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Abstract. In this paper, we use the concept of barrier-based smoothing approximations intro-
duced by Chua and Li [SIAM J. Optim., 23 (2013), pp. 745-769] to extend the smoothing Newton
continuation algorithm of Hayashi, Yamashita, and Fukushima [STAM J. Optim., 15 (2005), pp. 593—
615] to variational inequalities over general closed convex sets X. We prove that when the underlying
barrier has a gradient map that is definable in some o-minimal structure, the iterates generated con-
verge superlinearly to a solution of the variational inequality. We further prove that if X is proper

and definable in the o-minimal structure R3¢, then the gradient map of its universal barrier is

definable in the o-minimal expansion Ran exp. Finally, we consider the application of the algorithm
to complementarity problems over epigraphs of matrix operator norm and nuclear norm and present
preliminary numerical results.
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1. Introduction. Let E denote a finite-dimensional real vector space equipped
with inner product (-,-), let X denote a closed convex subset of E with nonempty
interior int(X), let © denote a subset of E that contains X, and let ' : Q — E denote
a continuous map that is differentiable in the interior int(§2) of its domain Q. The
variational inequality VI(X, F') is the problem of finding = € X such that

(1.1) (F(z),y—x)>0forallye X.

The variational inequality (1.1) can be solved directly by interior point methods (see,
e.g., [19, 42]), or indirectly via a reformulation (see, e.g., [5, 15, 18, 21, 22]). For our
approach, we use one of the most general nonsmooth reformulation equations of (1.1),

the natural map equation
(7o)
F(z) -y '

Here, IIx denotes the Euclidean projector onto X; i.e.,
I1x(2) = argmin = [l — 2|
z) =argmin = ||z — z
X gweX 2 ’

where [|-|| is the norm induced by the inner product (-,-). We denote by G"** the
natural map

(r,y) e X Er (x —x(x —y), Flx) —y).
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Note that the domain of the natural map involves the domain € of F'. This typically
restricts the iterates in solution algorithms, unless the domain €2 is whole space E. To
avoid this restriction, we shall assume that 2 = E.

Since the Euclidean projector Ilx is generally nonsmooth, typical Newton-based
methods do not apply to the natural map equation. One way to overcome this is
to consider smoothing approximations. The study of smoothing approximations of
Euclidean projectors is mostly limited to specific classes of convex sets, such as non-
negative orthants, second-order cones, positive semidefinite cones, symmetric cones,
and box-constrained sets. These include the combined smoothing and regularization
method of Hayashi, Yamashita, and Fukushima [16], which was designed to solve
second-order cone complementarity problems.

To the best of the authors’ knowledge, there are only two known approaches to
developing smoothing approximations of Euclidean projectors onto general convex
sets; Qi and Sun [28] developed convolution-based smoothing approximations, while
Chua and Li [7] developed barrier-based smoothing approximations. Although the
former can be used to smooth any nonsmooth map, it is generally computed as a
multivariate integral, and hence uncomputable in practice. In contrast, the latter
applies only to the Euclidean projector onto any convex cone with nonempty interior
and can be computed via proximal mappings of smooth maximal monotone maps,
which is generally no more difficult than computing the projector itself.

In a subsequent work [27], Qi and Sun studied the use of convolution-based
smoothing approximations in a smoothing merit function algorithm to solve the nat-
ural map equation; they proved that the algorithm converges globally under the as-
sumption of a certain P-type property on F' and the boundedness of the solution set
of VI(X, F). They further proved that the algorithm converges superlinearly to a
solution #* under nonsingularity of the Clarke generalized Jacobian of the smoothing
approximation at (z*,0), and the semismoothness of F' at z*, and of the projector at
x* — F(z*). Besides being applicable to all variational inequalities, the approach of Qi
and Sun also avoids the need for the Jacobian consistency of the smoothing approx-
imation (i.e., the convergence of the distance between Jacobians of the smoothing
approximation and the Clarke generalized Jacobian to 0, when the smoothing pa-
rameter converges to 0), which plays a crucial role in almost all other superlinearly
convergent smoothing algorithms.

In this paper, the barrier-based smoothing approach is extended to convex sets,
and the barrier-based smoothing approximation is shown to be semismooth whenever
the barrier used to define the smoothing approximation has a gradient map that is
definable in some o-minimal structure. This result allows us to extend the local su-
perlinear convergence of the smoothing Newton continuation algorithm of Hayashi,
Yamashita, and Fukushima [16] to variational inequalities over convex sets using bar-
riers with definable gradient maps, under assumptions of uniform nonsingularity (i.e.,
boundedness of the least singular value of the Jacobian away from 0) of the Newton
system, and semismoothness of F'. This is one of the main contributions of this paper.
Furthermore, we prove that the universal barrier has a definable gradient map when
the underlying set is definable in the o-minimal structure R]E;}]g, hence showing the
general applicability of the superlinear convergence result. Just as in the work of Qi
and Sun, the Jacobian consistency of the smoothing approximation is not required in
establishing superlinear convergence.

In [28], Qi and Sun also considered a different smoothing approximation of the
Euclidean projector onto a convex set finitely generated by twice-differentiable con-
vex functions. This smoothing approximation is in fact a barrier-based smoothing
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approximation. Qi and Sun proved that when this smoothing approximation is used
in a smoothing Newton continuation algorithm, the algorithm converges superlinearly
to a solution * under the nonsingularity of the Clarke generalized Jacobian of the
natural map at z* and the linear independence constraint qualification at x*. Our
result with the barrier-based smoothing approximation will show that when the gen-
erating convex functions are definable in some o-minimal structure, the assumption
of linear independence constraint qualification can be dropped.

Another main contribution of this paper is the application of the barrier-based
smoothing approach to solve complementarity problems over epigraphs of matrix oper-
ator and nuclear norms. These complementarity problems can be used to approximate
problems of finding low-rank (and sparse) matrices; see, e.g., [11, 13, 20, 30, 35]. As
far as we can tell, there are no existing smoothing methods to solve these complemen-
tarity problems. Thus we present, for the first time, a practical smoothing Newton
continuation method to solve nuclear norm complementarity problems, supported
with preliminary numerical results. We show that under nondegeneracy, the uniform
nonsingularity assumption on the Newton system is satisfied, and hence superlinear
convergence is guaranteed as long as F' is semismooth.

The paper is organized as follows. In the next section, some basic definitions
and results on smoothing approximations, semismoothness, and o-minimal structures
are given. In section 3, the barrier-based smoothing approximation is defined, and its
semismoothness under the definability of the gradient of the barrier is established. We
then present a proof of superlinear convergence of the smoothing Newton continuation
algorithm of Hayashi, Yamashita, and Fukushima in section 4. In section 5, we
demonstrate the definability of the gradient of the universal barrier when the set
X is definable in the o-minimal structure R§§lg. Finally, in section 6, we consider
the application of the smoothing Newton continuation algorithm of Hayashi et al. to
complementarity problems over epigraphs of matrix operator and nuclear norms, and
present preliminary numerical results.

1.1. Notation. We shall use R} (respectively, R, ) to denote the cone of non-
negative (respectively, positive) vectors in R™. For two vectors x,y € R™, the no-
tation x > y (respectively, z > y) means  —y € R (respectively, z —y € R, ).
For any function f : E — R with lim,_0 f(z) = 0 and f(x) # 0 near 0, we use
“g(x) = o(f(z)) as © — 0” to mean that g is a function with domain containing a
neighborhood of 0 and satisfying

g9(z)

o0 f(z)
For any function f : E — R, we use “h(x) = O(f(x)) as x — 0”7 to mean that h is
a function with domain containing a neighborhood of 0, and there exists C' > 0 such
that

|h(z)] < C|f ()]

for all z near 0. For any sequence {zj} of real numbers with limg_,~ xzx = 0 and
2 # 0 for all k, we use yr = o(xy) to mean that {yx} is a sequence of real numbers
satisfying

Yk

lim — =0.
k—oo Tk
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For any sequence {xj} of real numbers, we use 2z = O(zk) to mean that {z;} is a
sequence of real numbers and there exists C' > 0 such that

2| < Clay

for all k. For a Fréchet-differentiable function f: Q CE — R, we use Vf to denote
the gradient of f. For a Fréchet-differentiable map F': Q C E — E’, we use JF to
denote the derivative of F'. For a Fréchet-differentiable map

F:OxQY CExE —E": (2,9) — F(z,y),

we use J,F' and J,F' to denote the partial derivatives of F' with respect to x and y,
respectively.

2. Background. This section gives various basic definitions on smoothing ap-
proximations, semismoothness, and o-minimal structures, and establishes several basic
results required in this paper.

2.1. Smoothing approximations. A smoothing approximation of a continuous
map G : E — E' is a continuous map H : E x R — E such that H(-,0) = G, and
for each p € R, , H(-, ) is differentiable. The variable p is called the (m-tuple of)
smoothing parameters. When H (-, u) converges uniformly to G as u — 0, we say that
H is a uniform smoothing approzimation. When H (-, 1) is Lipschitz in the smoothing
parameters (i.e., there exists L > 0 such that ||H (x,u) — H(z,v)|| < L ||u — v|| for all
x € E and all p,v € RT), we say that H is a Lipschitzian smoothing approzimation.

For convenience, we shall extend the domain of a smoothing approximation H to
include negative smoothing parameters, by defining

H(au) = H(,HRT (/1’)) for any € R™ \ RTa

and call it an extended smoothing approzimation. We note that the extended smooth-
ing approximation remains continuous and retain any uniform convergence or Lip-
schitzian property.

An (extended) smoothing approximation H : E x R™ — E' of G : E — E’ is said
to approximate superlinearly at T € E if for any (x,u) — (z,0)

[H (z, p) = G(Z) = Jo H (z, p)(x = 2)|| = oz — Z|]) + O([[ul]);

see [28]. For any v > 0, it is said to approzimate with order (1++) at Z if o(||x — Z||)
is replaced by O(||z — Z||'*7) in the above equation. An order-2 approximation is also
called a quadratic approximation.

