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ABSTRACT

The existence theory of decentralized control is given a new development in canonical linear-time temporal
logic (canonical LTL) for a refined class of discrete-event systems (DES’s). A discussion at length in the
introduction motivates this theoretical exposition. In extending an existing monolithic control foundation
for a specification of canonical LTL safety, the main thrust is a new LTL characterization of the system
concept of co-observability in its general form, called universal co-observability. A control-theoretic
study of universal co-observability along with its key boundary cases, all specializable to counterparts of
existing language-based versions, demonstrates the merits of transparency and structural generality that
the characterization embodies; importantly, this study reveals a more complete understanding, namely,
decentralized control under co-observability is specification-modular control under local partial observation,

exercised without non-trivial coordination.

INDEX TERMS Fair discrete-event systems, linear-time temporal logic, supervisory control architecture.

. INTRODUCTION
ONTROL architecture is an organizational structure for
control of a system by generally not one monolithic,
but many smaller entities. Research in control architectures
for discrete-event systems (DES’s) [1] is motivated by their
strategic role in smart complexity management, which is
about not only computationally efficient control synthesis
that has been the research’s primary focus, but also modularly
cleaner final solution for supervisory control that has perhaps
received less attention. As a founding premise, DES model-
ing permits defining cyber and physical qualitative changes
of the abrupt and non-differentiable type present in modern
application systems of all kinds as discrete events — the model
transition labels at the heart of the system behavioral design
matter. Supervisory control theory of DES’s — architecturally
enhanced — can aptly cover the control of such, often com-
plex, application systems. These systems are continually
borne out of human imagination, in constant contemplation
of the evolving technology in artificial intelligence, robotics,
and the Internet that has, at the outset, motivated the 1980’s
founding of the DES control field [2], [3] and its continual
development [4].
The need for smart complexity management arises from
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the fact that nonblocking control in its simplest existential
setting [2], [3], perhaps fundamentally the most important
problem that founded the DES control field [1], [5], is already
NP-hard for a modular DES [6] — a DES of subsystems, and
its basic solution is not only monolithic but also prescribed in
a rudimentary framework, of formal languages and automata
[1], [5], that somewhat lacks a transparent structure. This
monolithic solution [1], [5] is about control or supervision
to keep a DES in temporal safety implicit in a given language
specification, without blocking the DES from reaching a state
of the DES marker state set targeted within the specification
to signal some task completion as well, but in general not
guaranteeing that the DES will enter the marker state set
with the specification-intended liveness or eventuality. In the
formal languages and automata framework, temporal safety
is prescribed by prefix-closure of the given specification for
the DES. The standard setup for implementing a control
solution is a closed loop interconnecting control and system
via feedback. In managing complexity targeting synthesis ef-
ficiency, the use of control architecture is extensively studied
in the literature to date, extending control to multiple closed
loops in a modular, decentralized, or hierarchical setup [1].
However, the rudimentary basis has rendered concept for-
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mulations often arduous to tease out, inevitably making the
resulting research results and control solutions less appealing
to application developers in general. This is one important
issue if supervisory control theory is to become widely used
in real-world applications.

This paper studies a new system-theoretic development of
a control architecture for DES’s. The philosophy adopted is
that, in order to more effectively accentuate the role of a
control architecture in smart complexity management, it is
imperative to formulate and investigate transparent charac-
terizations of system concepts underlying the existence of
control in the architecture, which is the focus of this pa-
per. Specifically, this paper investigates decentralized control
— the architectural type central in an increasingly cyber-
physicalized real world of innovative applications that in-
clude connected smart cars and robots, and home and office
automation, where limited actuator and sensor capabilities
have to be distributed among local controls. Set in the same
syntax-based framework of canonical linear-time temporal
logic (canonical LTL) [7], [8], the investigation extends the
supervisory control of a class of fair DES’s as developed
in two recent papers [9], [10]. Therein, a fundamental state
feedback control problem is defined for a fair DES model,
and studied in terms of its solution existence conditions
[9] and a method for its solution control synthesis [10].
Called marker-progressive supervisory control, the problem
is about ensuring constant marker progress — a form of live-
ness signaling a certain modality or regularity of DES task
completion — under specified temporal safety. In canonical
LTL [7], [8], the part on constant marker progress is specified
by the infinite oftenity of every past formula of some system
marker set M, while the part on temporal safety is specified
by the invariance of some ‘non-redundant’ past formula P';
the resultant logical product is the specification input of the
problem, which is denoted by the pair (P, M). Two unique
findings distinguish this LTL control problem formulation.
One, as explained in [9], this problem subsumes control
nonblockingness first studied in [2], [3] and its multitask-
ing generalization [11], both as important special cases but
refined in LTL for fair DES’s admitting event fairness —
the model feature missing in the conventional supervisory
control foundation [1], [5], [11] that guaranteeing constant
marker-progress is found to require in general. Two, as
pointed out in [10], as long as it satisfies specification pair
(P, M), a control solution to this problem can, in its gener-
ality, be finite [2], infinite [12], [13], or both, unifying both
types of controlled behavior as the natural outcome of super-
visory control. In extending the marker-progressive control
problem to decentralized control, this paper is motivated by
the potential of canonical LTL in continued theory refinement
and transparency enhancement towards smart complexity
management.

In general, decentralized control of a DES is about one or

1Formallly called the kernel of some invariant [9], both the terms invariant
and its kernel will be reviewed together later.

2

more supervisory controls working concurrently, with each
responding to and making decisions to act on state transitions
of events from the subset under their jurisdiction; these event
subsets of the DES are generally different but not necessarily
pairwise disjoint. Broadly speaking, research in this area has
evolved on two goals:

1) To meet a global specification on a monolithic DES.

2) To meet different local specifications (concurrently) on,
in practice, generally different subsystems of a modular
DES.

The generic setups of decentralized control architecture for

the first and second goal listed above are depicted in Figs. 1

and 2, respectively, albeit through the lenses of LTL marker-

progressive control on event enablement logic.

To elaborate, the former goal entails some type of co-
observability structure that a DES must have in relation to a
global specification, by which a number of local controls ex-
ist that can each decide and act concurrently on a controllable
event subset to meet the specification. Referring to Fig. 1,
each local control f* at site i (1 < i < n,) is on a subset X,
of the system controllable event set 3., and over a submodel
G[%!]. 1deally a size-reduced system model, the submodel
G[%!] contains only events of subset ¢ locally observable
via the observation channel Os; for DES G modeled on
event set 2. Originated in [14] and first generalized in [15],
the system concept of co-observability and its variants have
been developed [14]-[21]; the way decisions of local controls
(on an event) are combined and acted upon in a decentralized
control architecture is in accordance to its characteristic
fusion rule F' — a static logic function or its equivalent —
for which the formulation of the original or a variant of the
co-observability concept is based. Being static means F' is
memoryless, i.e., independent of past system evolution; it is
thus distributable over different fusion nodes each hosting the
actuator of a controllable event.

The latter goal entails synthesis of (high-level, logical
product) coordination between individual subsystem controls
concurrently supervising a modular DES, such that every
individual control that meets a local specification when
standalone is refined to forestall potential conflicts when in
concurrency with other controls — a conflict being different
controls acting in contradiction on the same system con-
trollable event that results in blocking [1], [5], or progress
termination [9], [10] in its generality as considered in this
paper.

The role of (nonblocking or, more generally under DES
event fairness, marker-progressive) coordination is thus to
further restrict so as to retain the meeting of local spec-
ification in every subsystem running in concurrency. It is
well known that this coordination is done by exercising
disablement control as needed on each system controllable
event otherwise product-enabled by local controls, to pre-
empt any potential conflict ahead arising from some shared
controllable event between different local specifications (to
be met as some logical product) on the system. The control
literature has focused mostly on obtaining decentralized con-
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FIGURE 1. The generic decentralized control architecture setup for meeting a global specification on a monolithic DES.
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FIGURE 2. The generic decentralized control architecture setup for meeting different local specifications on different subsystems of a modular DES.

trol admitting nonblocking solution optimality [2], [3], i.e.,
with equivalence to monolithic, optimal nonblocking control
of a specification ‘globalizing’? every local specification in
a logical product. And, in targeting computationally simpler
control synthesis, the key idea has been to do away with
having to build the whole DES from its original subsystems.
To this end are two ways.

Firstly, sufficient conditions of abstraction, structure, and
consistency for nonconflictingness, in the sense of nonblock-
ingness of a control solution in which coordination is trivial
(i.e., not needed) if the solution then exists, are introduced
and studied in the literature, with nonblocking solution opti-
mality preserved (e.g., as in [22]-[27]), compromised (e.g.,
in favor of enhancing synthesis efficiency as in [28]), or
compromisable (e.g., in favor of privacy between subsystems
in concurrent synthesis of their controls as in [29]). This line
of work may be regarded as originating and extending from
the research work [30] that treats the DES as monolithic in
theory and disregards the issue of nonblockingness.

However, conflicts do often exist necessitating non-trivial
coordination as a means to nonblocking solution optimality.

