - - o7 is uncontrollable. Henceggy, gz) is not a pair
of control-dependent states as Condition CDS1 of Definifias not satisfied. Therefor@y, gy) is not a pair of
vocal-state partners by Definition 10. By Definition 11, &, does not have vocal-state partners, it is PF.

To prove that G is PHF; By Definition 23,Gy, is also linear time control-invariant and therefore NTI bgfiDition
17. This implies that it = 7' € Ty, the co-silent strings; - - - o« anda - - - ay, of ther-string andr’-string ofL(Gy),
respectively, do not contain an ambiguously preemptatie;tiand hencéaq;, g) is not a pair of partner-hiding states
by Definition 13. By Definition 14, sinc&, does not have partner-hiding states, it is PHF.

Hence the lemma. o

We now present a conceptual method named MeBIDOCC-LNTI-SR for a linear NTI TDESGyo, V). The method
uses another conceptual method named Me@0d@ C-SR, which is presented first.
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Method COTC-SR is defined over the reachability tr¢€, V;) as follows: For each € Ty, and for every
T-strings =< S,0i,—, k7 > € L(G)y) for which 7 is t,-preemptable ot,-property-modifiable w.r.t its reference
prefix s’:

Step 1) Add a new activity outpytto Tt
Step 2) For each-string< W, aj, —, h,ty > € L(Gjo) whereg(w') = (<), find an indexj such thatb < j < h)
anda; € 2y, Whereb is the attractor limit of they-string, and redefin® (6;(Wa1a2 - - - @, Ng)) = 7.

MethodSTOCC-LNTI-SR for a linear NTI TDES(Gyo, V) is now outlined in two steps, as follows:

Step 1) Refine the TDES), by applying MethodCOTC-SR.
Step 2) Refine the mod€l,, further by first applying Procedu@CC-SR, and thereafter fixing each force-don't-care

eventy e {7, v} in everytty ¥ € 6(L(Gp) asy if t7 € 6(L(Gp)); and otherwisey if ty € 6(L(Gyo)).

Henceforth, a TDES is said to be STOCC-system refinable &ritlwe refined to be STOCC using Meth®dOCC-
LNTI-SR.

Theorem 7 Alinear NTI TDES @ is STOCC-system refinable.

Proof Consider a linear NTI TDE®,,, which by Definition 23 is linear time control-invariant (fx@tion 17) [i.e.,
NTI (Definition 15) and timed-output-state control unifo(®efinition 16)], output-control deterministic (Definitio
22-1) and anomalous output-time linearly blockable (D&6ini22-2).

We first show that, by applying Step 1 (i.e., Meth@@®TC-SR) of MethodSTOCC-LNTI-SR, the given linear
NTI TDES Gy, can be refined to be control OTC without violating the linedil{system property, as follows: Consider
an arbitraryr-strings =< s, oy, X, k, 7 > € L(Gjp), wherer € Ty

— Show that the givefs, can be refined to be control OTC:
If T € Ta is th-preemptable of,-property-modifiable w.r.8', Definitions 18 and 19 together imply that there
must exist ap-stringw =< W, aj, —, h,t, > such thaB(w’) = 6(s). It follows thatw’ may or may not be the
reference prefix of somestring of L(Gy,). Therefore, we have two cases to consider:
Case 1The stringw’ is the reference prefix of somestring.

Then sincer is eitherty-preemptable ot,-property-modifiable w.r.§,  is alsot,-preemptable ot,-property-
modifiable w.r.tw’. By Definition 22-2 of anomalous output-time linearly bladkity, it follows that there exists
an attractor limit (of Definition 21), which is an indé&such that along the co-silent string - - - a, of w, for some
j (b < j < h), e € 2y Hence, in applying Metho@OTC-SR, one such indej can be found for redefining
V(6(Waias - - - @, 00)) = ¥, Wherey is the new activity output introduced.

Case 2The stringw’ is not the reference prefix of anystring.

Then sincer is eithert,-preemptable ofi,-property-modifiable w.r.$', by Definition 22-2 of anomalous output-
time linearly blockabilty, it follows that there exists attractor limit which is an indest’, such that along the
co-silent stringr; - - - an, of w, for somej (b’ < j < h), @j € Za. Hence similarly, in applying Metho@OTC-
SR, one such index can be found for redefining (6(Wasa- - - - @j, to)) = ¥, wherey is the new activity output
introduced.