2.2. Semismoothness. A locally Lipschitz continuous map F : E — E' is said
to be semismooth at z if the limit

lim Vh
VEDF (z+th’)
h'—h, tL0O

exists for every h € E, where OF (x + th’) denotes the generalized Jacobian of F at
x +th’ as defined by Clarke [8, section 2.6]; see [29]. If a locally Lipschitz continuous
map F': E — E’ is semismooth at z, then the directional derivative

Fl(a: h) = lim L ) = F@)
t}0 t
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exists and equals the limit

lim VR
VEOF (z+th')
h'—h, tl0

see [29, Proposition 2.1].

It follows from [29, Theorem 2.3] and [12, Proposition 3.1.3] that a locally Lip-
schitz continuous map F' : E — E’ is semismooth at x if and only if it is directionally
differentiable at = and

— — / L
lim |E(x+ h) — F(x) — F'(x + h; b)|| _o,

x+h€EDp Hh”
h—0

where Dp denotes the set of points at which F is Fréchet-differentiable; see also
[33, Lemma 2.1].! This observation leads to the following notion of higher-order
semismoothness: a locally Lipschitz continuous map F : E — E’ is said to be y-order
semismooth at x for some v € (0,1] if it is directionally differentiable at z and

|F(e+h) = F@) - Fa+hh) _
Dk -

lim sup

z+h€Dp
h—0

see [34, Theorem 3.7]. A l-order semismooth map is also said to be strongly semi-
smooth. Finally, we note that a map is (y-order) semismooth if its component func-
tions are (y-order) semismooth and that compositions of (y-order) semismooth maps
are (y-order) semismooth. These follow from [29, Corollary 2.4], [23, Theorem 5], and
[14, Theorem 19].

THEOREM 2.1. If a locally Lipschitz continuous smoothing approximation H :
EXxR™ = E of G: E — E' is semismooth (respectively, v-order semismooth) at
(Z,0), then it approzimates superlinearly (respectively, with order 1+ ) at .

Proof. Since H is locally Lipschitz continuous at (Z,0), the Jacobian J,H is
locally bounded near (Z,0). Therefore for any (x, u) — (Z,0),

[H (2, p) — G(z) = Vo H (x, p) (z — T)|
< |H(x,p) - H(@,0) = H'(z, 32 — 2, p)|| + I H (z, )|
= o([[(z =2, W) + O([ull)

(respectively, O(||(z — Z, u)HHV) +O(||p]]))- Finally, ||(x — 7, p)|| = O(max{||z — z||,
[} o

2.3. O-minimal structures. An o-minimal structure on the real ordered field

R is a sequence of Boolean algebras O = {O,,}22; of subsets of R™ such that for each
n>1,

1. if A € O,, then both A x R and R x A belong to O, 11;

2. O,, contains every algebraic subset of R™;

3. if A € On41, then 7(A) € O, where 7 : R*1 — R : (z1,..., 2, Tpi1)

(z1,...,2y) is the projector on the first n coordinates; and
4. the sets in O are exactly the finite unions of intervals and points.

IWe thank an anonymous referee for bringing this lemma to our attention.



SUPERLINEAR SMOOTHING ALGORITHM FOR DEFINABLE VI 1039

The sets in each O,, are said to be definable in O. A map F': A CR™ — R™ is said
to be definable in O if its graph is a definable set in O; ie., {(z,y) € A X R™ :y =
F({E)} S Oner.

EXAMPLE 2.2 (semialgebraic sets). The smallest o-minimal structure on R is
the class SA of all semialgebraic sets. A set is semialgebraic if it can be written as a
finite union of sets of the form

{z eR":pi(z) = =pu(z) =0,q1(z) > 0,...,q(x) > 0},

where p1, ..., Prsq1,--- @ € R[X]. This example appeals to the fact that the projec-
tion of a semialgebraic set is semialgebraic by the Tarski-Seidenberg principle; see,
e.g., [3].

ExAMPLE 2.3 (globally subanalytic sets). A set is said to be globally subanalytic
if its image under the map

( ) ER™ iy | —2L In

S _— ., —

' V1422 1+ 22

is a subanalytic set; see, e.g., [36]. The collection of all globally subanalytic sets is an

o-minimal structure R,, on R. It is the smallest o-minimal structure that contains
sets of the form

{(z,t) € [-1,1]" x R: f(z) =t},

where f: R™ — R is a restricted analytic function, i.e., a function such that f|_i 1j»
is analytic and vanishes identically off [—1,1]™; see [40].

EXAMPLE 2.4 (Ran exp). The smallest o-minimal structure that contains Ray, and
the set {(z,e”) : © € R} is denoted by Ran exp- We say that Ry exp is the o-minimal
expansion of Ray by the exponential function; see, e.g., [38, 39].

EXAMPLE 2.5 (RE and leﬁlg). We denote by RE the o-minimal expansion of
Ran by all power functions

" if x>0,
T +—
0 ifx<0;

see, e.g., [24]. When we restrict the powers to real algebraic numbers, we get a smaller
o-minimal expansion of Ray,, which we denote by ]R]Eﬁlg.
The o-minimal structures in these examples satisfy the following strict inclusions

[40, Part 2.5]:
Ralg R
SA ; Ran ; Ranl g Ran ; Ran,cxp-

From the definition of an o-minimal structure, especially closure under projection,
one can establish many stability results for definable sets and functions. We list some
of these results here as they will be used in this paper. We refer the readers to [9,
Theorem 1.13], [4], and [37] for their proofs.

PROPOSITION 2.6 (stability results). Let O be an o-minimal structure on R.

1. If A C R™ and B C R"™™™ qare definable in O, then the sets {x : Vy €
A, (xz,y) € B} and {z : 3y € A, (z,y) € B} are definable in O.
2. The closure, interior, and product of definable sets in O are definable in O.
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3. If amap G : U CR™ — R™ is definable in O, then its derivative JG and its
partial derivatives J,.,G (if they exist) are definable in O. If, in addition, G
is injective, then its inverse map is definable in O.

4. If the maps G: U CR" - R™ and F : V 2 G(U) — RP are definable in O,
then the composition F'o G : U — RP is definable in O.

5. A wector-valued map is definable in O if and only if each of its component
functions is definable in O.

3. Barrier-based smoothing approximations of closed convex sets. For
each differentiable barrier f : int(X) — R on a closed convex set X € E with nonempty
interior (i.e., f(xy) — oo for any convergent sequence {z;} in int(X) with limit in
the boundary of X), we define the map p: E x R — E via

(3.1) p(z, 1) + BV f(p(z,p)) =z when p >0,
' p(-p) =1Ilx when p < 0.

We note that for each y > 0, the map p(-, u) is the proximal mapping of z +— p?V f(z),
which is maximal monotone by Lohne’s characterization (cf. [7, Proposition 3.1]),
and hence it is a bijection between int(X) and E by Minty’s criterion. Thus p is
well-defined.

THEOREM 3.1 (barrier-based smoothing approximation). If f is a twice contin-
uwously differentiable barrier on X C E, then the map p: E x R — E defined via (3.1)
is an extended smoothing approximation of the Fuclidean projector Ilx .

Proof. By the implicit function theorem, the continuous differentiability of V f
implies the differentiability of p over E x R, 4.

It remains to show that for each fixed z € E, {p(wg, ur)} converges to IIx(z)
for any sequence {(wg,pux)} in E x Ry converging to (z,0). We first show that
the sequence {p(wx, 1)} is bounded. Pick an arbitrary but fixed e € int(X). The
sequence {ey := e+ iV f(e)} is bounded. Moreover, p(e, px) = e by definition. For
each k, the nonexpansiveness of the proximal mapping p(-, uy) implies

Ip(wk; i) | < Nlp(wr, px) = plews ) |+ Ip(er, pa) || < llwe — exl + [lell;

thus {p(wy, pr)} is bounded. Finally, we note that since pp > 0, it follows that
p(w, p1) is the unique minimizer to the barrier problem min{2 ||z — wi|® + 12 f ()},
and every limit point of these minimizers must be the unique minimizer Ix (z) of the
convex optimization problem min{1 ||z — z||* : z € X}.2 a

DEFINITION 3.2 (barrier-based smoothing approximation). Given a twice con-
tinuously differentiable barrier f on S C E, the (extended barrier-based) smoothing
approximation defined by f is the map p : E x R — E that satisfies (3.1). It is a
smoothing approximation of the Euclidean projector Ilx.

DEFINITION 3.3 (¥-barrier). The barrier parameter of a twice continuously dif-
ferentiable barrier f on X C E is

inf {ﬁ >0: weim(i)rg) hes? (h, V?f(x)h) — (Vf(z),h)? > o} :

A Y-barrier is a twice continuously differentiable barrier with a finite barrier parameter
9.

THEOREM 3.4 (barrier-based uniform smoothing approximation). The smoothing
approzimation p defined by a O-barrier f : int(X) — R is V/O-Lipschitzian, i.e.,

2See, e.g., [2, Proposition 4.1.1].
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Lipschitz continuous with modulus /0 in the smoothing parameter.

Consequently, in this case, p is a uniform smoothing approximation of the Fu-
clidean projector Ilx.

Proof. By appealing to the continuity of the smoothing approximation, it suffices
to only consider positive smoothing parameters. Since

I —v)* = Ip(z, ) — plz, V)|
( v)? = (p(z, ) (2 v),p(z, n) — p(2,v))
—v)? + (p(z, W) 12V f(p(z, 1) = vV f(p(z,v)))
<( ( 1) — p(zw) ) (u V(p(z, 1) — >V f(p(z,v)), O — Ov)),

it suffices to show that the map (z, 1) € int(X) x Ry — (u®V f(z),9p) is monotone.
To this end, we check that its Jacobian

(h,7) € E x R (V2 f(2)h 4 2uV f(x)T,97)
is a monotone linear map at each (z, ) € int(X) x Ry4. Indeed, its symmetric part
(h7) € B X R (42V2 f(2)h+ ¥ F(2)7, o (V (), ) + 97)

is positive semidefinite if and only if the Schur complement

he B (092 f(@)h - (Vf(2),h) V(@)

is positive semidefinite. a

Henceforth, we assume that the barrier f is a 9-barrier.