2In formal languages, ‘globalizing’ is done by inverse projection [1], [5]
with respect to the system closed-language.
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Thus, secondly, a lot more research has focused on complex-
ity mitigation of NP-hard synthesis [6] in both control and
coordination for nonblocking solution optimality, to which
different sufficient conditions have been studied for the syn-
thesis efficiency they bring to obtaining coordinated, decen-
tralized nonblocking control [25], [31] and a nonblocking
generalization to a decentralized multitasking version [32].
Referring to Fig. 2, in either way, these sufficient condi-
tions lead to synthesis of individual local control f? at site
1 (1 < i < n,) that is on a subset of the controllable
event set ©2¢ of subsystem G, in turn a subset of the system
controllable event set ¥, and over a submodel G*[%?] for
specification pair (P;, M;). Ideally a size-reduced subsystem
model, the submodel G*[3¢] contains only events of subset
Eﬁ), locally observable via the observation channel OZ}', for
subsystem G* in modular DES G* || G? || --- || G™ mod-
eled on event set X, where operator || denotes synchronous
interactions on state transitions between subsystems. And in
the latter way, the sufficient conditions lead additionally to
more efficient synthesis of coordination C' — a dynamic logic
function. Coordination C' is dynamic because, for nonblock-
ingness [33] or multitasking nonblockingness [11], whether
C enables a shared controllable event product-enabled by
individual controls is dependent on the state reached over the

3
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synchronization || of the individually controlled submodels.
Note, however, that under conditions in which coordination
C is trivial, C is reduced to a logical product fusion rule;
this is basic, and is just one of the possible fusion rules for
function F’ of the other architecture depicted in Fig. 1.

Finally, noteworthy are two fundamental special cases for
the latter goal, where a modular DES of one subsystem, in
essence monolithic, is considered for nonblocking control.
One case, called modular control — without [34] and with
coordination [35] for nonblockingness — is perhaps the ear-
liest DES control architecture first studied in [34]; it is about
decentralized control of two or more global specifications on
(therefore the full event set of) the same DES; the research
efforts [34], [35] may be regarded as extended to decen-
tralized nonblocking control [26], [36]-[38], modular con-
trol with nonblockingness guaranteed without coordination
by construction [39], and modular multitasking-nonblocking
control [40], of two or more abstracted or local specifications
on (therefore essentially different event subsets of) the same
modular DES. The other case is about decentralized control
[25], [41] of one local specification on (therefore an event
subset of) a DES, where coordination is therefore absent.

Against this research background, this paper contributes
new transparent characterizations and existence results in
decentralized control, in the syntax-based control framework
[9], [10] of canonical LTL [7], [8] that extends nonblocking-
ness [2], [3] to marker-progressiveness of control [9], [10],
necessarily refined to fair DES’s. Limited to conventional
nonblockingness of control of the marker state set type for
DES’s modeled with no regard for event fairness, the current
state-of-the-art research on supervisory control in fact does
not furnish a logically complete or unified understanding that
also entails connecting system fairness and control under
readable specification for its marker-progress guarantee; the
line of research [9], [10] this paper extends postulates that
it is apparently due to not grounding supervisory control
research on a more adequate and transparently descriptive
supporting formalism that can always match a correct logical
control design against a system’s actual behavioral dynamics.
Towards system control theory refinement and better intuitive
natural language understanding, canonical LTL provides this
supporting formalism.

In systematically extending the control theory initiated
in [9], [10] for specification pair (P, M) to decentralized
control in the same canonical LTL framework, the original
essence of an observability concept [1, Ch. 6] — the mono-
lithic or centralized special case of and predecessor to co-
observability, is first characterized and studied, followed by
the co-observability concept that extends, with some natural
specification modularity, the decentralized control architec-
ture of Fig. 1. The characterizations are for the invariance
of the past formula P, categorically an LTL formula of
canonical temporal safety. On co-observability, as this paper
will present, the new formulation is an LTL characterization
that logically refines and structurally extends the concept
from the essence of its founding formulation [14], [15] to

4

one modularizing the unchanging past of P concomitant with
temporal safety, such that the control fusion rule is general-
ized to some combinatorial function of logical products and
summations. The resultant concept is herein called universal
co-observability.

This paper will also define and explain some significant
special cases derivable from LTL universal co-observability,
including its logically strongest product-boundary case, its
logically weakest summation-boundary case, and its mono-
lithic case. The first two cases structurally specialize to the
respective LTL counterparts of the founding co-observability
formulation [15] and its dual [16], [17], while the last is
an LTL counterpart of the founding formulation [42] of ob-
servability. Then, informally speaking, the overarching main
result of this paper has it that, co-observability, whenever
implied, is by which feasible’ decentralized control of a
DES exists in general for specification pair (P, M), on the
provision that the invariance of the past formula P, naturally
modularized, is also marker-controllable or M-controllable
[9].

Of perhaps more research and practical interest is the
logically strongest product-boundary case of universal co-
observability. This case provides the necessity that equates
the control architecture of Fig. 1 with that of Fig. 2, which in
turn accentuates the former including arbitrarily distributing
the system marker set M among the local sites, under a
refinement of the latter architecture to treating the DES as
observedly monolithic*, and with coordination reducible to
a fusion rule (of the logical product type), meaning coor-
dination is not needed to ensure marker-progress or M-
progress. In manifesting the overlap between the two decen-
tralized control architectures, this important special case adds
to and advances, from the canonical LTL perspective, the
current state-of-the-art research on nonblocking modular and
decentralized control under logical product without coordi-
nation. This current state-of-the-art includes some condition-
dependent synthesis [43], [44] of a given marker-language
specification for a modular sublanguage that is co-observable
[15] and controllable [2]. This modular sublanguage has
any required coordination latently built-in, using suitably en-
larged local observable event sets to also model communica-
tion receipt of additional events that are locally unobservable
but observable elsewhere and thus communicable, that the
built-in coordination entails.

For observedly monolithic DES’s beyond the product-
boundary case, universal co-observability extends the mod-
ularity in decentralized control without non-trivial coordina-
tion, from a logical product to an arbitrary logical combina-
tion that the term ‘universal’ refers to.

3By definition in this paper, supervisory control is a function that always
permits uncontrollable events to occur. This control is feasible [1] provided
its action on every controllable event can always be determined with cer-
tainty with partial state feedback from locally observed event evolution of
the DES.

“4Being observedly monolithic means, for each site 4, G*[21] = G[Z1],
which subsumes the case that G* = G.
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On a different logic front, the use of epistemic logic [45]-
[47] and one temporal logic version [48] of it (albeit for
control specification in formal language, not temporal logic)
in related work supports a more human-ascribing reasoning
perspective, with anthropomorphic knowledge characteriza-
tion on the control decision-making side. The research efforts
[46], [48] give epistemic interpretations to co-observability
in decentralized nonblocking control architectures by [14],
[15], [17]. An earlier initiated effort [45] cum a subsequently
improved version [47] give the same to co-observability
in their local non-binary control and so-called conditioning
extensions by [19], and conceivably, according to [47], to
that in the more general so-called inferencing extension by
[20], called N-inference observability — a variant of co-
observability characterized with index N > 0. This gen-
eral N-inferencing extension [20] is shown in [49] to be
realizable in some arborescent architecture. It is also shown,
in [50], to be organizable in the so-called multi-decision
extension by [21], as a ‘blending’ of (N + 1) control ar-
chitectures at zero-level inferencing or, equivalently, with no
conditioning [17], by which, in principle then, the use of
local binary controls suffices, with each local control site
that is submodel-unique® exercising at least one such local
control, and at least one site exercising the maximum of
(N + 1) local controls. Notably, the need to extend local
controls from binary to non-binary arises only with the op-
tional use of conditioning [19] — equivalently established as
unity-level inferencing in [20], or more generally, non-zero
level inferencing [20], [45] as an alternative means of local
decision synthesis and subsequent fusion admitted by their
co-observability formulations. The multi-decision extension
can in fact generalize the inferencing extension to the more
modularized form of inference-based multi-decisioning [21,
Sec. V-B], and is shown to be the most general among
comparable language-based architectures studied to date.

In contrast, towards exposition of system structure
amenable to decentralized control, the use of canonical LTL
in this paper supports a different perspective, of a more
human natural language-paraphrasable reasoning, with trans-
parent model characterization on the (conventional) system
dynamics side, by which the original and key variants of
the co-observability concept [14], [15] in the cited literature
above re-emerge in the unified LTL formulation of universal
co-observability, for marker-progressive control in the well-
motivated refined setting of fair DES’s as reviewed earlier
on. It turns out that universal co-observability can in fact
be explained as one that structurally specializes to an LTL
counterpart of the language-based multi-decision variant [21]
of the co-observability concept. Not unexpectedly then, as
with language-based multi-decision co-observability [21],
the LTL formulation of universal co-observability for decen-
tralized control is invariably linked to the simpler baseline of

5 That the control sites are submodel-unique means that, at different sites
x,y (z # y) among them, the two respective submodels G[X2], G[Z4]
as depicted in Fig. 1 are then not the same, in the sense that the respective
languages locally observed of the DES G at the sites x, y are not equal.
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local binary control decisions, only clearer with each of event
enablement or disablement by determination or appropriate
default dynamically set that this paper will detail, that are
combinable by fusion in combinatorial logic for overall con-
trol action. Importantly, the existence theory of decentralized
control in canonical LTL can be and is developed in a logic
fashion that is clean and independent of any formulation sup-
porting decision-making by inferencing. This is a clear merit,
as any alternative LTL formulation that directly involves
inferencing would require mirroring the language-based it-
erative formulation [20] also used in the multi-decision ver-
sion [21], which is unintuitive and complex. As this paper
will make self-evident, the LTL system characterization of
universal co-observability, decoupled from inferencing right
at the definitional outset, makes the decentralized control
theory presented more clearly understandable, potentially
paving new informed ways for transparent, decentralized
control synthesis in future work. That said, in drawing the
parallels with language-based efforts, prospective formal de-
velopment of decentralized control synthesis methods in LTL
might benefit from prying for pertinent insights from those
research efforts [19]-[21], [45] on or related to inference
observability, and their prior special-case and subsequent
developments.

