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Abstract

This paper describes how phase-sensitive rotation in-
variants for three-dimensional data may be obtained. A
“bispectrum” is formulated for rotations, and its proper-
ties are derived for spherical harmonic coefficients as well
as for moments. The bispectral invariants offer improved
discrimination over previously published magnitude-only
invariants. They are able to distinguish rotations from
reflections, as well as rotations of an entire shape from
component-wise rotations of elements of the shape. As ex-
periments show, they provide robust performance for both
surface and voxel data.

1. Introduction

The classical approach to viewpoint-independent pattern
recognition is by computing geometric invariants. Geomet-
ric invariants come in two types: spatial-domain, which
are usually described as moments; and frequency-domain,
which are usually described as magnitudes of Fourier or re-
lated transform coefficients. For example, to verify whether
two patterns differ only by a three-dimensional (3-D) ro-
tation, we may operate in the spatial domain and calculate
the moment forms derived by Flusser et al [3]. Alterna-
tively, we may operate in the frequency domain, and calcu-
late the magnitudes of spherical harmonic coefficient vec-
tors as shown by Kazhdan et al [12], or use the harmonic
shape context of Frome et al [5]. In principle, the two types
of geometric invariants are related through the generating
equation of the relevant Fourier transform kernel, as estab-
lished by Kanatani [11] for the sphere S2.

Desirable characteristics of invariants include ease and
stability of computation, and discriminative power to dis-
tinguish between similar-looking patterns that are not ro-
tations of each other. Both moment forms and Fourier-
domain magnitudes have their respective drawbacks in re-
gard to those characteristics. A drawback to computing mo-

Figure 1. Two shapes that are not rotations of each other, and yet
have identical spherical harmonic coefficient vector magnitudes.
The shapes may be discriminated easily by using the bispectral
invariants described in this paper.

ments, which are sums of the data multiplied by monomi-
als such as, for example, 23222, is that they are not well-
conditioned numerically. In general, the ratio of the max-
imum to minimum value of a monomial over a domain is
O(BP), where B is the bound on the domain and p is the
monomial’s order. A drawback to the Fourier-magnitude
approach is that the magnitudes obviously lack the crucial
phase information necessary to discriminate patterns. For
example, the two functions shown in Figure 1 are not ro-
tations of one another in 3-D, but have identical spherical
harmonic magnitudes. Kazhdan et al [12] provide similar
examples.

This paper describes a novel approach to generating
phase-sensitive geometric invariants by using the bispec-
trum of group representations. Before going into groups or
representations, the notions of phase-sensitivity and bispec-
trum may be grasped intuitively by considering the Fourier
transform F' of a function f on the real-line. It is obvious
that at any frequency u, the magnitude |F'(u)| is invariant to
the translation of f. The magnitude is not a discriminating
invariant, since it is actually phase that determines locations
of edges and peaks. In contrast to a simple magnitude, con-
sider for each pair of frequencies u, v the product known
as the bispectrum By (u,v) := F(u)F(v)F(u + v)*; here
* is complex-conjugate and := means defined equal. The



bispectrum is not only invariant under the translation of f
(as can be checked by replacing F'(w) by F'(w)e?“*, where
x is the amount by which f translates), but also contains
nearly all other information in F'. To see that, note that if
we set v = 0, then By (u,0) = F(0)|F(u)|?, so the magni-
tude spectrum may be recovered from the bispectrum. Now,
assuming that F' never vanishes, we may recover the phase
spectrum completely, up to a single linear phase factor cor-
responding to the translation, by recursively evaluating ra-
tios such as By (u,1)/(F(1)F(u)); see [7] for algorithms
and more details.

