T-algebras and linear optimization over symmetric cones

CHEK BENG CHUA

ABSTRACT. Euclidean Jordan-algebra is a commonly used tool in designing interior-
point algorithms for symmetric cone programs. T-algebra, on the other hand, has
rarely been used in symmetric cone programming. In this paper, we use both alge-
braic characterizations of symmetric cones to extend the target-following framework of
linear programming to symmetric cone programming. Within this framework, we design
an efficient algorithm that finds the analytic centers of convex sets described by linear
matrix and convex quadratic constraints.
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1. INTRODUCTION

This paper concerns the study of primal-dual interior point algorithms for linear opti-
mization problems over symmetric cones (a.k.a. symmetric cone programming). Primal-
dual interior-point algorithms—first designed for linear programming (see, e.g., [27]), and
subsequently extended to semidefinite programming (see, e.g., [26, Part II]), symmetric
cone programming (see, e.g., [20]) and, recently, homogeneous cone programming [5]—are
the most widely used interior-point algorithms in practice. At the same time, they are
able to achieve the best iteration complexity bound known to date.

The development of primal-dual algorithms for symmetric cone programming began
from two very different perspectives. Yu. Nesterov and M. Todd [20] described their algo-
rithm in the context of self-concordant barriers (see the seminal work of Yu. Nesterov and
A. Nemirovski [19]) by specializing general logarithmically homogeneous self-concordant
barriers to self-scaled barriers. L. Faybusovich [9], on the other hand, obtained his algo-
rithm by extending a primal-dual algorithm for semidefinite programming via the theory
of FEuclidean Jordan algebras. This Jordan-algebraic approach had been so successful
that it is now the most common tool in designing interior-point algorithms for symmetric
cone programming [1, 2, 7, 21].

In this paper, we present, for the first time, an extension of the target-following frame-
work of linear programming to symmetric cone programming. The target-following frame-
work was first introduced by S. Mizuno [16] for linear complementarity problems, and
B. Jansen, C. Roos, T. Terlaky and J.-P. Vial [13] for linear programming as a unifying
framework for various primal-dual path-following algorithms and algorithms that find an-
alytic centers of polytopes. The essential ingredient of this framework is the target map
(x,8) — (X181, ...,X,S,), defined for each pair of positive n-vectors (x,s). An important
feature of the target map is its bijectiveness between the primal-dual strictly feasible re-
gion and the cone of positive n-vectors R}, [13, 15], whence identifying the primal-dual
strictly feasible region with the relatively simple cone R" | known as the target space (or

v-space). Interior-point algorithms based on the target map are known as target-following
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algorithms, which are conceptually simple when viewed as following a sequence of targets
in the target space. This target map was recently extended to semidefinite program-
ming by the author [6], where the target map was proved to be a bijection between the
primal-dual strictly feasible region and the cone of positive definite matrices. See also
[17, 18, 22] for other extensions the target map to semidefinite programming, and [12]
for an extension to symmetric cone programming. It is noted here that these extensions
of the target map do not result in target-following algorithms as they are generally not
injective on the whole primal-dual strictly feasible regions.

Our target map is described with the algebraic descriptions of symmetric cone via Eu-
clidean Jordan algebras and T'-algebras. T-algebras are certain non-associative algebras
discovered by E. Vinberg [24] in his attempt to classify homogeneous cones. A homoge-
neous cone K is an open convex cone whose group of automorphisms acts transitively
on it. Symmetric cones are precisely those homogeneous cones that are self-dual under
suitable choices of inner products. The complete classification of symmetric cones can
thus be obtained by classifying self-dual T-algebras [25].

This paper is organized as follows. We begin the next section with the Jordan-algebraic
and T-algebraic characterizations of symmetric cones, and the relation between these
characterizations. In Section 3, we use both algebraic characterizations to define the
notion of weighted analytic centers for symmetric cone programming. This notion allows
us to define the target map in Section 4, with which we describe and analyze a target-
following algorithm. Finally, in Section 5, we apply the target-following algorithm to the
problem of finding analytic centers of sets described by linear matrix inequalities and
convex quadratic inequalities.

2. ALGEBRAIC CHARACTERIZATIONS OF SYMMETRIC CONES

2.1. Jordan algebraic characterization. Let (E, (-,-)) be a Euclidean space with inner
product (-, ).
A homogeneous cone is an open, convex cone K € E whose linear automorphism group
def

Aut(K) = {A € GL(E) : A(K) =K}
acts transitively on it; i.e., Vx,y € K, 3A € Aut(K), A(x) = y. An open, convex cone
KC € E is said to be self-dual if its open dual cone
def

KPS {selR: (x,8) >0V0+#x € c(K)}

coincide with IC. A symmetric cone IC € E is a self-dual homogeneous cone.

Henceforth, K shall be a symmetric cone.

Every symmetric cone can be associated with a commutative algebra over R known as
a Jordan algebra. In short, if (J,0) is a Euclidean Jordan algebra, then the interior of its
cone of squares {x o x : x € J} is a symmetric cone, and every symmetric cone arises in
this manner. For a comprehensive discussion on the relation between symmetric cones
and Jordan algebras, we refer the reader to Chapters I-III of [8].

It is known that symmetric cones can be completely characterized as direct sums of
five classes of simple symmetric cones (see, e.g., [8, Chapter V]):

(1) the second-order cones

def
Q, = {XGR”+12XR+1>\/X%—f---'—i—xgb};
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(2) the cones of real, symmetric, positive definite matrices

Sndéf{xeR”X”:XT:xandvTxv>0Vv€]R"};

(3) the cones of complex, Hermitian, positive definite matrices

Cn‘i:ef{xe(j"x”:x*:xandv*xv>0‘v’V€C”};

(4) the cones of Hermitian, positive definite matrices of quaternions
Hndéf{XE]H[”X":x*:xandv*xv>OVv€H”};

(5) the cone of 3 x 3 Hermitian, positive definite matrices of octonions

(’)gdﬁf XE@?’X?’ZX*:XaHdV*XV>OVV€@3}.

This characterization can be deduced from the characterization of formally real Jordan al-
gebras, which was first given by P. Jordan, J. von Neumann and E. Wigner [14]. Formally
real Jordan algebras are precisely Euclidean Jordan algebras; see, e.g., [8].

2.2. T-algebraic characterization. From here on, we shall treat symmetric cones as
a subclass of homogeneous cones, and use a different algebraic characterization arising
from the study of homogeneous cones.

A matriz algebra 2 is a bi-graded algebra @;:j:l 2,;; over R satisfying ;% C 0,1,
where 0 is the Kronecker delta symbol. The positive integer r is called the rank of the
matrix algebra. For each a € A, we denote by a;; its projection on ;. An involution (-)*
of a matrix algebra 2 is a linear automorphism on 2 that is involutory (i.e., (a*)* = a),
anti-homomorphic (i.e., (ab)* = b*a*), and further satisfies 24, C ;. A T-algebra of
rank r is a matrix algebra 2 of rank r with involution (-)* satisfying the following seven
axioms.