With the uniform smoothing approximation p defined by f, we can now define a
smoothing approximation

nat . 2 2 x—P(f—yali)
(3.2) H™ : (x,y,pn,e) € B2 x R® — <F($)+HR+(6)x—y)
of the natural map, which incorporates a regularization of the map F'.

We note that the local Lipschitz continuity of F' carries over to the smoothing
approximation H"* under the v/0-Lipschitz continuity of p in the smoothing param-
eter.

PROPOSITION 3.5. If f is a ¥-barrier, and F is locally Lipschitz continuous, then
the smoothing approximation H™' is locally Lipschitz continuous.

3.1. Definability and superlinear approximations. As shown by Bolte,
Daniilidis, and Lewis [4], a locally Lipschitz definable function (more generally a lo-
cally Lipschitz tame function) is semismooth. Moreover, a locally Lipschitz function
that is definable in a polynomially bounded o-minimal structure is y-order semismooth
for some v > 0; see Remarks 3 and 4 of [4]. Examples of polynomially bounded
o-minimal structures are substructures of RE : see, e.g., [32, p. 184]. Thus if the
smoothing approximation p is definable in some o-minimal structure (respectively,
polynomially bounded o-minimal structure), then it is semismooth (respectively, ~-
order semismooth), and hence we may apply Theorem 2.1 to deduce that it approxi-
mates superlinearly (respectively, with order 1 + 7). The following proposition gives
a necessary and sufficient condition for p to be definable.

PROPOSITION 3.6. The smoothing approrimation p defined by f is definable in
an o-minimal structure O if and only if V f is definable in O.
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Consequently, p is semismooth when f is definable in O. Moreover, p is y-order
semismooth for some v > 0 when f is definable in a polynomially bounded o-minimal
structure O.

Proof. The graph of p is

{(z,p,2) 12 €int(K), p>0, z+ p?Vf(z) =2z}
U{(z,u,x):ugo, zeK, (x,z—z) =0and Vw € K, (w,z — z) <0},

which is definable when V f and K are definable. Since K is the closure of the domain
of Vf, it is definable whenever V f is.

Conversely, the graph of Vf is {(x,y) : © = p(x + y, 1)}, which is definable when
p is definable.

The final statements then follow from Theorem 1 and Remarks 3 and 4 of [4]. O

As consequences of Propositions 3.5 and 3.6 and Theorem 2.1, we deduce suffi-
cient conditions for the smoothing approximation of the natural map to approximate
superlinearly (respectively, with order 1+ 7).

PROPOSITION 3.7. For any z,y € E, if f is a ¥-barrier with a gradient map that
is definable in an o-minimal structure (respectively, polynomially bounded o-minimal
structure), and F is semismooth (respectively, v -order semismooth) at x, then the
smoothing approzimation H™ defined in (3.2) is semismooth (respectively, ~v-order
semismooth for some vy € (0,v']) at (z,y,0). Consequently, it approzimates superlin-
early (respectively, with order 1+ ) at (x,y,0).

We now give a few examples of twice continuously differentiable barriers with
finite barrier parameters and with gradients that are definable in some o-minimal
structures.

EXAMPLE 3.8 (polyhedral sets). A barrier of the polyhedral set {x : alx —b; <
0i=1,...,m}, where a,...,am € R" and by,...,by, € R, isz— — > " log(b; —
al'z). Its barrier parameter is m, and its gradient is definable in the o-minimal
structure SA of semialgebraic sets.

EXAMPLE 3.9 (symmetric cones). A symmetric cone K is the cone of squares
of some FEuclidean Jordan algebra J and is thus definable in the o-minimal structure
SA. Its standard log-determinant barrier is x € int(K) — —logdet(z), where the
determinant det(-) is a polynomial in x. The gradient of the log-determinant barrier
is thus definable in the o-minimal structure SA. Its barrier parameter is the rank of
the symmetric cone.

ExaMPLE 3.10 (homogeneous cones). A homogeneous cone K is the cone asso-
ciated with some T-algebra A; see, e.g., [6, Theorem 1]. It is thus definable in the
o-minimal structure SA. The only known optimal self-concordant barrier of K [6,
section 3.1] has the form x — — . log p;i(us)?, where x — p;(uz)? are rational
functions; see [41, section I11.3]. Thus the gradient of this barrier is definable in the
o-manimal structure SA. Its barrier parameter is the rank of the homogeneous cone.

EXAMPLE 3.11 (hyperbolicity cones). By Proposition 18 and Theorem 20 of [31],
the hyperbolicity cone defined by a hyperbolic polynomial q is definable in the o-minimal
structure SA. A barrier of this hyperbolicity cone is v — —logq(x). The barrier
parameter of this barrier is the degree of the polynomial q. Since q is a polynomial,
the gradient of this barrier is definable in the o-minimal structure SA.

EXAMPLE 3.12 (power cones). A (high-dimensional) power cone is

n
{(xl,...,xn,zl,...,zm) ERY xR™: [[af > ||z||},

=1
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where the exponents ai,...,a, € (0,1] sum to 1. A barrier of this cone is
—log(TTl, =7 — |2]1%), whose gradient is definable in the o-minimal structure RE
It has barmer parameter 2.

ExaMPLE 3.13 (finitely generated convex sets). Consider the conver set X =
{z : gi(x) <0 fori=1,...,N} generated by a finite number of twice continuously
differentiable convex functions g1,...,gn : E — R. When we assume that for i =
1,...,N, gi(x) < 0 for all x € int(X), and that int(X) # 0, the function f : x €
int(X) — — Zi\il log(—gi(x)) is a barrier of X. This barrier has gradient and Hessian

Vf: xHZ ~V9i(@)

=1 _gz( )

and
N
& )h Vg h) Vg,
hHZ gi(z) +Z< gi(z), >2 gz(x),
= o) i=1 9i()

respectively. The gradient is definable in an o-minimal structure whenever the func-
tions g1,...,gn are definable in the same o-minimal structure. Since VZ2g;(z) is

positive semidefinite for each i, we have that, for any x € int(X) and any h € E,

N

(Vf(x),h)* = <Z <—V97(x))h>>
(x)

i=1 —gi(z
—Vgi(z),h)
= Z (e )
<N <h, sz(a:)h> ;

e., [ has a finite barrier parameter ¢ < N. The uniform smoothing approzimation
defined by f coincides with the one defined in [28, section 4].

4. Smoothing Newton continuation algorithm. Given G : E — E and a
smoothing approximation H : ExR™ — E of G, consider an algorithm that generates
an infinite sequence {(wg, ux)} in E x R} such that py — 0 and [|H (wg, )| — 0.
The continuity of H then implies that any accumulation point of {wy} is a zero of G.
We shall now consider the local superlinear convergence of such algorithms.

LEMMA 4.1. Suppose {wy} is a convergent sequence in E converging to a zero w*
of G. If, in addition, H is Lipschitz continuous near (w*,0) and approzimates super-
linearly (respectively, with order 1+ v) at (w*,0), and {ux} and {vy} are sequences
m R, such that

1. {JwH (wg, px)} is uniformly nonsingular (i.e., each term is nonsingular with
the sequence of inverses having uniformly bounded norms), and
2. |kl vl = o(| H (wy, 0)|)) (respectively, ||kl vl = O([H (wy, 0)[|7)),
then the sequence of solutions {dy} to H(wy,vk) + JuwH (wg, pk)dr = 0 satisfies

llwy + di — w*|| = o(||wk — w[])
(respectively, |wy, + dp — w*|| = O(|Jwy, — w*|"*7)).
Moreover, for any sequences {jix}, {vx}, {Pr} in R™ such that || fu|l , |7 ] , |7k =

o([|H (wr, 0)1),



1044 C. B. CHUA AND L. T. K. HIEN

() |[H (w + di, i) ||* = | H (w, fir)|* + [ H (wr, 78) |* = o([|H (wy, 2)|*), and

(i) || H (wy + di, 23)[| = o(|[H (wr, Dk—1)l| + | — Pr-1]])-

Proof. We first note that the Lipschitz continuity of H near (w*,0) implies that
o([|1H (wy, 0)[|) = o(|| H (w, 0) = H(w", 0)|]) = o(|[w, —w"|]) and

4.1
) Ol H (wy, 0)||") = O(| H (wr, 0) = H(w", 0)[|'"7) = Oy, —w*[[*7).

Under the hypothesis of the boundedness of {J., H (wg, pux) "1},

we + di — w*|| = |Jwr = T H (wie, ) ™" H (wpe, i) — w|
= O(|Jw H (wr, p) (wie — w*) — H(wp, ve) )
= O(||Juw H (wr, pu) (w — w*) — H(wy, ) + H(w", 0)[])
+ O H (wr, pur) — H (wr, vie)|])-

The local Lipschitz continuity of H near (w*,0) bounds the second term by O(||pr — vi||)-
The first term is o(||wy — w*||) + O(||pe)) (respectively, O(||wy — w*||* ™)+ O(|| )
under the hypothesis that H is a superlinear (respectively, order-(1 + v)) approx-
imation at (w*,0). Subsequently, we deduce from the hypothesis ||uxl|, ||vk|| =
ol [|H (wy, 0)||) (vespectively, |||l [[vkll = O(| H (wg,0)[|""7)) and (4.1) that

(4.2) l[w + dr — w*|| = o([Jwr — w™|)

(respectively, |y +di —w”]| = O(wx — w* 7). 2 2
(i) We now show ||H (wg + di, fir)||” =l H (wr, fue) ||”+ 1 H (wre, 7)|” = o([| H (wi, 7))
The last two terms on the left can be bounded by

1 (wre, 22 [|* = || H (i, i) |
= ([1H (w, )| = (1 H (wr, i) ) ([1H (i, ) | + ([ H (wpe, i) )
< | H (wr, o) = H (wg, fue) || (2|1 H (w, ) || + [1H (wr, fix) — H (wpe, 22)]])
= Ol = wi |l (1 H (w, 2) | + 1 ox — 2x1))
= o([lwe — w™|| (|1H (w, 7)[| + [ wr — w[]))
via the Lipschitz continuity of H near (w*,0), (4.1), and the hypothesis ||fix]| , || 7]l
= o(||H (w, 0)]]). To bound the first term on the left, we note from (4.2) that
wg +d, — w*, whence we may apply the Lipschitz continuity of H near (w*,0)
to deduce
[H (wy + di, i) || = || H (wr + di, fir) — H(w", 0)]]
(4.3) = O([|wy + di. — w|| + || e[|
= o([Jwr. —w™|)),
where we have used the hypothesis ||fix|| = o(||H (wg, 0)||) and (4.1) and (4.2) in
the last equality. It remains to show that ||wy — w*|| = O(||H (wk, 7%)||). This
follows from
||wk —w*|| = H’wk +di —w" — JwH(wk,uk)’lH(wk, I/k)H
= o([[wr —w™|l) + O([|H (wr, i) |])
= o(([wr — w*|l) + O([|H (wg, 7r) [| + llvw — 2l[)
= o(([wr — w™ ) + O([|H (wr, ) |]),

(4.4)
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ALGORITHM 4.2 (Algorithm 2 of [16]).