The bispectrum is well-known in statistical signal pro-
cessing as a means to detect non-Gaussian frequency cou-
pling. However, the bispectrum has not been used with
the spherical harmonic representations employed in com-
puter vision. This paper derives a convenient vector form
and uses it to establish important properties of the bispec-
trum for 3-D rotation invariance. The principal advantage of
the bispectral invariants over magnitudes is discriminative
power due to phase-sensitivity. For example, as discussed
in more detail below, the spherical harmonic bispectra of
the two functions shown in Figure 1 are significantly dif-
ferent, enabling their discrimination. We show that, in gen-
eral, the bispectrum is capable of distinguishing rotations
from reflections, as well as rotations of an entire shape from
component-wise rotations of elements of the shape.

The paper below begins with a review of the extensive
literature on rotation invariants. Background material on
spherical harmonics and group representations is provided
subsequently. Next, the bispectrum of spherical harmonics
is formulated and its significant properties are derived. We
then illustrate the use of the bispectrum with four experi-
ments on 3-D data, including data in surface form and in
voxel form.

2. Review of literature on rotation-invariants

The use of 3-D rotation invariants is fundamental to
many disciplines besides computer vision. For example, the
physics literature discusses 3-D rotation invariants as quan-
tities independent of the frame of reference, such as the ad-
dition formula for spherical harmonics [1, pg 213]. The
rotation-invariance of such basic quantities as vector length
or eigenvalues of a linear operator, and their related quan-
tities (determinant, trace), is fundamental to linear algebra.
Those concepts have appeared in the computer vision lit-
erature in various forms, as discussed below; see [4] for a
thorough review.

Sadjadi & Hall [16] used the properties of the Hessian
to obtain 3-D rotation invariants for quadratic equations in
the coordinates z, y, and z. Lo & Don [14] extended the
development by using group representation theory, includ-
ing the Clebsch-Gordan coefficients involved in reducing
tensor products. The invariants that they propose are rela-

tively few, and are a special case of the invariants derived
in this paper. Galvez & Canton [6] propose to rotate the
shape into a canonical orientation where the principal axes
(eigenvectors of the inertia matrix) are the Euclidean ones.
However, if we have a complex object, such as MRI voxel
data, rotating into a canonical orientation is computation-
ally expensive, and the matching problem even if canonical
orientation is provided is not simple.

In the literature on frequency-domain invariants, Reis-
ert & Burkhardt [15] propose to use “bandwise” magni-
tudes of the spherical harmonic coefficients, to obtain im-
proved discrimination over the vector-wise magnitudes of
ref. [12]. The invariants we propose improve discrimination
over bandwise magnitudes by allowing phase-sensitivity,
where phase in this case means the corresponding element
of the Wigner D-matrices described below.

3. Background material

The theory of 3-D rotations, group representations, and
spherical harmonics is well-known. We review key con-
cepts and results in this section; see ref. [8] for details. We
use the z-y-z system of Euler angles, denoted «, (3, and ~,
to describe each 3-D rotation. The two angles, o and 3,
also parameterize the sphere S2, with 0 < o < 27 repre-
senting longitude (angle measured counter-clockwise from
the positive z-axis in the z-y plane), 0 < § < = the colat-
itude (angle with respect to positive z-axis). In particular,
we obtain the unit vector X defined as

X := [cos(a) sin(B), sin(a) sin(B), cos(8)] . (1)

Spherical harmonics are an orthogonal basis for functions
on S2, and, for each non-negative integer ¢, they have the
functional form

— <n<H/t.

(@)
Here P;' are the associated Legendre functions, which
are real-valued. Each square-integrable function f on the
sphere may be expanded as follows:

Y (X) = Y[ (B, o) = Py} (cos B)e™ ",

oo l
FX)=f(Ba) = > F/Y/(Ba)  (3)

{=0n=—¢

We combine all coefficients for a given £ intoa 1 x (2¢+1)
vector
Fo=[F ... FQ,... F[]. 4)

We refer to F; as the ¢-th Fourier coefficient of f below.
The rotation property of the spherical harmonic coeffi-
cients, which is discussed below, is crucial to the develop-
ment of invariants. Every 3-D rotation is represented by
3 x 3 orthogonal matrix R with determinant +1. If, for
some R, we have g(X) = f(RX) for all X € S?, so that



Figure 2. Illustration of the lifting process: for each 3-D rotation

R, the value of f(R) is the value of f at RZ, the location of the
Z axis after rotation by R.

g is a rotated version of f, then the Fourier coefficients of g
are related to those of f as follows:

Ge = FeDi(R). )

Here Dy(R) is a (2¢ + 1)-dimensional unitary matrix,
known as the Wigner D-matrix, with the homomorphic
property Dy(RS) = Dy(R)D,(S) for every pair of rota-
tions R, S. The elements of the D-matrices are separable in
the Euler angles:

D™, By) = I (B)e I, —0<myn < L.