I. For each i € {1,...,r}, the subalgebra 2;; is isomorphic to the reals.
For the remaining axioms, we shall use p; to denote the isomorphism from 2A;;
to R, and use e; to denote the unit of ;. Thus a; = p;(a)e;.
I1. For each a € 2 and each i,j € {1,...,7},

aje; = aj and e;a; = ay;.
III. For each a,b € 2 and each i,j € {1,...,r},
pi(aibji) = pj(bjiay;).
IV. For each a,b,c € 2 and each 4,5,k € {1,...,r},
a;;(bjrcki) = (a;;bji)cri-
V. For each a € 2 and each i,j € {1,...,7},
pi(aj;ai;) > 0

with equality when and only when a;; = 0.
VI. For each a,b,c € 2 and each i, 7, k,l € {1,...,r} withi < j <k <,

a;j(bjrcw) = (aibji)cu.
VII. For each a,b € 2 and each ¢,j,k,l € {1,...,r} withi < j <kand <k,
a;j(bjrby,) = (ai;bjk) by
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A change in the grading of a T-algebra 2 is the replacement of each subspace 2;; by
Ari),=(j) where 7 is a permutation of {1,...,7}. An inessential change in the grading
of a T-algebra 2 is one that preserves the subspace of upper triangular (or equivalently,
lower triangular) elements. In other words, the permutation 7 in an inessential change
satisfies

(i < ) A (7)) > 7(j) — 2y = {0},
A T-algebra 2 of rank r is said to be isomorphic to another T-algebra of the same rank
if, after an inessential change of grading of 2, there is an isomorphism of the bi-graded
algebras with involution. The cone associated with a T-algebra A of rank r is

{tt":teA t; =0V1<j<i<r p(t)>0V1<i<r}

It is denoted by IC(A). When we write tt* € K£(2(), we always mean that t satisfies the
conditions in the definition of (). It was shown by E. Vinberg [24, Proposition II1.2]
that such t is uniquely determined by the product tt*; see also Propositions 2 and 3. For
each x = tt* € (), we shall denote this unique t by u.

Homogeneous cones are completely characterized by T-algebras in the following theo-
rem.

Theorem 1 (Characterization of homogeneous cones, E. Vinberg 1963). A cone is homo-
geneous if and only if it s linearly isomorphic to the cone associated with some T -algebra.
Moreover the T-algebra is uniquely determined, up to isomorphism, by the homogeneous
cone.

Proof. See Proposition 1 and Theorem 4 of [24]. O

2.2.1. Notations of T-algebras. For a T-algebra 2 of rank r with involution (-)*, we shall
use the following notations.

(1) e; shall denote the unit of the subalgebra 2;; and p; shall denote the linear function
on 2 satisfying a; = p;(a)e;.

(2) e shall denote the element in U satisfying e;; = e; and e;; = 0 for ¢ # j. Axiom II
is equivalent to e being the unit of the T-algebra 2.

(3) s(-) shall denote the linear function

acA— Zpi(a).
i=1

(4) (-,-) shall denote the bilinear function
(a,b) € A x A+ s(a’b).

When restricted to 2;, (+)* is an involutory, anti-homomorphic, linear automor-
phism. Hence it must be the identity map. The linear function s(-) is thus
invariant under involution. Subsequently (-,-) is symmetric. Axiom V is equiva-
lent to s(aa*) > 0 for all a € 2 with equality when and only when a = 0. This is
further equivalent to (-,-) being positive definite. Thus (-,-) is an inner product
of 2. We shall denote by |[|-|| the induced Euclidean norm a — /(a, a).

(5) T shall denote the subalgebra

{aeU:a;=0(1<j<i<r)}

of upper triangular elements. The associated homogeneous cone IC(2() can then
be described as {tt* : t € T, p;(t) > 0 Vi}.
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(6) $ shall denote the subspace
faeA:a;=a); (1<j<i<r)}

of “hermitian” elements. We can then view the associated homogeneous cone
IC(2A) is as an open cone in the Euclidean space (), (-,)).
(7) © shall denote the subalgebra

{acU:a;=0(i#j)}
of diagonal elements (which is also T N §). We use the notation ®,; to denote
the subset of © consisting of those elements with p;(a) > 0, and use the notation
9| ++ to denote the subset of ®; consisting of those elements with p;(a) > p;(a)
for all + < j.
(8) (+)u shall denote the linear map

acA—a+a’

i.e., twice the orthogonal projection onto $) under (-, -).
(9) {(-)) shall denote the linear map from 2 to T* that takes each a to the unique
lower triangular element 1 such that 15 shares the same lower triangular part as
a.
(10) [24], shall denote the sub-algebra @° 2;;, and [a], shall denote the projection

ij=1
of a on [A],. Similarly, [9], shall denote the subspace $ N [A], of “hermitian”
elements in [2A],.

2.2.2. Properties of T-algebras.
Lemma 1. For every a,b,c € A, (ab,c) = (b,a*c) and (ba,c) = (b, ca*).

Proof. Axiom IV is equivalent to s(a(bc)) = s((ab)c) for all a,b,c € 2. This is further
equivalent to (ab,c) = (b,a*c) for all a,b,c € 2. Together with Axiom III, we deduce
(ba, c) = (a*b", c*) = (b",ac*) = (b, ca*). O

Theorem 2. The norm ||| is sub-multiplicative; i.e., Va,b € 2, ||abl|| < ||a]| ||b]|-
Proof. See proof of Theorem 2 of [5]. O

Let %, (resp., T, and T,,) denote the set of elements of T with nonzero (resp.,
nonnegative and positive) diagonal components.

Proposition 1. The sets X, T, T} and T% | are multiplicative groups.
Proof. See proof of Proposition 1 of [5]. O

We shall denote by t~! the multiplicative inverse of each element t € T,. Similarly for
elements 1 € T%.

Involution is anti-homomorphic, hence the inverse of the involution of an element t € T,
is the involution of its inverse, which we shall denote by t™*. Similarly for elements1 € 7.

2.2.3. T-algebraic characterization of symmetric cones. In the special self-dual case of
simple symmetric cones, we have the following corresponding T-algebras.
e For each n > 1, the matrix algebra A =21 A DAy BA»w = RER"HR"H R
defined by
(ab)zz = az;‘bji for (27]) S {(17 2)7 (27 1)}
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is a T-algebra. It is straightforward to check that the associated cone K(2l) is
linearly isomorphic to the second-order cone Q, .1, and that the subspace $,
when equipped with the Jordan product’

b+b
O:(a,b) — %i,
is a Euclidean Jordan algebra of rank 2 whose associated symmetric cone is ().
Let 20 be a Euclidean Hurwitz algebra (i.e., R, C, H or Q). We shall use R(z)
and T to denote, respectively, the real part and the conjugate of z € 2.

Let 2(;; = 20 for each ¢,j € {1,...,r} with i # j, 2; = Rfor ¢ € {1,...,7},
and define the matrix algebra 2 = @: =1 2ij by
b - { SR =

> ket Aikbr; if @ # J,

so that it satisfies Axioms I and II in the definition of a T-algebra. It is straight-
forward to check that the unary operator (-)* : 2 — 2( defined by

(a%)i; = aj;
is an involution. Moreover, Proposition V.1.2 of [8] shows that Axioms III-V are
also satisfied.

For r = 3, Axiom VI holds since at least one of a;;, bj; and cj; is a real number.
Finally, Axiom VII holds since Euclidean Hurwitz algebras are alternative (i.e.,
z(zy) = (zz)y and (yx)zr = y(zx), or equivalently, the sub-algebra generated by
any two elements is associative), and both x and Z are in the sub-algebra generated
by z — R(x) for each z € 20. Hence 2 is a T-algebra. It is straightforward to
check that the associated cone IC(2) is the cone of 3 x 3 Hermitian, positive
definite matrices of 20; i.e. K(A) = S3, C3, Hs and O3 when 20 = R, C, H
and O respectively. The algebras R, C and H are associative. Together with
Corollary V.2.6 of [8], it follows that the subspace $), when equipped with the
Jordan product [, is a Euclidean Jordan algebra of rank 3 whose associated
symmetric cone is 83, C3, ‘Hs and O3 respectively.

For r > 3, suppose that 2J is associative. Then 2 is clearly a T-algebra. As
before, it is straightforward to check that the associated cone () is the cone of
r X r Hermitian, positive definite matrices of 20; i.e. £K(2A) = S,, C, and H, when
2 = R, C and H respectively. Once again, since 20 is associative, the subspace
9, when equipped with the Jordan product [, is a Euclidean Jordan algebra of
rank r whose associated symmetric cone is S,, C, and H, respectively.