The rest of this paper is organized as follows. Section II
presents the relevant technical background and preliminaries.
Section III reviews the basic, LTL marker-progressive control
theory for fair DES’s [9]. Extending this theory, the main
contributions are then presented and discussed in detail in
Sections IV and V, and include the following: 1) In LTL
syntax, the DES concept characterizations of observability
and universal co-observability for a canonical LTL safety
formula, and 2) the main results of solution existence for
marker-progressive control, namely an extension to mono-
lithic or centralized partial observation, and a successive
extension to decentralized control. Section VI concludes this

paper.

Il. BACKGROUND AND PRELIMINARIES
A. DES MODELING AND LTL
1) DES Model and State Trajectories

The DES model G is a basic transition system that, formally,
is a 5-tuple (II, Q, X, 6, 0). II denotes the finite state variable
set that is typed, with the type of an arbitrary state variable
2 € II defining the domain Range(x) over which x ranges.
Q denotes the state set defined by Q & &) err Range(z) —
the cross product of the ranges of the variables in II, such
that every state ¢ € @ is unique in terms of domain value-
assignmentof the state variables of II. ¥ denotes the finite
event set partitioned into the set of controllable events >,
and the set of uncontrollable events X, i.e., X = X, U X,
and ¥, = 3\X.. 0 : ¥ x Q — Q is a (deterministic) partial
state-transition function. 6 is the system initial condition — a
Boolean valued formula that represents the initial state set
Qo S Q, according to which ¢ € Qg provided ¢ € Q

5
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satisfies 6 (by its value assignment). Assuming non-trivial
DES modeling, Qg # & and ¥ # .

A state trajectory of a DES is a sequence of DES states
in temporal concurrence with a string — a sequence of
DES events that can be finite or infinite (in length). For-
mally, an arbitrary string over the event set ¥ of DES G
isamape : {1,...,k,...,...} — X, such that e ef
e(1)e(2)---e(k)---, where e(k) € X. Then a string e
can be generated by DES G provided there exists a state

trajectory, formally amap I : {0,...,k,...,...} = Q, that
is said to be labeling the string under G’s state transition
function &, such that J & 100) — 1(1) — -+ — I(k)---,

where I(k) € @, with 1) I(0) € Qo (an initial state), and
2) I(k) =6(e(k),I(k — 1)), for k > 1.

Let I(k) = qr € Q (k = 0). Then the k-prefix of I,
denoted by [(1), is go — q1 — -+ — qx. A state ¢ € Q is
said to be terminal (in G) if (Vo € X)(d(0, q) is not defined).
A state trajectory I is finite and said to be terminating if it
ends in a state g, that is terminal, i.e., [ = I, (k)> otherwise, it
is infinite and said to be non-terminating, i.e., I = I, () The
string labeled by prefix I(;y (k > 0) is called a prefix string.
Note that gy = I(0) = go € Qo; it labels the empty string
¢ that is formally defined later. Two state trajectories of DES
G, or, respectively, their k-prefixes, are defined to be equal,
i.e., the same, if the two have the same sequence of states and
label the same string.

Note that, since the founding work of supervisory control
[2], [3], the implied premise for DES G has always been that,
in runtime, one event will occur and transition the DES from
a non-terminal state reached into another state.

2) LTL — Syntax and Semantics

LTL [8] is a language of predicate logic augmented with a
temporal operator set for writing high-level control specifi-
cations for DES G. An arbitrary LTL formula w can be con-
structed inductively, as combinations of Boolean connectives
not (7) and and (-), quantifier ‘there exists’ (3), and temporal
operators, namely future operators next (O) and until (U),
and past operators previously (©) and since (S), all of which
are fundamental, using the following syntax-based grammar:

wu=true | po | W wr-ws | Ti(w) | w172 we | (I2) w.

Now, true denotes validity, a propositional constant defined
in an abbreviation below; p, € AP, where AP denotes the
finite set of atomic propositions expressed by predicates in
terms of, over their domains, state variables in II of DES
G and auxiliary variables (defined for system and control);
unary operator 7; € {O,O}; binary operator T3 € {U,S};
and z is a state or auxiliary variable in w.

Given LTL formulas w;, ws, w, the following abbrevia-
tions stated with always-equals (=) are used, about which
derived connectives or (+), implies (—) and equals (=),
derived quantifier ‘for all’ (V), and propositional constants
validity (true) and inconsistency (false) are, respectively,
defined: (w1 + wz) = (w1 - w32), (w1 — wa) = (W1 + wa),

6

(W1 = wz) = (W1 = w2) - (w2 = wi), (Vo) = (F2)w,
where x is a variable in w, true = @+ w, and false = true.

Aggregation connectives [ [, Y. denote the logical product
(or and-ing) and logical summation (or or-ing) of a number
of formulas, respectively.

A past formula has no future operators; a future formula
has no past operators; and a non-temporal or state formula
has no future or past operators.

To evaluate the truth semantics of an arbitrary LTL formula
w at index k > 0 of an arbitrary state trajectory I of DES G
entails the satisfaction relation (=7 “w) e {true, false}
(read: ‘I at index k satisfies w’, or simply ‘I satisfies w’ if
k =0, since I(® ef I). If w is a state formula, then

':I(k> w iff =) o (read: ‘state I(k) satisfies w’).

Where convenient, write ‘I at index &k as (I, k) when it is
not superscripted to the satisfaction relation symbol f=.

In general, evaluating the satisfaction relation proceeds
inductively based on standard rules for Boolean connectives
and quantifiers, and the satisfaction relation rules for tem-
poral operators. Presented below are the rules for operators
O, U, ©, S that are fundamental to LTL, and also the rules
for future operator always ((J) and past operator has-always-
been () that are syntax-definable using operators U/ and
S, respectively, but presented to aid in better understanding
their important role in control theory development. The rule
for operator O entails the following event-transition logic to
account for a state trajectory [ that is finite.

Definition 1 (The o-Transition Logic): [9, Def. 1] Given
o € X, for an arbitrary state trajectory I of DES G, I =
I(0) —I(1) —--- = I(k)-- -, the function 7 :
{true, false}) is a system o-transition logic, defined at index
k such that

=1 7 i (1)) I(k + 1) = 8(0, I(K)).

Given LTL formulas w, w1, wo, the satisfaction relations
are defined [8] as follows:

D =" owiff 1 7

o'—»([—»

— |=I(k+1) w, where 7 = Z Ty
oeX

2) =" wildw, iff there is a j (J > k) such that (=" g
and for all i (k <i < j), =" wy.

3) |=I(k) Ow iff for all j > k, |=I(j) w.

4 Y owiffk > 0and =" w.

5) =" wiSws iff there is a j (0 < j < k) such that
|=I(j) wo and forall i (j < i < k), |=I(i) w1.

6) =1 Bwiffforall j (0 < j < k), =1 w.

All other temporal operators may be syntax-defined or de-
rived in terms of the fundamental ones via abbreviations as
presented in [9], [10] and [8]. Here, only the derived opera-
tors of interest, namely eventually () and weak previously
(®), are presented: 7) OGw = O(w) = trueldw, and
8) ®w = O(w). To aid explanation, Abbreviation (8) may
be given by the following satisfaction relation:

|=I(k) Ouwiff k =0or |=I(k) Ow.
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Lastly, LTL formulas may be expandable using rules [8, p.
206, p. 219] that recursively define basic operators [, U, =,
S, and their operator derivations. Here, only expansion rules
defining the basic operators are given: 9) Ow = w - O0w,
10) wildws = wo +wy -7+ O (wildws), 11) Aw = w - ®Hw,
and 12) w;Swe = wy + wy + O (w1 Sws).

State trajectories that confine to actual, possible runtime
behavior of DES G are termed legal. Let Z(G) be the legal
state trajectory set of DES G. Since only legal DES behavior
is of interest, the notion of GG-validity of LTL formula w,
denoted by G' = w, is fundamental. It is defined as follows:

G wiff (VI e Z(G)) ! w.

Under G-validity, for LTL formulas w, ws, w1 = wo
denotes G = (w1 = ws); and for the connective always-
implies (=), w; = wy denotes G |= O(w; — ws). Thus,
(wi = wy) = (w1 = we): (wg = wi). Finally, an
LTL formula w is said to be satisfiable if w # false, i.e.,
QI e Z(G))(3k = 0) =" w.

B. PROPER STATE FEEDBACK CONTROL

Based on an input state history /() — a prefix of an arbitrary
state trajectory I € Z(G), a supervisor or control for DES
G specifies whether controllable events are to be enabled or
disabled at an arbitrary state I(k) € Q.

Definition 2 (The o-Definition Logic): [9, Def. 2] Given o €
¥, for an arbitrary state ¢ € @ of DES G, the function & :
o — (¢ — {true, false}) is a system o-definition logic,
defined such that =7 &, iff (3¢’ € Q)¢ = (0, q).

Formally then, given an arbitrary I € Z(G), a supervisor
is a control function f : ¥ — (I — {true, false}),
defined at index k subject to the 3, -completeness constraint
that (Vo € 3,) ! * (f, = true), such that, respectively,
fo = true and f, = false enables and disables event o €
at state I(k) € Q (of history Iy)), if /™) &, ie., o is
defined at the state I(k). Thus, control f leaves events in
the uncontrollable event set 3J,, enabled, and can only disable
events in the controllable event set ¥, where ¥, = ¥\X,, as
defined. An event occurs provided it is not only enabled by
control f but also ‘activated’ by the DES; the role of f is thus
only passive [1]. Interconnected with the DES in a closed
loop, the control f decides as defined, in response to new
value-assignments of state variables fed back by a discrete
state change triggered by an enabled event occurrence in the
DES. It is thus called state feedback control.