(6)
Here dj'™ is the (little) Wigner d-function, which is real-
valued. In particular, the spherical harmonics are, up to a
scale factor, the elements of the middle column of the cor-

responding D matrix:

Y™(B, @) = a;D"(, B,0), —L<m <L (7)

The properties of the spherical harmonic Fourier trans-
form are often clearer when S? is expressed as a homo-
geneous space for the group SO(3) of 3-D rotations. The
group consists of all 3 x 3 orthogonal matrices with de-
terminant +1. Every function f whose domain is S? may
be “lifted” to a corresponding function f on SO(3) by the
mapping f(R) := f(RZ), where Z := [0,0,1]". Figure 2
illustrates the lifting operation.

Note that f is constant on rotations that fix Z, and, there-
fore,

f(a767'7):f(a7ﬂ70)? V. (3
The elements {D}""}¢ ., of the Wigner D-matrices form
an orthogonal basis for functions defined on SO(3). The
Fourier transform on SO(3) consists of matrix-valued co-
efficients, one at each “frequency” ¢, where ¢ = 0,1,....
The ¢-th Fourier coefficient is defined as

H@:/ F(R)Dy(R) dR. ©)
50(3)

Here the symbol { denotes matrix hermitian and dR =
ésin(ﬁ)da dBdy is the normalized rotation-invariant
measure on SO(3). With those Fourier coefficients, the
function f may be expanded as follows

F(R) = (20 + 1trace [F(O)De(R)] . (10)
(=0

A 3-D rotation of f, which equivalently translates the
function on SO(3), produces a corresponding ““phase-shift”
of the Fourier coefficients:

9(R) = f(SR) & G(£) = F(O)D((S).  (11)

If f = f, or in other words f is a function lifted from S2
as described above, then from eqns. (6) and (8) we obtain
that only the middle row of the (2¢+1)-dimensional Fourier
coefficient matrix F(¢) is non-zero.

m#0= F()™ =0. (12)

Moreover, from (7), we obtain that for lifted functions, the
middle rows of the SO(3) Fourier coefficients are, up to
a scale factor, the Fourier coefficients of the spherical har-
monic expansion:

F(0) = a,F. (13)

The interested reader may verify that with (13) and (7), the
expansion (10) reduces to (3).

3.1. The bispectrum

The bispectrum is a well-known concept in the signal
processing literature, but is not familiar in computer vision.
The bispectrum, and its time-domain version, the triple cor-
relation, are best introduced by considering functions on the
real line. The triple correlation of a function f is a gener-
alization of the familiar autocorrelation to two independent
shifts:

The triple correlation is translation invariant: if g(z) =
f(z — o), then Ty = T}, as a consequence of the invari-
ance of the integral. The Fourier transform of the triple cor-
relation T yields the bispectrum formula mentioned in the
introduction:

Bf(u,v) = F(u)F(v)F(u+v)*. (15)

We now formulate the triple correlation and derive the
bispectrum for the rotation group SO(3). Some matrix ter-
minology is helpful. The direct sum of two matrices A and
B is denoted A @ B, and is the block-diagonal matrix with



A in the upper-left corner and B in the lower-right corner.
Similarly, the notation ", A; means the block-diagonal
matrix formed with A; in the upper left corner, and contin-
uing with A, ..., A,, occurring progressively lower and to
the right. The tensor (or Kronecker) product of the n x n
matrix A and the m x m matrix B is denoted A ® B, and is
the structured nm x nm matrix whose blocks are a;; B, for
1 <4,j <n.Note that (AB)® (CD) = (A®C)(B® D).