Write K as the direct sum of simple symmetric cones. Henceforth, 2 shall be the
direct sum of the T-algebras corresponding to these simple symmetric cones as described
above, and (J, o) shall be the direct sum of the corresponding Euclidean Jordan algebra
described above. It is easy to check that % is a T-algebra and J is a Euclidean Jordan
algebra. Let r be the rank of 2.

Each element x of the Euclidean Jordan algebra (J, o) has a spectral decomposition

.
X = g AiCi,
i=1

I This gives precisely the algebra of connectedness; see, e.g., [24].
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where A\; > .-+ > A\, are uniquely determined by x, and {cy,...,c.} C J forms a Jordan
frame; see Theorem II1.1.2 of [8]. The coefficients Aq,..., A, are called the eigenvalues
of x, and they are denoted by Ai(x),...,A(x). A Jordan frame is a set of primitive

idempotents that are pair-wise orthogonal and sum to the unit e. An idempotent is a
nonzero element ¢ € J satisfying c o ¢ = ¢, and it is said to be primitive if it cannot
be written as the sum of two idempotents. Two idempotents ¢ and d are said to be
orthogonal if cod = 0. In terms of A, idempotents are characterized by ¢? = c.

The number of elements of any Jordan frame is an invariant called the rank of the
Jordan algebra; see, e.g., paragraph after Theorem III.1.2 of [8]. By relating this to the
Carathéodory number of K, it is immediate that both 2l and J have the same rank; see
[10] and [23]. Alternatively, one can see this by noting that {ey,...,e,} is a Jordan frame.

In a Euclidean Jordan algebra, we define a linear function tr(-) by tr(x) = >\, \i(x).
This function is called the trace.

We now show that the function tr(-) coincides with the restriction of the function s(-)
on the subspace $).

Using the sub-multiplicativity of |||, we deduce that if ¢ is an idempotent, then ||c|| =
||| < |lc||?, whence s(c) = s(c?) = ||c||* > 1. In a Jordan frame {ci,...,c,}, we then
have r < s(c; +--- +¢,) = s(e) = r, whence s(c;) = --- = s(c,) = 1. If ¢ is a primitive

idempotent, then its spectral decomposition shows that c is a member of some Jordan
frame, whence s(c) = 1. This shows that for any x € $ with spectral decomposition

X =y NiCi, $(x) =D N\is(c) = DN = tr(x).

2.3. Quadratic representations. In the Jordan algebra (J, o), the quadratic represen-
tation of each x € J is defined to be the linear map

Q. :yEJ—2xo(xoy)) —(xox)oy.

In terms of its T-algebra 2, the quadratic representation of each x € §) is

yEH 2 (% <x (XYTJFYX) + (#) X)) _ (XX)Y-ZFY(XX)

= 5 (xxy) 4 x(y%) — (ox)y)-

We can extend the quadratic representations from $ to 2 by defining, for each a € A,

Q.:beH— % (a(ab) +a(ba™) — (aa)b),, .

The following proposition and its corollary show that the group of linear automorphisms
{Q¢ :t € T, .} forms a simply transitive subgroup of Aut(K).

Proposition 2. For each t € T, the map Q¢ simplifies to
a s t((a)t") + (t(a) )t
If, in addition, a = uu* for some u € T, then
Qi(uu”) = (tu)(tu)™.
Proof. See proof of Proposition 2 of [5]. O
Corollary 1. The map t — Q4 is a group homomorphism on %, .

Proof. See proof of Corollary 1 of [5]. O
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2.3.1. Properties of quadratic representations. Quadratic representations will be used in
the description and analysis of the target-following algorithm in Section 4.1. We now list
a few useful properties of quadratic representations.

Proposition 3. For eachu € T, the map
te T, — Qi(uu’)
1s a diffeomorphism. Moreover its derivative at t € T, is
w € T — (tu)(wu)" + (wu)(tu)”

and the derivative of its inverse map at Q¢(uu*) € K is

acf— tu(Quu-1(a))u’.
Proof. See proof of Proposition 3 of [5]. O
Proposition 4. For each (x1,...,%,) € [™A]; X -+ x [A],, and any t € ¥,

(2.1) Z Q) (x0) = Qs (Z Xe) .
=1 =1

Proof. Since t;,(x¢)r; = 0 whenever ¢ > ¢ or k > ¢, it follows that [t|;x, = tx,, whence

(2.2) D ltlexe =t (Z xf> .

=1
The proposition then follows from Proposition 2. U

Proposition 5. For each t € X, the operator norm of Qy is at most v/2 ||t||>.

Proof. For every a € $), applying the simplification in Proposition 2, the triangle in-
equality for ||| and Axiom III gives ||Qiall < 2|[t({a)t*)||. Together with the sub-
multiplicativity of ||-||, we then get ||Qqal| < 2|/ (@)l |[t]*>. Now

T

23) @)=Y avan + Y jala) < 5 (Z aal; + Zp@-<a>2> = 2 lla?

j<i i=1 i i=1
proves the proposition. O

2.4. Dual cones. Using Axiom IV and Lemma 1, it is straightforward to check that the
adjoint map Q. of the quadratic representation of an element a € 2 is the quadratic
representation @, of its involution. This observation can be used to derive the following
description of the cone /.

Proposition 6. The dual cone K* is given by {1I" : 1 € T }. The group of automor-
phisms {Qy : t € T4} acts transitively on K.

Proof. See Proposition 4 of [5]. O

Proposition 7. The matriz algebra B obtained from A by the change in grading
Bij=Up1irr1—; (1 <45 <)

is a T-algebra whose associated cone K(B) is exactly the dual cone K*.

Proof. See paragraph before Proposition 5 of [5]. O
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This proposition, together with Proposition I11.2 of [24], implies that every element
s € Kf can be uniquely written as the product 1I* with 1 € %7 .. We denote this unique
1 by 1.

Since K is self-dual, the above argument applies to K. In other words, every element
x in the symmetric cone I has a Cholesky factorization, as well as an inverse Cholesky
factorization.

3. WEIGHTED ANALYTIC CENTERS

We consider the following pair of primal-dual symmetric cone programming problems:

(3.1a) inf{(c,x) : (a;,x) =0y, 1 <k<m, xec(K)}

and

(3.1b) sup {Z by Zykak +s=c, s€ cl(/Cﬁ)} ,
k=1 k=1

where ai,...,a,,c € A and by,...,b, € R are given. Let F, (resp., ;) denotes the
primal feasible (resp., strictly feasible) region, and let F,; (resp., Fj) denotes the dual
counterpart.

Without any loss of generality, we may assume that the vectors ay, ..., a,, are linearly
independent. With this assumption, (i1, ..., ¥y,) is uniquely determined by each feasible
s. Henceforth, we shall use only the s-component when referring to a feasible solution in
Faq.

A necessary assumption in any primal-dual interior-point algorithm is the existence of
primal-dual strictly feasible solutions (X,3); i.e., 75 x F3 D {(X,8)} is nonempty.

In the special case of semidefinite programming, where I = S,,, the author [4] defined
primal-dual weighted analytic centers of (3.1) to be pairs of solutions to the primal-dual
weighted barrier problem

. 2 2
i~ wilos(un)l — 3 wilogll + ()
over all orthonormal similarity transformations @ : S" +— S™ and all n-tuples w =
(wi,...,w,) € R}, . We generalize this to symmetric cone programming by replacing
the orthonormal similarity transformation @ with maps A from the orthogonal subgroup
of Aut(K). Theorem A.2 states that such maps are precisely automorphisms of J; i.e.,
bijective homomorphisms of the algebra J to itself. We shall denote by Aut(J) the group
of automorphisms of J. This gives the primal-dual weighted barrier problem

. 2 2
(BPaw) (X’S)g}g T 2; w; log pi(uax)? — 2; w; log p;(Las)® + (x,8) .

