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Abstract

In dynamic regression models conditional maximum likelihood (least-squares)
coefficient and variance estimators are biased. From expansions of the coefficient
variance and its estimator we obtain an approximation to the bias in variance es-
timation and a bias corrected variance estimator, for both the standard and a bias
corrected coefficient estimator. These enable a comparison of their mean squared
errors to second order. We formally derive sufficient conditions for admissibility of
these approximations. Illustrative numerical and simulation results are presented
on bias reduction of coefficient and variance estimation for three relevant classes
of first-order autoregressive models, supplemented by effects on mean squared er-
rors, test size and size corrected power. These indicate that substantial biases do
occur in moderately large samples, but these can be mitigated substantially and
may also yield mean squared error reduction. Crude asymptotic tests are cursed
by huge size distortions. However, operational bias corrections of both the esti-
mates of coefficients and their estimated variance are shown to curb type I errors

reasonably well.
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1. Introduction

Using conditioning on initial observations maximum likelihood estimation corresponds
to least squares estimation in normal dynamic regression models. It is well known that
the resulting estimators of the regression coefficients and of the disturbance variance,
and consequently the coefficient variance estimator, are all biased in finite samples.
With regard to the estimation of the disturbance variance, asymptotic approximations
can be used to show that deflating the sum of squared residuals not by the sample size
(T'), but by the smaller number known as the degrees of freedom, reduces the order
of its bias by a factor of T~!. Kiviet and Phillips (1998) shows that this bias can be
reduced by another factor 7! when employing a much more sophisticated expression
for degrees of freedom correction. A natural extension to this work is to examine the
bias in estimators for the variance of the coefficient estimates. In addition to this, we
shall also examine the variance and mean squared error of a bias corrected estimator of
the full vector of coefficients, from which conclusions can be drawn on the effectiveness
of bias correction and on appropriate variance estimation of (bias corrected) estimators
and their effects on test size in stable normal ARX(1) models. In this class of model the
dependent variable is determined linearly by an arbitrary number of strongly exogenous
stationary or nonstationary regressor variables, the one period lagged dependent variable
with coefficient smaller than one in absolute value, and by normally distributed i.i.d.
disturbances.

We obtain our approximations to finite sample moments by extending the approach
followed by Nagar (1959) in such a way that the approximation errors of the results are
of order T=! or T2, as in Mikhail (1972), or even smaller. This requires the develop-
ment of a Taylor-type expansion and then the analytical evaluation of the expectation
of expressions which involve terms consisting of products of up to four quadratic forms
in standard normal vectors. In Kiviet and Phillips (2000) this methodology has been
used to show that 2SLS variance estimation in static simultaneous models is upwards
biased. The approximation of the moments of statistical estimators in stable autore-
gressive models by use of asymptotic expansions has already been undertaken for well
over half a century. Most early work is particularly concerned with the estimator of the
serial correlation coefficient in a first-order autoregressive Gaussian process, see Bartlett
(1946), Hurwicz (1950), Kendall (1954), Marriott and Pope (1954), White (1961), Shen-
ton and Johnson (1965) and Sawa (1978). In the latter three studies, which focus on
the AR(1) model (with no, a known, or an unknown intercept) an analysis is also given
of the variance of the least-squares coefficient estimator. Results on its mean squared
error for the model with unknown intercept and nonnormal errors have recently been
obtained in Bao (2007). No work has been done yet, however, to find out how well the

usual standard deviation estimator estimates the true standard errors in general linear



dynamic econometric models, and what the options are for bias correction of variance
estimators of (possibly bias corrected) coefficient estimators. Nor have we seen a rather
simple proof of the general admissibility of the Nagar approach as presented here in
Appendix A.

Our results concern a more general model than the AR(1), because we allow for any
number of arbitrary exogenous regressors in the autoregressive model. As is usual in
that context, we will condition on the initial value of the dependent variable. In Kiviet
and Phillips (1993, 2012)! the focus of attention is the bias of ordinary least-squares
(OLS) estimation of all the regression coefficients in the first-order normal linear dynamic

regression model. Here the focus is their second moment. The model is
y=M-+XB+u, (1.1)

where y = (y1,...,yr) is a T X 1 vector of observations on a dependent variable, y_; is
the y vector lagged one period, i.e. y_1 = (yo,...,y7-1), and X is a full column-rank
T x K matrix of observations on K fixed or strongly exogenous regressors (such as a
constant, a linear trend, step/impulse/seasonal dummy variables or any other covariates
not affected by feedbacks from the dependent variable). The scalar coefficient A (with
|A| < 1) and K x1 coefficient vector (5 are unknown, and u is a T'x 1 vector of independent
Gaussian disturbances with zero mean and constant variance 0. The approach that we
follow might allow a relaxation of the normality assumption and enable results explicit
in cumulants (up to a certain order, see Bao and Ullah, 2007) of the disturbances to
be obtained, but this would clutter the already quite complex expressions substantially
and is therefore avoided here; the same can be said regarding increasing the order of the
dynamics (including y_» etc.) or allowing for a random start-up value?. Thus, the present
derivations should be seen as a necessary stepping stone in establishing more general
results. Although for some special cases of the class of models considered presently
exact results are already available, whereas application of the bootstrap may implicitly
achieve some of the purposes of our analytical procedures, we nevertheless think that it
is useful to follow and develop the present approach, because eventually it should enable
a better understanding of the actual nature of finite sample problems especially in cases
where it seems impossible to ever obtain exact results and for situations where the
bootstrap may break down (as for instance, close to the unit circle and in the presence
of further weakly exogenous regressors which would complicate the design of appropriate
resampling schemes).

We first reiterate earlier results on the finite sample bias of OLS and next focus

on the usual estimator of the (asymptotic) variance of the OLS estimator & of the full

For related work in stable ARX models see also Kiviet and Phillips (1994) and Kiviet et al. (1995).
The finite sample characteristics of the first two moments of the least-squares coefficient estimators in

dynamic models with a unit root is analyzed in Kiviet and Phillips (2005).
?Results for variance estimation in ARX(1) models with random yg can be found in KP (2010).
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coefficient vector o = (A, )" and its bias, and we shall develop a bias corrected variance
estimator. We shall also consider a bias corrected estimator & of @ and examine its mean
squared error and compare with &, both analytically and experimentally in simulations.
Rewriting (1.1) as

y=Za+ u, (1.2)

where Z = (y_1, X), the OLS estimator of the (K + 1) x 1 vector « is
a= (227", (1.3)

and, based on regularity conditions and asymptotic and finite sample arguments, its

variance V(&) = E[& — E(&)][& — E(&)]’ is usually estimated by
Via)=s*(2'2)"", (1.4)

where (v — Za)(y — Z4)
y—La)ly — Lo
s* = AT (1.5)

Occasionally the degrees of freedom correction is omitted and o2 is estimated by the ML

estimator 6% = (y — Z&)'(y — Z&)/T. The coefficient variance estimator 6%(Z'Z)~" dis-
regards finite sample considerations. Note that in this model the derivation of moments
such as E (&), V(&) and E[V (&)] is non-trivial, because Z is stochastic and depends
linearly on u, whereas & depends on u and nonlinearly on Z, so these moments involve
expressions which are all highly nonlinear in .

Below in Section 2 we first rewrite Z in such a way that its dependence on u becomes
fully explicit, and next we produce, for the various moments of interest, expansions
consisting of individual terms whose expectations can be obtained analytically upon
using particular basic results. From these we obtain approximations to the MSE (mean
squared error) and the true variance of & in the general ARX(1) model, and also to
the expectation of estimators of this variance. Even though we do not start off from an
explicit representation for the true variance (but only from a higher-order asymptotic
approximation), these results can be used to develop a bias correction to the standard
asymptotic variance estimator. In Appendix A we prove (which is a novelty in this line
of research) the validity of the claimed order of magnitude of the approximation errors,
and hence the admissibility of the Nagar approach in this model. Next, in Section 3,
we examine the first and second moments of an implementation of a bias corrected
estimator, which is unbiased to order T~!. In Section 4 we specialize the general results
and examine their implications for the specific case of a simple AR(1) model with an
unknown intercept. Here some remarkably simple analytic results on the scope for bias
and mean squared error reduction are obtained. In Section 5 we verify by Monte Carlo
simulation the numerical magnitude of the bias of alternative coefficient and variance

estimators and their effects on test size and power for a range of particular cases. Finally,
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in Section 6, we summarize our main conclusions. Proofs are indicated in a series of

Appendices; more detailed proofs can be found in Kiviet and Phillips (2010).

2. Bias of variance estimators in ARX(1) models
The starting point for our analysis is summarized as follows.

ASSUMPTION 2.1: In the first-order dynamic regression model y = Ay_1+ X +u, where
the scalar \ and the K x 1 vector [ are unknown coefficients, we have: (i) stability, i.e.
Al < 1; (i) the matriz Z = (y—_1,X) is such that Z'Z = O,(T); (iii) the T x (K + 1)
matriz Z has rank(Z) = K + 1 with probability one and E(Z'Z) is nonsingular; (iv) the

regressors in X are strongly exogenous; (v) the disturbances follow u ~ N(0,02I7).

For the derivations to follow the assumption (ii), which excludes a linear trend or
any [(1) regressors, yields a worst case analysis. The approximations we obtain can be
shown to be valid as well when some of the regressors are nonstationary, see Kiviet and
Phillips (2012). The only difference is that they then have a higher degree of accuracy
than under (ii). In what follows moments will always be taken conditional on X and yq
(without indicating this explicitly).

In order to distinguish the fixed (conditional on X and yy) and Zero-mean stochastic
elements of the regressor matrix Z, we decompose Z = Z + Z, where Z is defined as the

mathematical expectation of Z, i.e.

N
I

E(Z) = [E(y-1), X] = (§-1, X) (2.1)

Z—=7Z=y1-9-1,X =X)=(9-1,0) = j-1¢}, (2.2)

N
I

where e; = (1,0, ...,0)" is a unit vector of K + 1 elements. It follows directly from model
(1.1) that

1 0 0 Yo
A1 : ) p
R W : !
g,lz 26 5 (23)
. 0 .
D W | zh B

where X’ = (x1,...,o7), and hence we find that Z is determined by X, 5o, 8 and .



Defining

1 0 0
A 1 0
A2 Al :
F and C' — 0 | (2.4)
AT M=2 . o a1 0
one can easily verify that
joi=Cu and  Z=Cue,. (2.5)
We find
E(Z'Z) = E(Z+ Cue))(Z + Cue)) (2.6)
= 7'7 4 c*tr(C'Cesé,

and we shall denote the inverse of E(Z'Z) by @), whereas ¢; denotes the first column of
@, and ¢y the first element of ¢, hence:

Q=[EZ2Z)", ¢t =Qe1, q1 = €, Qex. (2.7)

Using the same notation the following results have been proved in Kiviet and Phillips
(2012).

THEOREM 2.1: Under Assumption 2.1 the bias of the least-squares estimator (1.8) can
be approximated to first order as E(& — ) = By(&) + o(T 1), where

Bi(d) = —o*[tr(QZ'CZ)q1 + QZ'CZqy + 20°q11 tr (CC'C) q1].

COROLLARY 2.1: Under Assumption 2.1 the bias of the least-squares estimator A can

be approximated to first order as

E(A=)) = —0°[qu t1(QZ'C2) + ¢, Z'CZqy + 20°¢5, tx(CC'C)] + o(T ™).
In fact, Kiviet and Phillips (2012) presents a more accurate and complicated second or-
der approximation to the bias of &. However, for our present purposes the O(T~!) bias
approximation of Theorem 2.1 suffices. Notice that the bias approximation in Theorem
2.1 involves the term tr (CC’C') which is O(T'). This could be replaced by an approxima-
tion in A, correct to O(1), without changing the order of the bias approximation. Such
an approximation is given in Appendix G but we prefer not to introduce it in Theorem
2.1 because it is somewhat cumbersome. In later theorems and corollaries other trace
terms involving the C matrix will appear and suitable approximations for them can also

be found in Appendix G.