The triple correlation may be formulated on the rotation
group SO(3) as follows:

7y(51,52) = [ oy [ SRS (RS)IR 16

The triple correlation is therefore a function on SO(3) x
SO(3). Tt is rotation invariant: if for some S we have
g(R) = f(SR) for all R, then Ty, = T as a consequence
of the rotation invariance of the measure dR. To see that,
note that for each 1) we have

[ wsmar= [ wmar. an
SO(3) S0O(3)

The Fourier transform of the triple correlation, denoted
By (k, ), is expressed in terms of the tensor-product of the
Wigner D-matrices:

[ [ (51,52 (Du(S0) 0 DS dsidsa )

The tensor product Dy, ® Dy is unitarily equivalent to a di-
rect sum when S; = S, = S, i.e.,

k+£

@ pis)|cl,. 19

i=|k—¢|

The unitary matrix Cyy is called the Clebsch-Gordan (CG)
matrix; see [9, pg 135]. Applying (19), we obtain a conve-
nient formula for the bispectrum:

Dy.(S) ® De(S) = Cre

k+£

b Fo)'| .

i=|k—1|

By(k,0) = [F(k) @ F(O)] Cre

(20)
The above result is also discussed in Kakarala et al [10] and
in Kondor & Borgwardt [13]. For example By(1,1) is the
9 x 9 matrix

[F(1) ® F(1)] Cu [F(0) & F(1) & F(2)]C,. D)

The CG coefficients may be calculated using well-known
recursive formulas [1, pp 134-137], with a phase convention
that results in C¢ being a real-valued, orthogonal matrix for
each k, ¢. Computation of the entries in a CG matrix may
be accomplished by using published routines in Matlab',
Mathematica, or MATPACK.

'In the experiments for this paper, we used the Matlab routines from

4. Deriving rotation invariants from the bispec-
trum

In this section, we establish some important properties
of the bispectrum. First, in order to simplify calculations
for spherical harmonics, we define a vector bispectrum for
functions defined on S2. Then, we show how that bispec-
trum may be extended to various forms of 3-D data by using
projections, as well as by using moments.

Let f be a function defined on the sphere S2, with corre-
sponding spherical harmonic Fourier coefficient vectors JF
for £ > 0. We construct the bispectrum for vectors follow-
ing (20). The term Fj, @ Fyisal x (2k + 1)(2¢+ 1)
vector. We construct a compatible vector out of each
Fi, for |k — ¢ < i < k + £, by “embedding” it in a
1 x (2k 4 1)(2¢ + 1) vector, padded with zeros. Define

~

Fi:=1[0,...,0,7:,0,...,0]. (22)

Here, the number of zeros preceding F; is n,, and the num-
ber succeeding F; is ns, where

i—1 k+e
ny = Z (2¢+1); ng:= Z (2¢+1). (23)
q=k—1| q=i+l

Note that the length of F; is n, +2 % i + 1 +n, = (2k +
1)(2¢ + 1). Now define the vector bispectrum

ORO(i) o= [Fa @ Fol CueFly [k — €] S i<k + 0 (24)

where C}y is the Clebsch-Gordan coefficient matrix in (19).
Note that the vector bispectrum is a scalar for each 7, unlike
(20), which is a matrix. Henceforth, we use b’}z to mean the
vector whose entries are (24), and by to denote the collec-
tion of bispectral vectors for aAll k, ¢. The construction of
(24), in particular the vectors F, is also obtaineg in a differ-
ent manner: if we had extended f from S? to f on SO(3),
and used the bispectrum (20), we would obtain the same set
of scalars {by} as a consequence of (13). The properties of
by are now established.

Theorem 4.1. Let f be a function on S*. Then, we have
the following.

(a) If f is lifted to f on SO(3), then the non-zero entries
of the product B Jz(k, 0)Cyy are precisely the entries in
b’;f, up to scalar constants which are independent of f.