The barrier problem (BP4,,) has optimal solutions as the objective is continuous, and
the set of feasible solutions with values no more than that of (X,8) is compact. Indeed,
at least one of the logarithmic terms explode to oo when x (resp., s) approaches the
boundary of K (resp., K*), while the linear term explode to oo faster than all logarithmic
terms in magnitude when either x or s (or both) grows without bound.
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Using Proposition 3, we deduce that the derivative of x € K +— uy isa € $H —
u, (Qu.a)*. Hence the primal weighted barrier x — — > w;log p;(uax)? has deriva-
tive a € H — —Zwipi(Qu;& Aa). Its gradient is thus —A*qu; d, where d is the
diagonal element with p;(d) = w;. Similarly, the gradient of the dual weighted barrier
s — — > w;logp;i(las)? is —A_lglxd. Thus the necessary and sufficient optimality
conditions for (BP4,,) are )

<ak,x>:bk (kzl,...,m), x €I,

(CPaa) Zykak-irS:C, s €K,

Qp, Ax =d.

The next theorem shows that (BP4,,) has a unique pair of optimal solutions?, whence
so does (CPaq). We call them the weighted analytic centers determined by (A,d) €
Aut(:‘) X ©++.

Theorem 3 (cf. Proposition 2.9 of [3]). The primal and dual weighted barriers

X — — Z w;log pi(uax)® and s> — wai log pi(1as)?,
where A € Aut(J) and (w1, ..., w,) € R}, are strictly conver.

Proof. We prove the theorem for the primal weighted barrier, and remark that the dual
weighted barrier is proved similarly.

From Proposition 2, the derivative of t € T,, +— Qia for eacha € Hisu € T —
(t((a)u*) + u({a)t*))y = (t({a)u*) + (t{a)*)u*)y. By differentiating tt~! = e im-
plicitly, we find that the derivative of t € T, — t ' isu € T +— —t~'ut™!. Recall that
the derivative of x € L — uy is a € § — ux((Qu,a))*. Thus the second derivative of the
primal weighted barrier is

r u g ((Aa)[ug (u Q.1 Ab)” u
(a.b) EﬁQHZwmz( .Ax(<_<1 il ,:x( jx« LAb)) A:(] )_1 )

= + (g ((Aa) ") [u g (Wax (L1 ADb)) g, ]
Using Axioms VI and IV, we can simply the expression in the parentheses to

(W ((Aahu ) (Quyr Ab) + (g (Aa))u ) ( Q5 Ab))nr.

By Proposition 2, this is the same as ((qu Aa)(( Qu;ll Ab))) . Therefore the second
derivative is

(a,b) = (d,(Q, 1 A2)(Q, 1 AD) + (Q, 1 ADb)*(Q, 1 Aa) )
which, by Lemma 1, can be simplified to
(a,b) — (Q, 1 Aa, (d((Q, 1 Ab) )i ).

For each 0 # a € 9, (a, (d(a)*)n) = > wipi(a)* +23° o, Wi la;;||> > 0. Hence
the primal weighted barrier is strictly convex. U

2This also follows from the fact that the weighted logarithmic barriers are self-concordant barriers
whenever the weights are at least 1; see Corollary 2.2 of [3].
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Having defined weighted analytic centers for the symmetric cone programs (3.1), we
now show that every pair of primal-dual strictly feasible solutions to (3.1) is a pair of
weighted analytic centers. The following lemma will be useful.

Lemma 2. For every A € Aut(3) and every t € T, there exist a unique A € Aut(J)
and a unique t € T, such that AQ; = QtA Moreover, for each d € D)y, A
stabilizes d if and only ZfA does.

Proof. (Existence) Let t = Uity € Ty, and let A = Q{lAQt. Since Ae =

Q{lA(tt*) = Qu—1( *).A(tt*) — e, we have A € Aut(K)e. By continuity, we further

have A € Aut(K)e, whence A € Aut(J) by Theorem A.1.

(Uniqueness) By Theorem A.1, Aut(J)N{Qu:u e T, } = Aut(K)eN{Qu:ue T, }.
By Proposition 2, Q,e = uu* for every u € T, ,. We then deduce from Proposition 3
that Aut(J) N {Qu cu € Ty, ={Q.}, whence uniqueness follows.

(Moreover) Recall that {ej,...,e,} is a Jordan frame. Under this Jordan frame, We
have the Pierce decomposition J = @, i<r Jij, where J;; denotes the 1-eigenspace ;;
of e;, and J;; denotes the common %—eigenspace 2;; DU, of e; and e;; see Theorem 1V.2.1
of [8]. Let Jr denote the sub-algebra D, ;cr.;<; Jij = D, jer Aij, and let ez denote the
unit ) ..y €; in the sub-algebra J7 for each subset I C {1,...,r}. Define the equiva-
lence relation iRj : p;(d) = pj(d). Let Ly,...,L, denote its equivalence classes with
Ly < --- < L,. The sub-algebra generated by d is then @;_, Re,,. An automorphism
stabilizes d if and only if it stabilizes every element of this sub-algebra. In other words,
an automorphism stabilizes d if and only if it stabilizes every e,,. If an automorphism
A stabilizes every e, then it is an endomorphism on the 1-eigenspace J._, of every
er_,, where L denotes the index set J5_, £y, as Axoer, = Axo.Ae,, = A(xoeg,).
Conversely, any automorphism that is an endomorphism on the sub-algebras J,_, must
stabilizes its unit es_,, whence every ey, = e, , — er<x-1. Hence an automorphism
stabilizes d if and only if it is an endomorphism on every J._,. It is straightforward to
deduce from the definition of quadratic representations that each map in {Q, : u € T}

is an endomorphism on J. o Thus the map A= Q{ ' AQ, is an endomorphism on J, “
if and only if A is. Consequently A= Q- ' AQ; stabilizes d if and only if A does. O

Theorem 4. Given any pair of primal-dual strictly feasible solutions (x,s) to (3.1), there
exists an automorphism A € Aut(J) and weights (w., ..., w,) € R}, such that (x,s) is
the unique solution to (BFP.,).
Proof. Uniqueness have been established. It remains to find automorphism A € Aut(J)
and weights (wy, ..., w,) € R} such that (x,s) € F, x Fj solves (('Paq) with d € D
such that p;(d) = w;.

Consider a spectral decomposition Qprx = >"'_; \;(Qr:x)c;. Let d denote the element
Yoo Ni(Qux)e; € D) 4. According to Theorem IV.2.5 of [8], there exists an (not
necessarily unique) automorphism A € Aut(J) such that Ac; = e;. Then AQ:x =d

Lemma 2 shows that there exists a unique automorphism A € Aut (J) satisfying AQ): =
Q: A for some t € T,

Observe that As = A s — Q%A**Qf;*s = Q- AQ-1s = Q- Ae = Qp-e and
Ax = Qo 1AQ1*X = Q;-1d, where we have used the fact that A is orthogonal; see
Theorem A.1. Subsequently Ql* AX Q;Q.-1d = d as required. O
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3.1. Approximating weighted analytic centers. Given A € Aut(J) andd € © .,
consider the problem of approximating the weighted analytic centers determined by
(CPaq). We shall employ Newton’s method to approximate the weighted centers.

Suppose we begin with a pair of solutions (x,s;) € F, x Fj. Linearizing (C'P44) at
(x4,s4) using Proposition 3 gives

(3.2a) (A, A =0 (k=1,...,m),
(3.2b) > Ajart+ A =0,

k=1
(3.2¢) Qp,, AD+ (v<<gl;é+ .AAS>>>H —d-v,

where v denotes Qlf45+ Ax . Solving this linear system for (Ay, Ag) gives the next pair

of iterates (x; + Ax, s+ + Ag).
We shall briefly show that this linearization has a unique pair of solutions (Ay, Ay)
under some assumption on the proximity of Q1f45+ Ax, to d.