In (effectively) redefining the vocalization mapas such, Metho€OTC-SR refines the TDES5), such that
everyt € Ty for the refined5y, is no longerty-preemptable of,-property-modifiable w.r.§'. Hence the refined
Gj, does not contain &string wherer is eithert,-preemptable of;,-property-modifiable w.r.t its reference prefix,
and therefore is control OTC by Definition 20.

— Show that the refine®, remains a linear NTI system:
To prove that G remains NTiAs deduced from Definition 1%3, is NTI provided every event along the co-silent
string of an arbitraryr-string of L(Gy,) is not an ambiguously preemptable tigkand so is every non-terminal
event along the co-silent string of an arbitragystring of L(Gy,). For the given NTIG,, without relabeling or
unlabeling any existing,-string (i.e., redefining it as a ndp-string or a non-vocal string, respectively), and only
introducing each new-string as prescribed for each newadded toT ¢, Method COTC-SR clearly does not
change this provision for the refin€&,; and hence the refinegd, remains NTI.
To prove that G remains timed-output-state control unifarfrom the proof above showing that the givep
can be refined to be control OTC, it is clear that, for any netivig output v, and therefore any negstring
of L(Gjp) with reference prefix’ introduced by Metho€OTC-SR, there is ndy-string with reference prefiw/
such tha®¥(s) = 9(w') in the refinedG,,, and the co-silent string of everystring in the giverG, remains the
same in the refine@,,. Therefore, the refine@,, remains timed-output-state control uniform by Definitich 1
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At this juncture, we have proved that the refingg is linear time control-invariant (Definition 17), to which
Definition 22 is applicable.

To prove, by contradiction, that,Gremains output-control determinstiSuppose the refine@, is not output-
control deterministic. This means that there exisgssiring < s, o7, %, k, ¥ > and ar’-string< s, @j, —, h, 7’ >
wherey is a new activity outputy’ € T andt’ # vy, such thaiey - - - ap = ooy - - o for somep (0 < p <
min(h,k)) whereag = 09 = ¢, and for somé (1 < i < p), oi ¢ 2y, ando; = §| = X(Xi—1) N Ztor # .
Then since before redefining asV(6(S'o102- -0 Qo)) = 7o, it Must be that in the give,, there exists
aty-string < s’,o-g,x/j,k/,th > such thatri0z - - o = djoy- - oy andV(x)) = --- = V(X, ;) = To. With
Method COTC-SR redefining similarly for everyn-string with reference prefiw/ such that(w') = 4(s), it
must be that’ € T, Together, it means that in the giv&y, there exists &,-string < s’,a/j, xﬁ, K.,t, > and a
7'-string < s, @j, —, h, 7 > wherer’ # t,, such thatwa; - - - ap = oo’ - - - o7, for somep (0 < p < min(k’, h))
and for somg (1< j < p), o ¢ Zyando; =t — 2(x§_l) n Zior # &, contradicting the fact that the given
Gy, is output-control deterministic. Hence, the refir&g is output-control deterministic by Definition 22-1.

To prove that G remains anomalous output-time linearly blockab#es proved above, the refinggl, is control
OTC (Definition 20). It follows by Definition 22-2 that it isittially anomalous output-time linearly blockable.
Together, the refine@), that is control OTC and hence OTC by Definition 20 and Profosi, is a linear NTI
system by Definition 23.

We then show, by applying Step 2 of Meth8&1T OCC-LNTI-SR, that the TDESG,, can be further refined to be
SOCC without violating the established OTC-system prgparid hence to be STOCC by Definition 12, as follows:

Remaining linear NTI, the OTC-system refin@&g is, by Lemma 2, PF and PHF, which is the same as a TDES
refined using ProceduR®-SR Therefore, by Theorem &, an NTI and therefore NTU TDES by Definition 15, can
be further refined to be SOCC by applying the remaining PraesdCC-SR. Becausé&s, is NTI, no co-silent string
of everyr-string of L(Gy,), wheretr € Ty, is ambiguously controllable, and hence no rgstring is introduced
by ProcedurdDCC-SR in Step 2 of MethodSTOCC-LNTI-SR. Together with the fact that the TDES, to be
further refined is control OTC, after applying Step 2 of MatI8TOCC-LNTI-SR, no (control relabeledy € Ty in
the refined3, is th-preemptable ok,-property-modifiable, string-wise. Hence the SOCC-sysifinedG,, remains
control OTC and hence OTC by Definition 20 and Proposition 6.