In order to obtain the bias approximation in Theorem 2.1 one has to find an expansion
(in this particular case of the estimation error) in such a form that successive terms are of
decreasing stochastic order so that the order of the remainder term is known, whereas the
individual terms in the expansion have an expectation which can be derived analytically.
Such results have been presented for various settings and special cases in the literature
already but usually little attention is being paid to their validity, in particular to the
existence of the expectation of the remainder term in the expansion. That the type of
approximations that we use in the present model are admissible is demonstrated for the
result in Theorem 2.1 in Appendix A. Irrespective of whether one wants to approximate
(the bias in) the first or the second moment of estimators for the coefficients (or for the
disturbance variance), the typical expansion will involve terms in which particular types
of expressions occur frequently. For many of these typical expressions their expectation
can be found in Kiviet and Phillips (2010, 2012), see also Bao and Ullah (2010) and
Ullah (2004).

We shall present results now that are relevant in order to obtain further insight into
matters of interest regarding (the estimation of) the second moment of the full vector

of least-squares coefficient estimators. In Appendix B we derive:

THEOREM 2.2: Under Assumption 2.1 we find for the variance of the estimator & the
approzimation V(&) = E{[& — E(&)][& — E(&)]'} =

a%Q

+o{[tr(QZ'CC'Z) — 2tx(QZ'CCZ) + tr(QZ'CZQZ'CZ) |,
—QZ'(CC+C'C+ C'CNZqudy, — ud, Z'(CC + C'C + C'C") ZQ
+QZ'CZq,Z'CZQ + QZ'(C + C"NZqud, Z'C' ZQ
+q ) Z'(C+ CNYZQZ'CZQ + ¢, 2'C'ZQZ' (C + C") ZQ
+QZ'(C+CNZQZ'CZaq1q, + QZ'C'ZQZ(C + C") Zqud,
+tr(QZ'C2)(uy 2'CZQ + QZ'C' Zquqy) + (¢, 2'CZq)QZ' (C + C')ZQ
+qu[tr(QZ'C2)QZ (C + CNZQ + QZ'(CC' — CC — C'CZQ

+QZ'CZQZ'CZQ+ QZ'C'ZQZ'C'ZQ)}

1+20%{6¢, Z'CZq, tr(CC'C)q1q}
Fau[tr(CC'CCY) — 44x(CC'CC) — 2tx(CC'C'C) + 2tr(CC'C) t1(QZ'CZ) qud,
+qu tr(CC'C)2QZ'CZqvqy + 2011 2'C'ZQ + 3QZ'C' Zawqy + 31y Z'CZQ)
@3, tr(CC'O)QZ(C + C)ZQ}

+200°¢1[tr(CC'O)Pqugy + o(T72).

COROLLARY 2.2: Under Assumption 2.1 we find from Theorem 2.2 for the variance of
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the estimator X the approzimation V()) = E[A — E(\)]2 =
oqn
+o'{5(12'CZq)?
+qu[6¢, 2'CZQZ'CZq + 4¢,Z2'C' ZQZ'C Z
+¢,Z'(3CC" — 60C —4C'C) Zqu + 44, 2'CZ a1 tr(QZ'C 7))
+¢[tr(QZ'CC'Z) — 2tr(QZ'CCZ) +tx(QZ'CZQZ'CZ)]}
+20%{18¢3,¢,2'C Z g, tr(CC'C)
+¢3,[tr(CC'CC") — 4tr(CC'CC) — 2tr(CC'C'C) 4 2tr(CC'C) tr(QZ'C Z)]}
+200%q1, [tr(CC'C))? + o(T2).

Next we shall examine how closely the above rather complex approximation to the
actual variance of the coefficient estimator corresponds to the expectation of the usual

estimator for the true variance. In Appendix C we prove:

THEOREM 2.3: Under Assumption 2.1 we find for the expectation of the usual estimator
V(&), given in (1.4), of V(&) the approzimation E[V(&)] = E[s2(Z2'Z) '] =

o?Q + o {[tr(QZ'CC'Z) = 2T tr(C'C)lnd; + QZ'CC" Zauqy + (s + Q) Z'CC"ZQ}
+20%q11 tr(CC'CCNquq, + o(T2).

COROLLARY 2.3: Under Assumption 2.1 the expectation of the usual estimator of the

variance of the estimator X can be approzimated as EN(N)] = E[s2¢}(Z'Z) te,] =

o*qn + o 3qu () 2'CC' Zqy) + ¢ [tr(QZ'CC'Z) — 2T tr(C'O)]}
+20%¢3, tr(CC'CC’) + o(T3).

Note that the approximation to order T (the leading term) of both V(&) and E[V(&)]
is simply ¢2Q. However, the second-order approximations of V(&) and E[V(&)] differ
markedly with respect to contributions of order 7-2. Note that Theorem 2.3 implies that
the first-order approximation to E[6%(Z’'Z)~"], the estimator which omits a degrees of
freedom correction, is given by 02Q) too; self-evidently, the degrees of freedom correction
does not affect the leading term. Since the second-order approximation to E[6*(Z'Z)~}]
equals the expression given in Theorem 2.3 plus the term —%UQQ we find that this
differs from both the expressions given in Theorems 2.2 and 2.3. Whether or not these
differences have an actual magnitude that is worth bothering about has to be found out
by numerical evaluation of these expressions for given values of X, vy, a and o2 at relevant
sample sizes T', and by comparing these approximate expressions with estimates of the
true variance which can be obtained from Monte Carlo experiments. If these differences

can be substantial it would seem interesting to develop a corrected estimator of V(&),
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say V(&), which adds particular terms to the standard estimator V(é), such that E[V(&)]
is equivalent to V(&) to second order. We shall elaborate on the issue of bias reduction
of variance and of coefficient estimators in the next section.

A more focussed comparison of the above analytical results on variance matrices is
possible if we limit ourselves to the simpler scalar results for the single lagged dependent
variable coefficient \. Again we note that the two approximations given in Corollaries
2.2 and 2.3 differ substantially with respect to their order 72 terms, which may be an

indication that there is scope for developing a second-order unbiased estimator \7(5\) for
V().

3. The efficiency of bias corrected coefficient estimators

The approach already laid out in the foregoing section consists of three stages: (i)
approximate the second moment of a coefficient estimator to second order and next,
(ii) obtain to second order the expectation of a variance estimator of that coefficient
estimator in order to, (iii) exploit these results to correct the variance estimator such
that it will become unbiased to second order. This can also be applied to a bias corrected
least-squares estimator in which the result of Theorem 2.1 has been exploited such that
the corrected estimator is unbiased to order T—!. For the expression & — B;(&), with
Bi(&) as given in Theorem 2.1, it is obvious that this has expectation a + o(T~1), but
it is not an operational estimator, because o2, ), Z, and C are unobservable. However,

consider the operational corrected ordinary least-squares (COLS) estimator defined as

& & — By (&), with (3.1)
él(&) = —sQ[tr(Pz'C’Z)pl + PZ’C’Zpl +25%p1 tr(é’é"é’)pl],

where & and s* are the usual least-squares estimators, P = (Z'Z)~!, which has first
column p; with first element py;, Z = (ﬁ’ vo + C X3, X ) and C corresponds to C (as F
corresponds to F') with the unknown A replaced by M. In Appendix D we show that
the difference between the corresponding terms in the non-operational and operational
forms of the COLS estimator are of stochastic order 7-3/2; hence both estimators have

the same expected value to order 7!. Thus we have:

THEOREM 3.1: Under Assumption 2.1 the COLS estimator & = & — By(&) given in
(3.1) is unbiased to order T™!, i.e. E(&) = a + o(T1).

COROLLARY 3.1: Under Assumption 2.1 the COLS estimator \ for \ defined as

~

A=A=Bi(\) = A+ [ Z2'CZpy + piu tr(PZ'CZ) + 252p3, tr(CC'O))]



is unbiased to order T!.
For estimator & we obtain in Appendix E:

THEOREM 3.2: Under Assumption 2.1 we find for the variance of the bias corrected
estimator & given in (3.1) the approximation V(&) = E{[& — E(&)][& — E(&)]'} =

a%Q
+o{[tr(QZ'CC'Z) +tx(QZ'CZQZ'CZ)]qiq,
+QZ'CC' Zqud, + 1¢,Z'CC'ZQ + QZ'CZqu ¢, Z'C' ZQ
+QZ'CZQZ'CZwq, + g, Z'C'ZQZ'C' ZQ + qu1QZ'CC' ZQ}
+20%{2q1 Z'C Zq, tr(CC'C)qrq; + qu1 tr(CC'CC"quq}
+q11 tr(CC'ONQZ' CZqwqy + 1y 2'C'ZQ1}
+408¢2, [tr(CC'O) 2 quq) + o(T™2).

COROLLARY 3.2: Under Assumption 2.1 we find V(\) = E[\ — E(\)]? =

02%1 +

+o (4, Z'CZq1)? + g (24, 7' CZQZ'C Zqy + 3¢, Z'CC' Zqy)
A [1(QZ'CC'Z) + t(QZ'CZQZ'CZ)]}

+209[4¢2,¢, Z'C Zqy tr(CC'C) + ¢, tr (CC'CC)]

+408¢H [tr(CC'O))? + o(T72).

Note that the expression for the second order contribution to the variance of the corrected
estimator is substantially simpler than for the uncorrected least-squares estimators given
in Theorem 2.2 and Corollary 2.2.

In deriving Theorem 3.2 and its Corollary 3.2 we have also obtained an approximation
for the MSE of the corrected estimator, because the variance and MSE are equivalent up
to the order of the approximation. Comparison of these with the MSE of the uncorrected
estimator, which of course differs from the variance in the O(7T2) terms due to the
O(T™') coefficient bias, yields information on any possible efficiency gains or losses
through bias correction.

From the results in Theorems 2.3 and 3.2 it follows that the variance of the COLS
estimator V() can be estimated unbiasedly to order T-! by V(&) = s2(Z'Z) ! = $*P,
i.e. the standard OLS estimator, because V(&) and E[s*(Z’Z)~!]| both have leading term
0?@Q). However, from the same Theorems it also follows (proof in Appendix F) that an

estimator which is unbiased to the order of T2 can be constructed as follows.

THEOREM 3.3: Under Assumption 2.1 the estimator for the variance V(), of the bias

corrected estimator & given in (3.1), has EN(&) — V(&)] = o(T2), and hence is almost

10



unbiased, if we define V(a) =
s*P
+sH{[tr(PZ'CZPZ'CZ) + 2T tx(C'C)|p1p,
+PZ'CImp Z'C'ZP + PZ'CZPZ'CZpipy + mp, 2'C' ZPZ'C' Z Py
+25° tr(C’@ OV2(p, 2'CZpy)prph + pra(PZ'CZpyp) + pipi 2'C' 2 P)]
+4s*p [tr(CC'C)Ppap.

COROLLARY 3.3: Under Assumption 2.1 the variance estimator V(X) of the corrected

Q>

estimator X is unbiased to second order for its true variance V() when defining V() =

s*pu +
+sH (P Z'CZp)? 4 2o (P, 2/ CZPZ'CZpy) + p2\[te(PZ'CZPZ'CZ) + 2T tr(C'C))}
+8s5p2, !t Z'C Zpy tr(CC'C)
+45%pt [tr(CC'C))2.
It is relatively easy now to obtain, in the same spirit as the result of Theorem 3.3,
an operational bias corrected estimator V(@) for the variance of the uncorrected OLS

estimator. In the next sections we shall just encounter its element \7(5\), and for the sake

of completeness we simply present therefore (without further derivations) its formula

v

VA = s*piy + (3.2)
+5{5(p, 2'CZpy)°

1|69, 2'CZPZ'CZp, + Ap, Z'C' ZP 7' C Zp,

—6p, Z'CCZpy — 4p, Z'C'C Zpy + 4, Z'C Zpy tr(PZ'C Z)]

+p2\[te(PZ'CZPZ'CZ) — 2tx(PZ'CCZ) + 2T tx(C'C)]}
+55436p2,p, Z'C Zp, tr(CC'C)

—p2,[8tx(CC'CC) + 4tx(CC'C'C) — 4tx(CC'CY tr(PZ'CZ)]}
+205%p?, [tr(CC'C))2.