We shall use Az and Az to denote Q1ﬁ45+ AA, and le AA,, respectively. This
S+

simplifies the above linear system to

(3.3a) (@, Azx)=0(k=1,...,m),
(3.3b) Em: A, + Ag =0,

k=1
(3.3¢) Az + (v(As)y =d —v,

where a; denotes le Aay,.
St

For each ¢ € {1,...,r}, let m; denote the difference py(d) — pes1(d), with the convention
pr41 = 0. Let £ denote the set {¢ : my > 0} of indices of distinct weights. Now consider
the linear system

(34&) zn:ﬂg<[5k]g,A;(7g> =0 (k: 1,...,m),
/=1

(3.4b) in: Ayk’ék + Az =0,

(3.4c) Ao+ (2l ([As))y = le — 2l (€ L),

where z denotes (d~'{(v)))z. By (2.2), the weighted sum of the equations in (3.4c), with
weights {7 }eer, is precisely (3.3¢) with Ag =", , mAx,. Hence

(1) if (Axye, l € L; Ag) is a solution of the system (3.4), then the pair (Ax, Ag) with
Az =", mAxzy is a solution of (3.3);
(2) conversely, if (Ax, Agz) is a solution of (3.3), then the tuple (Axy, ¢ € £; Az) with
Az = e —z]; — ([2]([As]:))) 5 is a solution of (3.4).
Thus, the existence and uniqueness of solutions to (3.3) (whence (3.2)) is equivalent to
that of (3.4). The linear system (3.4) is square. Hence it has unique solutions if and
only if its Jacobian is nonsingular. The following proposition shows that this holds when

(@ 4, Ax W) — e < /v for some i >0
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Proposition 8 (cf. Proposition 9 of [5]). Suppose {m}icr is a finite sequence of positive
real numbers, where the index set L C {1,...,r} is nonempty. Suppose further z € K
satisfies

(3.5) 1z — pell < u
for some v € (0,1/v/2) and some > 0. If Az € [9]s, (£ € L) and Az € $ satisfy
(3.6) > we(As, [Asle) >0
teL
and
(3.7) Az + ([2e([Asle))n = he (€€ L)

for some hy € (9], ({ € L), then

Ze £ e Hh€H2
(3.8) maX{ || Agel® 12 ) !\[Aa]e!!2} < EEE
2. 2 Qv

Proof. If (3.6) holds, then each summand in ), . 7 || Az, + 1[Asz],||? is no less than the

corresponding summand in ), . 7 (HA?:,EHQ + 12 || [Ag]g”2), which in turn upper bounds
the left hand side of (3.8). If the hypothesis (3.7) holds, then

A+ plAs]ell < [[Axe+ ([2le([As]e))mll + [1(([2]e — plelo) {[As])) ]
< bl + 2 [|[z — pe]e[As]e) ]
where we used the triangle inequality on ||-||. Applying the sub-multiplicativity of the

norm ||-|| and (2.3) then gives || Az + pu[Asle|| < ||hell +v2 ||[z — pe]el| ||[As]e]|. For each
¢ € L, it is clear that ||[z — pe]¢|| < ||z — pnel|. Hence using (3.5), we further deduce that

18z + p[As]ell < [hell + V270 || [As]el], and subsequently 3, me || Az + p[Asel|” is
bounded from above by
2

2
> e (el + 2y liaslel)” < | [ welibell® + V29, |37 e ll[Adle]”
lel el el

where we have used the triangle inequality on the 2-norm of R*. Consequently under the
hypotheses of the proposition,

1
max {Zﬂ'@ HA;c,eHQ TS Zm H[A’g]g”z}

lel el

< Do melbel? + V2yu > wlllAsll)?
Lel Lel
%
< ZW||heH2+ﬁVmaX{ZW||Ai,e||2,ﬂ2z7ﬂzH[Ag]ZHQ} )
lel LeL el

which proves the proposition. Il

Corollary 2. If |[(d7"(v))n — pe|| < 1/V?2 for some p > 0, then the linear system
(3.2) with v = Q11S+AX+ has a non-singular Jacobian. Consequently it has a unique

pair of solutions (Ax, Ag).
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For the analysis of Newton’s method, we shall use the function

2

(3.9) d:(x,8) € Hx K (Z pM(ES) ||pivj(d>7l(glj45AX)ij - eij||2> ;

=1 P

where iV j denotes max{4, j }, to measure the proximity of the pair (x,s) to the solutions
of (CP44). Note that

(3.10) d(x:,8:) = pe(d) 2 (Z e [l (v — e]eH2> :
tec
where, as before, v = Q115+Ax+, 7o = pe(d) — per1(d) and L = {€: 7, > 0}.

Since piv;(d) > p.(d), the measure d(x,s;) dominates ||(d™'(v)))s —e||. Hence
Corollary 2 concludes that (3.2) has unique solutions if d(x,,sy) < « for some v €
0.1/v3)

For each o € R, let X, and s, denote, respectively, the sums v + aAx and e + aAs.
Then (X,,8,) € K x K* if and only if (x; + aAy, s +alg) € K x K. Moreover, in this
case it holds d(x; + @Ay, sy + @Ag) = d(Xq4,S.). Thus we consider d(X,,S,) instead.

We shall use the following lemma to give an upper bound on d(X,,S,). This lemma gen-
eralizes the local Lipschitz constant of Cholesky factorization of real symmetric matrices
near the identity matrix.

Lemma 3. If h € § satisfies ||h|| < 1/2, then
Mesn — e < V2]hl|.

Proof. See proof of Lemma 1 of [5]. O
Lemma 4. Suppose d(xy,s;) <~ for some v € (0,1/v/2). Then's, € K* and

~ ~ 2(44+2v2+ 42 21/273
(3.11) d(Xe,84) < (1 — a)”y—l—az/y (4+2v2 + 4v2)) +a’ V2

(1—v27)? (1—v27)?

whenever 0 < a < min{1, (1 —v/27)/(27)}.

Proof. Let {Az}wec be the vectors that satisfy ), . 7/ Az, = Az, and, together with
Ag, solve (3.4). According to Proposition 8, if v < 1/v/2, then the sums Y, . 7 | Agl?
and ), T 1[Ag||* are both bounded from above by YoverTe||[e - z),||” /(1 — V27)2.

Recall from (3.10) that the sum in this upper bound is precisely p,(d)d(x,,s,)?, which
is no more than p,(d)y?. We have thus established that

(3.12) S AP S AP < 2
el 7 el B (1 - \/57)2

Moreover, since ), m 1[A]e]]? > 7, I[As],]]? = pr(d) || Ag], it holds

(3.13) I[Aslell < [lAs] < veeL.

T
1—+/2y
Subsequently, for every u € T, \ {0}, by Cauchy-Schwarz inequality, |(Ag, uu*)| <
1As] lul® < lul®~/(1 = v/27), which imply, by definition of K, that 5, € K* for every
o € [0, (1—v29)/(27)].
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For each ¢ € L, let X, denote the sum [z], + aAx,. Then

(3.14) > TXay = Xa.