Hence the theorem. o

7.3 Hierarchical Control of a Photocopying System - a Lilg@r System

The STOCC-system synthesis for linear NTI TDES's is illagtd, with the necessity for output-time fidelity reiter-
ated, using a simplified but non-trivial photocopying maehthat takes a photo snapshot of every properly placed
document page and saves it as a software image file.

7.3.1 System Description

The machine is a system compositi@rof two real-time component TDES's: a photocop@rand a page positioner
Gy. The ATG’SG1 act andGy 4t With their associated timing information, by which the restive component&; and
G; (not shown) are constructed, are shown in Figs. 13(a) artg);1&4d the composite systeg= G;||G, is shown
in Fig. 13(c). The event sél,; = {0 | 1 < i < 6} is partitioned withX,j, = {03} andZs,r = {os}. The definitions
of the system events are given in the ‘Events’ row of Table 2.

The dynamics of the system components are described aw$olfeollowing a 1-tick joint initialization or re-
initialization of sensors, the system components are kesitly to begin the next photocopying cycle. When a docu-
ment page in the input tray is detectech), the page positioner and photocopier are jointly alerfedlowing, the
page positioner takes 1 tick to ready itself, and up to 1 syleesat tick to pull the page from the input tray and po-
sition it in the photocopy arear§). Concurrently, the photocopier takes 2 ticks to set up, gntb 2 more ticks to
photocopy and save the photocopied as a softwaredfife Upon executingr,4, the photocopier may clear any page
in the photocopy area into the input trays) or, following a 1 tick-delay, take up to 1 more tick to clehetpage in
the photocopy area into the output trass). Upon executingrs followed by a tick, the page positioner readies itself
for the next document page{).

The intricate timed interleaving of the events between flstesn components is captured in the TDES mdslel
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Fig. 13 Photocopying machine models for hierarchical control@ystlesign
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7.3.2 Initial Hierarchical System Design

Suppose that in the initial hierarchical system design, megiven the set of high-level activity events, such that
each is defined as an output by vocal states of a Moore ve&ioshown in Fig. 13(d) of the composite syst&n
entered following a respective low-level activity evenostring of low-level activity events (in ATG1 act || G2.acy)-

The system outputs of interest pertain to the photocopyyrdec The definitions of these system outputs are given
in the ‘Outputs (given)’ row of Table 2. The outputs corresgdo ‘next page placed for photocopying’, signalled
as high-level event; wheno; occurs; ‘page processed’ signalledrasvhenao, occurs; ‘page photocopy assured’
signalled as; whenos is the next activity event to occur after;; ‘page failed to be photocopied’ signalled as
whengo is the next activity event to occur aftet; and ‘page left in photocopy area’ signalled@avhenos occurs
immediately afteprs.

7.3.3 Linear NTI System - A Verification

In the following, we verify that the give®, of Fig. 13(d) withTae = {7i | 1 < i < 5} is linear NTI (Definition 23).

— Gy is NTI (Definition 15) because nipin Gy, is ambiguously preemptable (Definition 1).
— Gy is timed-output-state control uniform (Definition 16) sénc

— For eachy € Tyt — {72} and for an arbitrary-string s e L(Go) with reference prefix/, there does not exist
ay-stringw € L(Gy), w # s, with reference prefix” such tha®(s”) = 6(s'). Therefore, eacly trivially
satisfies the condition required by everyg T, for timed-output-state control uniformity.