4. Results for the AR(1) model with intercept

In this section we focus on the variance of the OLS and COLS estimators for the lagged
dependent variable coefficient A in the model of Assumption 2.1 with an intercept as the

one and only exogenous regressor, hence
Ye = Ay—1 + 0+ s (4.1)

In order to obtain specific results for this special model from our general formulas given

in the earlier sections, it is helpful to rescale the model. Defining

— p

11



and substituting in (4.1), we obtain y; = Ay ; +u;/o, indicating that general results for
the AR(1) model with unknown intercept and arbitrary start-up are obtained by taking
in fact a unit disturbance variance, zero intercept and start-up value g, indicating that
all results will be invariant with respect to 5 and o.

Corollary 2.1 easily reduces for this AR(1) model to the well-known Kendall (1954)

approximation (proofs for all results in this section can be found in Appendix G)

EA—)\) = —% (143X) +o(T™). (4.3)

Hence, this approximation proves to be valid irrespective of 3, o and the nature of the

start-up value 1. From Corollary 2.2 we find for the true variance

T—=A2 1A, 1—4)—14)°
T 12 T T?

V(A) = +0o(T72), (4.4)

where the leading term (1 — A?)/T is simply the asymptotic variance of A. Notice that

~

the variance V() decreases the more y, deviates from its stationary mean /(1 — \).

~

Obviously, by adding to V() the square of the first-order bias, we obtain

1—-XA 1= ,  A10+23))
T T ot T

MSE()) = +o(T™2). (4.5)

For the expectation of the standard variance estimator, which is here

V() = s’pn = & [ZT) (ytl - %é%l)gl _1, (4.6)

t=1

we find, using Corollary 2.3,

1-X 1-) *2+2+2>\+5/\2

+o(T73). (4.7)
It is obvious that \7(5\) is unbiased to order 7!, but biased to order 7—2, since its second
order term differs from the corresponding one of (4.4). So, even though we do not know
V() exactly, we find from its approximation that the standard estimator is biased to

second order, viz.
~ S 322 —9)?
e[V — V(i) = 22
implying that V()) overstates (omitting o(7~2) terms) whenever —0.699 < A < 0.477

and understates otherwise. Employing the same type of reasoning as in Section 3 we

+0o(T™?), (4.8)

~

can obtain an almost unbiased estimator of V(\), viz.

~

- a2
. —2X =9\

\A/<5\) - T2 )

(4.9)
which is unbiased to O(T~?), and is a special case of (3.2).
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For the simple model (4.1) our implementation of COLS leads to (¢f Sawa, 1978,

p.165)
| o TH+3: 1
= —(1 =——A\+=. 4.1
A >\+T( + 3X) T A+T (4.10)

Specializing now the result of Corollary 3.2 for this AR(1) model we obtain

1-X 1= *2+5+4)\+8)\2

V()\) = T T2 Yo T2

= V() +6 (1 ;32) +o(T72).

+o(T7?) (4.11)

Note that this reflects the fact that correcting an estimator for bias will invariably lead
to an increase in variance. However, from (4.5) and (4.11), which is a second order

approximation to MSE(A) too, it also follows that

5— 6\ — 15)\2

MSE(}) = MSE(}) + e

+o(T7?), (4.12)
from which a rather precise result follows, viz.:

THEOREM 4.1: In the AR(1) model with intercept the OLS estimator X\ is likely to
be more efficient than the bias corrected estimator A\ only when —0.811 < A < 0.411,
because to order T—2 such X values imply MSE(X) < MSE(X), and the reverse otherwise.

Hence, if A > 0.411 it seems always beneficial to use the COLS estimator in this model.
In a similar way, it can be derived for the AR(1) model with no (or known) intercept
that bias correction yields a MSE reduction when |A| > 0.707.

An asymptotically valid estimator for the variance V(}) is provided by V()), but an

estimator unbiased to order T2 follows simply from (4.11) and (4.8), viz.

v v

- ~2
342X+ 3\
V(A) —

T2 ’

V(A) + (4.13)
although the correction could also be evaluated in A. Note that \7(5\) is negatively biased
for V() to second order, because 3 + 2\ 4 3A2 > 0.

Bias correction of AR(1) models has been entertained in the literature in many
studies, see inter alia Copas (1966), Orcutt and Winokur (1969), Rudebusch (1992)
and MacKinnon and Smith (1998). All these studies based their bias correction on the
Kendall (1954) approximation to the bias (4.3), although, instead of using (4.10), all the

studies just referred to used a bias corrected estimator A which is obtained by solving

. .1 .
A=A——(1+3)).

T
This yields a bias corrected estimator which slightly differs from (4.10), viz.
: T . 1
A= A 4.14
T-3 * T-3 ( )



leading to the following relationships:

THEOREM 4.2: In the AR(1) model with intercept the corrected estimators \ and \
are both unbiased to order O(T™Y), but A has uniformly (for any |A| < 1) smaller

second order bias than )\, whereas the latter is uniformly more efficient than A because

MSE()\) < MSE(A) to order T2

Note that there is no straightforward generalization of A for general ARX models unless
one is willing to solve highly non-linear equations. In the next section we shall examine

the actual numerical significance and accuracy of all the above analytical findings.

5. Numerical results

We shall examine the estimators 5\, A and )\, their actual bias and efficiency, the accuracy
of the approximations to their first two moments and the qualities of their respective
(bias corrected) variance estimators for three types of models, viz.: (i) model (4.1), i.e.
the AR(1) model with intercept; (ii) the AR(1) with both intercept and linear trend;
and (iii) the autoregressive model with an intercept and one strongly exogenous regressor
generated by an AR(1) process itself. For that purpose we perform various numerical
evaluations and execute a series of Monte Carlo experiments in which we shall also
examine the effects on test size when bias corrected coefficient or variance estimators
are used.

~

In what follows we simply write V(\) for what in fact is the Monte Carlo estimate
of V(S\) Because we generated a great number of replications (10°) for each design
the Monte Carlo estimates will be very close to the actual population characteristics.
Also for the mean over the Monte Carlo replications of A we simply write E(\) and
the Monte Carlo estimate of the bias E(A) — A of A is indicated as B()), and likewise
for A and A. For the mean over the simulations of V(\) we write E[V())], and similarly
for the estimated expectations of V(A) and V(}). Often the results are given as ratios.
Self-evidently, when E[V(A)]/V()) is unity this indicates unbiasedness of V() and values
smaller (greater) than one are found in case of negative (positive) bias, whereas the ratio
MSE(})/ MSE()) indicates an efficiency gain due to bias correction if it is smaller than
unity, and so on. In accordance with Assumption 2.1 we restrict ourselves to |\| < 1
in all experiments, with an emphasis on positive values. As we also want to explore in
particular where in the parameter space the (higher-order) asymptotic approximations
break down (which they naturally will do in extreme cases) we examine rather small

values of T" and a range of A\ values including 0.99.
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5.1. Results for the AR(1) model with intercept

In the AR(1) model with intercept only, we have two versions of all asymptotic approx-
imations, viz. the general formulae of Sections 2 and 3 after substituting X = ¢, which
we call the untrimmed expressions, and those of Section 4, which we call the trimmed ex-
pressions, because all higher-order terms have been eliminated here. In Tables 1 through
3 we examine the trimmed expressions for the AR(1) model with intercept, assuming
mean-stationarity, hence y5 = 0, giving E(y;) = /(1 — A). Note that all results for the
mean-stationary AR(1) model given here are invariant with respect to 5 and 0. We
write V() for the leading term of the asymptotic variance of A, which is (1 — A\?)/T.

The second-order asymptotic approximation to V() is denoted as V5 (\). Using (4.4) we

find
1—XA 1-X ., 1—4)—14)°

T ™ 0 T2
Apart from the bias in V(A) we also examine the bias of two alternative estimators of
V(A), viz. Vy(A) and V(A). By V5()) we denote the estimator obtained by replacing
by A in (5.1), and the bias corrected estimator V() is given by (4.9).

In Table 1 we find for the mean-stationary fixed start-up model the following. B(\),
the actual bias of ), its variance V() and the bias in the standard estimator V() are

given in columns (2) through (4) respectively, for various values of A and 7. In fact,

V2(5\) = (5.1)

~

column (4) presents the relative bias of V(A) plus unity. In relative terms the bias
of \ is especially serious for small values of A, and in absolute terms the situation is
worst for large positive A\. When T = 20 the coefficient bias is large (for positive A
about -25%) and also at T' = 50 it is still substantial (about -10% for A > 0.2). Note
that for substantial A the bias of A and the standard deviation of A are about of equal
magnitude. The Kendall formula suggests that the bias changes sign at A = —0.33. The
actual bias results are found to be in agreement with that, and as a matter of course
the bias is small around A = —0.3. From column (5) of this table we also see that the
Kendall formula for the bias, evaluated at the true (but in practice unknown) value of
A, is rather accurate at T' = 50 for negative and non-extreme positive values of \. For
A close to one it understates the actual bias, but oddly enough it is more accurate for

~

positive A when 7 is smaller. Column (3) shows how V() changes with A and 7T". Column
(6) shows that its first-order asymptotic approximation Vi(\) (evaluated for the true
values) is very inaccurate, especially at extreme \ values, also at T = 50. However, from
column (7) we see that the second-order approximation that we developed here is much
better, especially at T'= 50. Column (4) shows that, in agreement with our conclusions
from (4.8), the standard estimator for V()) systematically overstates for moderate and
negative (but not extremely negative) A values, whereas it is much too optimistic for
positive substantial values of A and even more so at T' = 50 than at a smaller sample

size. Column (9) shows that at small sample size our corrected estimator V() is actually
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very good and at 7" = 50 it is in fact almost unbiased, even for extreme values of A. For
smaller values of T it behaves adequately, though slightly conservatively. From column
(8) we see that the alternative estimator V,()) in (5.1) is less satisfactory for extreme X
values. Hence, Table 1 shows that in this model the bias corrected variance estimator
V() is a much better variance estimator than the standard expression V(). However,
for correcting the bias in A itself, the situation seems less promising, because even when
evaluated at the true A value the bias approximation shows some defects and, especially
for large A\ and T' = 50, results are not as accurate as regarding \V/(S\) Hence, having an
almost unbiased estimator for its variance seems cold comfort. Therefore we proceed to
examine a bias correction of \.

In Table 2 columns (3) and (4) show that the bias corrected estimator A is much
less biased than A, in general. From column (7) we see that efficiency gains (losses) can
be substantial when A is 0.8 or larger (0.2 or smaller); this is in close agreement with
the first-order results of Theorem 4.1. Surprisingly, for larger 7" the potential efficiency
losses decrease, whereas the potential gains increase. Next we examine whether we
have an adequate estimator of V(). Column (5) shows that estimator (4.13) tends to
have a negative bias. In column (6) we tried an estimator, denoted V*(\), which differs
from (4.13), because we evaluated the correction term in A rather than in A. Although
equivalent to (4.13) to second order, we see that this leads to more satisfactory results.
Note that in finite samples there is a non-zero probability that | A |> 1. The frequency of
such occurrences is reported in column (2). In practice, where one has a single sample,
one might be tempted to adjust such an estimate in one way or another, in order to
satisfy the stability assumption |A| < 1. This would of course not only affect the bias,
since the resulting distribution would be truncated and have a correspondingly different
variance. In Table 2 we did not use any such adjustments. Note that Theorem 3.1 holds
because A = A 4+ O,(T~/2), with || < 1, which does not exclude the occurrence of
| A |> 1 in the substitution (3.1) that generates A. From column (8) we see that values
of X in the non-stationarity region occur very frequently, especially when \ is extreme
and 7T is small.