It suffices to demonstrate the same upper bound in (3.11) on

(ﬂr(d)_l > 7| Qi Kae — [e]éH2>

el

Indeed, since

> || QiR — e ZWZ” bl Xat)ij — €3

lel el i,j=1

—Z > | [(Qu, i Raut)i

i,j=1 LeLl
£>1Vj

we have, by Cauchy’s inequality, that ), 7 || Q. ;%o — €] ZHQ upper bounds

-1 2
s
E E Ty E WH( 15 }*Xae) eij” )
ij=1 \ teL el

>3V 0>iVj

which, by (2.1), (3.14) and the triangle inequality on ||-||, is the same as

2

Z Png H Q[lsa]e ) . pivj(d)eij = Pr(d)d(;(mgaﬁ

2,7=1

For each ¢ € L, let 1, , denote the lower triangular element [ls, — €| = lig),1ajal, — [€lr,

which is well-defined when a € [0, (1 —+/27)/(27)]. Similar to the proof of [5, Lemma 2],
we can use Proposition 2, (3.3c¢) and the triangle inequality on ||-|| to show that

H Q. i Xat — [e]eH
< (1= o) [l[z — elell + |12

ael il

+ 2« HAxglagH + ||1 élafH + HQ]* Z — e + « HQIEZ(Ai’g)H .

Lemma 3 states that ||l,,|| is no more than v/2a|/[Az]¢|| whenever 0 < a < (1 —

v/27)/(27). This upper bound, together with the sub-multiplicativity of ||-||, the sub-
multiplicativity of ||-||, the inequality (2.3) and Proposition 5, implies that for 0 < a <
(1—+v27)/(2v), [Qp,, )i Xk — e]¢|| is bounded from above by

(1 —a) [I[z — elel| + 40 [[As]e]l” + 4v20* ||[z — €] [[As]e]’
+2v20% || Az || [I[As]ell +2v20” | Al [|[Asell”
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Using the triangle inequahty on the 2-norm of R*, we can then bound the expression

<ZZ€£ T H [Q[lg *ia,g || ) from above by the sum
%
(1—-a) (ZW Iz — €|l ) + 40 (ZW !I[Ag]e\!4>
teL tec
%
+4v20” <ZWH z — el,||” [I[As]l > +2v/20” (ZW | Ascll” I[As]] )
teL teL

+2v/203 (Z e || Axell? |HA§]6||4> :

el

It remains to bound each of these five Summar%ds.
By (3.10), the first summand is (1 —a)p,(d)2d(x4,sy). Using the upper bound (3.13),
we can bound the remaining four summands from above by

s (Zwll )%,fﬁ” (Zw” )

N

ter ter
2 2/ 2a3~2 :
\/_Oé (Z 0 ||Ax€|| ) and \/_—CY"}/Q <Z o ||A)~(7£|l2> 7
tel (1-v2y) teL

respectively. Finally, the lemma follows from the hypothesis d(x;,s;) < ~ and the
inequality (3.12). O

The next theorem states that the region of quadratic convergence for Newton’s method
contains all pairs of solutions (x,s) € F, x Fg satisfying d(x,s) < v, when 7 is no more
than, say, 1-.

Theorem 5. If Newton’s method is applied to solve the nonlinear system (C'Paq4) starting
from initial iterates (x,s) € Fy x Fg satisfying d(x,s) <~ for some v € (0, 1/v/2) with
(3.15) vk <1,

where the function d is the proximity measure defined in (3.9) and k denotes the sum

(4+2v2 +4v27) /(1 — V279)% + 2v27/(1 — V/27)3, then an infinite sequence of iterates
{(xy,sk)} is generated, and the iterates satisfy d(Xpi1,Sk11) < kd(Xg,s)? < 7.

Proof. We shall prove the theorem by induction on k.

Let 7y, = d(xx,s;). If (3.15) holds with v € (0,1/+v/2), then (1 — v/2v)/(2%) > 1 as
vk < 7. Hence we deduce from Corollary 2 that the search directions (Ay, Ag) are well
defined, and from Lemma 4 that s, + aAg € Kf and

(A 2V2+ V) 5 2V
+«
(1 —v2y)? (1—v2n)?
for all « € [0,1]. In particular, s, € K* and d(xpy1,8,41) < kY2 < v under the
hypothesis of the theorem. Subsequently, ||z — e|| < d(xg+1, sk+1) < 1, where z denotes

(d*1<<Qlj45k+1Axk+1>>)H, shows that z € K. This means Qlixsk Axp1 = >, (pe(d) —
pe+1(d))[z]e € K as K is a convex cone, whence (X1, Skt+1) € /C x KCF. O

d(xk + @Ay, sp + alg) < (1 —a)p +a
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4. TARGET MAP

In linear programming (LP), target-following algorithms are based on the fact that the
map (X, s) — xs sending each pair of strictly feasible primal-dual solutions to the positive
vector of their component-wise product is bijective; see [15]. This map is commonly known
as the target map. The target map was extended to semidefinite programming (SDP) by
the author [4] and proved to be a bijection between the set of strictly feasible primal-dual
solutions and the cone of symmetric positive definite matrices. In this section, we further
extend the target map to symmetric cone programming, and show that it is a bijection.

For each pair (x,s) € K x KF, let A(x, s) denote the set of automorphisms A € Aut(J)
satisfying Qy,, Ax € ©| ;. Theorem 4 implies that A(x,s) is nonempty. With this set
A(x,s), we define the target map 7 : F; x Fg — K by

(4.1) T:(x,8) — AQ, Ax,

where A € A(x,s) is arbitrary. We shall briefly show that 7" is well-defined via the
following characterization of A(x,s).

Lemma 5. Suppose (x,8) € K x K! and A € A(x,s). Denote Qr, .zlx by d. Then
A(x,s) = {AA € Aut(3) : Ad = d}. Moreover, Qi Ax =d for all A € A(x,s).

Proof. Let t denote 1%, , and let A € Aut(J) be arbitrary. By Lemma 2, there exists
an automorphism A € Aut(~) that satisfies .:lQA 1 = Q1A for some t € ‘Z++
By Theorem A.2, AAs = AQA*e — 9, A e = Qe and AAx = AQA 1Qt.AX =
Q,-1.A'd, whence Qr .AAX Q.9 1A 'd = A 'd. Consequently Qr A.AX €
D +4 if and only if .A stablhzes d. By Lemma 2, this holds if and only if A stablhzes
d. O

If A, Ay € A(x,s), then the previous lemma implies that Ay.A; " stabilizes d. By
Theorem A.2, Ald = A5AA;'d = A;d shows that the target map is well-defined.

Theorem 6. For the primal-dual symmetric cone programming problems (3.1), where K
15 the symmetric cone associated with the simple Fuclidean Jordan algebra J, the target
map T in (4.1) is a bijection between F; x Fj and K.

Proof. Givenw € K, let w = )", \;c; be a spectral decomposition with Ay > --- > A, >
0. Let d denote the diagonal element in ®| ., with p;(d) = A;. Pick any automorphism
A € Aut(J) such that ¢; = Ae;. Then T(x,s) = w if and only if there exists A €
A(x,s) and A lel S.:\X = A*d. Since A*d is the spectral decomposition of w, it follows

that Qr, Ax € D, and A’ Qy, Ax = A'd if and only if Qp: Ax =d and A A’

stabilizes d. By Theorem A.2 and Lemma 5, such automorphism A exists if and only
if @y, Ax = d. This holds precisely when, and only when, (x,s) is the unique pair of
solutions to (C'Pagq). O

4.1. Target-following algorithm for symmetric cone programming. We shall use
the following local norm on the target space K:

1
2
||-Hw¢h€3H<r Z%w ) )zjll2> :

i,7=1
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where A is any automorphism in Aut(J) such that Aw € ®| ;.. According to Theo-
rem IV.2.5 of [8], we can always find an automorphism in Aut(J) satisfying Aw € ©|
with p;(Aw) = \;(w). Since there exist, in general, more than one such automorphism,
we need to show that ||-||, is well-defined.

