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Abstract—Free-excitonic gain of wurtzite ZnO–Mg Zn1 O
quantum wells (QWs) is studied theoretically. The valence band
structure of ZnO–Mg Zn1 O QWs with the consideration of
biaxial strain and exciton–phonon interaction is calculated based
on a 6 6 Hamiltonian. From the available experimental data,
the band offset ratio and conduction band deformation potential
of ZnO–Mg Zn1 O QWs are found to be 60/40 and 6.8 eV,
respectively. The influence of biaxial strain on the peak free-exci-
tonic gain of ZnO–Mg Zn1 O QWs for various well-width and
mole fraction of Mg is also investigated.

Index Terms—Excitonic gain, numerical modeling, quantum
wells (QWs), zinc oxide.

I. INTRODUCTION

DUE TO their large excitonic transition energy ( 3.34
eV) and binding energy ( 60 meV) [1], ZnO mate-

rials have drawn considerable attention for the application in
ultraviolet optoelectronics. Further improvements on these
excitonic characteristics of bulk ZnO materials is possible if
ZnO-based quantum-well (QW) structures are constructed.
Recently, investigations on the excitonic characteristics of
ZnO–Mg Zn O QWs growth on ScAlMgO substrate
have reported the enhancement of excitonic transition energy
( 3.6 eV) as well as the reduction of excitation threshold

17 kW/cm [2]. Physical models, inclusive of the influence
of exciton–phonon interaction as formulated by Pollmann–Büt-
tner potential [3], have been developed to interpret the excitonic
transition characteristics of ZnO–Mg Zn O QWs [4]. Fur-
thermore, spontaneous and piezoelectric polarization effects
have been taken into calculations of the optical characteristics
of ZnO–Mg Zn O QWs [5], [6]. Nevertheless, to the best of
our knowledge, there is little report on the theoretical study of
the free-excitonic gain of ZnO–Mg Zn O QWs especially
with the influence of exciton–phonon interaction. It is also
desirable to analyze the design of ZnO QWs for maximum
free-excitonic gain in order to realize efficient excitonic lasing.

In this paper, the influence of biaxial strain and ex-
citon–phonon interaction on the free-excitonic gain of wurtzite
ZnO–Mg Zn O QWs for various well-width and mole
fraction of Mg is investigated theoretically. Two physical pa-
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rameters, the band offset ratio and conduction band deformation
potential, required for the calculation of the free-excitonic gain
is also deduced from the available experimental data.

This paper is organized as follows. In Section II, the conduc-
tion and valence band structures of the ZnO QWs are modeled
by a parabolic band model and a 6 6 strained Hamiltonian,
respectively. The effective mass parameters of the strained
Hamiltonian are deduced from the empirical pseudopotential
method (EPM). The electron and hole wave functions are
approximated by plane-wave expansion method [7]. Free-ex-
citon energy of ZnO–Mg Zn O QWs is then deduced by
variational method with exciton–phonon interaction taken into
consideration. The corresponding momentum matrix elements
and the free-exciton optical gain of the ZnO QWs are, there-
fore, calculated. In Section III, the valence energy dispersion
of ZnO–Mg Zn O QWs is deduced and the importance of
the inclusion of A-, B- and C- holes states for the study of
exciton states is then discussed. The calculated excitonic tran-
sition energy of the ZnO–Mg Zn O QWs is subsequently
compared with the experimental results for validation purposes.
Hence, the band offset ratio and conduction band deformation
potential are estimated for the calculation of free-excitonic
gain. Furthermore, the optimum design of the optical gain of
ZnO–Mg Zn O QWs under the influence of biaxial strain is
investigated. Section IV concludes the results obtained.

II. THEORY

In this section, the energy bands of ZnO–Mg Zn O QWs
are modeled, with the assumption that the conduction and va-
lence bands are decoupled, by using the method. A single
parabolic band model is used to approximate the conduction
band. For the valence band, a 6 6 strained Hamiltonian is used
to account for spin-orbit coupling which result in degenerate
A-, B- and C-hole bands [8]. A center mass coordinate system
is applied to form the exciton Hamiltonian at point with
the consideration of exciton–phonon interaction represented
by Pollmann–Büttner potential. The exciton ground state en-
ergy is then deduced by using the variational method. The
numerical model for the calculation of the optical gain of the
ZnO–Mg Zn O QWs for the bound and continuum state
excitons is, therefore, established.

Fig. 1 shows the schematic of the wurtzite ZnO–Mg Zn O
QWs used in the model. If the axis is assumed to be along the
growth direction, the wave function for the electron can
be written as [9]

(1)
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Fig. 1. Schematic of a ZnO–Mg Zn O QW with the lowest energy sub-
bands. Excitons transition energy, E (where X = A, B, or C) and binding
energy, E are shown in the figure.

where indexes the number of conduction subbands, is
electron spin, is the Bloch function transforming like
s-state atomic wavefunctions, and is the wave vector. Using
plane-wave expansion, the normalized envelope function can
be written as

(2)
where , , is the well width of the QW,

is the width of the barrier region, and is an integer running
through the plane-waves that construct the -dependent enve-
lope function. The eigen-equation of electron envelope function
can be expressed as

(3)

where and
is the QW’s profile of the unstrained conduction band en-

ergy. and are the electron effective masses parallel and
perpendicular to the in-plane direction, respectively, and is the
Planck’s constant. The hydrostatic deformation potential term,

, is assumed equal to in-
side the well region and inside the barrier region.

is the conduction band deformation potential constant to be
determined. If the barrier width of the QWs is large, the en-
ergy dispersion in the calculation can be approximated
by as the dependence of on is insignifi-
cant.