The sharp increase of the frequency of values of A in the non-stationarity region
in comparison to this happening with the OLS estimator A is slightly worrying. This
increase is due to the fact that A values which are large in absolute value, induce ) values
that are even farther away from zero after bias correction. Although asymptotically
valid in general, the estimation of our correction terms is really meant for A values
which are absolutely smaller than one. These asymptotic properties are not jeopardized,
however, if we redefine A and V() such that the involved corrections of A and \A/(;\) are
only performed when | A |< 1 and leaving A and V() unchanged otherwise. In Table
2A we have done so in columns (2) through (4). We have omitted the frequencies of

estimators A\ and A falling into the non-stationarity region as these are unaffected, also
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for A, because the only effect of this re-definition is that when A is already in the non-
stationarity region, the correction is not pushing it into non-stationarity any further.
Self-evidently this adapted procedure has an effect for extreme A values only, where
| A |> 1 actually occurs, and then it leads, as we see, to a slightly less successful bias
correction of the coefficient, but also to slightly less bias in the variance estimator and
to a minor improvement in MSE.

To really avoid large frequencies of corrected estimators in the non-stationarity re-
gion, we could be more drastic in our re-definition of X, viz. not correcting \ if the
correction would lead to a non-stationary value. The estimator V()) of such a A esti-
mator could then be taken as either the original formula when ) is corrected and \A/(j\)

3. We have examined this procedure in Table 2A columns (5) through (7).

otherwise
Now there is as a rule again less bias reduction in the coefficient estimator, but the
variance estimator is always conservative and actually very good, even for very small
sample size, whereas there is a substantial improvement again in the MSE ratio’s. An
obvious attraction of this correction procedure is that it does not aggravate (but neither
precludes) the occurrence of estimators in the non-stationarity region, which after all
are a natural phenomenon for least-squares in finite samples as this technique does not
impose the stability restriction.

In Table 2B we present results for the alternative bias corrected estimator A. Theorem
4.2 predicts that this estimator is less biased than A, but less efficient too, neglecting
the effects of higher order terms. We find at the sample sizes examined (and for versions
of A and A that have been corrected in all replications) that the first property generally
holds except for A close to —1. Especially for moderate values of \ the estimator A has
much less bias. It is remarkable that A is also a bit more efficient than A when X is
large and positive, but this goes with a higher probability to produce estimates in the
non-stationarity region. Because it is computationally cumbersome to generalize A for

models with more regressors, we will stick here to the type of correction as performed

in \.

5.2. Results for the AR(1) model with intercept and another regressor

First we present a few results for the AR(1) model with intercept and trend?

Y = AYp—1 + By + Bot + uy, (5.2)

3In the latter instance one could also take \V/(j\)7 but some initial experimentation showed that this

will yield a heavily biased variance estimator when A values are close to the unit circle.
4 Generalizations of this model (also allowing A\ = 1 and higher-order dynamics) are examined in Roy

et al. (2004) where the focus is not on estimating and testing A, but on the trend coefficient.
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which we rescale by defining

., 1 1 A 1 B
v =~ [yt T (51 + mﬁz) — mﬁzt} , t=0,..,T. (5.3)

Substitution yields y; = A\y;_; + w; /0, indicating that general results are obtained by
taking a unit disturbance variance and a zero intercept and zero trend coefficient, with
start-up value y;. We examine the mean-stationary fixed start-up case, with y; = 0 i.e.
Yo = [B1 + ABy/(1 — N)]/(1 — N), for which all the results are invariant with respect to
B4, By and 0. We found that in models with more regressors than just a constant our
original correction procedures work only reasonably well for moderate values of A with
T not too small. However, if correction is performed only conditional on either \or A
not in the non-stationarity region, then results of practical interest are also obtained in
more extreme cases.

From Table 3 it is seen how badly biased ) is in the model with trend when 7T is
small. It is also seen that \A/(;\) has serious shortcomings, whereas the corrected variance
estimator \v/(j\) already works pretty well for 7" = 50. The first order bias approximation
81(5\) calculated for the true parameter values (not presented in the Table) is not very
accurate for small T, especially not for large \, and consequently the estimator A shows
still substantial bias. Nevertheless column (7) shows that it is more efficient than OLS
for A > 0.4, whereas its variance can be assessed remarkably well by V(). Column (9)
shows with what probability the corrected estimator would have obtained values in the
non-stationarity region if we had not followed again the same strategy as in the last
columns of Table 2A, which assures that \ is only in the non-stationarity region when
A is.

Next we shall perform some experiments for the stationary autoregressive model with
intercept and one strongly exogenous regressor, which itself is stationary and first-order
autoregressive, i.e.

Ye = Ayi—1 + By + Boxy + 0ey,
(5.4)
Ty = pri—1 + &
Here ¢; and ¢, are both mutually independent i.i.d. N(0, 1) series. In addition to |A| < 1

we assume |p| < 1 and strong stationarity implies

<02+ B3 HA'O). (5.5)

1—p21—Xp

V(y:) = 1_ 2
In our simulations we shall only compare models with parameter values such that they
have all equivalent signal-to-noise ratio

V(y:) — o’

2 )

SNR = (5.6)

o
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and thus, normalizing 02 = 1, we chose

1—Ap
1+ Ap|’

‘\/SNR1—A2 — (1 - p?)

which requires \> < SNR/(SNR +1). We will fix SNR = 19 (i.e. the population
R? = 0.95) and therefore have to restrict our calculations to |A| < 0.975. For the series
x¢ we chose p = 0.95 so that a relatively smooth time-series results. We generated only
one arbitrary x; series, which has been used in all Monte Carlo replications (numbering
again 10°). Hence our results do not pertain to the whole family of models (5.4), but
only to a very particular case. Note that, in agreement with this, all our theorems are
about moments of coefficient estimators conditional on X.

In Table 4 we show results for A > 0 only, but also include 7" = 100. Note that
the bias is again substantial in small samples, that for large A values \7(5\) is negatively
biased, but so is \V/(j\), although this behaves notably better. Because the first order bias
approximation 81(5\) is reasonably accurate (if A is not very large whilst 7" very small) \
shows substantial bias reduction, especially for larger 7 and moderate \. Therefore A is
much more efficient than 5\, especially for larger A values. Even when 7" = 100 and the
least-squares bias is not very large (although note that it is not much smaller than the
standard deviation of 5\) still substantial efficiency gains are achieved by bias correction.
However, \7(5\) underestimates the variance when there is an efficiency improvement,
though it is less biased than V() and V()) are. The final column shows that leaving

OLS uncorrected did not occur very often for larger 7'

5.3. Results on test statistics

Finally we examine how bias correction of either or both coefficient and variance esti-
mators affect operational test procedures in which any bias corrections have been esti-
mated. We consider various one-sided tests of Hy : A = )¢ both against the left-hand
and against the right-hand side alternative, all at nominal significance level 5%. They
are the habitual test statistic £ = (A — o) /[V(A)]/2, and three corrected statistics where
the estimators A, V() and V(}) are exploited, i.e. t* = (A—Xg)/[V())]/2 where the bias
corrected coefficient is used, t, = (A — Ag)/[V(M)]*/2 where only the denominator) has
been corrected, and t* = (A — \g)/[V(A)]"/2 where both the coefficient estimate and its
variance have been corrected. Table 5 presents results on actual test size when using Stu-
dent critical values for the mean-stationary AR(1) model with intercept and trend, for
which only untrimmed corrections have been derived. For both alternative hypotheses
we find that the size distortions for the standard t-test are extremely severe. Correcting
just the numerator (shifting the location of the distribution) does mitigate the prob-
lems against right-hand side alternatives and for positive )y also against left-hand-side

alternatives. Correcting just the denominator (adjusting the scale of the distribution)

19



does not help much to cure the size problems. The results for ¢; show that adjusting
both numerator and denominator leads to a test that converges faster to an exact test,
especially for moderate and negative values of \g. Performing the correction always (also
when |5\| > 1) does not seem harmful for the tail probabilities.

For models such as those examined here Rudebusch (1992, 1993) suggests tests which
mimic t*. The results in Table 5 suggest that a much more successful finite sample
correction of test statistics will be achieved by not just applying bias correction to
parameter estimators but also to the associated variance estimators. The required bias
approximation to the variance of the already bias corrected coefficient estimator has been
derived here for any first-order autoregressive model. Now the remaining question is what
the effects of such corrections are for test power. For this we consider again the simple
AR(1) model with intercept. This shows substantial size distortions too, especially for
large values of A\, but again much less so for the ¢! statistic. From calculated size-
corrected rejection frequencies for a range of A values under the alternative hypothesis
we established that the power seems hardly affected by giving special treatment to
estimates outside the stationarity region. Therefore Table 6 just presents results for
the standard statistics. These show that the better size control achieved by correcting
both numerator and deminator has no detrimental effects on power. On the contrary,
when testing values close to one we note an improvement in rejection frequency of false
null hypotheses by bias correction of both the estimated coefficient and its estimated

variance.

6. Conclusions

By adapting and extending techniques we employed in some earlier papers to approx-
imate to an accuracy of order O(T~2) the bias of the least-squares estimators for all
the parameters (both coefficients and disturbance variance) in linear regression models
with a lagged dependent explanatory variable, we find here an approximation to the
same order for the mean squared error and for the true variance of the least-squares
coefficient estimator. For the latter approximation we find that its algebraic expression
differs substantially from an approximation to the same order of accuracy for the expec-
tation of the expression that is usually employed to estimate the variance on the basis of
standard asymptotic reasoning. This means that the usual variance estimator, although
asymptotically valid, has a bias in finite samples which can be reduced by employing
alternative estimators derived in this paper. We employed similar techniques to approx-
imate the variance of bias corrected coefficient estimators and to develop bias corrected
estimators for the variance of such bias corrected coefficient estimators. The analytic
results presented in this paper may be illuminating as such (showing how complicated

basic notions such as variance and its estimation are in a single linear dynamic regression
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model), but should be of use primarily for improving the accuracy of inference in finite
samples of single dynamic regression models. Earlier, see Rudebusch (1992, 1993), test
statistics were adapted by just using bias corrected coefficient estimates; the present
results allow one to adapt their variance estimates as well. We undertook in this study
some numerical and simulation analysis to obtain insight into the seriousness of the finite
sample inaccuracies of first-order asymptotic expressions for first and second moments
of estimators and also into the ability of the higher-order asymptotic analytical approxi-
mations to assess and to correct such discrepancies and to improve the control over type
I errors in inference.

Our bias corrected coefficient and variance estimators are found to work surprisingly
well in the AR(1) model with intercept, even for small sample sizes, but less so close
to the unit circle. In models with an extra explanatory variable, such as a linear trend
or an arbitrary strongly exogenous AR(1) regressor, we still find surprisingly accurate
results after correction, especially when the sample size is not too small. However, it
is also found that there may be some adverse effects on the accuracy of higher-order
approximations due to the occurrence of estimates of the autoregressive parameter close
to or outside the stationarity region, but we show how these effects can be mitigated.
Note that it might be possible to achieve even better results by slightly adapting the
implementations of our bias corrected versions A, V() and V(}), by not taking C' in the
respective formulas, but by iterating at least once and using C' (the same for Z ). Also o
could be re-estimated on the basis of residuals obtained by employing A and 3. Whether
such modifications have further positive effects on accuracy and efficiency has not been
explored here. We find strong analytical evidence for simple AR(1) models when bias
correction will increase the mean squared error (—0.81 < A\ < 0.41) and when it will
decrease it (otherwise). In addition, the simulation experiments show more generally
that exploiting our higher-order asymptotic findings can often substantially reduce bias
and mean squared error at the same time, and almost resolve test size problems without
deteriorating power. More particularly, we found that bias correction may be more
effective from a mean squared error point of view when the sample size is moderate
rather than in smaller samples, where the coefficient bias is usually much larger but
harder to assess accurately due to larger variances.

Hopefully the present results for single first-order dynamic models will form a step-
ping stone to achieve useful results for more general models as for instance the multi-
variate higher-order VAR model, where the determinants of bias have been studied, see
Abadir et al. (1999), but no results are available yet on variance and MSE, which of

course are much more relevant (see Mikhail, 1972, footnote 1).
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Appendices

A. Validity of the approximations

Let Assumption 2.1* comprise all elements of Assumption 2.1, including u; ~ i.i.d.(0, o%)
for t =1,...,T, but excluding the normality of u. Here we examine by what Assumption
2.1* should be supplemented in order to guarantee admissibility of the Nagar approach.