Now, let Z#(G) = {Iyy | I € IZ(G), finite kb >
0, and I,y ¢ Z(G)}, called the legally prefix-admissible set
of DES model G, and let Z®(G) = Z(G) v Z#(G), noting
that Z(G) = I®(G)\I#(G).

In what follows, in supervising DES G with control f,
the resultant closed-loop controlled model, denoted by G flis
also a DES model but with an arbitrary state of G¥ denoting
a nonempty and possibly non-unique subset of the state set )
of G. It is described as follows:

D {Io) | I€Z(G)} =I®(GY), and
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2) (VI € Z(G))(Vk = 0)(Yo € %) if Iy € Z®(GY) and
=" f, - €. then Iy — 8(0, 1(K)) € I®(GY).

Additionally, following [1], a standard criterion [1] for super-
visory control is adopted, namely, I € Z(Gf) — I € I®(G),
meaning that the control f should at most be restrictive on
DES G. In what follows, an arbitrary control f is said to be
proper if Z(GY) # & and Z(G7) € I®(Q).

lll. REVIEW OF CONTROL UNDER FULL OBSERVATION
This review section summarizes the basic LTL control theory
[9], and only includes the notation and technical formalities
required in this paper to extend the theory to partial observa-
tion.

Fair DES Model

The DES model G considered is a fair transition system for
which the LTL framework [7], [8] is developed. Called a fair
model, DES G contains a system subset 3~ of fair events that
directs the free system evolution. A fair event is one whose
transition occurs at infinitely many states of a DES state
trajectory, in which the event is either defined at infinitely
many states, in which case the event is called compassionate
or strongly fair, or permanently defined from some state
onwards, in which case it is called just or weakly fair. Events
designated as fair are additionally set as uncontrollable for
their unperturbable role in DES G, ie., X € X,. Im-
portantly, this setting sufficiently ensures that an arbitrary
control f with a nonempty set Z(GY) is proper, as explained
in [9]. These fair events impose the legal conditions that
characterize the state trajectory set Z(G) of the fair DES
model G.

Control Specification in Canonical LTL

LTL formulas are classified by a complete hierarchy of
syntactic canonical classes, with the canonical forms for the
classes defined by the restricted future modalities always
(O) and eventually (), and their different combinations,
applied to past formulas [7]. Of specification interest in
supervisory control are two of the classes, namely safety
at the base level and response — a kind of progress at a
level higher up in the classification hierarchy; their canonical
forms have operator [] and combined operator [1<> applied
to a past formula, respectively. Together, these two classes
are useful for expressing a range of control specifications
about finishing tasks regularly in the sense of infinite oftenity,
without compromising temporal safety. In the interest of
control theory development, an LTL formula ¢ is called an
invariant if ¢ = S, where 1) is some past formula; and
this 1 is called the kernel of ¢ if it has no operator [ in
its outermost scope. Then, the said control specification of
interest, denoted by specification pair (P, M) over DES G,
is

(] <P . ﬁOMZ> ,
i=1
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where P is the kernel of some arbitrary invariant, and M =
{My, My, ..., My} is the system marker set, where each
M; e M (1 < i< m)is an arbitrary past formula specifying
a system marker condition. In their respective forms [7], [8],
OP is called a canonical LTL safety formula while < M;
is called a canonical LTL response formula.

The Basic LTL Supervisory Control Problem

In what follows, the basic problem of interest, called the
marker-progressive supervisory control problem (MP-SCP),
is reviewed. A state feedback (P, M)-supervisor f for fair

m
DES G is defined such that G/ =0 ( P- | [OM; |. Then

the problem is formally stated as follows:
MP-SCP: Find a proper (P, M)-supervisor f for fair DES
G.

Consider an arbitrary kernel ) of some invariant over DES
G. For the system conditions that constitute the LTL concept
of M-controllability of (], refer to [9] for details. Suffice
for understanding at this juncture, it is shown in [9] that, pro-
vided Ev = EP, this M-controllability, which comprises
of controllability that is a counterpart of the language version
[2], and some M-directingness for which fair events play a
role in general, is necessary and sufficient for proper control
of temporal safety ensuring constant marker progress that is
the objective of the MP-SCP. The invariant-exact solvability
condition for the MP-SCP then follows; this condition is
M-controllability of [(Ji with B¢ = EP, under which a
solution that fully realizes specification pair (P, M) exists,
as established by the following result that this paper extends.
First define O, (.) = (7, — O(.)). Then, for some -locally
optimal control f that exists by the control invariance of 1),
rewrite the Y -part, i.e.,

(VoeX:) G EDO@EY - (fo = 0s(¥)))

in the following algebraic form:

(VYo e X)) fo =0s() [rel to (BY, G,

where ‘[rel to (B, G)]” reads ‘relative to E over G”. The
result may then be stated as follows.
Theorem 1: [9, Thm. 3] Consider the kernel P of an arbitrary
invariant over fair DES G with system marker set M. Then
there exists a proper (P, M)-supervisor f for G, such that
(VU € Ec) fa = OG’(P) [rel to (EIP, G)]

iff (0P is M-controllable.

In the context of decentralized control as overviewed in
the introduction, the MP-SCP is clearly about centralized or
monolithic control under full observation.

IV. CONTROL UNDER PARTIAL OBSERVATION

In this section, the supervisory control of DES G on event set
> is extended to partial observation. Let the sets >, S X,
Yuo = X\X, denote the sets of observable and unobservable
events, respectively. This means that, via feedback through a
Yuo-lossy observation channel in closed loop with the DES,

8

an implementation of the supervisor can observe strings of
only events in X,

A. THE PARTIAL OBSERVATION CONTROL PROBLEM
The theory extension to partial observation control in LTL
is a new development that requires the following additional
theoretical support:

The operator str

Define the empty string & such that for an arbitrary g € @) of

DES G, d(e,q) = ¢, and for an arbitrary string s, s = £s =

se. The operator str is then defined inductively as follows:
For an arbitrary I € Z(G),

str[I(0)] = e.
Andfork > 0,0 € X and I(k + 1) = 6(o, I(k)),
str [I(k+1)] = str [I(k)] o.
Intuitively, str ‘stringifies’ the prefix of a state trajectory

I, extending in the limit lim /(; for a non-terminating /.
JjoL

The string-based projection Oy,
The string-based projection Oy, modeling the observation
channel of 2, may then be defined inductively as follows:

Oy, (e) =e.
0s.() = {

Given I € Z(G), for k > 0, 0 € ¥ and str [I(j,11)] = so,
Os,(s0) = Ox,(s)0x, ().

o ,ifocel,
e , otherwise.

Based on str, Ox,, the following logic of duplication is
defined.
Definition 3 (The Duplication Logic): Given arbitrary LTL
formulas ¢1, ¢ over DES G, for an arbitrary I € Z(G) at
index k, and an arbitrary I’ € Z(G) at index j with

Oga (St”f' [I(k)]) = Ogn (StT [IEJ)J),
the function D : (X,,é1,¢2) — (I — {true, false})
is a system (¢, ¢2)-duplication logic (with respect to X,),
defined at I(k) € Q such that ="’ (Dzo(qbl7 $) =

V(I ) (I'0) = 1(0) E 61— 62).

By this logic, given a state trajectory I € Z(G) at index
k, every j-prefix of an arbitrary state trajectory I' € Z(G)
that shares the same initial state as I and looks like, string-
wise under an observation channel, the k-prefix of I, has
I’ at index j ‘duplicating’ (the satisfaction of) the same
formula ¢; — 12 along I at index k. As this paper will
show, this logic is fundamental in defining concepts related
to observation.

Finally, the observed DES submodel of DES G is a ba-
sic transition system G[%,] &ef (11, Qo, X0, 90, 0,), wWhere
Q, € 29, and I is as defined on Q. This submodel can
be defined by adapting the generic construction procedure
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for a system observer [5, Ch. 2, Sec. 2.5.2], also slightly
generalized to handle the initial state set characterized by the
initial condition 6 of DES G. Introduced here for complete-
ness’ sake, this submodel is explicitly required only later in a
further extension to decentralized control.

Now, under partial observation, a DES supervisor f needs
to be not only proper; it has to be feasible, as defined below.
Definition 4 (Feasibility of Supervisor): A state feedback
supervisor f for DES G is said to be feasible if
FM1) f is proper, and
FM2) (VJ € ZC) G |: O (7_0 - (fcr - DEO(Ta,fU)))'

To help explain supervisor feasibility and other concepts
more clearly, the following lemma is provided.

Lemma 1: Consider arbitrary LTL formulas 11, 2, ¢1, ¢2
over DES G. Then,
G EDOW1 — (Y2 = Dx,(91,92))) o
iff G =0 (¢1 = (92 = Dx, (¢1,12))).
Proof: Follows by Definition 3 of Dy, and LTL reason-
ing at the level of satisfaction relation for G-validity. ]

By Lemma 1 (with )y = 75,92 = f5, 01 = T4, 92 = [f5),
Condition FM2 may be equivalently rewritten as
FM2eE) (Yo € %,) G =0 (1, — (fo = Dx, (70, 1))
Thus, a feasible supervisor is a proper one for DES G, whose
control actions (on a controllable event) are the same for
different, control-admissible DES state trajectory histories
that are on the same event string observation giving partial
state feedback. Being the same, such actions on each control-
lable event can, in effect, be determined with certainty in one
control action by the supervisor, via an implementation that
responds to partial state feedback upon each observable event
occurrence in the DES.