— For 7, € Ta consider an arbitrary,-string of L(Gy,) with reference prefixs. For eachs € R, =
{tiottios, o tios, hotitios}, there exists dy-string of L(Gy) with reference prefixs’; and for everyr,-
string s € L(Gy,) with reference prefixs” such that(s”) = 6(s') (where we note thas” = <), 7, stays
uncontrollable w.r.t the givesand forcible w.r.t the string”. It can be inferred froniR, - the set of represen-
tative reference prefixes fap - and the structural regularity of (finite-sta®®), that the reference prefix of
everyr,-string is the reference prefix of sorestring, both ofL(Gy,), and for everyr,-strings € L(Gj,) with
reference prefix’, 7, is uncontrollable w.r.s and forcible w.r.ts”. Thus,r; satisfies the condition required
by everyr € Ty for timed-output-state control uniformity.

— Gy, is output-control deterministic (Definition 22-1) since:

— For eachy € T, — {75} and for everyy-string s € L(Gy,), Since its co-silent string contains only events in
2, u {ti}, of which everyt) present is non-preemptable, triviallysatisfies the condition required by every
7-string of L(Gyo), T € Tagt, fOr output-control determinism.

— For 15 € Ty, for the rs-string Soz0s € L(G)o) with reference prefixs’ = tioititjo4 and co-silent string
03075, sinces'o; cannot be extended, by an event or a string via intermedimtevocal states, into states
vocalizing outputs other thars, this s-string trivially satisfies the condition required by evergtring of
L(G), 7 € Tact, for output-control determinism. It can be inferred frone tiepresentative reference prefix
s = tioititio4 for 5 and the structural regularity @, that everyrs-string of L(G,) satisfies the condition
required by every-string ofL(Gyo), 7 € Tact, fOr output-control determinism.

— Gy is anomalous output-time linearly blockable (Definition22since (string-wise), no € Ty IS th-property
modifiable, and only,, 75 € T, aret,-preemptable:

Table 2 Symbol definitions of events and outputs for the photocapgiystem

Symbol:  Meaning
o1. next document page in input tray detected
0.  page in photocopy area cleared into output tray
Events o3:  photocopy area cleared, moving any page there into input tr
o4 photocopy-as-software-file action executed
os:.  page pulled from input tray and positioned in photocopyare
oe.  ready for next photocopying cycle
71.  next page placed for photocopying (vocalized aftg)y
Outputs (given) T2 page processed (vocalized after)
73:  page photocopy assured (vocalized afters)
74.  page failed to be photocopied (vocalized attetr4)
75 page left in photocopy area (vocalized afteyrs)
Output (added) 76:  page to be re-processed (vocalized aftgy
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— 1, isty-preemptable w.r§ € R, (with R, defined earlier abovejs is th-preemptable w.rfoititjos € Ry. It
can be inferred from the representative reference prefiRstdr {7, 75} and the structural regularity &,
thatr,, 15 € T4 arety-preemptable w.r.t every of their reference prefixes.

Along the co-silent string of everts-string with the same reference prefix as-atring of L(Gy,), wheret €
{2, 15}, there exists a non-vocal state entered via a transitionafte s, from which the system’s reach cannot
be extended, by an event or a string via intermediate noahaiates, into a state vocalizing an activity output.
Thus, for every such,-string, an attractor limit exists (at every state enteriedcavransition ofrs).

In what follows, we explain how to refine the given TDEg to build a consistent hierarchy, but which is one
that has some design time anomalies.

7.3.4 SOCC-System Synthesisligh-Level Time Fidelity Issues

The givenGy, is NTI and hence NTU. By Theorem 6, it is SOCC-system refinablag Procedur@F-SR followed
by Proceduréd©CC-SR. By Lemma 2, since the give@, is linear NTI, it is PF and PHF. To refine it into an SOCC-
system, it remains to apply Proced@€C-SR, to relabel accordingly and unambiguously associate everyl
with the event-control properties. Note that following [$teof Procedur®©CC-SR, 74 becomeg,; and following
Step 2, string-wiseB, is found to be always force-don't-care, and defaulted to-foocible with relabelgs. The
OCC-system refine@, is also partner-free, and hence is SOCC.

B2, @5

(a) Gpj (with Property 3 violated)

(b) SOCCG)

Fig. 14 A hierarchical photocopying syste(f®io, Gpi) that is HC

The refined hierarchyG,, Gri), whereGy, is SOCC, is shown in Fig. 14. By Theorem 2, it is HC.