Premultiplying model (1.2) by Z’ and taking expectations (and hence assuming that
these exist on both sides) gives

E(Z'y) = E(Z'Z)a, (A.1)

because E(Z'u) = 0. That E(Z'u | X) exists and is zero is implied by (2.5) and Assump-
tion 2.1%, since the latter entails the existence of the first two moments of u. Because we
assumed that E(Z'Z) is nonsingular the set of equations (A.1) in « can be solved and

leads to
o= [E(Z'2)]'E(Zy). (A.2)

Notice that &, given in (1.3), is the same function, though of the components of Z'Z
and Z'y, instead of E(Z'Z) and E(Z'y). Hence, upon collecting all distinct components
of the data cross-products Z'Z and Z'y in a vector d, we have & = f(d) and a = f(0),
where 0 = E(d).

We shall now focus on the i-th scalar component f;(-) of the vector valued function
f(+) and assume that f;(-) is differentiable up to third order with derivatives that are
uniformly bounded in a neighbourhood of § as T" — co. We also assume that the com-
ponents of d do not just have finite first moment, as already assumed above, but finite
moments up to (at least) third order. Then expanding &; = f;(d) in a Taylor series

about the point ¢ yields

(i = i+ (d—6) £V (5) + $<d —0) £2(5)(d— ) + % >, (d; = 3;)(d—0) £ (5°)(d = 9),
' ' (A.3)
where fl-(l) = %, fl@) = % and fi(;') = Ejaf—zf. The derivatives in fl-(;’) are evaluated at 6"
which lies between ¢ and d. Because all derivatives in (A.3) are bounded as 1" — oo and
Assumption 2.1* implies d — § = O,(T~'/?) the successive terms in the expansion are of
decreasing order of stochastic magnitude and its remainder term is O,(T~%/2), whereas
the expectation of this remainder term is bounded and o(7~'). The expectation of the
first term being zero, the expectation of the second term in the expansion therefore
provides a bias approximation to O(T~'). This approximation will coincide with that
obtained by the Nagar expansion.
Similar arguments can be used to show that an expansion up to ¢-th order with

q + 1-th order remainder term requires bounded ¢ + 1-th derivatives of f and then,
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assuming in addition the existence of finite moments of d up to ¢ + 1-th order, which
in the present model requires the existence of the moments of u up to order 2(q + 1),
an approximation to F(&) of order O(T~%?) follows with the remainder term having
bounded expectation of order O(T~(@*1/2). The same line of reasoning leads to the
requirements for admissibility of approximations to the second moment of & as obtained
in this study.

From the above it follows immediately that the normality that we adopted in As-
sumption 2.1 is sufficient for the admissibility of the Nagar approach up to any order,
because it ensures the existence of the moments of any order of d. What remains are the

additional mild assumptions regarding the derivatives of f.

B. An approximation to V(&)

For the variance V(&) of the least-squares estimator & we have

V(@) = Ela—E

= E[a — af

)li& —E(a)] (B.1)
& —af — [E(&) — of[E(@) — af"

joN
joN

—

We want to approximate this to the order of O(7T2). We shall make use of
Z'v=Z'u+ Z'vw = Z'u + (u'Cu)e; = O,(T"?), (B.2)
The first term of (B.1) is MSE(&). For this we find
E@—a)a—a) =EZ'2)' Zwi/Z2(Z2'Z)~" . (B.3)

We first develop an expansion of (Z'Z)~!. Referring to (2.6) and (2.7) we have
E(Z7Z)=Q ' =7Z'Z+E(Z'Z), and so

7'7 = (Z+2)(Z+2Z) (B.4)
= EZ2)-EZ'2)+2Z2+2Z+ 277
= Ik +(Z'2+22)Q+12'Z -E(Z2D)Q}Q".

N

Hence,

(22 = Qo + (27 + 72)Q+ (27— EZ2)Q} ", (B.5)
where the stochastic terms (Z'Z + Z'Z)Q and [Z'Z — E(Z'Z)]Q are both O,(T—/?).
The inverse matrix of the form [I,, + A] 7!, with A = O,(T~'/2) an n x n matrix, may be
expanded in [I,, — A + A% — A% + ..], whereby successive terms are of decreasing order

in probability. The expansion retains terms up to a certain order and in this way an

expansion is obtained which includes terms up to any desired order. For an expansion
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of (Z'Z)~! to order T2 we require

(Z'2)Y = Q{Ixn—(Z2'Z

+
N\z
s
|
N
\NE
|
m
N\z

whereas the expansion to order 773/ amounts to
(Z2)7'=Q-QZZ+22)Q-QZ'Z—E(Z'2)|Q + 0,(T*?), (B.7)
and to order 7! we simply have
(Z'2) ' =Q +0,(T). (B.8)
The expansion (B.6) for (Z'Z)~! can be written as
(Z'Z)t = QU1 — Wi — Wy + WiW; + WiWy + WoWy + WolWs) + 0,(T72)  (B.9)
where we introduced some further shorthand notation, viz.
W= (2'Z+Z'2)Q = Z'Cuqg}, + ex/C'ZQ = O,(T~'?) (B.10)
and
Wy =[2'Z —E(Z'2)]Q = [W'C'Cu — ¢ tr(C'C)]erq, = O,(T~?). (B.11)

Note that after premultiplication by ) we have seven terms in (B.9). Of these the first is
O(T™1), the second and the third are O,(T~%/2), and the remaining four are all O,(7~2).
This yields the following expansion for the squared estimation errors:
(@—a)a—a) = (Z2'2)' 7wl Z2(Z'Z)™ (B.12)
= QZ'wu'ZQ — QW1 Z'uwi' ZQ — QWoZ'uu' ZQ + Q(Wy + Wa)? Z'ud ZQ
—QZ'u' ZW]Q — QZ'ut/ ZWHQ + QZ'wu' Z(W/ + W3)*Q
+QWL Z'uu ZW]Q + QWL Z'ud ZW5Q + QWo Z'uu' ZW,Q
+QWo Z'ut! ZW5Q + 0,(T ).
Note that
Z'w'Z = [Z'u+ (u'Cu)ei][u'Z + (u'Cu)é}] (B.13)
= Z'w/'Z + Z'u(u/'Cu)e; + (W' Cu)ey' Z + (u/'Cu)eyé).
We now derive the expectation of the eleven terms of (B.12). For the first one we obtain

E(QZ'wi/'ZQ) = EQZ'wi/ ZQ + EQ(v/Cu)’e1e,Q = 0*Q.
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For the expectation of the second term of (B.12) we find

E(QW1Z'wi'ZQ) (B.14)
= o'QZ (CC' + COC) Zqd;, + 0*quQZ' (CC' + CC) ZQ
+olqg| 7' (CC'+CC) ZQ + o* t1(QZ'CCZ)quq; + o*tr(QZ'CC' Z)quq),

for the third

E(QW2Z'ud'ZQ) (B.15)
= 20'qq, Z'C'CZQ + 20%q11 [2tr (CC'CO) + tr (CC'C'C) + tr (CC'CCH] quq},

and for the fourth

E[QWy 4+ Wo)?Z'uwi' ZQ] = E(QW WL Z'ud/ZQ) + E (QW 1 WaZ'uu'ZQ) (B.16)
+E (QWQle,UUIZQ) +E (QWQWQZ,U/U,ZQ) .
We examine these four terms separately. Removing terms that are o(72) and using
Z'72Q = I — d*tr(C'C)e1q), gives
E(Q@WIW1Z'uwi'ZQ) = (B.17)
U4(Q§Z,CZQ1)QZ,CZQ + U4QZ/CO'ZQ1Q/1 + U4QZ/CZQ1QSZ,CZQ
+O’4q11 tI‘(QZICZ)QZ/CZQ + O'4Q11QZ/CC/ZQ + O'4Q11QZICZQZ/CZQ
+0*tr(QZ'CC' Z)quq), + o* t1(QZ'C2) ¢, Z2'CZQ + o*q1¢, Z'CC' ZQ
120t Z'C'ZQZ'CZQ + oy 2'CZQZ' CZQ + o(T?)
for the first term. For the second term of (B.16) we find
= 20%q1 tr(CC'C)QZ'CZqq; + 20° tr(CC'C) (¢, Z'CZq1) qu 4,
+20°¢3, tr(CC'CYQZ'CZQ + 20°%q1 tr(CC'CYnq, Z'C ZQ + o(T™?),

for the third

= 20%tr(CC'C)N G Z'CZq)quq) + 20%q11 tr(CC'C) tr(QZ'C Z)qu
+40°%q11 tr(CC'C)q1q, Z'CZQ + o(T™?),

and for the fourth term of (B.16) we obtain

= 20%q1 tr(C'CC'C)quq, + 8033, tr(CC'C) tr(CC'C)qu g + o(T2).
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Collecting the four terms of (B.16), i.e. the expectation of the fourth term of (B.12), we
get
E[QW) + W) Z'uu' ZQ) (B.21)
= N Z'CZq)QZ'CZQ + o' QZ'CC' Zquq, + 0*QZ'CZqwq, Z'CZQ
+otqntr(QZ'C2)QZ'CZQ + 0*quQZ'CC'ZQ + 0*quQZ'CZQZ'CZQ
+ottr(QZ'CC' 2)qug, + o* tr(QZ'CZ)q1d, 2'CZQ
120t 2'C'ZQZ'CZQ + o* 1, 2'CC' ZQ + o* 1, Z2'CZQZ' CZQ
+20°q11 tr(CC'CYQZ'CZaud; + 40° tr(CC'O) 1 Z'CZqn)qu g
+20°%¢2, tr(CC'C)VQZ'CZQ + 60°q11 tr(CC'C)ngy Z'C ZQ
+20%q11 tr(CC'C) tr(QZ'C Z) qu ¢, + 20°quy1 tr(C'CC'Cqu q
+80%¢2, tr(CC'C) tr(CC'C)qu g + o(T72).
For the expectation of the fifth term of (B.12) we find
E(QZ'uu/'ZW|Q) = E(QW1Z'uu' ZQ)', (B.22)

which is just the transpose of the result for the second term (B.14). For the sixth we
find
E(QZ'uu/' ZW5Q) = E (QWyZ'uu' ZQ)', (B.23)

which follows easily from (B.15). Likewise the expectation of the seventh term of (B.12)
equals the transpose of (B.21), hence

E[QZ'uu'Z(W] + W3)*Q] = E[Q(W; + W»)*Z'uu' ZQ)'). (B.24)
The expectation of the eighth term of (B.12) is
E(QW1Z'ud' ZW]Q)
= oN¢Z'2q))QZ'CC'ZQ +20*QZ'CZq1q\Z'C'ZQ + o* t2r(QZ'CZ)QZ'CZq\(,
+0'QZ'CZQZ'CZqq, + 0c*QZ'CC' ZQZ' Zqvq, + o* tr(QZ'CZ)qnd, Z'C' ZQ
+0* g\ Z2'C'ZQZ'C'ZQ + ot qud, Z' ZQZ'CC' ZQ + o* tr(QZ'C2) tr(QZ'CZ)qug,
+0*tr(QZ2'ZQZ' CC' 2)quq, + o* tr(QZ'CZQZ'C Z)qu
+0%3, tr(C'CYQZ'CC'ZQ + 05q11 tr(C'CYQZ'CC' Zqv ¢,
+0%qn tr(C'CYuq, 2'CC' ZQ + % tr(C'C) (¢, Z'CC" Zaqn ) quqy + o(T2).
Substituting QZ'Z = I — o tr(C'C)qre}, and ¢\ Z'Zqy = q11 — 02¢3, tr(C'C) this yields
E(QW1Z'ud/ ZW]Q) (B.25)
= o'quQZ'CC'ZQ +20*QZ'CZq\Z'C'ZQ + o* tr(QZ'CZ)QZ'CZq\q,
+0'QZ'CZQZ' CZqq;, + o*QZ'CC' Zqq, + o* tr(QZ' C2) ¢, Z'C' ZQ
+0* g\ Z2'C'ZQZ'C'ZQ + ot qud, Z'CC' ZQ + ot tr(QZ'C Z2) tr(QZ' C Z)quq
+0*tr(QZ'CC' Z)qud, + o* t1(QZ'CZQZ'CZ)qiq; + o(T™?).
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For the expectation of the ninth term of (B.12) we find

E(QW1Z'uwu' ZW35Q) (B.26)
= 40%q tr(CC'CYQZ'CZ a1, + 20%qu1 tr(QZ'CZ) tr(CC'C)qud,
+20° tr(CC'OVNG, Z'CZ a1 ) qu gy, + o(T™2),

and for the tenth
E(QWoZ'ud ZW,Q) = E(QW1 Z'uu' ZW3Q), (B.27)
which is just the transpose of the former term. Finally, the eleventh yields

E (QWaZurd ZWAQ) (B.28)
= 20%q tr(CC'COquq; + 80%¢3, tr(CC'C) tr(CC'C)quq; + o(T~2).