Based on a 6 6 Hamiltonian, the QWs valence holes state
can be described by [9], [10]

(4)

The basis set for the valence bands are chosen to be

(5)

where , , and , are the Bloch functions at the point
transforming like the , , and atomic wavefunctions, re-
spectively. The envelope function of valence band holes of the
QWs is evaluated by diagonalizing

(6)

where indexes the valence subbands and
is the potential profile of the unstrained valence-band en-

ergy. Strain-induced band-edge shifts in the well are accounted
in the diagonal terms of the Hamiltonian . The six-dimen-

sional envelope functions are described by

(7)
The 6 6 Hamiltonian of the valence bands for wurtzite
semiconductor including strain effect is given by [9], [10]

(8)

where

(9)

In (9), is the crystal field split energy, and account for
the spin-orbit interaction, is an element of the strain tensor,

, , are the effec-
tive-mass parameters, and are the deformation potentials.
For biaxial strained QWs, the strain tensor in the well region
comprises of ,
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and , where and are the lattice con-
stants of the MgZnO barrier and ZnO well layers, respectively.

and are the stiffness constants of the ZnO well layer.
In ZnO bulk and QWs materials, the interaction between ex-

citon and phonon is significant. It has been shown that the ex-
citon binding energy in ZnO–Mg Zn O QWs is greatly en-
hanced by exciton–phonon interaction [4]. This is because the
strong confinement of longitudinal phonons enhances the cou-
pling between excitons and phonons inside the QWs. However,
the analysis of exciton–phonon coupling in QWs using three
phonon modes (i.e., at the well, barrier and their interface) is
very complicated [11]. Therefore, we simplified the calculation
by considering the exciton-bulk phonon interaction to approxi-
mate the total interaction of exciton with all the phonon modes
[12], [13]. This is possible because the exciton-bulk phonon in-
teraction can be correctly described by the Coulomb interaction
using the Pollmann–Büttner potential [3].

Based on the above assumption, the exciton Hamiltonian,
, in the center mass coordinate system at the point is given

by [14], [15]

(10)

where and are the elec-
tron and hole Hamiltonians at the point, respectively, without
Coulomb interaction. The third term on the right-hand-side of
(10) represents the kinetic energy of electrons and holes. ,
which takes into account of the exciton–phonon interaction, is
the Pollmann–Büttner potential. can be written explicitly
as [3]

(11)

(12)

where is the bulk electron effective mass, (for A-, B-,
or C- valence bands) is the bulk hole effective mass, is the
bulk exciton reduced effective mass, and is the bulk ex-
citon Bohr’s radius. is the static dielectric constant,

is the high frequency dielectric constant and
meV is the LO phonon energy [4].

For anisotropic crystal like ZnO, we can relate the effective
mass parameters and the holes effective masses for the parallel
and perpendicular effective mass to the in-plane direction as fol-
lows [16]:

(13)

It is noted that the effective masses of A- and B- holes given
in (13) are different from that in [16]. This is because the ar-
rangement of the valence bands symmetry of A- and B-holes
in ZnO is in reverse order to that of the GaN. The exciton re-
duced effective mass in the direction parallel (perpendicular) to
the in-plane direction is given as

, where is the parallel (perpendic-

ular) electron effective mass, is the parallel (per-
pendicular) holes effective mass and A, B, or C. Hence,
the bulk exciton reduced effective mass is then given as

[17] and the bulk exciton Bohr’s radius can be written
as for the th excitons. The bulk electron

and holes effective masses are then given by

and , respectively.
As the optical properties of ZnO materials are determined by

the optical transition at the center of Brillouin zone the free-
exciton states at point can be analyzed by variational method.
This can be done by using a trial function, [14], [15]

(14)

(15)

where and are the electron and hole envelope func-
tions, respectively, without Coulomb interaction. is the
trial wavefunction for 1-s bound exciton, is the in-plane co-
ordinate, and is the trial parameter. If the exciton transition
energy can be minimized with suitable selection of
using [14], [15]

(16)

we can deduce the realistic value of . In (16), is the
bandgap of ZnO well, and are the eigenvalues
of conduction and valence bands at point, respectively, and

is the binding energy calculated by the variational
method. The binding energy of different (related to A, B, or
C hole bands) corresponds to the ground state energy of A-, B-
or C-excitons.
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To calculate the excitonic gain, we assumed that the total
optical gain of the ZnO QWs is contributed by the bound ex-
citon and continuum states. We can calculate the bound ex-
citon states by using the variational method. For the continuum
states, the calculation is assumed to be similar to that of the
band-to-band transition calculation with the inclusion of Som-
merfeld’s enhancement factor. The momentum matrix element
for the band-to-band transition of ZnO QWs is given by [9]