Of interest then is the marker-progressive supervisory con-
trol and observation problem (MP-SCOP) that extends the
MP-SCP. It may be stated as follows:

MP-SCOP: Find a feasible (P, M)-supervisor f for fair
DES G (under partial observation).

In what follows, a new observability concept formula-
tion of temporal safety is first presented and studied. The
invariant-exact solvability conditions for the MP-SCOP are
then shown to be M-controllability and observability, under
which a solution that fully realizes specification pair (P, M)
exists, as stated in Theorem 2 — a main result of this paper.

B. LTL CHARACTERIZATIONS FOR OBSERVABILITY

The concept of observation consistency for DES G is first

formulated and discussed.

Definition 5 (Observation Consistency): Consider an arbi-

trary invariant @, with ¢ as its kernel, over DES G (thus,

@ = (). Then invariant ¢ is said to be X,-observation

consistent (with respect to G) if

(VoeX)G EOEY -7 = (OY — Dy, (BY, Os(¥))))-
By Lemma 1 (with ¢y = H¢-7,, Yo = OV, ¢1 = BTy,

¢2 = O1), the condition of Definition 5 is equivalent to

(VoeX)G Q@Y7 — (0% = Ds, (8¢,00 (¥))))-

Thus, this concept means that, in the presence of uncertainty
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due to partial observation — as to which state the DES may
be in while a given invariant is true, there is certainty as to
whether or not the invariant can continue to be true at the next
state upon an event transition.

In the remark below, a semantics interpretation of the
concept of Definition 5 exposes its origins in the founding
language concept of observability [42].

Remark 1 (Observation Consistency): In semantically inter-
preting Definition 5, invariant ¢, with 1 as its kernel, is said
to be X,-observation consistent (with respect to G) if, for
all (I,k),(I',j), where I,I' € Z(G) and 1(0) = I'(0)
such that =1 B4 and =1 @, and for all & € X, if

Os, (str [I(k)]) = Oy, (str [Iéj)]), |
':I(k') Ty - OEIw’ and ':[’(J) .
then |=I/(]) T, - OEY.
Assuming reader familiarity, one gets the (prefix) closed
language version of observability formulated in the rudimen-
tary form stated in [51, Def. 7], by logically replacing, in the
interpretation above, the semantics-based components with

their language-based component counterparts. |

An invariant ¢ and its kernel ¢ over DES G are said to
be initially satisfied if G |= . The concept definition for
observability follows.

Definition 6 (Observability): Consider the kernel P of an
arbitrary invariant over DES G. Then P is said to be
observable (with respect to () if invariant B P is initially
satisfied and >J,-observation consistent.

Unlike language observability [51, Def. 7] which is a char-
acterization counterpart of LTL observation consistency for
an invariant =] P that admits kernel P = false as (trivially)
observation consistent, the LTL version of observability in
Definition 6 is for LJP, and necessarily entails initial P-
satisfaction to be a sensible standalone concept.

C. PROBLEM SOLVABILITY: MAIN RESULT

The main result on the necessary and sufficient conditions
for an ideal solution to the MP-SCOP is presented after the
following lemma supporting its proof.

Lemma 2: Consider the kernel P of an arbitrary invariant
over DES G. Then, with f as state feedback supervisor,
Af(Vo € 3e) G EO (16 = (fo = Ds, (7o, f5))) iff
3f(Voe )G EDO@EP 7, = (fo = Ds,(BP - 15, f5)))-

Proof: By specializing Lemma 3 (presented ahead in
Section V-C) to centralized control, and applying Lemma 1
accordingly. [ |

Theorem 2: Consider the kernel P of an arbitrary invariant
over fair DES G with system marker set M. Then there exists
a feasible (P, M)-supervisor f for G, such that

(Vo e X.) fo = Ox(P) [relto (BP,G)]
iff P is M-controllable and observable.

Proof: Given the kernel P of an arbitrary invariant over

9
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fair DES G with system marker set M, it follows that:

O P is M-controllable and observable

iff there exists a proper (P, M)-supervisor f for G, such that
(Vo e ) fo = Ou(P) [rel to (EP,G)], and (Vo € X)
GE=P-O@BP- -7, » (OP — Dy (AP,0,(P))))
[by Theorem 1 and Definition 6]

iff there exists a proper (P, M)-supervisor f for G, such that
(Vo e ) fo = Ou(P) [rel to (P, G)], and (Vo € X.)

GE=O@EP: 7, - (0Os(P) = Dy (BP,0,(P)))), and

(VoeX,) GEOWBP 17—

(OP — Ds, (BP,O,(P))))

[by LTL reasoning and the fact that ¥ = ¥, u 3, and ¥,
= Z\zrz]

iff there exists a proper (P, M)-supervisor f for G, such that
(Vo € X.) fo = Oy(P) [rel to (B P, G)], and (Vo € 3,.)
GO @P 7, - (Os(P) - Ds,(BP,0,(P))))
[ (Vo € X,) Dy (BP,O4(P)) = true, provided EIP is
Y,-invariant, i.e., (Vo € ¥,) P = O, (P), which it is
since (I P is controllable, i.e., E P is initially satisfied and
¥, -invariant [9]]

iff there exists a proper (P, M)-supervisor f for G, such that
(Vo € X.) fo = Oy(P) [rel to (EP,G)], and (Vo € 3,.)
GEO@BP 17— (fo = Ds,(BP 15, f5)))
[by LTL reasoning, and logic substitution of f, =
[rel to (P, G)] forall o € X.]

iff there exists a proper (P, M)-supervisor f for G, such that
(Vo e ) fo = Ou(P) [rel to (HP,G)], and (Vo € X.)
GEO(G = (fo = Ds, (10, f5)))
[by Lemma 2]

iff there exists a feasible (P, M)-supervisor f for G, such
that (Vo € ¥¢) fo = Oo(P) [rel to (HP, G)]
[by Definition 4].

O, (P)

Hence the theorem. [ |

Remark 2: As used in the proof of Theorem 2,
EP is ¥, -invariant iff

(Vo € ¥,) Ds, (BP,O,(P)) = true.
Because of this, there is an ‘overlap’ between X.,,-invariance
and 3,-observation consistency, which are the key con-
stituent condition for controllability [9] and observability,
respectively. Thus, the observation consistency condition in
observability for supervisory control that exists (according
to Theorem 2) may be restated by only that part of the
condition for controllable events, with the G-valid part for
uncontrollable events dropped as it is implied and hence
covered by X, -invariance. ]

V. CONTROL UNDER DECENTRALIZATION

In this section, the supervisory control of partially observed
DES G on event set ¥ is extended to decentralized control,
as introduced and depicted in Fig. 1.

Let N' = {1,2,...,n,} be the index set of control sites
for DES G on event set X. Each local control site 7 € A
is associated with local observable event set Zf) C 3, and
local controllable event set 3% < ¥ such that the system

No

controllable event set >, = U Ei, and the system uncontrol-

lable event set >, = Z\Ecl. lﬂlor an arbitrary event o € X,
let N, = {i € N | 0 € S} be the index subset of
control sites that event o is under the jurisdiction of, for
which, equivalently then to the system controllable event set
distribution, N, # (; and let an arbitrary site ¢ € A have
some o € X, under its jurisdiction, i.e., Zé # . Then, that
N, # & for an arbitrary event o € 3. and 3¢ # ¢ for an
arbitrary site ¢ € N is the same as N = U N

o€EX .

A. THE DECENTRALIZED CONTROL PROBLEM
Extend accordingly, the foregoing single-site notation for
centralized control under partial observation to multi-site for

decentralized control. Then, for an arbitrary I € Z(G) at
index k, such that I* € Z(G[X!]) at index k; is defined with

1(0) € I'(0) and str [ I{,,) | = Os (str [Ty ]) -

i

let the N-decentralized state feedback supervisor f : ¥ —
(I — {true, false}) be defined at index k as

() F, ({zﬂ(ki) f,} ), ifoeX,
|:Ik fU:{ | J ieN 7

true, ifoed,,
where F,(fL,..., f) is a logic function implementing
some general fusion rule F' over the control decision f* of
every site : € N' 2 N, on controllable event o, such that

=1 i e (det, dft),

where dft € {true, false} is a default control logic exercis-
able at site i € A/ whenever there is no certainty of control
under Ef)—observation, to ‘pass the buck’ [15] on event o
under the fusion rule F, and det € {true, false} is the deter-
minable control logic, such that for |=I ® To — (f ; = det),

i(ki) L4
= S = det
if it is the case that

e« 1€N,, and
« forall I’ € Z(G) at index j with

Ox, (str [Tw]) = O, (str[1,]).

1 o (f5 = det);
otherwise,

=1 2 .
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Note that an event o € X, is not under the jurisdiction of site
i € Nifi € M\N,, and f! in this case is called a phantom
control, which is one that always passes the buck on o.