Inputs: Initial data wo = (zo,y0) € E x E and parameters 8 > 0, a,n €
(0,1), 7€ (0,n], o € (0,1/2), and & > 0.

Set k =0 and po = €9 = HG“at (wo)H and repeat the following steps until
HGnat(wk)H =0.

Step 1. Set j = 0 and vgo = wg.
Step la. Find di; € E? such that

Hnat(vkj7 M, €k) + Janat(Ukjv,ukv €k)dkj =0

Step 1b. If |[H™ (vk; + dij, px, ) || < Bn”, set wii1 = vij + di; and
proceed to Step 2.
Step 1c. Otherwise, find the largest A\x; € {1,a,?,...} such that

HH“‘“(vkj + )\kjdkj,,uk75k)H2 - HHnat(vkjyuk,ék)HQ
S —20')%]' HH“at(’l}kjy,U/kuEk)”2
and set Vg, j+1 = Vk; + Ajdr;-
Step 1d. If HHnat(Uk,j+17Mk75k)H < /B"lk7 set wr41 = Uk,j41 and pro-

ceed to Step 2.
Otherwise, update 7 = j + 1 and return to Step la.

Step 2. Set pr4+1 = min{x HG"“(wkH)Hz 711077]““}

and e+1 = min{k HC:“"“(uuH_l)H2 ,EoﬁIH_I} and update k = k + 1.

where we have used (4.2), the boundedness of {J, H (wg, pux) "1}, the Lipschitz
continuity of H near (w*,0), the hypothesis |vg|l, [|7x| = o(||H (w,0)]]), and
(4.1).

(i) Since the equations in (4.3) and (4.4) hold when, respectively, fi and 7y, are
replaced by 7y, we can further deduce that

HH(wk + dk,ﬁk)H =0

=0

[[wr — w*[|)

| H (wi, ox)|)

| H (wi, D) — H(wi, Uk—1) || + [[H (wi, Pk—1)]])
2 — D1 + | H (wi, Dx—1)]]),

=0

=0

PP

where we have used the Lipschitz continuity of H near (w*,0). O

We now consider a specific algorithm for solving the natural map equation and
prove its local superlinear convergence. The algorithm, Algorithm 4.2, was analyzed
in [16] for its global and local superlinear convergence. This algorithm, although only
stated and analyzed for second-order cone complementarity problems in [16], has been
shown to be globally convergent when solving general natural map equations.

Regularization is incorporated to ensure the boundedness of the level sets of
H™4 (- i, e) for all y,e > 0. We note the slight difference in the update of u: the
additional condition in the update formula in [16] was imposed to exploit the Jacobian
consistency of the smoothing approximation and has no effect on global convergence.
We drop this additional condition here because we no longer assume the Jacobian
consistency of the smoothing approximation.

THEOREM 4.3. If

1. F: E — E is locally Lipschitz continuous and monotone, and
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2. the solution set of VI(X, F) is nonempty and bounded,
then Algorithm 4.2 generates a bounded sequence {wy = (g, yr)} with an accumula-
tion point w* = (x*,y*) that is a zero of G,

If, in addition,

1. H™ s based on the smoothing approzimation defined by a 9-barrier with a gra-
dient map that is definable in an o-minimal structure (respectively, polynomially
bounded o-minimal structure),

2. F is semismooth (respectively, v'-order semismooth) at x*, and

3. for any subsequence {wy,} converging to w*, {JuH" (wy,, ik, ,cx,)} is uni-
formly nonsingular,

then the full Newton step is eventually always taken (i.e., wgt+1 = wy + dgo for all k
sufficiently large), and the x-component of the sequence {wy} converges superlinearly
(respectively, with order 1+~ for some v € (0,7']) to the solution z* of VI(X, F).

Proof. The global convergence of the algorithm is proved in Theorem 4.3 of [16].

To prove superlinear convergence, construct a subsequence {wy,} by taking
ko = 0 and recursively taking k;+1 > k; to be the least index satisfying ||wkl Wt H
< 1lwk, —w*||. This subsequence is well-defined since w* is an accumulation
point of {wy}. Since |[(u,.ex)| < AV2[H™ (wy, 0" = O H" (wy, . 0)[") =
o(||H* (wy,, 0)||), we can apply Lemma 4.1, together with Proposition 3.7, on this
subsequence by taking {p}, {vk}, {ik}, {Px}, {¥%} in the lemma to be {(ux,,ex,)} to
get

1. g + digo — w*]| = offjue, — )

(vespectively, [lwr, + dio — w*]| = O(|juwg, — w['*)),

2. |[H (wp, + diyo, uk 2w ||* = o | H" (i, g x,)||”), and

3. Hnat(wkz + d/ﬂOkawEkz) = O(”Hnat(wkw/‘kz*lvgkz*l)n + ||(/J’kz = Hki—15€k —
‘Ekz*l)H)a

where dy,o is the search direction determined in Step la for j = 0. The third conclu-
sion, together with || H"® (wy,, ik, —1,€k,—1)| < Bn* 1 and

kl—l(

(lpery = prey—1ls lew, — erm—1l) < (=1, €8,-1) < ﬁkl_l(uo,fo) <n 140, €0),

implies that || H" (wy, + di,0, ftk,, €k,)|| < Bn* eventually always holds. Thus the
full Newton step is eventually always taken at Step 1b. It then follows from the first
conclusion that for all sufficiently large [,

1
||wl€z+1 - w*” = ”wkz + dkzo - U}*H < 5 ||wl€z - U}*H )

whence kj11 = k; + 1 . This means wy41 = wy, + dio for all k sufficiently large, and
wy, converges superlinearly (respectively, with order 1 + v) to w*. d

We end this section with a sufficient condition for {J., H*®*(wy, px,€xr)} to be
uniformly nonsingular. We will show in section 6 that this sufficient condition is
implied by nondegeneracy when X is the epigraph of the matrix operator norm, or
the nuclear norm.

THEOREM 4.4. If F: E — E is monotone and {(xk, Yk, ik, €k)} is a convergent
sequence generated by Algorithm 4.2 converging to (x*,y*,0,0), then in order for
the sequence {J(y ) H* (k, Yr, pir, €x)} to be uniformly nonsingular, it is sufficient
that for any limit point J of {J.p(xx — yk, pr)}, the linear map JF(x*)J + 1 — J is
nonsingular.

Moreover the nonsingularity of JF(x*)J + I — J is equivalent to

L* N (nullspace(J) x nullspace(I — J)) = {0},
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where L denotes the linear subspace {(h, k) : JF(x*)h = k}.
Proof. From the definition (3.2) of H"®* we get

nat . 2 h— sz(x - Y, M)(h - k)
J(w7U)H (xvyvluaa) . (hvk) € E* — ( JF(ﬁ)h-i—Eh _ k

for any (z,y) € E? and any u, e > 0. It suffices to show that under the stated sufficient
condition, the linear map (h,k) € E* — (h — J(h — k), JF(2*)h — k) is nonsingular
for any limit point J of {J.p(zr — yk, pr)}. Note that
(h—J(h—k),JF(z)h — k) = (0,0)
<~ h=Jh-k) and (JF(z*)J+I—-J)(h—k)=0
Thus this linear map is nonsingular if JF(2*).J + I — J is nonsingular.

For the moreover part, we shall consider, equivalently, the nonsingularity of (M J+
I—J)"=JM*+1—J, where M denotes JF(z*) and M* denotes the adjoint map
of M.

For simplicity of notation, we denote by Eo, E;, and E, the subspaces nullspace(.J),

nullspace(I — J), and (nullspace(.J) @ nullspace(I — .J))*, respectively, and for v € E,
we denote by v, the projection Ilg, (v) for a € {0,1, p}. Define the linear maps

MYz € By — (M*z), fora,be{0,1,p}.
The equation (JM* + I — J)v = 0 is equivalent to

Vo = 07
M yvo+Myvm+ Mi,v, =0, and
Myvo+Myvi+(M;, + J, " — v, =0,

where J, denotes the restriction of J to E,. Note that J, has eigenvalues strictly
between 0 and 1, and we have used this fact in scaling both sides of the last equation
by J,'. Observe that

(Myv1 + M1+ My v, + (M, + J_ — vy, v1 4 vp)
= (Mjyv1 + M3vy 4+ M0, + M vp,v1 4 vp) + (1 = Dvp, v1 +0,)
= (M"(v1 +vp),v1 +0p) + <(J 't )Upavp>

is the sum of two nonnegative terms since M is monotone, and u, € E, — (ng —Tu,
is positive definite. Therefore if

Miivi+ Mi,v, =0 and
Myor+(My, + J, = I, =0,

then (M 01 + M1 + M{v, + (M}, + J,; ' = Iy, v1 +v,) = 0, and hence v, = 0.
Thus (JM* +1 — J)v =0 is equivalent to vg =0, v, = 0, and