Let d = Aw € ©| ;. Using Lemma 5 with (x,s) = (w,e) we deduce that if A,
and A; are any two such automorphisms, then A;.A; ! stabilizes A;w = A;w = d. Let
f1 > - > 11, > 0 be the distinct eigenvalues of w. In proving Lemma 2, we argued that
if an automorphism stabilizes d, then it is an endomorphism on the eigenspaces of each
er, ‘= ZZEL e;, where Ly = {i : \i(w) = px}. In particular, it is an endomorphism on
the 1-eigenspace @weﬁk i; of ez, , and on the common %—eigenspace P 2,; of

¢, and e, (k # ¢). With the convention A\, ; = 0, we can write

Ar(w) J1xI[5, Z D Aug(w) T (Ax) I

kL=14€Ly,jEL

- Z Z Mkve m” Z Ukvz Lk££||2-

kl=11€Ly,jELy k=1

€Ly, JELy

Since

”(Alx LkElH H AlA‘Z AQX ﬁkﬁeH H'Al AZX LkElH - ” AZX)LkEzH
the local norm is well-defined.
We propose the following target-following framework.

Algorithm 1. (Target-following framework for symmetric cone programming)
Given (Xin, sin) € F, X Fy and a target Wou € K.

(1) Pick some § € (0,1) and a sequence of targets {wi}Y_, C K such that wy =
T (Xin; Sin), WN = Wour, and ||[Wry1 — Wi, <6 fork=1,...,N.

(2) Set (x4,8+) = (Xin, Sin)-

(3) Fork=1,...,N,
(a) Solve (3.2) with any A € Aut(3J) satisfying Awy € D 11, and d = Awy,

and set (x4 1,811) = (x4 + Ay, 84 + Ay).

(b) Update (x4,84) < (X445 844)-

(4) Output (Xout, Sout) = (X4,84).

Consider the following scenarios in which the target-following framework can be ap-
plied.

(1) If the objective is to approximate the solutions to the symmetric cone program-
ming problems (3.1), the target w,,; can be chosen to be a very small positive
multiple of the unit. Of course, if the sequence of targets are multiples of the unit,
then Algorithm 1 reduces to a path-following algorithm.

(2) If the objective is to approximate the analytic center of a compact set described by
linear matrix inequalities and convex quadratic inequalities, then we can describe
this set with the dual problem (3.1b) with null objective, and choose the target
Wout = €.

In these scenarios, we can always choose the targets wy to share the same Jordan frame
in their spectral decompositions. The following lemma justifies this choice as it shows
that ||[wgi1 — wyl[,,, is minimized over all wi,, with prescribed eigenvalues when wy.4
shares the same Jordan frame with wy,.
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Lemma 6 (cf. Lemma 3 of [6]). Ifu; > -+ > u, >0, then it holds, for every x € J,

Z wivj || uixi; = ewH =z Zu_l IXi(0) = il

i,j=1

Proof. By expanding both sides of the desired inequality, it is clear that it suffices to
bound the sum 37/, Uy ||XUH from below by Y0 u;'A2. Let x = Y \ic; be a
spectral decomposition. Then x* = " A2c;, whence

p1(x?) pi(ci) -+ pi(e,)] [AT

pr(x?) pr(cr) o pe(en)] LA
where the matrix on the right side of the equation is doubly-stochastic. By the Hardy-

Littlewood-Pélya Theorem [11], we have S5 | p;(x%) < S°F A2 for all k € {1,...,r}.
Consequently

Z w3 = Z [EAlk Z Uty — Z 111

4,j=1 ,j=1 Jl

r—1
w3 ) - i - sz
i=1 k=1
r—1
! D? 3 (it —u) ZA? - Zuzuf
k=1 =1 =1

proves the theorem. O

By applying the transformation (x,s) — (Ax,.As) to (3.1) for some suitable A €
Aut(J), we may assume, without any loss of generality, that Q:x € ©| ,, or equiva-
lently, 7T (x,s) € ©| 4. Henceforth, we assume that 7 (x,s) € ©, ;+ and the sequence
of targets {wy}_, C D, ;. This has the advantage that the proximity measure used in
approximating wy using (3.2) can be simplified to

.9 = (10 35 st [(@ex)s ) = 0l

3,j=1

Moreover, this specializes the framework to the following algorithm.

Algorithm 2. (Target-following algorithm for symmetric cone programming)
Given (Xin, Sin) € F; X Fy with Q1 Xin € D 1y and a target Woue € D) 4.

(1) Pick some § € (0,1) and a sequence of targets {wi}n_, C D| 4+ such that wo =
T (Xin; Sin), WN = Wour, and ||[Wry1 — Wi, <6 fork=1,...,N.

(2) Set (x4,84) = (Xin, Sin)-

(3) Fork=1,...,N,
(a) Solve (3.2) with A=7T, d = wy, and set (X44,8:+) = (X4 + Ay, 84 + Ag).
(b) Update (x4,84+) < (X44,84+4).

(4) Output (Xout, Sout) = (X4,S4).



20 C. B. CHUA

4.2. Analysis of algorithm. Consider one iteration of Algorithm 2. As before, let 7,
denote the difference py(d) — pgy1(d), with the convention p,,1 = 0, and let £ denote the
set {¢: my > 0}.

Recall from Corollary 2 and the paragraphs following it that (3.2) has a unique pair of
solutions if d(x,s;) < 7 for some v € (0,1/y/2). This can be enforced via the following
lemma.

Lemma 7. If HQl*X —Wk_lek_1 < B and ||d —W1<;_1||W,€_1 < § for some 3,6 € (0,1),

then d(x;,s;) < 242,

Proof. We have

1

2\ 2
d(X+, S+) ( Z p’L\/] 1;+X+)ij - (Wk—l)ij >
7,7=1

+ (Pr(d)_l > pivi(d) T [(wrr — d)inQ)

i,j=1
Pi(W )

pi(d)

+lld = Wil aXM,

< d(xy, 843 Who1) max Wi pi(d)

If [|[d — wg1lly, , <6, then

2
52>prw pi(w (pi(d (w 2> ( 1),
) z ) () — i) 2; )

whence p;(d)/p;(wi_1) > 1 — 6. O
We now give the main theorem of this section.

Theorem 7. In Algorithm 2, if § € (0,1) is such that there exists some 3 € (0,1)

satisfying

V(44 2v2 + 4v27) N 2v/27°
(1—v2y)? (1-v27)

where v = (B+6)/(1—16) < 1/V/2, then (x44,s.4) is well-defined and strictly feasible in

(4.2)

each iteration, and the algorithm terminates with || Qyz Xout — Wout <.

ou Wout
Proof. Let dj, denote the proximity measure defined in (3.9) for (CP4q4) with A =T
and d = wy; i.e., dp(x,8) = HQI;X — W’f”wk' We shall prove the theorem by induction

that the iterates (xy,s.) are strictly feasible and dy_;(x4,sy) < [ at the beginning
of each iteration. This is certainly true for the first iteration. By Lemma 7, we have
dp(x4,84) <. If (4.2) holds, then we may apply Theorem 5 to deduce that the iterates
(X44,814) are strictly feasible with dg(x44,s;++) < B. This completes the induction. [

5. FINDING ANALYTIC CENTERS

In this section, we consider an algorithm that finds the analytic center 7 ~*(jie) for
any given & > 0. This algorithm can be used to find analytic centers of compact sets
described by linear matrix inequalities and convex quadratic constraints; see Section 4.1.
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It can also be combined with a path-following algorithm to solve the symmetric cone
program (3.1).

Given a pair of primal-dual strictly feasible solutions (X,s) with ngﬁ €D, 44+, weshall
construct a finite sequence of targets {w;};_o € D| 4 such that wo = T (X,8) = Qi:X,

(5.1) Wi —wWially, <6 for 1<k <N,

and wy = pie, with # and ¢ satisfying the hypothesis of Theorem 7, thus allowing us to
apply Algorithm 2 to approximate 7 ' (fie).