Note that in the abstracted modg}; shown in Fig. 14(a), the eligibility of giving assurancetthgpage can be
photocopiedfs) is invariant under high-level time tick transition. Impently, this aspect of timing semantics captures
a critical fact that any high-level tick delay in giving suahsurance can result in the imminent and uncontrollable
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(b) STOCCG,

Fig. 15 A hierarchical photocopying syste(tio, Ghi) that is HC-OTF

possibility of page-photocopy failurgsf) while the assurance is still in progress. The eligibilifyaopage placed
and ready for photocopying{) is also invariant under high-level time tick transitiomdathat ofB, is trivially so.
However, high-level activity event8, andas do not comply with such timed eligibility invariance, andufiGy,
violates Property 3, or equivalently, the SOG4 violates the OTC-system property.

Violating Property 3 although Property 4 and ALF (5) are Sfad, modelGy,; in Fig. 14(a) does not possess
time fidelity. It follows that, as similarly illustrated irthé example system depicted in Fig. 2, a high-level real-time
specification such as ensuring ‘at most one high-level tickphige processingg{) completion’ has unsound timing
semantics w.r.6y;. Certain high-level specifications might still have souimirig semantics, but without going un-
derneath the abstraction to understand the low-level sydigamics of the non-OTGy,, studying the high-level
modelGy,; alone poses éiculty for a high-level control designer to identify and prelse with confidence any correct
and required high-level control specification 8. As a matter of fact, one wonders what unabstracted low-leve
activity event or string of low-level events occurs alonghathe tickty, causing the syste@y,; in Fig. 14(a) to, upon
thety-occurrence, cancel the processifg) Or prevent a page from being left in the photocopy at&. (

In what follows, we explain how to refine the given TDEg, in Fig 13(d) to build a consistent hierarchy with
output-time fidelity.

7.3.5 STOCC-System Synthesis

Because the giveBy, is linear NTI as established earlier, by Theorem 7, it is STGystem refinable (using Method
STOCC-LNTI-SR). From a design perspective, the missing high-level infdiam is the signal that a document page
needs to be re-processed. So it turns out that, althoughitedly not necessarily the only way, we may introduce
a new high-level eventg to represent this information, to be output by every statered upon the occurrence of
o3. With this event introduction, listed in the ‘Output (adyfeebw of Table 2, the modifieds,,, as shown in Fig.
13(e), becomes OTC with noe T, that is string-wisep-preemptable ot,-property-modifiable, as shown in Fig.
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13(e). Applying Procedur®CC-SRto this modifiedG,, everyr € T, is relabeled accordingly and unambiguously
associated with the event-control properties. Again, tieag following Step 1 of Procedu@CC-SR, 12, 74, 75 and
76 becomess, B4, as andas, respectively; and following Step 2, string-wigh, 84, as andag are found to be always
force-don’'t-care, and defaulted to non-forcible, WithibélgG_Z,E, as andag, respectively.

The desired refined hierarcli,, Gni), whereGy, is STOCC, is shown in Fig. 15. By Theorem 2, itis HC-OTF.

7.3.6 Hierarchical Control Specification

As a specification example ov&;,; shown in Fig. 15(a), we may now assert the requirement theryedocument
page is to be photocopied once without failure. The spetifical TG for this requirement is shown in Fig. 16. A
high-level supervisor (not shown) may be synthesized ustagdard real-time control theory (Brandin and Wonham,
1994).

th

§ B AT-{RT)

Fig. 16 A (high-level) specification TTG for the mod€l,; in Fig. 15(a)

Note that a specialized untimed hierarchical nonblockésgnresult that entails the reporter map to be a system
marked language observer (see (Wonham, 2016) for detsifg)plicable to TDES'’s within the same framework of
formal languages and finite automata. Although hierar¢lticasistency, as formalized by Definition 8 and Theorem
2, does not deal with marked states, it can be shown by agpthis nonblockingness result that the photocopying
system hierarchyG,, Gy,;) in Fig. 15 admits nonblocking high-level supervisor that be realized or implemented
by a corresponding low-level supervisor generating preffised sublanguages.