M{iv1 =0 and M;lvl =0.
Hence it remains to show that (M{v; = 0 A M v1 = 0) has a unique solution if and
only if L+ Nnullspace(J) x nullspace(I — .J) = {0}. This follows from
(Mfjv1 =0AMyv =0) <= (M v1,v1) € Eg x Eq
= (M*v,—v) € {M 'w,—w) :w e E}NEy x E;
< (M*vy,—v;) € L Nnullspace(J) x nullspace(I — J). o
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5. Barriers with definable gradients. A twice-differentiable barrier f : int(X)
— R with a finite barrier parameter and a definable gradient map is necessary to em-
ploy Theorem 4.3 to deduce the superlinear convergence of Algorithm 4.2 in solving
the natural map equation. For every closed convex set X that is proper (i.e., has
nonempty interior and does not contain any affine subspace), it is well known that
the universal barrier is a twice-differentiable barrier with a finite barrier parameter;
see [25, Theorem 2.5.1]. The universal barrier of X is

frxeint(X) — log(vol(X*(x))),
where
X¥2)={ycE:Vz€ X (y,z —z) <1}

is the polar set of X at x, and vol(-) denotes the Lebesgue measure on E.
It remains to check the definability of the gradient of the universal barrier. We
shall use a recent result of Kaiser [17]—which states that the Lebesgue measure is

Rfﬁlg—compatible—to prove the definability of V f when f is the universal barrier of
a proper closed convex set X definable in Reais,

Given an o-minimal structure O, a Borel measure A on R" is said to be O-
compatible if there exists an o-minimal expansion O* of O such that for every A C

R™ x R™ definable in O, the set
{(z, A(Az)) : M(Az) < oo}

is definable in O*, where A, denotes the set {y € R™ : (x,y) € A}. We call O*
an O-measuring o-minimal structure of A. The measure A is said to be strongly O-
compatible if the projection of the above set on the z-component is definable in O.

THEOREM 5.1 (Theorem 1.9 of [17]). The Lebesgue measure vol on R™ is strongly
R]}fﬁlg-compatible, and Ray exp 15 an R]Eﬁlg -measuring o-minimal structure of vol.

THEOREM 5.2. The universal barrier f of a proper closed convex set X € R™ that
is definable in the o-minimal structure Rat® has a gradient map V f that is definable
in the o-minimal expansion Ry exp-

Proof. Let A be the set {(z,9) : = € int(X), y € X¥(2)} U {(x,y) : x ¢ int(X)}.
Since X is definable in R]Sﬁ]g, so are X ﬁ(gc) and A. Moreover, for every x € R™,

XFb(x) if x € int(X),
R™ otherwise.

{yeR”:(x,y)eA}:{

Therefore, the function ¢ : z € int(X) + vol(X*(z)), whose graph is
{(z,v0l(Ay)) : vol(Ay) < oo},

is definable in Ruy exp by Theorem 5.1. Thus the gradient map Vf = % of the
universal barrier of X is definable in Ray exp- 0
We conclude this section by mentioning a conjecture of Kaiser [17]:

The Lebesgue measure in any arity is O-compatible for every o-minimal

structure O.
If this conjecture is true, then we can trivially extend the above proof to deduce that
the universal barrier of any definable proper closed convex set always has a gradient
map definable in some o-minimal expansion. This will, of course, allow us to apply the
main results in this paper to variational inequalities on any definable proper closed
convex set.



SUPERLINEAR SMOOTHING ALGORITHM FOR DEFINABLE VI 1049

6. Application to epigraphs of matrix operator and nuclear norms. In
this section, we consider the variational inequality VI(K, F'), where K C E is a closed
convex cone. This is equivalent to the complementarity problem of finding x € K
such that F(z) € K* and (F(z),z) = 0.

We shall focus on two cones, the epigraphs of the matrix operator norm and the
nuclear norm. These cones are duals of each other. We show how the smoothing
approximations and their Jacobians for these cones can be computed efficiently, and
we establish that nondegeneracy is sufficient for the uniform nonsingularity of the
Newton system in Algorithm 4.2. We end the section with some preliminary numerical
results.

6.1. Operator norm. Consider E = RxR"*" with inner product ((xo, x), (yo,y))
= xoyo + trace(z”y), and let K be the cone

Kmn = {(z0,2) € E: 2o > [},

where ||| denotes the operator norm of x € R™*"™. We assume, without loss of
generality, that m <n.
We use the log-determinant barrier

. ] B rolym @
fm,n . (ﬁo,ﬁ) € Hlt(Km»”) = ]'Ogdet < QJT 5130]11) ’

where I, denotes the m-by-m identity matrix.
The first two derivatives of the barrier f, , are

-1
_ $0Im T hQIm h
(6.1) D f.n(x0,2)(ho, h) = — trace < T onn> ( BT hOIn)

and

DQfm,n(ﬂjo,ﬂ?)(ho,h;ko,k)
62) _ o(woln  x \T (holm B\ (w0lm @\ (koln K
- trace $T 330],1 hT hOIn $T QJQIn kT ko]n ’

By decomposing z = uov” into its singular values, where o is an m-by-m diagonal
matrix and u and v are, respectively, m-by-m and n-by-m matrices with orthonormal
columns, we can write

T
zoly @ w 0 o\ (%olm < 0 w0
2T xzol,) ~\0 v @ g ol 0 0 v ]
0in 0 0  zoln_m 0 of

where ¥ is any n-by-(n — m) matrix such that [v|?] is an orthogonal matrix. This
gives

xolm -t
2T xol,

0 0 xo(2¢ly, —0?)™ Y —o(adl,, —o?)7! 0 ul 0
- <g ~> —0(@§lm —0?) 7" wo(2flm — o) 0 o
v 0 0 L) \o T
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We can then determine from, respectively, (6.1) and (6.2) that the gradient of f,, , is

n—m
2 2y—1, T
, —2uo(xily, —0°) v
Lo

1
Vo ¢ (w0, 7) € 6(Kpn) (—mZ 5 -
i=1"0

and its Hessian at (zo, ) € int(K,, ) is
V2 fn(zo, ) : (ho,h) € B

(2 E xo +or + —2m> — 4z trace(vo (22, — 0%) " 2u’h),
2 x
1=1 0

—4h0x0ua(xolm - 02)7 v+ 223u(a2l,, — o)l ho(ail, — o) T 7
+2uo (221, —o?) W hTuo (221, — o) 2T + 2u(all,, — o) uT hoo?
where 01, ...,0,, are the diagonal entries of 0. We remark that the gradient of the

barrier f, , is in the o-minimal structure SA.

We denote by py, n the smoothing approximation determined by f,, ,, and call it
the standard smoothing approzimation for K, ,. From the definition of the smoothing

approximation, for each p > 0, pp,.n (20, 2; 1) = (xo, ) if and only if |o1],..., |om| <
zo and uTzv is an m-by-m diagonal matrix containing diagonal entries (i, ...,Gm
satisfying

m
1 n—m
To — 2u2a:0 E 5 5 — u2 =zy and
i—1 Ty — 05 Zo

(6.3)
Ui+2u2% =( fori=1,...,m.
Ty — 0;

Thus given any (zo,z) € E and any p > 0, we can determine (2o, ) = pm.n(20, 2; 1t)
by decomposing z = u(vT into its singular values and solving (6.3) to get a unique
solution (zg,071,...,0m,) satisfying |o1],. .., |om| < 2o, followed by forming 2 = uov”
where o is the diagonal matrix Diag(oq,...,0m).

To solve (6.3), we first observe that for each fixed zy > 0 and (;, we can uniquely
determine o; as the second largest root of a cubic polynomial with three distinct real
roots 1, y2,v3 satisfying 1 < —xg < 72 < 29 < 73. Thus for any given z, the last
m equations of (6.3) determine each o; as an analytic function of xg over (0,00).
Moreover these analytic functions o;(z¢) are strictly increasing since (zg, 0;) — o; +

242 z%”' 5 is increasing in o; but decreasing in x9. Therefore

1 on —m
Ty — X — 2u To
; z3 — crl(xo) T
g; $0) Cl o —m
J— + J—
= X0 T+ Zo Z oi(x0) 1% o

=1

is strictly increasing. Consequently we can determine xg with the bisection method;
all we need is an upper bound on xg. This upper bound can be obtained by adding
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all m + 1 equations in (6.3) to get
- " " 20 — |0y n—m
o0 — o _
20+ > |Gl =0+ loil —2u* Y —5——5 — 4’
— — — Ty — 0 Zo
i=1 =1 i=1
" " 1 n—m
=z + ol —2u? — 2
0 Z | ’L| M Z 7o + |01| w 70

2 2n—m an+m
>9CO—2MZ =g — W P

which gives 1 (\/(zo T IGDT + 44+ m)p2 420+ 30 |G| as an upper bound.