Two fundamental special cases of the general fusion rule
F are of interest: For an arbitrary o € ¥, F' is said to be a
product fusion rule if

=, = (l_[ = fé) , (1

eN

and a summation fusion rule if

=, = <Z = fé) : @)
ieN

The default setting, i.e., the assignment of true or false to
dft as the means to pass the buck in event control, is required
provided |N| = 2 (i.e., n, = 2). For product fusion, the
default setting has to be that dft = ¢rue, and the fusion rule
is said to be default permissive; for summation fusion, the
default setting has to be that dft = false, and the fusion rule
is said to be default anti-permissive. Unlike these two rules
where the default setting is static, the setting for the general
fusion rule may not be.

Now, consider the general fusion rule F’ of the controllable
event set X.; every component F,,, o € X, is then express-
ible as a combinatorial logic function in the same sum-of-
product (SoP) form, as follows. Let A be the (nonempty)
index set for the constituent SoP terms of F,(fL, ..., fm)
in minimized form. Then, for an arbitrary o € 3. and j € A,
let N7 < N denote the (nonempty) subset of indices of all
the local control sites (that appear) in the j-th SoP term f3’
of F,, with UN J = N;and N2 € N7 denote the index

jeA
subset, used in f27, identifying the control sites that the event
o is under the jurisdiction of, i.e., N2 = N7 n N,. Then, for
an arbitrary o € X, F' is said to be the general or universal
fusion rule, if

|:I(k) F, = (Z f,;]> , (3)

jeA

where, for an arbitrary j € A,

= = <H = fé) .

iENI

For this fusion rule, the default setting across SoP terms,
required provided |A| = 2, is in general dynamic. Let dft =
dft € {true, false} be a default control logic exercisable at
site i € N9 2 NJ for the j-th SoP term f37 of F,. Then
the setting has to be that, with respect to each SoP term f;j s
j € A, along an arbitrary I € Z(G) at index k:

If|A| = Lor V7| > 1and (3i € NV) |=Ii(k"') fL = det,
then dft’ = true, else dft/ = false. (4)
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Under this default setting, equivalently for an arbitrary j € A
of fusion rule (3),

(k) . 1_[ ':I f‘; > lf'/\/g # Q
':I £l = ieN?
false , otherwise.

In essence, this syntactically removes every default-assigned
phantom control f¢, i.e., i € NM\N,, simplifying F,,. The
general fusion rule F' is said to be default open.

Following, the feasibility of monolithic supervisor, as in
Definition 4, can be generalized to that of A-decentralized
control under the formulated universal fusion rule, as in the
following. Define a logic variable X° that indicates whether
or not an A -decentralized control f is under product fusion
rule:

X = trueiff |A| = 1. (5)

Characteristically then, the N -decentralized supervisor f
defined under the default open, universal fusion rule (3) is
said to be feasible, if
UDF1) f is proper, and
UDF2) (Vo € X,.)
GED (70 (3 e A)(Fi e NY)
(fo = Dsi (X - 70, f37 - £2)) -
(ﬁ — DE}') ()\' . TU,E))>.

Note that X* = true means |A| = 1 and (Vo € 3,) f, = f27
for j € A, with N7 = N Intuitively then, the defined
supervisor f is said to be feasible if it is proper and, for
an arbitrary o € X, there always exists a site i € NJ for
some j € A, such that, if the fused control action f, is true,
i.e., enable [respectively, false, i.e., disable], it is, under an
appropriate default setting for SoP term f37 of f,, effectively
the result of a local control decision fI; under the fusion
rule that is not product [respectively, product], this result
is obtainable at site ¢ by determination, and (impliedly) by
default setting or determination if the fused control action f,
is otherwise.

In the special case of feasibility of supervisor under the
default anti-permissive, summation fusion rule (2), where
|A| = |N] and for all j € A, [N7| = 1, it follows that in
the non-trivial summation case of |[A| > 1, i.e., X* = false,
Condition UDF2 reduces to the following condition:

SDF2) (Vo €%.) G O (1, — (i€ Ny)
(o = D (70 1))

In the special case of feasibility of supervisor under the
default permissive, product fusion rule (1), i.e., X' = true,
where |A| = 1, Condition UDF2 reduces to the following
condition:

PDF2) (Yo e%.) G =0 (TO — [@FieN,)

(5~ b (= 7).
Consider the former special case (2). Relaxing to full
observation at every site (i.e., for all i € N/, Ef) = Y), this

11



IEEE Access

K.T. SEOW: Decentralized Supervisory Control of Discrete-Event Systems in Canonical Temporal Logic

feasible A -decentralized supervisor f reduces to a proper
supervisor that is said to be summation A -modularized. In
this case, Condition SDF2 reduces to the following condition:

SDF2-M) (Vo€ X.)G =0 (1, = (i e Ny) (fo = f1)).

And relaxing further to full control jurisdiction at every site
(.., foralli € N, X! = X,), it follows that N, = N/,
and f thus reduces further to the case of a proper, summation
N-modular supervisor, which is the one with trivially valid
Condition SDF2-M.

Consider the latter special case (1). Relaxing to full ob-
servation at every site (i.e., for all 7 € N, Eﬁ) = ), this
feasible A -decentralized supervisor f reduces to a proper
supervisor that is said to be product N'-modularized. In this
case, Condition PDF?2 reduces to the following condition:

PDF2-M) (Yo € 5.)G k=[O (T(, S @EieN,) (ﬁ = f,))

And relaxing further to full control jurisdiction at every site
(e, foralli € N, X! = ¥.), it follows that N, = N,
and f thus reduces further to the conventional case of a
proper, product N-modular supervisor, which is the one
with trivially valid Condition PDF2-M, and is thus not only
the earliest but also practically the simplest DES control
architecture first studied in [34].

By the cases above, clearly, feasible N -decentralized con-
trol, as formulated, is general. Of interest then is the marker-
progressive decentralized supervisory control problem (MP-
DSCP) that extends the MP-SCOP. It may be stated as
follows:

MP-DSCP: Find a feasible N -decentralized (P, M)-
supervisor f for fair DES G (under local partial observation).

In what follows, a new concept formulation of general
co-observability of temporal safety, called universal co-
observability, is studied as a culmination of two special cases,
with one at each boundary end of its logical spectrum. The
invariant-exact solvability conditions for the MP-DSCP are
then shown to be M-controllability and universal observabil-
ity, under which a solution that fully realizes specification
pair (P, M) exists, as stated in Theorem 3 — the overarching
main result of this paper. Two modular optimality principles
for the case of full observation, both specializations of the
two boundary cases of universal co-observability, are also
stated; these principles subsume temporal-safety specifica-
tion modularity in either the strongest product or weakest
summation form for the set A/. One may then readily write
down, for different control architectural settings, the different
control existence results, refining or specializing Theorem 3
to the successively specialized definitions of N'-decentralized
supervisor feasibility given earlier, with each matching the
M-controllability and a specialized condition of universal
co-observability for LJP. The relations among these results
are depicted in Fig. 3.

B. LTL CHARACTERIZATIONS FOR CO-OBSERVABILITY

Co-observability of the logical product and summation types
for DES G are first formulated and discussed.
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Co-observability

. Decentralized
(Universal)

Partial .
observation (Product) (summation) Feasible f
Full Modularizabllity Modularized | Proper f

observation

Modular
(Local, full
control
jurisdiction)

Centralized

FIGURE 3. A results-relation map: Each node depicts a different control
existence result for a horizontal architecture (centralized, modular,
modularized, or decentralized) under a partitioning of the system event set for
control and observation. The directed edge is read as ‘is a special case of’.
The nodes ®, ©, W depict the driver Theorems 1 [9, Thm. 3], 2, and 3,
respectively. Other than M-controllability, the additional concepts for the
results depicted by white, unlettered nodes are not explicitly named in this
paper; each such result can also be readily specialized from that depicted by
its node’s successor, and stated as would be for the results depicted by its
node’s grey predecessors, except with the adjective ‘product’ or ‘summation’
replaced with ‘universal’.

Definition 7 (Product Co-observability): Consider an arbi-
trary kernel P of some invariant over DES G. At local control
site i € N = {1,2,...,n,}, let local P; be the kernel of
some invariant over G. Then TJP is said to be product co-
observable with respect to G and (P;, ¥, %%) for all i € N,
if

KOl) G '= P-0O (EIP = 1_0[E|PZ->,and
K02) (Vo € %, -
G'=D(EP'T0——>(E|Z'7€NU) B
(OP Dy, (BP.0. ().

Definition 7 carries with it a neat interpretation of product
co-observability: Condition KO1 asserts that the unchanging
past of initially satisfied kernel P is to be exactly realized by
the unchanging past of local kernels P;’s in a logical product.
Condition KO2 asserts that if kernel P has been true (i.e., &1 P
is maintained) and the next state transition is of a controllable
event that falsifies P, then the event is of some control site ¢
at which the falsity of its local invariant 5] P; next upon the
event transition, and thus resultantly of EH P, is of definite
certainty under X! -observation.

Remark 3: Let X3¢ = Zi\UZ({, where j € {1,2,...,n,}\{i}

) all j

(the subset of X%, in which every event cannot be found in

the local controllable event set at any other site), and >, =
No

ZC\U Y% (the subset of events controllable at more than one
i=1

site)l. Note, then, that Condition KO2 of Definition 7 can be
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decomposed equivalently into Conditions KO2a and KO2b,
stated as follows:
KO2a) (Vi) (vg e i)
GeEDO@EP -7, -
(OP - Dy (HP,O, (F;)))). and
Ko2b) (Voe )
G|=D(EP-TU—>(371'€NG) -
(OP — Dy; (HP,O, (F)))).
This aspect emulates formulating the original language ver-
sion of co-observability [15]. The second condition for co-
observability of the summation and universal type, defined in
succession next, can also be decomposed similarly. ]
Definition 8 (Summation Co-observability): Consider an ar-
bitrary kernel P of some invariant over DES G. At local
control site = € N = {1,2,...,n,}, let local P; be the
kernel of some invariant over G. Then [JP is said to be

summation co-observable with respect to G and (P;, X¢ 3%)
foralli e NV, if

KO+l) GE P-O (EIPzEI (iaa)),

i=1
KO+2) (Vo € %)
G'ZD(E‘P'TU — (i e Ny)
(OP — Dy; (EP,O, (BF)))).