Of course, if Ql;s& € ®| 14 is a positive multiple of e, then we need simply to follow
the central path to approximate Z ' (Jie); i.e., pick the targets to be positive multiples
of e. Henceforth, we assume that ngﬁ € ®, 4+ is not a positive multiple of e.

Since the targets are diagonal matrices w; € ®| ., we may restrict our attention
to the vector of diagonal entries x* = (py(Wy), ..., pr(Wy)) and work in R, instead.
Under this restriction, the condition (5.1) becomes

1 xk — xkl ?
XHZ< ] ) <§ (1<k<N).
nog=1 (

Such sequence {x*}I  is called a §-sequence, and N is called its length; see [16]. In
[6], the author gave an upper bound on the length of a shortest d-sequence from any
x? € R}, to the ray {(u,...,p) € R” : u > 0}. This is summarized in the following
theorem.

Theorem 8. For every x° € R} ., and every ¢ € (0,1), there exists a d-sequence {xFHV,
with x™ = (u, ..., p), where p =3 x%/r, and length

VT Ap
Ng[é_%(szlog x_9 .

Proof. Follows from Lemmas 13, 14 and 15 of [6]. O

Combining Theorem 8 with a d-sequence on the central path, we have the following
theorem.

Theorem 9. Suppose 3 € (0,1) is fixzed. Given any pair of primal-dual strictly feasible
solutions (X,8) for the primal-dual symmetric cone programming problems (3.1), and any
positive real number [i, there is a sequence of at most

targets such that Algorithm 2 finds a pair of primal-dual feasible solutions (x,s) satisfying
| Qi:x — 1ie|| < B7.

As an immediate corollary, we have the following worst-case iteration bound on solving
symmetric cone problems using Algorithm 2.

Corollary 3. Given any pair of primal-dual strictly feasible solutions (X,8) and any
e > 0, there is a sequence of at most

0 (v (e 552+ o)
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targets such that Algorithm 2 find a pair of primal-dual feasible solutions (x,s) satisfying
(x.5) < £ (%,5).

Proof. If (x,s) € K x K* satisfies ||Qi:x — pe|| < Bu for some 8 € (0,1) and some
@ > 0, then (x,8) —ru = <e, QX — ,ue> < /rBu. Apply the preceding theorem with
A= e (®,5) /(B +). 0

6. CONCLUSION

In this paper, we consider the T-algebraic characterization of symmetric cones by view-
ing them as homogeneous cones, and relate it to the Jordan-algebraic characterization.
The two different but related characterizations are used to define primal-dual weighted
analytic centers and a target map for linear optimization problems over symmetric cones.
This opens the door to target-following algorithms for symmetric cone programming. An
application of target-following algorithm is approximating the analytic centers of sets
described by linear matrix and convex quadratic constraints. Such sets can be modelled
as the feasible region of a symmetric cone program by introducing the zero objective
function. The analytic center of the set is then given by the weighted analytic center
corresponding to unit weights. Thus the analytic center can be efficiently estimated by
following a sequence of targets ending at said weighted analytic center.
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APPENDIX A. AUTOMORPHISMS OF EUCLIDEAN JORDAN ALGEBRAS

In Section II.1 of [25], it was stated without proof that if (J,-) is a Euclidean Jordan
algebra and KC is its associated symmetric cone, then the stabilizer subgroup Aut(K), of
the unit e in Aut(K) coincide with the group of automorphisms Aut(J) of J. Here we
give a proof of this fact.

Theorem A.l. Given a Euclidean Jordan algebra (J,-) with unit e and associated sym-
metric cone IC, the stabilizer subgroup Aut(K)e of the unit e in Aut(K) coincide with the
group of automorphisms Aut(J) of J.

Proof. Consider the inner product (-, -) : (x,y) — trace Lx.y, where £+ denotes the linear
map y — x -y. Let O(J) denote the orthogonal group of the Euclidean space (J, (-, ));
e, O(3) = {A€ GLE) : (Ax, Ay) = (x,y)¥x,y € 3}.

Let ¢ be the characteristic function of IC; i.e.,
p:xel— e XYy,

where dy denotes the Euclidean measure on (J, (-,-)). Let x* denote the negative gradient
of the logarithmic derivative of ¢ at x. We deduce from Propositions 11.3.4 and II1.2.2
of [8] that exp Lx € Aut(K). Thus by Proposition 1.3.1 of [8], we have log ¢(exp Ly -
e) = logp(e) — logdetexp L, = logy(e) — trace L. Differentiating this at 0 gives
trace L, = —Dlogp(e)h]. Since trace L, = (h,e) and —Dlogy(e)[h] = (e h), it
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follows that e is a fixed point of the map x € K +— x*. Proposition 1.4.3 of [8] then states
that Aut(/) N O(F) = Aut(K)e.

We now show that Aut(J) coincides with Aut(KC) N O(F) = Aut(K)e. It is straight-
forward to check that every automorphism of J is an automorphism of IC (which is the
interior of the cone of squares) that stabilizes the unit e. For the other direction, it suffices
to show that every linear map A € Aut(K) N O(J) = Aut(K). preserves orthogonality of
idempotents and maps every primitive idempotent to some primitive idempotent, for if
x = Y \;i¢; is the spectral decomposition, then we have

AR = A(X 0e) = SR A) = (S A) " (Ax2

whence A € Aut(J) by polarization. Suppose A € Aut(K) N O(JF) = Aut(K)e. Two
idempotents are ¢ and d are orthogonal if and only if (c,d) = 0. One direction of this
statement follows from the definition of (-,-). For the other direction, suppose that ¢ and
d are two idempotents satisfying (c,d) = 0. Since the inner product (-,-) is associative
(see Proposition 11.4.3 of [8]), L. is self-adjoint. Proposition II1.1.3 of [8] then implies
that [’f is positive semidefinite. Thus it has a self-adjoint, positive semidefinite square

root L£LZ. Hence

0= (c.d) = (c.d®) = (c-d.d) = (Lod, d) = (£id, £id)

1 1 1
shows that £3d = 0, whence ¢-d = LZLZd = 0; i.e., ¢ and d are orthogonal. Since
A is orthogonal, it follows that orthogonal idempotents remain orthogonal under .A.
Proposition IV.3.2 of [§] states c¢ is a primitive idempotent if and only if {Ac : A > 0}
is an extreme ray of K. Since A € Aut(K), it maps each extreme ray to some extreme
ray of K. Thus it maps each primitive idempotent ¢ to a positive multiple Ad of some
primitive idempotent d. In fact, A must be unit since

0<(d,d) = (d* e) =(d,e) = (d, . Ae) = A ' (Ac, Ae)
=X {(c,e) =1 {(c’ e) =A""(c,c) = A" (Ac, Ac) = A (d,d)
Hence A maps each primitive idempotent to some primitive idempotent. U

The proof of the theorem shows that both Aut(K)e and Aut(J) coincide with certain
orthogonal subgroup of Aut(K). The next theorem gives a similar result.

Theorem A.2. Given a Euclidean Jordan algebra (J,-) with unit € and associated sym-
metric cone IC, the groups Aut(K)e and Aut(J) are both equivalent to the orthogonal
subgroup of Aut(IKC) under the inner product (-,-) : (x,y) — tr(x-y).

Proof. Let O(K) denote the orthogonal subgroup of Aut(K) under (-,-). By Proposi-
tion 11.4.2 of [8], if A € Aut(J), then tr(Ax - Ay) = tr A(x - y) = tr(x - y) for all
X,y € J, whence A is orthogonal. Therefore Aut(J) = Aut(K)e C O(K). According to
Proposition 1.1.8 of [8] and the paragraph following it, Aut(K). is a maximal compact

subgroup of Aut(K). Hence O(K) C Aut(K)e. O
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