Once (z0, ) = pm,n(20,2; 1) is determined, the Jacobian J (., ypm,n (20, 2; ) can
then be computed as (I + u2V2 frn(o, x)) 71, where I denotes the identity map. To
simplify computations, we introduce the unitary transformation

(6.4) Ou.v.i : (ho,h) € B (ho, h, h,h, h) € RV ™
where
il = (ill, ceey ilm), h = (hlg, hlg, h23, ceey }/llma ceey flm—l,m)a

h = (hi2, b1z, hozs - .oy By - B 1m)y o= (haty s Bonds e ooy By« s Ronnm)

with

ulhvj + vl hu; . ul'hvj — vl hu;
\/§ ) 1] \/5 ’

Here u;, v;, and v; denote the ith column of, respectively, u, v, and v, and z = uov

is any singular value decomposition with o an m-by-m diagonal matrix containing

the singular values o1, ..., 0,,, and ¥ is any matrix such that [v|?] is orthogonal. It is
straightforward to verify that its adjoint map is

hi = u?hvi, hij = and hij = u?hﬁj

T

O} 5 =0, 51 (ho,h,h b h) € RTT™™
hl % iLll R iLLnfm
= | ho,u Vru| o N
huuzh - Fo e T
We can then write V2 f,,, (70, 2) = e, 1} Jy; — )(,m@u)mg, where Hy, o, .5, maps

a vector (ho, b, h, h, h) € R¥™" to the vector (ko, k, k, k, k) with

ua ua —4x O'iili
(SRR 1) S

i=1 =1

]\C' — _4x00ih0 2( (%—’_U )h ]% _ 2($(2)+0'10])},LU
e A e R o[ )
'I%ij _ 2(:103 - UiO’j)iLij f%‘j _ QiLij .
@ - )~ ) R-dt
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The Jacobian of the smoothing approximation is thus
-1
(65) ‘](ZO,Z)pmﬂl(ZO?Z;M) Guiv (I+M2H$0701,...70m) Guﬂ),ﬁa

where (I + ;LQHIO,Ul,m,gm)_1 takes a vector (ho, h, h, h, k) to the vector (ko, k, k, k, k)
with

ho —bTC~'h s ho=bTCT'h o,
kp=—2—" - = E=ch-22"" 2 Zoy
R X ST ¢ « o C b
(23 — 02)(a% — 02)hy; - (23 — 02)(ad — 02)hy;

ki’ — s kz = 9
T (af - o) (af — 0F) + 2u3(af + 0i0;) T (@t -0zt -0 j)—|—2,u (23 — 0i0;)

oo (ag—od)hy
Y gt — 0?42
where
L 2p% (23 + 0?) on —m < —4pProoq —4u2x00m)
a=1+ s , b= el ,
L@ TR @ oD @)
and

—1

R, 202 (x5 + o)\ "
1_ 0 7
O =Dieg ({1+ (953 _Uiz 2 i=1

— Dia <{ (x%_a-g)Q }m >
M\ @R y2@@ v od) )

6.2. Nuclear norm. Consider again E = R x R™*™ with inner product ((zo, ),
(y0,v)) = woyo + trace(z”y), and let K be the cone

K}, = {(wo,2) € E: o > 2], },

where ||z||, denotes the nuclear norm of x € R™*", i.e., the sum of all singular values
of z. We assume, without loss of generality, that m < n. The cone K,ﬁnn is the dual
cone of K, ».

We use the (modified) Fenchel conjugate barrier

fﬁln : (s0,9) € int(Kfn’n) — — inf{soxo + trace(s’z) + frn(zo, ) : (20,2) € Kpmon}-

Let pfnm denote the smoothing approximation defined by fﬁw and call it the standard
smoothing approximation for Kfmn. To compute pﬁn’n, we note that

,LLQme’n(ZIJ(),ZIJ) = _(SOa S) — #2vfr€z,n(80a S) = —(330,33),

and hence
(6.6)
Phn(20, 25 1) = (50, 5)
< (s0,5) + uQfon n(80,8) = (20,2)
<= I(x0, ), (s0, ) (zo,7) = (20, 2

Zo, IE) (207

and (zg,z) = —uQfon,n(so, s)

— ( and (s0,8) = —p*V frnn (0, 2)

= (20, 2) + (w0, %) and p?V fon (w0, ) + (20, %) = —(20, 2)
= (20, 2) + (z0,x) and py, n(—20, —2; 1) = (zg, )

= (20, 2) + Pm,n(—20, —2; ).
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To compute the Jacobian J ., .)p¥, (20, 2; 1), we differentiate pf, ,, (20, 2; 1) =
(20, 2) + Pm.n(—20, —2; 1) with respect to (zo,z) to get

J(ZmZ)pgn,n(zOv =2 ,LL) =1- J(zmz)pm,n(_an —Z; ,LL)

6.3. Uniform nonsingularity of Newton system. For closed convex cone
K, we denote by K* its dual cone, and for any face F of K, we denote by F* the
complementary face {v € K*:Vu € F, (v,u) = 0} of F.

LEMMA 6.1. If{zx = (20, Z)} is a convergent sequence in B and uy, is a positive
sequence converging to 0, then every limit point J of the sequence {J.pm n(z0.k, Zk; o) }
satisfies

nullspace(J) C span(Fﬁ) and nullspace(I — J) C span(FyA*‘),

where Fy- and Fy« are, respectively, the smallest faces of Ky, and Kfn’n containing
the limats

"= (20,27) = khj;opmm(zmk,?k;uk)

and

y* = (Y5, y") = i ph, (=20 ks — 2k k-
— 00

Proof. By taking a subsequence if necessary, we may assume {J.pm, n(20,k, Zk; fk) }
converges to J.

If F,- is the trivial face {0}, then nullspace(J) C span(F2) = E trivially holds.
Similarly, nullspace(I — J) C span(FyA* ) = E when F,+ is the trivial face.

If F« is the cone Ky, ,, then a* € int(K,, ), whence z; converges to a point z*
in the interior of K, ,. Therefore V2fm,n(zo7k, Z,) converges to the positive definite
map V2 fr, . (2%), and thus I, pm.n (20 k, Zk; p) = ([+p2V? frn (20, 2k)) ~F converges
to the identity map. So {0} = nullspace(J) C span(F2) trivially holds. Similarly,
{0} = nullspace(I — J) C span(FyA*) when F- is the cone K}, .

Henceforth in this proof, we assume that F« and F),- are nontrivial proper faces
of, respectively, K, , and K,ﬂmn; i.e., * and y* are nonzero vectors on the boundary
of their respective cones. For clarity, the remainder of the proof is presented in four
parts.

(1) For each k, let zx = ui(rvl be a singular value decomposition with ; an
m-by-m diagonal matrix containing the singular values (i > -+ > (m,x > 0. Recall
from (6.3) that for (2o k, Tr) = Pm,n(20,k, Zk; ) a0d (Yo, Y ) = Dmon (20,5 Zk; o) —
(20,k Z&), which, by (6.6), is equivalent to pf, ,,(—20,k, —Zk; pu), the products uf Zyvk

and u%gjkvk are diagonal matrices o, and 7, with diagonal entries o1 1, ..., 0m 1 and
Tik,---sTm,k, Tespectively, satisfying o1, > -+ > o >0, 1 < -+ < T <0,
and
Oi.k .
(6.7) Tiw = —2up—5———— fori=1,...,m.
Lok — Ok

In terms of the unitary transformation ©y, vz, defined in (6.4), where ¥y is any ma-

trix such that [vg|0x] is orthogonal, this means (zo k, Tx) = 6;k17vk7"7k (xo.x, %, 0,0,0)

with ‘/'\Ck = (Ul,ka e 7Um,k)7 and (y07k}7 gk) = 6;k17vk;1~)k (yO,k7 yka 07 07 0) with Qk =
(Ti,k,---»Tm,k). By taking a subsequence if necessary, we may assume, without loss
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of generality, that {(ug,vk,0r)} converges to, say, (u*,v*,0*). Then z* and y* are
given by

(6 8) (378, j*) = ev:*l,v*,f)* (378, j:*v 0; 07 0) with 2% = (Urv MR 0':;1)
' and  (y5,5%) = 0,7 - 5+ (45, 97,0,0,0) with §* = (7],...,73),

*

where 0* = limy_, o, 0 and 7" = limy_, o, 7x have diagonal entries satisfying

(6.9) oy =-=0r>00, 2201 :=0

' and Tl*S'HST:ﬁ<T:ﬁ+1:"':T;I+1::O
for some 7, 7% € {1,...,m}. Moreover r > ¥ because (z,7*) and (y3,9*) are orthog-
onal.

(2) Based on the above characterizations of 2* and y*, the smallest faces of K, ,
and K,ﬁnn containing, respectively, * = (zf,z*) and y* = (yj,y") are

F = {(960,96) (T =u" <x%lr ]\04) (U*)Ta M e Rim=m)x(n=r), | M]| < 950}

and
N +(—N 0 " ot
Fy*Z{(yo,y)yzu ( 0 0) (U )T,N€S+,trace(N):y0},

where S:_u denotes the cone of rf-by-rf real symmetric positive semidefinite matrices;
see Examples 5.6 and 5.7 of [10]. The respective complementary faces are thus

- (N A\, X N —-A
Fﬁ={(yo,y):y=u <C 0)(11 )T,NeRX,trace(N)=onH<_O O)H}
and

- = w« [T I’r A * m—r?)x (n—rf €T I’r A
Fﬁ:{(xo,x):x:u (OOﬁM)(U )T, M e R )x(n=rf) H(OOuM>H<xO}.

Observe that by von Neumann’s trace inequality, trace(N) = yo > ||(& ')l
implies that trace(N) > || ("% s ) ||* > trace ( *OA) = trace(NN), whence the fact
that equality holds here further implies that ( . 7;*) is of the form [H|0], where H
is symmetric and positive semidefinite (see, e.g., [1, p. 29]). Hence both A and C' are
zero matrices, which simplifies the complementary face Fﬁ to give
N - N N . N .

(6.10) span(Fy2) = O, . oo {(40,9,5,0,0) = 45,45 = OVj > 7, yo+dn+- -+ = O}.
Also observe that the operator norm of a matrix is at least the norm of each of its

columns/rows, and hence xg > ||(I0éf‘“ A’;‘[)H implies that both A and C are zero

matrices. This simplifies the complementary face Fﬁ to give
(6.11)

span(FyA*) = @_1 {(ﬁo,i,f,f,{i) : {ﬁij,fij,{iij =0Vi < T‘ﬁ, il = $0Vi < T‘ﬁ}.