Definition 8 carries with it a neat interpretation of summa-

tion co-observability in similar paraphrasing style as that of
Definition 7.

Remark 4: Noted are two special cases for each of Definition
7 (product co-observability) and Definition 8 (summation co-
observability), with one special case being the same:

1) Setting P, = P foralli e N = {1,2,...,n,} reduces
co-observability of the product and summation types to
special cases, the conditions of which are, respectively,
deduced as the following:

KOeS) (Vo e X,)
GeEP-O@BP-17, > (JieN,)
(OP — Dy; (HP,O, (P)))).
KO+S) (Vo e 3.)
G '=P-|:|(EP-7'(7 — (e N,)
(OP — Dy; (BP,0,(P)))).
The former and latter special cases are counterparts of
two original language versions, respectively, the found-
ing version [14], [15] referred to in [17] as conjunctive
and permissive (C&P) co-observability, and disjunc-
tive and anti-permissive (D&A) co-observability [17].
The ‘permissiveness’ in being C&P is brought about
by default setting of event-enablement, and the ‘anti-
permissiveness’ in being D&A by default setting of
event-disablement. Be it of the product or summation
type, co-observability in LTL is logically stronger but
structurally more general than their special case, and
may also be referred to as C&P or D&A, respectively.

2) Setting n, = 1, i.e., considering the centralized case

of one control site, reduces each definition, by LTL

VOLUME 4, 2016

reasoning and Lemma 1 (with¢; = HP-71,, 1y = OP,
¢1 =8P - 7,, o = OP), to the same characterization
that in essence is observability for supervisory control
that exists; in this context, the characterization may be
treated as an LTL counterpart of the original language
version [42] of observability. [ |

Modular optimality principles, that clearly are co-

observability specializations under full observation, are now
stated and discussed.
Definition 9 (Product N -Modular Optimality Principle):
Consider an arbitrary kernel P of some invariant over DES
G. At an arbitrary local control site i € N = {1,2,...,n,}
with local observable event set Ef) = Y (i.e., with full obser-
vation at site ¢), let local P; be the kernel of some invariant
over GG. Then P is said to be product-modularizable with
respect to G and (P;, ¥, X¢) for all i € NV, if

KOl) G P-0O (EIP = HEE),and
i=1

KO2-M) (Vo € X.)

GEO@BP -7,-OP - (Jie N,) O, (P)).
And O P is said to be product modular with respect to G’ and
P; for all ¢ € NV, if Condition KOl is true.
Definition 10 (Summation N'-Modular Optimality Principle):
Consider an arbitrary kernel P of some invariant over DES
G. At an arbitrary local control site i € ' = {1,2,...,n,}
with local observable event set Eg = X (i.e., with full obser-
vation at site 7), let local P; be the kernel of some invariant
over GG. Then TP is said to be summation-modularizable
with respect to G and (P;, 3, 3¢) for all i € AV, if

KO+1) GE=P-O <EP =03 <ZO:EPi>>,and

i=1
KO+2-M) (Vo € %,.)
GEO@EP 17,-0OP — (Fie N,) O, (BF)).
And OP is said to be summation modular with respect to G
and P; for all ¢ € V, if Condition KO+1 is true.

Most modular control research, such as those cited in
the introduction, focuses on the type product, conjunction,
or intersection, with the latter two terms often used inter-
changeably in the cited language-based research; the re-
search furnishes a modular control solution by a conjunction
of individually controllable, marker-language specification
components. In contrast, by some specialization depicted in
Fig. 3 of Theorem 3 informally described earlier, the modular
optimality principle, be it product, summation or universal
(unstated), suggests, if satisfied, that in exercising modu-
larizing or modular control, there is no need for the com-
ponent LTL safety specifications to be individually marker-
controllable, as long as the overall combined specification is.

Finally, towards formalizing Theorem 3, the required con-
cept of universal co-observability may be defined and ex-
plained as a combinatorial culmination of co-observability of
the product and summation types.

Definition 11 (Universal Co-observability): Consider an arbi-
trary kernel P of some invariant over DES G. At local control

13
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sites € N = {1,2,...,n,}, letlocal P; be the kernel of some
invariant over G. Define U” as the logical sum-of-product
(SoP) fusion function of local invariants HPy,...,BHP,,
combined in (and -, or +) only®, given by

,BP,)=08 <ZDP1>

jeA
in minimized invariant form, where, recalling that N' =
U N7, each fusion-rule associated j-th SoP term E1P7 is
jEA
defined with P/ =

UMNBaP,...

H P;. Then, using logic variable X
1ENT

(5), P is said to be A-universal co-observable (or U A_co-
observable) with respect to G and (P;, X¢, 3¢) for all i € AV,
if

UKOl) G = P-O(BP =U*BEP,...
UKO2) (Vo e X,)
GEO(EP -7, > (Fje AN)(Fie V)
(OP = Dy, (% -BIP,0, (BPY)))
{(OP = Dy, (¥ -BP,0, (P)))).
Definition 11 carries with it an interpretation of universal
co-observability in similar paraphrasing style as Definition
7’s; in particular for Condition UKO2 that has two parts, the
part where X* = true has the same paraphrase as Definition
T’s.
Remark 5: With respect to the decentralized setting of
(P;, ¢, 3%) for an arbitrary control site i € AV, two boundary
instances, of the local invariant fusion function U defined in
Definition 11 of universal co-observability, are given by
UA(.) = [ [EP., where |A| = 1, and
ieN

,BP,,)), and

UM = ZEH,Where [A] = |V

They are the min (or strongest) frjl\é the max (or weakest)
invariant fusion functions, respectively, by which Definition
7 of product co-observability and Definition 8 of summation
co-observability are, respectively, defined, that together cul-
minate in Definition 11, with the former two at each boundary
end of the concept’s combinatorial spectrum of given local
invariants.

C. PROBLEM SOLVABILITY: MAIN RESULT

As before, the main result on the necessary and sufficient
conditions for an ideal solution to the MP-DSCP is presented
after the following lemma supporting its proof.

Lemma 3: Consider an arbitrary kernel P of some invariant
over DES G, and a constant X° € {¢rue, false}. Then, with
f as N-decentralized state feedback supervisor under the
default open, universal fusion rule (3),

/(Yo € 2) G =0 (7, — (3j € A)(Fie NF)
(fo = D5y (0 - 75, f37 - f1)) -
(7 e (¥ 7))
iff

®Le., the connective not ~ is not used in the logic combination of the
invariants, but is permitted within their kernels.

14

If (Vo € £.) G = O (EP 1y — (35 € A)(3i e NY)
(fo = Dsi (0 -BP 75, 37 [3)) -
(ﬁ — Dy, ()\O .BP- TU,E))).
Proof: Consider the given settings for DES G.
(If) By Definition 3 of Dy: — the duplication logic (with
respect to Y?), an equivalent fact refining f that is N-
decentralized under the default open, universal fusion rule,

and therefore an implication, is that
f (Vo e X.)

GEO (EIP-TU — (3j e A)@ie NY)
(fa - DE;) ()\7(D EP - Ta,f;j : f;))
: (fa - DE'(L') (/\70'@'7-07.]0;]‘ ) f;))
(ﬁ_, Dy (/\O : EP-TU,E))
(Fo = Ds; (08P -7, 17)))-
By LTL reasoning, this reduces equivalently to the fact that
f (Vo e X.)
GEO (EIP-TU - (3j e A)@ie NY)
(fo - DZ@ (ETaaf;Lf;))
: (fa - DZZ ()\G ) Tdvfé')))'
An equivalent fact refining f further is that
If (Vo e X.)

GEDO (EP e — (3j € A)(3i e NY)
(fa - DZE ()\7@ “Tos f;j : f(zr))
(s (77 7)
0 (@-Tg — (Fje A)(Tie NY)
(fa - DZ]f, ()\70 *To, f(;j ' f;’))
(T (7 7))
By LTL reasoning, this in turn is the equivalent fact that
If (Vo e $) G EO (TU — (35 € A)(Fi e NY)
(fo = Dss (O 7o, f37 - f2)) -
7o Doy (070 71))).

(Only if) Immediate by LTL reasoning.

Hence the lemma. u
Theorem 3: Consider the kernel P of an arbitrary invariant
over fair DES G with system marker set M. At local control
site 7 € N = {1,2,...,n,}, let local P; be the kernel
of some invariant over G. Then there exists a feasible N-

decentralized (P, M)-supervisor f under the default open,
universal fusion rule (3) for G, such that

(Vie N)
(VoeXl) fi=0,(3FR) [rel to (HP, G)]
and 8P = UMNEP,...,8P,,) (with respect to G),

iff P is M-controllable with respect to G, and U A_co-
observable with respect to G and (P;, X¢, 3¢) for all i € N.