Assembling the various contributions to the mean squared error we obtain after some

simplification

MSE(a) = E[(& — a)(& — a)'] = (B.29)
o?Q +

+o'QZ (CC' — CC —20'C — C'C") Zand,

+otqq| 7' (CC' — CC —2C'C - C'C") ZQ

+0'quQZ' (CC' — CC — C'C ZQ + o* tr(QZ'CC' Z)qud, + o*[tr(QZ'C2) P quq
+0*tr(QZ'CZQZ'CZ)quqy — 20* tr(QZ'CCZ)quq,

+0tqutr(QZ'C2)QZ' (C + CYZQ + o (¢, Z'CZq))QZ'(C + CZQ
+0*'QZ'CZq1dy 7' (C + CZQ + o*QZ'(C + CZqudy Z'C' ZQ
+0tquQZ'CZQZ'CZQ + 0*qQZ'C'ZQZ'C' ZQ

+o*'tr(QZ'CZ)qud, 7' (C + CYZQ + o* tr(QZ'C2)QZ'(C + C") Zqud,
+0*q g\ Z2'(C +CNZQZ'CZQ + o*qd, Z2'C'ZQZ' (C + C" ZQ

+0'QZ'(C + C"Z2QZ'CZq1q, + o*QZ'C'ZQZ'(C + CZq1q,

+60°%q11 tr(CC'C)VQZ' (C + O Zqq, + 66°qu1 tr(CC'C)quq, Z'(C + CYZQ
+20°%3, tr(CC'C)QZ' (C + C)ZQ

+120%¢, 2'C Zqy tr(CC'C)quq; + 80°qu1 tr(CC'C) tr(QZ' C Z) 1 ¢,

+0%q [2tr (CC'CC’) — 8t (CC'CC) — 4tr (CC'C'C)

+240°%¢3, tr(CC'C) tr(CC'C)quq, + o(T3?).
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From Theorem 2.1 we easily find for the squared bias, the second term of (B.1):

[E(&) — a][E(&) — of (B.30)
= oY [tr(QZ'CO)Pquq, + QZ'CZq1q,Z'C'ZQ +tx(QZ'C2)QZ'CZq1d, + 1d, Z'C' ZQ]}
o™ {dagn tr (OC'C) (QZ'C2)nd, + 24n, tr (CC'C) [QZ'CZavd, + 1, Z'C'ZQ))
+0{4¢3, [tr (CC'C)Pqug,} + o(T72).
This result has to be subtracted from the MSE approximation (B.29) to find the required

approximation to V(&) of Theorem 2.2.

C. An approximation to E[s*(Z'Z)7!]
For the numerator of the estimator s?, given in (1.5), we have, upon using (B.8),
(y—Z&) (y— Za) = vu—uZ(Z'2) ' Z'u (C.1)
= Wu—u'(Z+ 2)Q(Z + Z)u+ o,(1).

First we shall examine an approximation to the expectation of the coefficient variance
estimator 6%(Z'Z)~!, where 6° = (y — Z&)'(y — Z&)/T and (C.1) yields

=T v - ZQZ'vw — ' ZQ7v — u' ZQZ'v — ' ZQZ'u) + 0,(T7Y). (C.2)
An order T2 approximation to
El6%(2'2)7"] = E[(6* - 0*)(Z2'2) "] + o°E[(Z2'Z2) 7] (C.3)

is now obtained by employing (C.2) and an expansion for (Z'Z)~! to an appropriate
order, upon noting that (6> — 02) = O,(T~'/?). The first right-hand term of (C.3)

amounts to:

E[(6" - 0*)(2'2)7] (C.4)
= E[(T"u—0o*)(2'2)7"
—TYE[(WZQZ" v + ' ZQZ'vu + ' ZQZ'w + ' ZQZ'v)(Z'Z) Y] 4 o(T~?)
= T 'o*(K +1)Q + 20" tr(C'C)quq}] + o(T73).
An approximation for the second right-hand term of (C.3) can be obtained from
(B.6). Note that of the terms in curly brackets the second and the third term have zero
mean, while the fifth and sixth term involve factors with zero mean and products of an

odd number of zero-mean normal random variables. Hence, when expected values are

taken these terms may be ignored. We then have

E(Z'2)7Y = Q+EQZ'Z+72'2)Q(Z'Z+ Z'7)Q) (C.5)
+E{(Q[Z'Z —E(Z'2)|QIZ'Z — E(Z'2)Q} + 0,(T~?).



The second term of (C.5) is
EQ(Z'Z+Z'2)Q(Z'Z + Z'Z)Q) (C.6)
= ’[QZ'CC'Zq1qy + quQZ'CC'ZQ +tr(QZ'CC' Z)quqy + 1¢, Z'CC' ZQ),

and the third

E{Q(Z7'Z —E(Z'2)|Q|Z'Z — E(Z'Z)|Q} = 20 q11 tr(CC'CC")quq,. (C.7)

Gathering terms yields the result

c’E[(Z'Z2)7Y = *Q (C.8)
+ot(tr(QZ'CC' Z)quds + QZ'CC' Zquqy + (nudh + quQ)Z'CC'ZQ)
+20%q11 tr(CC'CC")quqy + 0,(T72).

Adding up the terms (C.4) and (C.8) we obtain for (C.3) the approximation E[6*(Z'Z)"!] =
T-YT — K - 1)0%Q (C.9)
+o'{[tr(QZ'CC'Z) = 2T tr(C'C)lqnds + QZ'CC' Zarqy + (1) + Q) Z'CC'ZQ}
+20°%q11 tr(CC'CC 1, + o(T2).

From this the result of Theorem 2.3 follows upon multiplying by 7'/(7" — K — 1). The

latter affects the leading term, but not the remaining terms to the order of T2

D. The bias of the COLS Estimator

The bias of the COLS estimator (3.1) is given by

E(dv —a) = E(a—By(a)—a) (D.1)
) )

From Theorem 2.1 and (3.1) it follows that

Bi(a) —By(a) = o?tr(QZ'C2)q — s*tx(PZ'CZ)py (D.2)
+02QZ'CZqy — s*PZ'CZpy + 2|0 g1y tr(CC'Cqy — s'p11 tr(CC'Cpy].

We shall examine the three pairs of terms of (D.2) in turn by exploiting a series of

intermediate results, which have to be developed first. We do that to a level of generality

that makes these intermediate results useful for derivations in the next Appendix as well.
From (B.7) we obtain for P = (Z'Z)~! that

P = Q+ P +0,(T%?), with (D.3)
P = -QZ'Z+7'2)Q-Q|Z'Z-E(Z'2)Q
= —QZ'Cugy — qu/C'ZQ — W C'Cu — o® t2(C'C))uq; = O,(T ).
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From this, it straightforwardly follows that p; = ¢ + p} + 0,(T~%/%) and p1; = qu; +
pi + 0,(T~%?), with p; = P*e; and p}, = €} P*e; both O,(T~/?).

In order to find the leading term of 2'CZ — Z'CZ we have to produce some auxiliary
results. First note that for both C' and C' the (i, ;)" element is zero for i < j and for

the elements ¢ > j they are such that, employing a first order Taylor expansion,

(C—C)y = N7 NI = (- A)(%x‘—j—l + 0,(T112) (D.4)

= (A= XN)(i —j— DN T2 4o, (T71?).

In fact, because it is easily verified that

0
O = D.
8)\0 Cc, (D.5)
we can simply write
C=C+(A=NCC + o0, (T7?), (D.6)

and similarly, because (%F = C'F, we have

A ~

FE=F+(\A=)\CF +o0,(T""?). (D.7)

Further,

Ny

-7 = (§-1,X) = (-1, X) (D.8)
= (EF+CXB,X)— (yoF +CX3,X)
= [W(F—F)+(C—-C+O)X(3—-p3+p)—CXPle,.

Substitution of (D.7) and (D.6) yields

7 -7 = 7" +o0,(T7Y?), with (D.9)

Z* = [yo(A=NCF+CX(3—8)+ (A= NCCXplé,
& —a)ley = 0,(T™V?).

Il
Q
B\

Now we obtain

7'C7-72'C72 = 7'C2-2'CZ+7'CZ—7'CZ (D.10)
= A=NZYCCZ* +Z7CZ" + (A= NZ"CCZ + Z"CZ
+(A=NZ'CCZ* + Z'CZ* + (A= N Z'CCZ + 0,(TY?).

Noting that only a few of these terms are O,(T%/?) we find, using (D.9),

7'CZ = Z'CZ+ A"+ 0,(T"?), with (D.11)
A* = e(a—a)Z'C'CZ+ Z'CCZ(& — a)éy + (A= N Z'CCZ = 0,(T?).
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Next we develop a result regarding 7 = tr(CC’C) = O(T) and 7 = tr(CC'C). From
(D.5) we find

% tr(CC'C) = tr {%(C’C’C)} = tr(C'C'CC) + 2tr(C'CCCO), (D.12)
because
0 (OO oCC\ - :
a(C’CC)— (8)\>CC C( 2 ) =Cccoc+occococ+cocooco.

Since 7 = tr(CC'C) + (A — A\) & tr(CC'C) + 0,(T"/?) we may write
o= T+7+0,(TY?), with (D.13)
7 = (A= N[tx(C'C'CC) + 2tx(C'CCC)] = 0,(TY?).
Next we consider s%. From Kiviet and Phillips (1998) we have
§2 = 0% + 52+ 0,(TY?), with s2 = O,(T~/?), (D.14)
and a Taylor expansion yields
st = ot 4 2(s? — 0o 4 0, (T V) (D.15)
= o' 4+ 25207 + 0,(T7/?).

This completes the intermediate results which allow to examine the three pairs of terms
of (D.2).
For the first pair we find

o tr(QZ'CZ)qy — s tr(PZ'CZ)py (D.16)
= —*t(QZ'CZ)p; — o*t1(QA")q1 — o*tr(P*Z'CZ)qy — s*tr(QZ'CZ)qy + 0,(T3/?).