* * Yk
u* v*,0
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(3) It follows from (6.5) that the inner product (J.pm.n(20.k, Zk; fix) (ho, h), (ho, h))
is
(6.12)
(ho — trabce(b;ij'k_lh))2 . i (330 k — O3, Tr) h2
ay — trace(b] Cy 'by) = (af ), — 071)% + 2pj (2 + 07 )

where (ho, b, h,h,h) = O .~ (ho,h),

U,V , U

m 2(..2 2 2 2
" 1+Z 2ui (25, +07%)  on—m b —4p3x0,k01,k — 4T T0, kO m k
k= 2 2 \2 k™ 2 > k= 2 2 N2 (2 2 2 |°
=1 (%71@ - Ui,k) 0,k (xo,k - Ul,k) (%,k - Um,k)
and

(@8, — 0ik)? "
C. ! = Diag : > .
* <{ (@8, — 020)* + 208 (2] + 07 k) i

By taking limit as k& — oo and using (6.7) and (6.9), we get (J(ho, h), (ho,h)) to be
the sum of squares

<h0+21 lh +Ez =ri1 Yii 1)
1 — ai)h? h?
1+7’ﬁ+2i:1(1“‘ + Z @i * Z

i=ri41 i=r+1
COY it X0
(6'13) (i<rf<r<y) ri<ir<j
v(rf<i<ji<r)
D @J+§:h+z wa+zh
(i<rt)A(i<yj) ri<i<j i= i=ri41

for some oyj, B;j, and ; satisfying

€ (0,1 heni <7t <r<j, _
O‘ij{ (0.1) wheni<rt<r<j and  Bij, v € (0,1) when i < r¥,

€[0,1] whenrf <i<j<r,

where (ho, h, h,h, iL) 0.1 . —.(ho,h); see the details in Appendix A. Using the fact

u* 'U 'U
that ©y« = 3+ is unitary, we then get

(1 = 7)o, B) (ho, ) = || (o b o )| = (o, B, (o, )
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to be the sum of squares

S . . N NN
S (ho—ha)? | Yy @iilho = hi)® X< (hi — hy)?

T+rt+37  as L+rt+37  ag T+rt+37  au
Dicricjer @ii(hi = hy)? 3 i, iiagi(hy — hy)?
L+rt+ 37 as T+rt+37  au
6.14 , ,
P DR T M
(i<rf <r<j) (i<rB)A(i<j<r)
v(rt<i<ji<r) - .
+ Z (1— Bij)hi; + Z (1= )3,
(i<rt)A(i<j) =1 =1

(4) For any (hg,h) € nullspace(J), the inner product (J(hg, h), (ho, h)) vanishes.
In this case, we deduce from (6.13) that (ho, h, h, b, h) = Ou v+,5+ (ho, h) satisfies

"’ﬁ T
ho‘f‘Zhi'F Z Oéiihi:(), iLZZO fOI‘iE{T‘ﬁ"Fl,...,T‘}Withaii<].,
i=1 i=ri41

3 ~ ~

hi=0 forr<i, hy=0 forr<j, h=0 h=0,

which, by (6.10), shows (hg, h) € span(FyA*). Similarly, for any (ho, h) € nullspace(I —
J), the inner product ((I —.J)(ho,h), (ho,h)) vanishes. In this case, we deduce from
(6.14) that (ho, b, h, b, h) = Oy« o 5+ (ho, h) satisfies

h0=il1=-"=ilru, flij,ilij,ilijzo fOI‘Z'S’/’ﬁ,

which, by (6.11), shows that (ho, h) € span(F2). o

REMARK 6.2. Since szﬁn,n =1 — J.pmn, the statement of Lemma 6.1 holds
when py, n is replaced by pgn,n,

Given a closed convex cone K C E, its dual cone K*, and a linear subspace L C E,
a vector x € K is said to be nondegenerate for L if the smallest face F' of K containing
r satisfies L N span(F2) = {0}; see, e.g., [26].

THEOREM 6.3. Let K C E be either Ky, ,, or K}imn, and let p be its stan-
dard smoothing approrimations. For any monotone nonlinear map F : E — E, if
the sequence {(xk, Yk, i, €x)} generated by Algorithm 4.2 converges to (z*,y*,0,0)
with (z*,y*) € K x K¥ nondegenerate for L = {(h,k) : JF(z*)h = k}, then
{J )y H (T, Ys pier €1)} 18 uniformly nonsingular.

Proof. By Theorem 4.4, it suffices to prove that for any limit point J of {J.p(xx —

Yk 1)}
L+ N (nullspace(.J) x nullspace(I — J)) = {0},

where L = {(h,k) : JF(«*)h = k}. By Lemma 6.1, the remark immediately following
it, and the fact that

lim G™(zp,yx) =0 = lim zp — p(zp — yp, ) =0 = 2* =[x (z* —y*),
k—o00 k—o00
we conclude that

L* N (nullspace(.J) x nullspace(I —.J)) € L* N span(FyA*) x span(F2).
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Thus if (z*,y*) is nondegenerate for L, then

{0} = L* Nspan((F,- x F,-)*) = L* N (span(F,>) x span(FL.))
D L+ N (nullspace(.J) x nullspace(I — J))

proves the theorem. O

6.4. Numerical tests. We tested Algorithm 4.2 on randomly generated in-
stances of operator norm and nuclear norm linear complementarity problems. In each
problem instance, F is the affine map 2 € RY ~ Mz + ¢, where M is an N-by-N
random matrix of a certain rank r and ¢ is a random N-vector.

The matrix M is obtained by taking the product BB, where B is a random
n-by-r matrix, where each entry is a standard normal random variable. The vector
q is obtained by taking the difference Mz — y, where x is a random n-vector with
the standard normal distribution, and y is a random n-vector in the interior of the
underlying dual cone. This ensures that Slater’s condition is satisfied, and hence
there is at least one solution. The random vector y is obtained by first generating a
random matrix with the standard normal distribution for the y-component, followed
by adding the absolute value of a standard normal random variable to the maximum
or sum of the singular values of the g-component.

We run the MATLAB implementation of Algorithm 4.2 in MATLAB version
7.13.0.564 on a machine with Intel Q6600 CPU at 2.40 GHz, with 3GB of RAM, and
running Windows 7 Enterprise (64-bit). We use the following values for the param-
eters: wg = (0,0), a = 0.5, 7 =7 = 0.25, 0 = 0.4, K = 0.01, B = ||H**(wp)|. The
Newton system in Step la is solved directly with the MATLAB backslash operator.
We terminate the algorithm when

relative error := max{ Iz = T (@ = i)l I1F(r) — b } <107S.

lex +1 U el + 1

Table 1 shows the results for K = K., , and K = K}, for the choices (m,n) =
(20,25), (25,30), (30,35) with corresponding N = 501, 751,1051. For each choice of
K, we generate problems of 9 difference ranks r, evenly distributed between about
10% and about 90% of N. For each size and rank, we generated 100 random instances
and report the averages over these 100 random instances.

We see from Table 1 that on average, the algorithm takes no more than 15 it-
erations and less than 24 subiterations (i.e., total number of times that the Newton
system is solved). There is no observable difference in the average number of main
and subiterations among the different ranks for K = Kﬂl,n; but there is a notice-
able increase in the average number of both main and subiterations with rank for
K = K, ». From our experiments with other choices of parameters, we find that this
phenomenon depends not only on the structure of the cone, but also on the choice of
the parameters, such as n and 7.

Table 2 shows the results for mixed cones K = K, , X KﬂmL for the choices
(m,n) = (15,15), (15,25), (20, 25) with corresponding N = 452,752,1002. As before,
for each choice of K, we generate problems of 9 difference ranks r, evenly distributed
between about 10% and about 90% of N, and report, for each size and rank, the
averages over 100 random instances.

We see from Table 2 that on average, the algorithm takes no more than 15 it-
erations and fewer than 29 subiterations. Just like the case K = K, ,, there is a
noticeable increase in the average number of both main and subiterations with rank.
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TABLE 1
Average relative errors, numbers of iterations, and running times for various cones and ranks.

K = K20’25 (N = 501) K = K25’30 (N = 751)

Relative # of iter. Time Relative # of iter. Time
r error main | sub | (sec) r error main | sub | (sec)
50 | 8.51E—8 | 12.86 | 18.78 2.2 75 | 2.49E—-7 | 13.36 | 19.92 5.8

100 | 3.43E—8 | 12.99 | 19.35 2.3 150 | 5.99E—8 | 13.88 | 20.37 5.9
150 | 6.04E—8 | 13.00 | 19.09 2.3 225 | 1.44E-9 | 14.00 | 20.77 6.0
200 | 1.60E—T7 | 13.04 | 18.66 2.2 300 | 4.49E—9 | 14.00 | 20.64 6.0
250 | 2.59E-7] 13.13 | 19.14 2.3 375 | 1.01IE—8 | 14.00 | 20.56 6.0
300 | 2.80E—T7 | 13.40 | 19.88 2.4 450 | 3.84E—8 | 14.00 | 20.94 6.1
350 | 1.79E—"7 | 13.77 | 20.98 2.5 525 | 1.60E—7 | 14.02 | 21.28 6.2
400 | 2.34E—-8 | 13.97 | 21.55 2.6 600 | 3.83E—7 | 14.04 | 21.67 6.3
450 | 2.90E—8 | 13.98 | 22.45 2.7 675 | 4.06E—7 | 14.31 | 22.87 6.6

K = K305 (N = 1051) K = K} 55 (N =501)
Relative # of iter. Time Relative # of iter. Time
r error main | sub | (sec) r error main | sub | (sec)
105 | 2.23E—8 | 14.01 | 21.13 | 13.6 50 | 1.38E—7 | 13.36 | 20.82 2.5

210 | 9.95E—-8 | 14.01 | 21.73 | 14.1 100 | 2.04E—7 | 12.21 | 18.37 2.2
315 | 2.60E—-7 | 14.02 | 21.01 | 13.6 150 | 1.14E—7 | 12.00 | 17.73 2.1
420 | 3.96E—7 | 14.08 | 20.40 | 13.2 200 | 6.91E—-8 | 12.02 | 17.99 2.2
525 | 4.19E—7 | 14.40 | 22.13 | 14.2 250 | 9.47E—8 | 11.93 | 18.02 2.2
630 | 1.06E—7 | 14.87 | 22.80 | 14.7 300 | 8.60E—8 | 11.97 | 17.97 2.1
735 | 9.92E—9 | 14.99 | 23.59 | 15.2 350 | 7.30E—8 | 12.01 | 17.70 2.1
840 | 6.31E—-9 | 15.00 | 23.77 | 15.3 400 | 1.16E—7 | 11.99 | 17.81 2.1
945 | 7.60E—8 | 15.00 | 24.49 | 15.7 450 | 8.88E—8 | 11.96 | 18.14 2.2

K =K 40 (N =1751) K = K%, 45 (N =1051)
Relative # of iter. Time Relative # of iter. Time
r error | main | sub | (sec) r error main | sub | (sec)