Proof: Consider the kernel P of an arbitrary invariant
over fair DES G with system marker set M. With

UMEP,...,BP,) =08 <ZE1PJ‘>,
jeA

VOLUME 4, 2016



IEEE Access

K.T. SEOW: Decentralized Supervisory Control of Discrete-Event Systems in Canonical Temporal Logic

where kernel P; of some invariant over G is at local site ¢ €
N = {1,2,...,n,} = U/\/j, P = HPi, and N7 =
) JeA ieNT
N7 A N, it follows that:
0P is M-controllable and U*-co-observable
iff there exists a proper (P, M)-supervisor f for G, such that
(Vo e ) fo = Oo(P) [rel to (P, G)], and
(VoeX,) GEO@EP -1, > (Ije A)(Tie V)
(OP > D, (¥ -BP,0, (BP)))
(OP ~ Dy, (% -BP.0, (P))).
and AP = UNEP,,...,BP,,) (with respect to G)
[by Theorem 1 and Definition 11]
iff there exists a proper (P, M)-supervisor f for G, such that

VoeX.) f,= (Z f;j) [rel to (AP, G)],

JEA

I fé)
) teENJ
[t =0,0EP) [relto (BP,G)],
and G =0 (EP 1y — (35 € A)(3i e NY)
(fa - DXJZ} (y EP -7, fc;j : fczr))
: (qu Dy (x : EP-TU,E>)),
and @P = UA(EIPl, ..., B8P, ) (with respect to G)
[By definition of (P, M)-supervisor, LTL reasoning, and

where f = for an arbitrary j € A,

with

logic substitutions for f, and, in essence, f* defined for
eachi e N, forall o € 3]
iff there exists a proper N-decentralized (P, M )-supervisor
f under the default open, universal fusion rule for G,
such that (Vi € \)
(Vo eXi) fi=0Q,(BP) I[relto(EP G)],
and G |= O (EP 1y — (3 € A)(3i e NY)
(fa - DZ}) (y BP -1, f;j : f;))
. (fj — DE’,", ()\' -EP- TU,E))),
and BP = UMNEP,,...,BP,,) (with respect to G)
[By supervisor N -decentralization according to the default
open, universal fusion rule (3)]
iff there exists a proper N -decentralized (P, M)-supervisor
f under the default open, universal fusion rule for G,
such that (Vi € )
(VoeXl) fi=0,@PF) I[relto(BP G)],
and G |= O (Tg S (FjeA)(FieN)
(fo - DE}') (y *To, f;j ' f}r))

(Fr = s (70, 7))).
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and HP = UA(EPl, ..., 8P, ) (with respect to G)
[By Lemma 3 with \° = X°]
iff there exists a feasible N'-decentralized (P, M)-supervisor
f under the default open, universal fusion rule for G,
such that (Vi € \)
(VoeXl) fi=0,BP) I[rlto(EPG)],
and AP = UMNEP,. .., EP,,) (with respect to G)
[By supervisor feasibility under the default open, universal

fusion rule (3)].

Hence the theorem. ]

By the condition BP = UM EPR,,. .., BP,,), a feasible
N-decentralized (P, M)-supervisor f that exists according
to Theorem 3 is said to be optimal.

D. THE GENERAL LTL CO-OBSERVABILITY PICTURE
LTL wuniversal co-observability may be equivalently re-
defined by replacing Condition UKO?2 in the original Defi-
nition 11 with Condition UKO2E given below — essentially
obtainable by setting * = false in the former condition, and
applying the dynamic default setting obtained by removing
the or-term |A| = 1 in the original setting (4).
UKO2E) (Vo€ X.)
GEO@BP- -1, - (3je A)(FieNY)

(OP — Dy (BP,O, (EP?)))).

By the foregoing exposition, Theorem 3 shows LTL uni-
versal co-observability as orchestrating a general logic com-
bination blending together a convolution of multiple control
architectures, with each delineable as a counterpart of the
language-formulated type (C&P + D&A) [17] or, equiva-
lently, zero-level inferencing [20], but is under a non-static
default setting unlike (C&P + D&A)-co-observability [17].
Each is also under a partition of the controllable event set
into permissive and anti-permissive sets that is not known
a priori, unlike that for (C&P + D&A)-co-observability
[17] and implicitly like each delineated one for N-inference
observability [20].

Examining further, under LTL universal co-observability,
local sites having the same locally observed submodel’ or,
equivalently, with the same local observation channel, may be
aggregated into one, effectively reducing the total number of
sites which then all become submodel-unique (see Footnote
5). It follows that each aggregated site handles more than one
component invariant of the given invariant, thus rendering
its local control multi-decisioning. In what then follows, the
equivalent multi-decision version, of universal (or U”-) co-
observability given by Definition 11, may be obtained by
re-indexing, according to site aggregations, the control sites
and the component invariants constituting the given invariant,

"That the submodel is the same is in the sense of equality of formal
languages locally observed of the DES at these sites. And note that, at any
two different sites , y (z # y), if every event in £% U %Y is defined at
some state along some state-trajectory of DES model G, then their respective
submodels G[2%], G[£¥] as depicted in Fig. 1 are the same provided they
have the same local observable event set, i.e., X% = Y.
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and re-expressing the fusion rule in terms of local control
decisions, each correspondingly index-redefined to associate
with its submodel-unique control site and component in-
variant. Specifically, introduce two new nonempty auxiliary
sets: 1) The index set PF that collects every index z such
that (i, z) identifies control f(»*) and correspondingly P7 —
the z-indexed kernel of an invariant at control site € N,
and 2) the set P;, of indexed kernels of invariants at site
i € N. Using the new sets, equivalently redefine Definition
11, now with respect to DES G and (P;, X%, %%) for all
i € N, and Condition UDF2 of control feasibility. Then a
translation of Theorem 3 to a multi-decision version easily
follows, mapping the architectural blending noted above into
a general picture of |A| architectures, with each under product
fusion and all running in parallel under their overall fusion
summation, over || control sites. This picture standardizes
the original multi-decision control architecture depicted in
[21, Fig. 1]. And in the special case with every component
invariant logically subsumed by the given invariant, multi-
decision co-observability structurally specializes to an LTL
counterpart of the original concept [21] that is the most
general language-based version to date. This concept sub-
sumes N-inference observability [20] that is realizable by a
blending of (N +1) (C&P + D&A) control architectures [50],
as reviewed by their equivalent type of zero-level inferencing
in the introduction. In turn, the latter subsumes all other
comparable versions known to date [15], [17]-[19], all in
all underlining the concept formulation generality of LTL
universal co-observability.

E. PRODUCT BOUNDARY CASE: A TOY EXAMPLE
Consider a toy example adapted from a seminal paper [15] on
co-observability, with the key components as follows: 1) DES
G, with ¥ = ¥, = {a, 8,7}, Qo = {0} (initial state set),
and @ = {0,...,5} such that proposition p, € II is true
at state z € @ and false elsewhere; and it is graphically
depicted in Fig. 4(a) with an z-numbered node for state x,
an event-labeled edge for a transition of the event from one
state to another as edge-directed, and a node with an entering
arrow for an initial state; 2) Specification pair (P, M), where
P = (O(p1 +p2) — Pa) and M = {ps}, depicted with the
node for state 5 € Q darkened; 3) ' = {1, 2}, i.e., two sites
indexed 1 and 2 with (P, ¥}, ¥1) and (P, X2, %22), respec-
tively, where Py = (Op1 — p1), Xk = {a}, B! = {a,7},
and P, = (Op2 — 1), 2 = {8}, 22 = {B,7}.

0P can be easily shown to be M-controllable. Since
P = P, - P, and P is initially satisfied, Condition KO1
of Definition 7 of product co-observability is true; so is
Condition KO2 due to the following G-validities, verified
against the models (a) to (c) in Fig. 4 by inspection: 1) EP -
7, = OP (at ~-transitions to state 5), 2) HP - 7, -
OP = Ds:1 (ElP,Oa (?1)) (at a-transition to state 4),
3)EP 75 OP = Dy (HP,Op (P)) (at S-transition to
state 4). Thus, by the result specializing Theorem 3 to prod-
uct co-observability, a feasible and optimal N -decentralized
(P, M)-supervisor f under the default permissive, product
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@& (b) G[23] (0) G[23]

FIGURE 4. For a toy example: (a) DES model G, (b) submodel G[21], (c)
submodel G[=2]. The submodels are self-looped augmented with their site’s
unobservable, controllable event ~.

fusion rule (1) for DES G exists, such that (Vi € N)(Vo €
S1) i = O0(P) [rel to (BP, ).

VI. CONCLUSION

A new LTL characterization of the co-observability con-
cept in its general form, called universal co-observability,
is studied for marker-progressive decentralized control of a
class of fair DES’s under temporal safety. This LTL con-
cept development is unifying in scope, with demonstrated
transparency and structural generality underpinning a more
coherent understanding of co-observability and specification
modularity of canonical LTL safety for decentralized super-
visory control.

A rich formalism, canonical LTL provides neither a de-
cidable nor an efficient basis for synthesis in general. Thus,
future work includes studying versions of the MP-DSCP
that are decidable, and solvable by efficient computer-aided
synthesis leveraging the uniformity of LTL syntax-based
reasoning.

Future work also includes studying a new but comple-
mentary LTL variant of universal co-observability. This is
to be an extended counterpart of an existing language-cum-
automaton-based formulation of a co-observability variant,
studied in [52] for a so-called state-estimator-intersection(-
fusion)-based architecture; generalizing that initiated in [53],
this variant is proved [52] to be generally incomparable with
those purely language-based formulations to date that univer-
sal co-observability studied herein is an extended counterpart
of.
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