For the second pair we obtain
c?QZ'CZq — s*PZ'CZp (D.17)
= —0’QZ'CZp; — *QA*qy — 0*P*Z'CZqy — s°QZ'CZqy + 0,(T~3/?),
and for the third

ot tr(CC'C)qy — s*pi tr(éé"é’)pl (D.18)
= —04(111710? —otqutta — 04]7?17'% — 2s520%quTqr + Op(T73/2>'

Upon noting that E(P*) = O, E(A*) = O(T"/?), E(s?) = 0 and E(7*) = O(T1) it is now
obvious that E(By(&) — By(&)) = 0 + o(T~3/2), thus (D.1) implies E(& — ) = o(T1),

as stated in Theorem 3.1.
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E. The variance of the COLS Estimator

The variance V(&) and the MSE(¢) of the COLS estimator are the same to order 72

since the squared bias is o(T~2). We have

MSE(d) = E[(@ - a)(@—a)] = E[(@— Bi(a) — a)(a — B (a) — )] (E.1)

Since E(B(&) — B1(&)) = 0 + o(T1) with By (&) = O(T1) it is apparent that

From

E[B1(a)(a—a)] = EBi(&)(&—a)]+E[(Bi(

it follows that on substituting these results into (E.1) we may write

MSE(d) = 4) — By

SE( (
[(é (@) = Bl(@)

An approximation for V(&) to order 72 is given in Theorem 2.2. Hence, to establish an
approximation to MSE(&), i.e. to V(&), we have to find an approximation to order 72
of E[(B;(&) — B1(&))(& — )] and its transpose. Note that its two factors are O,(7~3/2)
and Op(Tfl/ %) respectively, hence we only have to obtain the expectation of the product
of their leading terms. For (& — ) these are QZ'u + (u'Cu)q;, whereas the leading
O,(T~3/?) terms of (By(&) — By (&)) have already been obtained in Appendix E, notably
in the formulas (D.16), (D.17) and (D.18). Gathering these and regrouping we obtain

(B1(&) — Bi())(a — a) (E.5)
= —o{[tr(QZ'C2)p; + QZ'CZp} + 20°qurpi](v' ZQ + v'Cugh)
+tr(QA") g1 + QA ] (u' ZQ + u'Cug))
+[tr(P*Z'CZ)qy + P*Z'CZq|(v' ZQ + v/ Cug,)
+[tr(QZ'CZ)q + QZ'CZqy + 40’ qiiTqrs2 (W' ZQ + u/Cug))
+20%[quai (W' ZQ +u'Cugyy) + Tqipi; (W ZQ + u'Cugy)]} + 0p(T 7).

To obtain the expectation of the latter expression, we first derive a few auxiliary

results. Exploiting (D.3) we have
Elpi(«'ZQ +u'Cuqy)] = —0*[quQZ'CZQ + 1, Z2'CZQ + 20° 11 tr(CC'Cqn ],
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from which it follows that
Elpi,(v'ZQ + v/'Cuq))] = =20%[qua1 Z'CZQ + o°¢3, tr(CC'C)q].

Using (D.11) we find

E{[tr(QA") ¢ + QA q1] (& — )’}
= g Z'(CC+2C'C )ZQ 1QZ'CCZQ +t1(QZ'CCZ)quq, + QZ'CCZq1d}] + o(T73).

and again substituting (D.3)

E[tr(P*Z'CZ)q1 + P*Z'CZq|(v' ZQ + v/ Cuq,)
= o {2 (C+2C"N2QZ'CZQ + ¢, Z'CZq1QZ'CZQ} — 40*¢, Z'C Zq, tr(CC'C)quq}.

With (D.14) we find

Els:(/'ZQ +u'Cuqy)] = E[(s* —o?)(u/ ZQ+uCuq1)]+0( Y
= (T—-K-1)"E{[Wu—u'Z(Z2'2) Z'uu/Cugq|} + o(T)
= T 'E(u'uu C’u)q1+o(T Y =o(T™),

and employing (D.13) we obtain
E[#*(v/ZQ + u'Cuq},)] = *[tr(C'C'CC) + 2tx(C'CCO)|¢, + o(1).
Taking the expectation of (E.5) by substitution of the above results yields

E[(By(&) — bB1(&))(& — )] (E-6)
= oHtr(QZ'C2)1qd,2'CZQ + QZ'CZqq,Z'CZQ
+1d, 7' (C +2C")2QZ'CZQ + ¢, Z'CZq1QZ' CZQ
—t1(QZ'CCZ)qnqy — QZ'CCZqq, — ¢, Z'(CC + 2C'C) ZQ
+utr(QZ'CZ)QZ'CZQ + QZ'CZQZ'CZQ — QZ'CCZQ|}
+20%{2¢, Z'C Z q1 tr(CC'C) 1}
+qu tr(CO'ONtr(QZ'CZ)ndh + QZ'CZquds + 3014, Z'CZQ)
—qu[tr(C'C'CO) + 242(C'CCO)qid, + ¢, tr(CC'C)QZ' CZQY
+80° 1, [tr(CC'C) gy + o(T?).

Finally, we substitute the results of Theorem 2.2 and (E.6) in (E.4). Exploiting the
equivalence regarding their leading order T terms, as proved in Kiviet and Phillips
(2012, Appendix C), of respectively tr(C'C'CC) and tr(CC'C'C') and of tr(C’'CCC') and
tr(CC'CC") yields the required approximation to MSE(&) and, hence, to the variance
V(@) as stated in Theorem 3.2.
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F. Estimating the variance of the COLS estimator

Combining Theorems 2.3 and 3.2 we may show that

V(@) (F.1)
+o{[tr(QZ'CZQZ'CZ) + 2(1 — M) Y ad,

+QZ'CZqy2'C'ZQ + QZ'CZQZ'CZaqvqy + 1, Z'C'ZQZ'C' ZQ}
+20°{2¢4 2'C Z q1 tr(CC'C)quq; + qu tr(CC'CQZ' CZquq;, + 1 d, 2'C" ZQ)}
+40%¢3, [tr(CC'O) P qud,

is unbiased for V(&) to order T—2. However, this is not an estimator because the terms
in 0%, o%nd o®, which are O(T~?), are unknown. It follows that if these unknown
terms are replaced with estimates which have the same expected value to order 772, the
resulting estimator will also be unbiased to order 7'2. Using the results of Appendix D,
we find that we may replace Q with P, Z'CZ with Z'CZ, and ¢*, 6® and o8 with s,
sSand s® respectively, tr(CC'C) with tr(CC'C), and A with A such that the resulting

expression, given in Theorem 3.3, will have the same expectation to order 7'—2.

G. Special results for the AR(1) model
Taking Z = (y;F,¢) we can obtain

d = (1= AT 4 [1— (L= X)yIT 2 + o(T2)
Q12 = —Ys(L+ T2 +0o(T7?) (G.1)
g =T '+ 0<T_2)7

and moreover o
(Q2'C7Z) = (1- AN +Oo(T) (@2)
G Z'CZq = yPAT2 + o(T%) = O(T7?).
Some of these results show orders smaller than expected, due to the typical nature of
the first column of Z, which has the effect that only one element of Z'Z is O(T) while
the other three are O(1).
Result (4.3) follows using tr(CC’'C) = A(1 —A?)~2T +O(1), which is proved in Kiviet
and Phillips (2012, formula C.8). Kiviet and Phillips (2012) also gives

tr(CC'CCT) = (14 A%)(1— A2) 3T + 0(1)
tr(CC'CC) = N (1 — X)) 73T+ 0(1) (G.3)
tr(CC'C'C) = (1 4+ AH)(1 = N)73T +0(1)
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and in this special model we further have

@, Z2'CC"Zqy = o(T™1) tr(QZ'CC'Z) = (1 — \)"2 4+ 0(1) (G.4)
¢, Z'CCZq = o(T™1) tr(QZ'CCZ) = (1 - N2+ 0(1)
@, Z2'C'CZq = o(T™1) tr(QZ'CZQZ'CZ) = (1 — N2+ 0(1)

G 72'CZQ7'CZq = o(T7?) qZ'C'ZQZ'CZq = o(T~2).
Substituting the above in Corollary 2.2 yields
V) = (1= AT — [(1 = M)y T72 — (1 — 4\ — 14X T2 + o(T72),

given in (4.4), and adding [(14-3)A)T~!]? yields (4.5). Evaluating Corollary 2.3 upon using
tr(C'C) = T(1 — X\*)~' + O(1) gives (4.7) from which (4.8) and (4.9) straightforwardly
follow. Evaluation of Corollary 3.2 produces (4.11) and then it is easily established that
the roots of 5 — 6A — 15A* = 0, which are 0.4110101 and 0.8110101, determine the sign
of MSE()) — MSE(}) as stated in Theorem 4.1.

In Kiviet and Phillips (2012) it has been derived that

EG) = A— %(1 +30) — % <*§9A2) +o(T2). (G.5)
This implies
EG = A) = —% (41+_3;> +o(T2) (C.6)
and . 1 /146X
E\—)\) = — 7 (ﬁ) +o(T72). (G.7)

Because 1 4+ 6\ < 4 + 3\ for any |A\| < 1 estimator A has smaller second order bias.
However, since V(A) = [(T + 3)/T]?V(\) and V(A) = [T/(T — 3)]2V(A), MSE(}) <

MSE(\) follows from (T'+3)/T —T/(T —3) = —=9/[T'(T — 3)] < 0 for T' > 3. Note that

from (G.6) and (G.7) a higher-order bias correction is immediately available.
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Table 1: Mean-stationary AR(1) model with unknown intercept

R
“» @ 6 @& 6 6 O © 0
T7=20 -0.9 0.067 0.023 0.89 127 042 1.16 1.25 1.09
-0.6 0.030 0.035 1.12 134 091 1.03 1.04 1.05
-0.3 -0.011 0.043 1.18 045 1.05 0.99 097 1.04
0 -0.063 0.048 1.18 094 1.05 1.00 097 1.04
0.2 -0.082 0.048 1.15 097 1.00 1.02 0.99 1.04
0.4 -0.113 0.047 1.11 097 0.90 1.05 1.04 1.04
0.6 -0.148 0.044 103 095 073 1.10 1.10 1.04
0.8 -0.193 0.040 091 0838 046 1.16 120 1.03
0.9 -0.221 0.036 0.82 0.84 0.26 1.22 1.28 1.02
0.99 -0.235 0.033 0.68 0.84 0.03 1.28 1.37 0.98
T=50 -09 0.031 0.006 089 1.09 061 1.05 1.17 1.03
-0.6 0.015 0.013 104 1.06 096 1.01 1.02 1.01
-0.3 -0.002 0.018 1.07 092 1.02 1.00 099 1.01
0 -0.020 0.020 1.07 1.01 1.02 1.00 099 1.01
0.2 -0.032 0.019 1.06 1.00 1.00 1.01 1.00 1.01
0.4 -0.044 0.018 103 099 095 1.02 1.02 1.01
0.6 -0.058 0.015 0.99 097 0.85 1.02 1.07 1.01
0.8 -0.074 0.011 0.89 092 0.63 1.03 1.15 1.00
0.9 -0.087 0.009 079 085 041 1.02 1.22 0.99
0.99 -0.103 0.007r 0.63 0.77 0.06 1.01 1.38 0.97
B( ) Monte Carlo estimate of the actual bias of the ML estimator
V()) : Monte Carlo estimate of the actual variance of the ML estimator A
V() : standard estimator (4.6) of V()
Bl(A) first-order approximation to B(A), —(1 + 3\)/T
V() : first-order approximation to V(X), (1 — A2)/T
V() : second-order approximation (5.1) to V()
Va(A) : Va()) evaluated in A
V(X) : bias corrected estimator (4.9) of V()

38



Table 2: Mean-stationary AR(1) model with unknown intercept

RV MSEQY | § s g

R X B(}\) E[V(A
A |>\|21 B()‘) m ) V(A) MSE()\)

H @ B @ 6B 6 (7) (8)

T'=20 -09 0063 -.008 -0.12 0.94 0.96 1.11 0.346
-0.6  0.001 -.006 -0.19 0.98 0.99 1.29 0.006

-0.3  0.000 -.008 0.70 1.02 1.03 1.32 0.000

0 0.000 -.011 0.21 1.02 1.02 1.25 0.000

0.2 0.000 -.015 0.18 0.99 1.00 1.16 0.000

04 0.000 -.020 0.18 0.95 0.97 1.05 0.001

0.6 0.000 -.030 0.21 0.89 0.92 0.90 0.013

0.8 0.003 -.052 0.27 0.83 0.87 0.72 0.113

09 0012 -.069 0.31 0.82 0.87 0.62 0.229

099 0.044 -072 031 0.85 0.91 0.56 0.400

T'=50 -09 0.003 -.001 -0.03 097 0.98 0.97 0.054
-0.6  0.000 -.000 -0.00 1.00 1.00 1.11 0.000

-0.3  0.000 -.000 0.14 1.01 1.01 1.12 0.000

0 0.000 -.001 0.05 1.01 1.01 1.10 0.000

0.2 0.000 -.002 0.06 1.00 1.01 1.07 0.000

0.4 0.000 -.003 0.07 0.99 1.00 1.01 0.000

0.6 0.000 -.005 0.09 0.98 0.98 0.92 0.000

0.8 0.000 -.010 0.14 0.93 0.95 0.77 0.004

09 0.001 -.018 021 0091 0.92 0.64 0.084

099 0029 -.030 0.29 0.93 0.96 0.50 0.380

X : the bias corrected estimator A + (1 + 3X)/T

: Monte Carlo estimate of the actual bias of \
- Monte Carlo estimate of the actual bias of A
: the bias corrected estimator (4.13) of V()