(b) The vector bispectrum is invariant to the rotation of f:

9(X) = f(RX) = by = by (25)

(c) b’;f is essentially the same as bﬁc’“ : for eack k, £, and 1,
there exists a constant (, independent of f, such that

V(i) = ¢ (d). (26)

http://geoweb.princeton.edu/people/simons/software.html. Hence, we need only evaluate b’;éfor k>4



(d) The magnitude invariants are special cases:

b0 = FollFill?. 27)

(e) Reflection of a real-valued f results in complex-
conjugation of by: if O is any orthogonal matrix with
determinant —1, then

9(X) = f(OX) = b, = b;. (28)

Proof. Note that By (k, ¢)Cy is, from (20), the matrix

k+2

P Fu)y|. (29)

i=|k—¢|

[F (k) @ F(O)] Cre

By (13), there is exactly one non-zero row in F (k) ® F(£),
and, furthermore, also by (13), the non-zero columns in the
direct sum are exactly a;‘]-'iT . Consequently, part (a) fol-
lows, and the scale factors independent of f are apaca;.
Now, to prove (25), note that by (5) we have

N N k+¢
G=F| P Din)|. (30)
i=|k—¢|

Therefore, b} (i) is the scalar

fmoﬂ{[ x(R) ® Dy(R CM@D }ﬁj. (31)

By (19), the term in brackets {-} is Cy;, showing that
bEE(i) = bk (7). To prove (26), note that the triple corre-
lation of f (the lifted version of f on SO(3)) is symmetric:
T§(S1,52) = T7(S2,51). Moreover, the representations
Di(S1) ® D(S2) and Dy(S2) ® Dy(S1) have the same
trace and therefore are unitarily equivalent [8, pg 114], i.e.,
there exists a unitary matrix U such that

UDy(S1) ® Dy(S2)UT = Dy(S3) x Di(S1).  (32)
Therefore, B(k, ) = UB(¢, k)UT, and the result follows
from part (a). To prove (27), note that Fy is a scalar, equal
to the mean value of f on S2, and hence Fi, @ Fo = FoFk,
Cro = I, and F, = Fj. To prove (28), note that if
O, := diag[l, —1, 1] is the 3 x 3 diagonal matrix reflecting
y to -y, then S := O,O has determinant +1 and there-
fore belongs to SO(3). Hence, if h(X) := f(SX), then
br = by by (25). Now, note that if g(X) := h(0,X) =
f(OX), then ¢g(8, ) = h(B, —«) from (1), and hence by
(3) we obtain that G, = Hj as g, h are real-valued. There-
fore (28) follows from (24) as Cy is real-valued. Note
also that (28) holds also for complex-valued functions if

9(X) == f(OX)". O

Theorem 4.1(d) shows that the bispectral invariants
b’ff (1) include, as a special case when ¢ = 0, the magnitude-
only invariants used in previous papers [12]. Moreover, for
the case when ¢ # 0, the bispectral invariants contain infor-
mation about the phase spectrum of f, which is sufficiently
discriminating to distinguish rotations from reflections by
(25) and (28).

The bispectrum rotation invariants may also be extended
to functions natively defined on SO(3). The resulting bis-
pectrum is matrix-valued, as shown on the right side of
(20). Moreover, the properties established in the Theorem,
in particular parts (b)-(e), extend with appropriate modifica-
tions to SO(3). For example, Bf(k,0) = F(0)F(¢)F ()T,
which is essentially a magnitude-only spectrum. The diago-
nal elements of By (k,0) are the row-wise norms described
in ref.[15]. Hence, for SO(3), the bispectral invariants not
only include the previously-published magnitude-based in-
variants as a special case, but more importantly, provide im-
proved discrimination due to their phase sensitivity.