7.4 Framework Generalization & Scalability

Our theory development of formulating and building a caesiscontrol hierarchy began with adopting the control-
theoretic formulation of5 (2) (Brandin and Wonham, 1994) as the base TDES model andoomufation of the
timed reporter mag. This puts our contribution in the context of a useful coltheoretic system model possessing
time fidelity thatG (2) is for real-time system and control design (Brandin anochidam, 1994), with the added
control-theoretic postulation dfspe = X, being stfficient for proving Property 4 under the two partitionsXat;,
namely,XspelZrem and Zhip U2y, It should be clear that the theory part on hierarchical ist@scy with output-time
fidelity still applies as long as a given base TDES model, a Jgdssesses time fidelity, and the part on that without
output-time fidelity guarantee still applies even if thed@a®ES model has Property 3 relaxed, in which case we are
using a TDES model whettick still represents time but is not always ‘behaviorally’ réale as it can be a timeout
(see Footnote 1) - an event denoting a time elapse in singityawith some implied action, whose transition may
disrupt the eligibility of activity events.

In concluding, we note that the hierarchical consistencyvio levels may be extended to multiple levels. Once
hierarchical consistency is achieved, either of the typhauit or with output-time fidelity guarantee as desired for,
say (Gio 0, Ghip) - the base level and initial level up - by refining accordinghe Moore TDESG, that is NTU
or linear NTI, respectively, the constructions may be régedy first assigning state outputs Gyo (according
to the time-output design laws and respective NTU or line@t 8§stem modeling constraints) to obtain a Moore
TDESGy,; as desired, and then bringing in the next higher le@gl;. Clearly, by similarly refining the TDES, 1
obtained, the hierarchical consistency of the same typédgn, Gni1) as attained foGy, 0, Ghio) can be achieved
without disturbing the consistency (& 0, Ghip). In principle, therefore, as with the logical framework iy and
Wonham, 1990), our real-time framework is vertically sbéda

8 Conclusion

The concepts of output-control consistency and partressriess for hierarchical control are generalized, frommedi
DES’s (Zhong and Wonham, 1990) to TDES'’s (Wong and Wonhar@61@here time fidelity need not be respected



A Hierarchical Consistency Framework for Real-Time Susemy Control 37

in the sense of not obeying Property 3; and the foundatiohes augmented with the new concept of output time-
compliance for a class of Moore TDES's that possesses tingéitfidto develop a new real-time control-theoretic
framework for hierarchical control where output-time fitels also respected, i.e., a new framework of hierarchical
consistency with output-time fidelity. In essence, devetbim this paper are abstraction concepts by which to ‘cyber-
ize the physical TDES’ at the low level and ‘physicalize tlyper TDES’ at the high level, when applied to building
a cyber-physical system as a consistent two-level TDESidRy. Under this framework, supporting SOCC-system
existence and synthesis results are presented, on whichghks, of SOCC-system synthesis for hierarchical censis
tency and STOCC-system synthesis for hierarchical camsgtwith output-time fidelity, are proved for the mildly
restrictive class of NTU systems and its subclass of linedrdystems, respectively.

Formalized over controllable, high-level prefix-closedteyn sublanguages as in the logical version (Zhong and
Wonham, 1990), hierarchical consistency does not ensurgataonblockingness at the high level by low-level
control implementation; only the prefix-closure of highrdénonempty controllable sublanguages can be realized,
unless some hierarchical observer condition holds asyrethtioned at the end of Section 7.3. Using the key system
concepts of output-control consistency developed in thjgep the logical theory of hierarchical consistency with
marking (Wonham, 2016) can be extended to a timed framewmdter which a high-level nonblocking supervisor
can be implemented by a low-level nonblocking supervisor.

Finally, it is well understood that the problem of compudatil complexity in system and control synthesis for
large composite TDES's is serious because of state explégion system composition that is exacerbated by Moore
TTG modeling. To graduate from theory to practice, futurgeerch will need to address and mitigate this problem
in our real-time framework, by first considering mof@@ent and compact representations in place of (infinite hode
reachability trees for the Moore system synthesis proedconceptualized.
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