)

) ~
) : Monte Carlo estimate of the actual variance of A
) ~ 2
(M) : bias corrected estimator of V() given by V(A) + (3 + 2\ 4 3)\7) /T2
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Table 2A: Effects of alternative definitions of A in AR(1) model

| A |> 1 no correction

| A |> 1 no correction

A @ E[V* (V)] MSE(/:\) i{\) E[V* (V)] MSE(/:\)
B(\) 78S MSE(}) B(\) V() MSE(})

(1) 2 (4) (5)  (6) (7)
T=20 -0.9 -0.02  0.96 1.02 0.37 1.16 0.82
-0.6 -0.19  0.99 1.29 -0.17 1.00 1.28
-0.3 0.70 1.03 1.32 0.70 1.02 1.32
0 0.21 1.02 1.25 0.21 1.02 1.25
0.2 0.18 1.00 1.16 0.18 0.99 1.16
0.4 0.18 0.97 1.05 0.18 0.96 1.04
0.6 0.21 0.92 0.90 0.22 0.96 0.87
0.8 0.27 0.87 0.71 0.38 1.07 0.62
0.9 0.32 0.87 0.61 0.50 1.13 0.53
0.99 0.35 0.91 0.53 0.63 1.10 0.52
T =50 -0.9 -0.03  0.98 0.97 0.04 1.03 0.92
-0.6 -0.00 1.00 1.11 -0.00 1.00 1.11
-0.3 0.14 1.01 1.12 0.14 1.01 1.12
0 0.05 1.01 1.10 0.05 1.01 1.10
0.2 0.06 1.01 1.07 0.06 1.00 1.07
0.4 0.07 1.00 1.01 0.07 0.99 1.01
0.6 0.09 0.98 0.92 0.09 0.98 0.92
0.8 0.14 0.95 0.77 0.14 0.95 0.76
0.9 0.21 0.93 0.64 0.28 1.03 0.57
0.99 0.31 0.97 0.48 0.58 1.16 0.46
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Table 2B: Effects of alternative bias correction in AR(1)

A B(Y R MEQ iz
(1) 2 B (@ (5)
T=20 0.9 -0.005 061 0.98 0.422
0.6 -0014 232 105 0.011
03 -0.007 091 105 0.000
00  -0.003 029 105 0.000
02  -0.002 0.6 104 0.000
04  -0.004 0.9 104 0.002
06  -0.011 036 1.02 0.027
08  -0.034 0.66 0.96 0.173
09  -0.055 080 091 0.311
099 -0.063 0.88 0.89 0.489
T=50 0.9 0002 -1.94 100 0.103
0.6 -0.000 292 101 0.000
03 -0.000 085 1.0 0.000
00  -0.000 016 101 0.000
02  -0.000 010 101 0.000
04  -0.001 0.9 101 0.000
06  -0.002 038 101 0.000
08  -0.006 0.63 1.00 0.009
09  -0.015 082 098 0.132
099 -0.020 095 0.95 0.464

A : estimator (T'A 1)/( —3) of (4.14)
A : estimator [(T + 3)A +1)]/T of (4.10)
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Table 3: ARX(1) model with intercept and trend (no correction if | X [> 1)

EV(Y)]

EV()

MSE(})

A BO‘) V(S‘) V(A V(}) EQ/((}\A))] MSE(\) | A =1 | A =1
Hm @ B @ e 6 O’ 0
T=20 -09 0.067 0.021 098 1.94  1.22 0.92 0.070 0.340
-0.6 0.007 0.033 1.22 1.28 1.12 1.41 0.001 0.009
-0.3 -0.048 0.041 1.27 1.04 1.09 1.34 0.000 0.000
0.0 -0.105 0.047 1.26 1.00  1.04 1.16 0.000 0.000
0.2 -0.146 0.048 1.21 1.04  1.00 1.04 0.000 0.000
0.4 -0.191 0.049 1.15 1.11  0.95 0.89 0.000 0.003
0.6 -0.244 0.048 1.06 1.18  0.94 0.73 0.000 0.020
0.8 -0.310 0.047  0.93 1.18 094 0.62 0.001 0.066
0.9 -0.355 0.046 0.86 1.09 092 0.63 0.003 0.088
0.99 -0.417 0.047 080 098 0.88 0.66 0.007 0.092
T'=50 -09 0.029 0.006 0.93 1.21 1.07 0.98 0.003 0.057
-0.6 0.007 0.013 1.08 1.04 1.02 1.16 0.000 0.000
-0.3 -0.016 0.0017 1.10 1.01 1.02 1.14 0.000 0.000
0.0 -0.040 0.020 1.09 1.00  1.01 1.08 0.000 0.000
0.2 -0.057 0.020 1.07 1.01 1.00 1.01 0.000 0.000
0.4 -0.074 0.018 1.03 1.02 098 0.92 0.000 0.000
0.6 -0.094 0.016 097 1.04 095 0.79 0.000 0.000
0.8 -0.120 0.013 0.85 1.04 091 0.62 0.000 0.006
0.9 -0.141 0.012 0.76 1.00 091 0.53 0.000 0.047
099 -0.180 0.011 065 0.87 0.89 0.54 0.005 0.106
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Table 4: ARX(1) model with AR(1) regressor (no correction if | A |> 1)

EV(Y)]

EV()

MSE(})

A B(S‘) V(;\) V(A V(D) EQ/((}\A))] MSE(\) | A =1 | A =1
“» @ 6 @ 6 6 O (8) 9)
T7=20 0.0 -0.018 0.013 1.06 1.00  1.01 1.09 0.000 0.000
0.2 -0.032 0.015 1.08 1.00 1.01 1.07 0.000 0.000
0.4 -0.050 0.016 1.06 1.01 1.01 0.99 0.000 0.000
0.6 -0.075 0.018 094 099 097 0.85 0.000 0.001
0.8 -0.118 0.026 0.70 0.84  0.87 0.67 0.003 0.027
0.9 -0.171 0.037 058 0.73  0.79 0.63 0.026 0.109
095 -0.236 0.045 059 0.72  0.78 0.65 0.047 0.156
T=50 00 -0.009 0.006 1.03 1.00  1.01 1.03 0.000 0.000
0.2 -0.014 0.006 1.03 1.00  1.00 1.02 0.000 0.000
0.4 -0.020 0.005 1.03 1.01 1.00 0.99 0.000 0.000
0.6 -0.029 0.005 0.99 1.01 1.00 0.91 0.000 0.000
0.8 -0.044 0.006 084 096 0.95 0.72 0.000 0.000
0.9 -0.065 0.006 066 084 0.88 0.58 0.001 0.014
0.95 -0.099 0.009 0.58 0.76  0.86 0.53 0.014 0.096
T'=100 0.0 -0.004 0.003 1.01 1.00  1.01 1.01 0.000 0.000
0.2 -0.006 0.003 1.02 1.01 1.00 1.01 0.000 0.000
0.4 -0.010 0.003 1.02 1.01 1.00 1.00 0.000 0.000
0.6 -0.016 0.003 1.00 1.01 1.00 0.95 0.000 0.000
0.8 -0.024 0.002 0.92 1.00  0.99 0.81 0.000 0.000
0.9 -0.034 0.002 079 095 0.95 0.67 0.000 0.000
0.95 -0.044 0.003 0.67 0.88 0.92 0.56 0.001 0.033
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Table 5: Test size in mean-stationary AR(1) model with intercept and trend

left-hand alternative, corrected:

right-hand alternative, corrected:

always if | A]<1 always if | A< 1
o ottt t o t ottt o
T7=20 -09 0.03 0.14 0.02 0.03 0.03 0.03 0.04 0.04 0.05 0.03 0.04 0.03
-0.6 0.04 0.09 0.04 0.05 0.09 0.05 0.02 0.04 0.04 0.03 0.04 0.03
-0.3 0.06 0.08 0.07 0.06 0.08 0.06 0.02 0.04 0.03 0.03 0.04 0.03
0.0 0.09 0.08 0.13 0.07 0.08 0.07 0.01 0.04 0.01 0.03 0.04 0.03
0.2 0.11 0.08 0.16 0.07 0.08 0.07 0.01 0.05 0.00 0.02 0.05 0.02
0.4 0.15 0.10 0.19 0.09 0.10 0.09 0.00 0.05 0.00 0.02 0.05 0.02
0.6 021 012 0.23 0.11 0.12 0.11 0.00 0.04 0.00 0.01 0.02 0.01
0.8 034 0.18 0.34 0.16 0.18 0.16 0.00 0.02 0.00 0.00 0.00 0.00
0.9 047 0.25 0.44 0.22 0.25 0.22 0.00 0.01 0.00 0.00 0.00 0.00
0.99 0.67 037 0.60 0.32 0.37 0.33 0.00 0.00 0.00 0.00 0.00 0.00
T7=50 -09 0.03 0.11 0.01 0.05 0.08 0.04 0.06 0.04 0.06 0.03 0.04 0.03
-0.6 0.05 0.07 0.05 0.06 0.07 0.06 0.04 0.04 0.04 0.04 0.04 0.04
-0.3 0.06 0.06 0.07 0.05 0.06 0.05 0.03 0.05 0.03 0.04 0.05 0.04
0.0 0.08 0.06 0.09 0.06 0.06 0.06 0.02 0.05 0.02 0.04 0.05 0.04
0.2 0.09 0.06 0.10 0.06 0.06 0.06 0.02 0.06 0.02 0.04 0.06 0.04
04 0.11 0.06 0.12 0.06 0.06 0.06 0.01 0.06 0.01 0.04 0.06 0.04
0.6 0.15 0.07 0.15 0.06 0.07 0.06 0.01 0.06 0.00 0.04 0.06 0.04
0.8 0.23 0.10 0.21 0.08 0.10 0.08 0.00 0.05 0.00 0.02 0.05 0.02
0.9 036 014 0.30 0.12 0.14 0.12 0.00 0.03 0.00 0.01 0.00 0.00
0.99 0.68 0.29 0.55 0.24 0.29 0.24 0.00 0.00 0.00 0.00 0.00 0.00

~

t= (A= 20)/IV)'2 17 = (A= 20) /N2, b = (A= X0) /N2, £ = (A= Ao)/[V (V]2
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Table 6: Test size (italics) and size-corrected power in mean-stationary
AR(1) with intercept, Hy : A = Ao, A is true value, T = 50

left-hand alternative: right-hand alternative:

Ao A t t* s tr t t* [ tr

* *

0.0 0.0 0.06 0.06 0.07 0.05 0.03 0.05 0.03 0.04
0.2 0.00 0.00 0.00 0.00 0.40 040 040 040
0.4 0.00 0.00 0.00 0.00 0.86 086 0.86 0.86

04 04 0.08 0.06 0.09 0.05 0.02 0.06 0.02 0.05
0.2 0.37 037 037 0.37 0.00 0.00 0.00 0.00
0.6 0.00 0.00 0.00 0.00 048 048 048 0483

0.8 0.8 0.13 0.06 0.12 0.05 0.01 0.08 0.00 0.04
0.6 042 042 042 042 0.00 0.00 0.00 0.00
0.99 0.00 0.00 0.00 0.00 0.68 0.69 0.67 0.68

0.99 0.99 0.39 0.10 0.25 0.07 0.00 0.09 0.00 0.01
0.6 0.89 093 092 094 0.00 0.00 0.00 0.00
0.8 0.32 038 037 040 0.00 0.00 0.00 0.00
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