4.1. Connection with moments

We now connect the bispectral invariants to the well-
known theory of moments, which are a basic tool in pattern
recognition. A moment of order ¢ is the value of the integral

My :=/ ey T f(ayy, 2)da dy, dz. - (33)
R3

There are N,,,(¢£) := (¢ + 1)(¢ 4+ 2)/2 moments of order /.
Central moments are those taken after the function has been
translated such that the 1- st order moment is Zero such a
translation i 1s x . — M /Mo, Yy — M1 /MO, and
2 2 — MY /M.

There exists a N, (£) x (2¢ + 1) matrix A, which trans-
forms the vector of monomials of order ¢ to the vector of
spherical harmonics of the same order. The entries of A,
may be found from the generating equation:

V20 +1 . . 2

14

3 Yy (a, B)t"

2Vt m)l(n—m)!

Here z, y, and z are the elements of the unit vector X in
(1). For details behind those facts, see Kanatani [11, eq.
6.6], and for a proof, Courant-Hilbert [2, pp 540-541].
For example, let £ = 2. Then, the vector of monomials
is
My = [mZ,yQ,ZQ,xy,yz,xz] . (34)
The transforming matrix .4, may be derived using the sym-
bolic toolbox in Matlab, or equivalent package 2. The values

2We used Matlab to calculate A, up to order 10 for the experiments
described below.



shown below are for the first 3 rows of A (note the trans-
pose). The values match the coefficients in [11, eq. 6.8].

o 1 -1 0 2 0 0
V30l g 0 0 0 -2 2 (35)
4 2 _2 4 0
V6 Ve V6

The remaining two rows are obtained by symmetry: the
fourth row is the negative conjugate of the second, and
the fifth row is the conjugate of the first. With this ma-
trix, the row vector M. A5 contains the spherical harmonics
Y, 2 Yt Y2

Therefore, the bispectral invariants that we derived for
spherical harmonics may be applied to moments as well.
We obtain the invariants

bk (i) 1= [(MiAr) ® (MeAd)] Cre(Mids) . (36)

A special case of this formula is when ¢ = k, and ¢ = 0.
Detailed expressions for those particular invariants are in
two other papers [3, eq 24][14, pg 1056].

5. Application to 3-D data

Data in 3-D in computer vision may come in several
forms, including the following: in the form of (x,y, z) co-
ordinates of vertices of polygonal shapes such as the PSB
database [17]; or in the form of voxel data such as in MRI
scans, which may be represented as a function f on a dis-
crete grid in R®. We show in this section how to compute
invariants for each of those forms of data.

Suppose we have a set of vertices, denoted
{(zs,v:,2)},. Then we obtain the corresponding
Fourier coefficients F;, as follows. First, we convert each
point (x;,y;, 2;) to spherical polar coordinates (r;, «;, ;).
Next, the Fourier coefficients are evaluated as follows:

N

Fr = riYem(Bison)". 37

i=1

We are essentially treating each r; as the value of a “func-
tion” f at spherical angular coordinates (/3;, a;). It is clear
that when the set of vertices is rotated in 3-D, the coeffi-
cient vectors Fy in (4) transform according to (5), and there-
fore the quantities b’;/(z') are invariant to 3-D rotation. Note
that we may obtain combined translation, rotation, and uni-
form scale change invariants by translating the points by
their centroid prior to calculating (37), and normalizing by
(MY°)*/3+1; see [14, eq. (31)].

Now suppose we have a second form of 3-D data, voxel
data. For example, a MRI scan may be represented as
f(z,y, z) for voxels whose coordinates are such that |z| <
N, ly| < Ny, |z| < N.. We may obtain the central mo-
ments of the scan from (33), and convert these to bispectral

invariants by (36). Alternatively, we may proceed solely in
the frequency domain, and compute Fourier coefficients by
converting each vector [z, y, z, f(z,y, )] to polar coordi-
nates, i.e., [r, @, 8, f(r,a, 8)], and using a version of (37)
defined as follows:

Fri= " rf(ronB)Yik(B,a)". (38)

o,

Once again, we may compute the quantities b’}e (i), and they
are rotation invariants. In proceeding this way, we are es-
sentially projecting the MRI data onto S2, and computing
the invariants of the projected data.