75 | 1.69E—T7 | 13.77 | 21.46 6.2 105 | 1.25E—7 | 13.88 | 21.52 | 13.8
150 | 1.76E—7 | 12.70 | 19.28 5.6 210 | 1.17E-7 | 13.02 | 20.66 | 13.2
225 | 3.18E—7| 12.27 | 19.18 5.6 315 | 5.41E-8 | 12.99 | 20.27 | 13.1
300 | 2.51E—T7 | 12.16 | 18.79 5.5 420 | 1.32E—7 | 12.85 | 19.88 | 12.8
375 | 2.03E—7 | 12.11 | 18.87 5.5 525 | 1.10E—-7 | 12.91 | 19.81 | 12.8
450 | 2.11E-7| 12.15 | 19.08 5.5 630 | 1.84E—7 | 12.78 | 20.78 | 13.5
525 | 2.13E—7 | 12.13 | 19.24 5.6 735 | 1.41E—-7 | 12.81 | 21.96 | 14.1
600 | 1.94E—7| 12.11 | 18.63 5.4 840 | 1.49E—7 | 12.82 | 22.23 | 14.3
675 | 1.93E—7 | 12.19 | 19.08 5.6 945 | 1.26E—7 | 12.86 | 21.91 | 14.0

Moreover, when compared to the single cone problems of similar size N, the algorithm
requires less time to solve these problems, even when more subiterations are required.
This is possibly explained by the shorter time needed to compute the Jacobians of
the smoothing approximations for cones of smaller size.

Table 3 shows the results for various cones of larger size. This time, due to much
longer running times, we generate and report, for each type of cone, the averages
over 50 random instances of various randomly selected ranks between about 10% and
about 90% of N.

We see from Table 3 that on average, the algorithm takes about 13 to 16 iterations
and fewer than 25 subiterations for the single cones, but more subiterations for the
mixed cones. This is consistent with our experiments reported in Tables 1 and 2.
As before, when comparing the mixed cone problems to the single cone problems of
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TABLE 2
Average relative errors, numbers of iterations, and running times for various mized cones and
ranks.

K = K15’15 X K1u5y15 (N = 452) K = K15yg5 X K§5 25 (N = 752)
Relative # of iter. Time Relative # of iter. Time
r error main | sub | (sec) r error main | sub | (sec)
45| 1.33E—7 | 12.67 | 19.93 1.2 75 | 1.7T7TE—T7 | 13.36 | 20.40 34

90 | 3.74E—8 | 12.99 | 19.41 1.1 150 | 1.76E—8 | 13.97 | 20.85 3.5
135 | 1.29E—7 | 13.03 | 19.37 1.1 225 | 2.87E—8 | 14.00 | 22.56 3.8
180 | 2.25E—7 | 13.63 | 20.85 1.2 300 | 3.71E—-T7 | 14.24 | 22.25 3.7
225 | 5.18E—-8 | 14.00 | 23.25 1.4 375 | 7.14E-8 | 14.97 | 25.96 4.4
270 | 2.37TE—-T | 13.14 | 21.72 1.3 450 | 1.08E—7 | 14.01 | 24.40 4.1
315 | 6.156E—-8 | 13.00 | 21.90 1.3 525 | 4.79E-8 | 13.97 | 24.67 4.2
360 | 2.78E—-8 | 13.06 | 22.25 1.3 600 | 1.83E—7 | 13.76 | 25.47 4.3
405 | 2.84E—8 | 13.04 | 22.68 1.4 675 | 3.91E—T7 | 13.44 | 26.84 4.6

K = K20,25 X Kb 95 (N = 1002)
Relative # of iter. Time
r error main | sub | (sec)
100 | 2.06E—8 | 14.00 | 21.91 7.5
200 | 1.11E—7 | 14.01 | 22.11 7.6
300 | 3.09E—7 | 14.54 | 23.60 8.1
400 | 2.00E—8 | 15.00 | 24.27 8.3
500 | 2.89E—7 | 15.29 | 28.64 9.8
600 | 3.67TE—7 | 14.29 | 27.05 9.3
700 | 1.27TE—7 | 14.02 | 27.30 9.4
800 | 8.33E—8 | 14.06 | 28.43 9.8
900 | 6.50E—8 | 14.05 | 27.99 9.6

TABLE 3
Awverage relative errors, numbers of iterations, and running times for various larger cones.

Relative # of iter. Time

K N error main | sub | (sec)
Ka0,50 2001 | 1.58E—7 | 15.42 | 23.88 | T7T1.7
K50,60 3001 | 1.87E—7 | 16.04 | 24.34 | 205.2
K% 50 2001 | 3.75E—7 | 13.30 | 22.68 | 67.2
Ko 60 3001 | 1.12E—7 | 14.00 | 24.88 | 207.8

Ks0,35 X K&y 55 | 2102 | 2.13E—7 | 15.44 | 3150 | 64.4
Kas5 x Kb 4o | 3152 | 2.13E—7 | 16.16 | 32.86 | 183.0

similar size N, the algorithm requires less time to solve the mixed cone problems,
even when more subiterations are required.

7. Conclusion. In this paper, we extend the combined smoothing and regu-
larization method of Hayashi, Yamashita, and Fukushima [16] via a barrier-based
smoothing approach to solve general variational inequalities over convex sets using
barriers with definable gradient maps, under assumptions of uniform nonsingularity
of the Newton system, and semismoothness of F'. We further demonstrate the general
applicability of the extension by showing that the universal barrier has a definable
gradient map when the underlying set is definable in the o-minimal structure R]}fﬁlg.
On the practical side, we study the application of the barrier-based smoothing ap-
proach to complementarity problems over epigraphs of matrix operator and nuclear
norms. We prove that the uniform nonsingularity assumption is satisfied when the
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solution is nondegenerate. We also provide preliminary numerical results as evidence
of the practical efficiency of the approach.
We would like to end with some open questions.

1. A conjecture by Kaiser [17] on the compatibility of the Lebesgue measure for
o-minimal structures in general, if proven true, would imply the general appli-
cability of our approach to any definable convex sets.

2. The sufficient condition for uniform nonsingularity of the Newton system stated
in Theorem 4.4 is a consequence for nondegeneracy when the underlying set be-
longs to various classes of cones, including symmetric cones and the epigraphs of
matrix operator norm and nuclear norm. However, we think that nondegeneracy
is not sufficient in general. An open question is to give a sufficient condition that
is independent of the choice of the barrier used in the smoothing approximation.

Appendix A. Verification of (6.13) in Lemma 6.1. We first verify the
coefficients of the h;;’s in (6.13). For any 1 < i < j < m, it follows from (6.7) and
(6.9) that as k — oo,

(@85 — o7k) (@04 — 05 4) ((x5)* = (@)*)((25)* — (7)*)
)2

— " =
(@5 x =07 )(@5 =05 )+ 203 (23 Foinoin)  ((@5)2—(07)?)((25)*—(05)?)+0
if r<i<y,
(xak - 01'2,1@)(33(2),1@ - jzgk) . %k(ﬂﬁak - 32‘,;@)

(@8 =07 ) (@5 =07 1)+ 203 (5 1+ 03 kT 1) a Ti o (25 =075 1) = Ti k(25 + 00,105 k)

75 ((25)* = (05)%)

z5(2§)2—(05)3)+0 — 1 ifrt <1 <r<y,
w5 (25)2—(3)%) : o )
- %@W?%%ﬁ%%wﬁ:i—%ﬁﬂanlhgﬂgr<L
x5 %0 o .
Tx0- 2 P iti <rfandj<r,

($§,k*01‘2,k)($(2),k*012',k)
_ 25,

(@1, =07 1) (@ k=03 1) 203 (20 p+oikojk)  EBa—o) @, —0h)

+(@  + 0ik0sk)

Z;Li
. ($§,k*01‘2,k)($(2),k*012',k)
limy o0 252
— : G, o2 —oTs) - =:1—-q4 € [0,1]
limy_ o0 22 + 2(330)

if r < i < j < r. Here we have assumed, without loss of generality, that the sequence

{ (@8, —0% k) (¥5 k =0}
Q,ui

Similarly in verifying the coefficients of the h;;’s, for every 1 <i < j <m,

”“)} converges to a limit in [0, oo].

(55871@ - 01'2,1@)(55%71@ - 32‘,1@)

— 1
(55871@ - 01'2,1@)(5”%71@ - 032‘,1@) + 2ﬂi(x(2),k — 00 k0 k)

if r <¢<3,

(xak - 01'2,1@)(33(2),1@ - jzgk) _ Ui,k(xak - ?;k)
(xak_Uzk)(m(%,k_sz,k)+2:u%(x%7k — 0 k0 k) Ui,k(xak - U_?,k) - Tz',k(%ak — 0i k0 k)
25((25)* — (o)) x5+ 0} =1 ifrf <i<r<j,

=: fi; € (0,1) ifi <rf <r<jy,

w5 ((@5)2—(07)?) —riag(ag—0})  ag+of —7;
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and
(xak 7; ,k)(x%k - JQk)
(@3 x — 07 (@h 4 — 02 1) + 263 (25, — 0 k0 k)
(550 kT 01'2,1@)(55%71@ - j2'7k)
(@5 x — 07 (@3 5 — 07 1) + pi (o, — i k) (To + k) + pE (o + 04k ) (o k
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_ (1 4 =T r(@ok +05k)  —Tik(Tok +Ui,k))_
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Next we verify the coefficients of the h;;’s. For 1 < i < m,
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Similarly to the coefficients of the ﬁij’s, the coefficient of each hl in the second
and third terms of (6.13) is

1 if r <,
1—ay€[0,1] ifrf <i<r,
0 if i <7k,

Finally we verify the coefficients of ko and the h;’s in the first term of (6.13).
First consider the limit of C,;lbk. The ith entry of —C,;lbk is

2
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if » < 4. Thus —Ck_lbk — (1,..., 1, apt41,---,r,0,...,0), where there are 7* ones
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and (m — r) zeros. Next we consider the limit of
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