6. Experiments

In this section, we describe five experiments intended to
establish the practical computation and reliability of the bis-
pectral rotation invariants.

Our first experiment is to verify the ability of the bispec-
tral invariants to discriminate rotation of the entire shape,
from Fourier component-wise rotation of the elements of
the shape. This experiment is motivated by one of the
known failure modes of the magnitude invariants [12, Fig.
2]. We used shapes similar to those shown in Figure 1, each
of which is generated by spherical harmonics using eq. (3)
but having only 3 nonzero coefficient vectors: Fi, Fa, F3.
Next, we generate a component-wise rotation by indepen-
dently transforming each of the Fourier vectors as follows:

F1— lel(Rl); Fo — .FQDQ(RQ); .Fg — ngg(Rg).

(39)
When the rotations R, R2, and R3 are different, the result
is not a rotation of the entire shape. Magnitude-based in-
variants cannot detect component-wise rotation, but bispec-
trum invariants can. To verify that, we computed the 1 x 3
vector b?ﬁl before and after (39). The normalized percent
difference is computed as follows

g Wor =Pl g, (40)
16511+ llbgl

Here f is the original function, and g is the function after
component-wise rotation in (39). Obviously, the larger F/
is, the more easily f and g are discriminated. Over 100
trials with randomly-generated rotations, the mean value
of E was 72%, indicating very clear discrimination of
component-wise rotation; in contrast, when a true rotation
R1 = Ry = R3 = R was tested with randomly chosen R,
the values of E were essentially zero to machine precision.
Our second experiment was designed to verify the ability

of the bispectrum to distinguish between rotation and reflec-
tion. We used the set of (z, y, z) vertices from a 3-D scan of
a left hand®, shown in Figure 3. The reflection of the hand

3The hand shape appears courtesy of INRIA, and is available at the
repository shapes.aimatshape.net.



Figure 3. The vertices in the 3-D scan of the right hand were ob-
tained by reflecting those of the left across the y-z plane. While
magnitude-only invariants can’t tell the difference between the
right and left hands, bispectral invariants can: the bispectral in-
variants of the right hand are complex conjugates of the left.

across the y-z plane is also shown in the same figure. We
computed the Fourier coefficients for ¢ = 1,2,...,5 of the
hand vertices, where on each trial the vertices were reflected
across a randomly-chosen plane in R3. We then compared
the magnitude-based invariants ||F| of both the original
and the reflected data sets. As expected, the magnitude-
based invariants were essentially equal (to machine preci-
sion) for both the data and its reflection, despite there being
no rotation to bring the two hands into alignment with one
another. Next, the bispectral invariants b’}ié(z) for k = 3,
¢ =2,andi = 1,...,5 were computed. The normalized
difference E for the two hands was approximately 40%,
clearly indicating the ability of the bispectrum to distinguish
reflections from rotations. However, when the bispectral
values for the right hand were conjugated, they matched
those of the left with essentially zero error E, confirming
(28). The experiment was repeated with randomly chosen
reflections, with no significant change in the results. Calcu-
lation of the invariants (using precomputed CG coefficients)
required approximately 30 seconds in a Matlab program for
a model containing over 53, 000 vertices.

We repeated the experiment by selecting 39 shapes from
the Princeton Shape Benchmark (PSB)[17] which were not
bilaterally symmetric, such as human hands, walking fig-
ures, and potted plants. (Most shapes in PSB are bilaterally
symmetric, because they represent balanced objects like air-
craft or chairs). The 39 shapes chosen exhibit varying lev-
els of asymmetry. Each shape was normalised in size to 1.0
mean distance from centroid, so that added noise may be
expressed as a percentage. We reflected each shape across
a randomly-chosen plane, and added Gaussian noise to the
coordinates. We then calculated the distance (40) between
the noise-free bispectral coefficients by, those of the noisy
reflected shape, denoted b > and their complex-conjugates
lAf]Z If the bispectral coefficients by are closer to b ¢ than to

b}, then we consider the shape to be confused with its re-
flection. With 5% noise, we found the confusion rate to be
2.6%; with 10% noise, the rate was 5.1%; and 15% noise
resulted in confusion of 10.3%. Hence adding up to 10%

Figure 4. Three of the depth maps obtained from a real-time scan-
ner. The subject moved his head from left to right, the extremes of
which are shown. The bispectral invariants of each position were
compared with the reference of the middle position shown.

noise does not incur significant error.

Our third experiment was designed to verify the robust-
ness of the rotational invariants to rotation of a real-world
object in 3-D. Depth maps were obtained of a rotating hu-
man face from a 3-D scanner*. The rotational motion is
real in that it is due to the subject moving his face. Three
images of the depth map are shown in Figure 4. The bispec-
tral invariants 63-2 (i), for 0 < i < 4, were computed for 30
separate positions over the angular range of approximately
—30 to 30 degrees. The normalized difference E in invari-
ants between each position and the approximately 0 degree
position never exceeded 0.3%, with worst case occurring at
the extremes of the rotation range. The bispectral invariants
were computed both with the moment method (36), using
central moments to obtain translation invariance, and with
the spherical harmonic coefficient computed about the cen-
troid using (37). There was no qualitative difference in the
E values between the moment-based method and those ob-
tained from (37), and no significant difference between us-
ing full resolution (480 x 480) and downsampled (48 x 48).

Our fourth experiment was designed to test the bispectral
invariants on voxel data, and is similar to the experiment
described in Flusser et al [3]. We used a MRI brain scan,
originally 256 x 256 x 60 voxels. The central 59 x 59 x 59
voxels were extracted, and digitally rotated in all 3 Euler
angles over 5 degree increments from 0 to 90 degrees. Fig-
ure 5 shows an example to illustrate the type of data used.
The bispectral invariants b?z (4), 0 < i < 4 were computed
by (38). The normalized error did not exceed 4%, with the
worst error at the 45 degree rotation. The error is primarily
due to aliasing as the rotated image is sampled on a dis-
crete grid. Downsampling 3.X in each dimension to speed
up computation did not significantly change the results over
full resolution.

Our fifth experiment tested how bispectral invariants
perform when compared to magnitude invariants in shape
recognition tasks. We used the 907 shapes in the PSB “’test-
ing” set [17], each randomly rotated with added noise over

4A Konica Minolta Vivid 910 non-contact digitizer was used to obtain
the data.



Figure 5. A slice of the MRI voxel data, taken perpendicular to the
z-axis, is shown together with its 45-degree rotation. The bispec-
tral invariants were evaluated as the MRI data was rotated in all 3
Euler angles.

trials, and computed the recognition rate (RR), which is
how often the correct model is identified in noisy data. The
shapes were normalised to mean distance of 1.0 from cen-
troid as described above. We found that, in the presence
of additive noise, RR improved significantly when bispec-
tral invariants were used instead of magnitude invariants.
Specifically, when 5% noise was added and a bandwidth
of £ < 7 was used, we observed a RR of 96% for bispec-
tral invariants, compared to 90% for magnitude invariants.
Similarly, for 10% noise, the RR was 86% for bispectral in-
variants, compared to only 75% for magnitude invariants.
Similar improvements were observed for other bandwidths,
but are not reported here due to lack of space.

Both bispectral and magnitude invariants are computed
from the same set of spherical harmonic coefficients. As
the computation time of the invariants is negligible com-
pared to that of the harmonic coefficients, we conclude that
bispectral methods offer significant improvement in recog-
nition tasks for relatively minor computation cost.

7. Conclusions

This paper proposes phase-sensitive 3-D rotation invari-
ants by using the bispectrum of spherical harmonic coef-
ficients. The invariants may be used for both surface and
voxel data. Experiments show the ability of the invariants
to distinguish rotations from reflections, as well as rotations
of an entire shape from component-wise rotations of ele-
ments of the shape, while providing robust performance for
matching rotated patterns.
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