(17)

where we have neglected the dispersion in the direction. The
momentum matrix can be resolved into TE polarization and can
be written as

(18)

For TM polarization, the momentum matrix can be expressed as

(19)

In (18) and (19), the band-edge momentum matrix elements,
and for the wurtzite structure, are given as

[10]

(20)

(21)

Hence, the excitonic gain of the bound exciton states at
point can be expressed as [18], [19]

(22)

Fig. 2. ZnO valence bands computed by EPM (solid squares) and 6 � 6
Hamiltonian (dashed lines) calculation for the case without biaxial strain. The
three hole-bands, which are A-state (� symmetry), B-state (� symmetry)
and C-state (� symmetry), are indicated from top to bottom.

and that of the continuum states is given by

(23)

where is the refractive index of ZnO, is the speed of
light in free space, is free space permittivity, is the electron
charge, and is the band-to-band transition energy equal to

. is
the overlap integral for electron and hole, is the electric field
polarization vector (TE or TM) and is the Sommerfeld’s
enhancement factor [18]. Comparing to [19], our expression of
optical gain in the continuum states gain is differed by a Som-
merfeld’s enhancement factor. To account of the broadening ef-
fect, we have assumed a Lorentzian function with broadening
lifetime of 0.1 ps. The expression of Fermi function for elec-
tron and that for hole, can be obtained from [9].

III. RESULTS AND DISCUSSIONS

In this section, the ZnO valence bands structure is cal-
culated using EPM. Effective mass parameters are then
extracted from the fitting to the EPM results. The values of the
band-offset ratio and conduction band deformation potential of
ZnO–Mg Zn O QWs are estimated from available experi-
mental data. The oscillator strength of the ZnO–Mg Zn O
QWs is also maximized by varying the width of the QWs.
Hence, the optimum design of the ZnO QWs can be deduced
with the appropriate mole fraction of Mg.

Fig. 2 shows the valence band structure of ZnO materials
obtained from EPM calculation. The ordering of ZnO valence
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TABLE I
PARAMETERS LIST FOR THE CALCULATION OF THE EXCITONIC GAIN OF ZnO–Mg Zn O QWS

band symmetry is assigned to be A-state ( symmetry),
B-state ( symmetry), and C-state ( symmetry) in de-
scending order [20]. This assignment of states differs from
the usual GaN wurtzite crystals (i.e., A- and B- states have
and symmetries, respectively). This is because the presence
of ZnO band induces negative spin-orbit split-off energy
in ZnO [8]. The symmetry at the valence band edge in the
spin-orbit coupled states is defined by the Bloch basis function,

. Based on these basis functions, the
A- and C- states are formed by a mixture of and
states ( and states for the degenerate state) whereas
the B-state is only composed of the state. The
difference between the A- and C-states is that the A-state is
dominated by state whereas the C-state is comprised
mostly of state. These different compositions, as
shown later, affect the exciton’s optical transition polarization
properties formed by the conduction band electron with the A-,
B-, or C- holes states due to the symmetry of the wavefunctions
properties.

The effective mass parameters can be extracted from the EPM
calculation of the valence band structures by using least square
fitting method. We adjust the 6 6 Hamiltonian effective mass
parameters to obtain the best-fitted results without biaxial strain

taken into consideration. Fig. 2 shows the fitting of the valence
band structures and the deduced effective mass parameters, to-
gether with other parameters used for the calculations are listed
in Table I. Our calculation of the effective mass parameters is in
agreement with previously reported results [8].

We analyze the exciton transition energy of
ZnO–Mg Zn O QWs by the variational method. As
mentioned in [4], the effect of exciton–phonon coupling in ZnO
gives a more accurate calculation of exciton binding energy.
However, their calculations have neglected the influence of
biaxial strain between the well and barriers of the QWs. In
Fig. 3, we calculated the exciton transition energies for the
Mg mole fraction and of the ZnO QWs
with the effect of biaxial strain taken into consideration. The
effect of overlapping between the lowest states of A1- and
B1-exciton peaks, which cannot be resolved due to very close
energy separation, is also considered in the calculation. Our
calculations are then compared with that given in [4] and
experimental result given in [2]. In our calculations, the band
offset ratio and the conduction deformation potential are the
adjustable parameters, which allowed to be changed in order
to match with the experimental results. The values of band
offset ratio and conduction deformation potential are found to
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Fig. 3. Excitonic transition energy of ZnO–Mg Zn O QWs for (a) x =
0:27 and (b) x = 0:12 Mg mole fraction as a function of well width. Solid
(dashed) lines are the calculation with (without) the influence of biaxial strain.
It is noted that the computed results of excitonic transition energy given in [4]
are similar to our calculation without biaxial strain (i.e., dashed lines). Experi-
mental data (solid squares) obtained from [2] is also plotted in the figure. The
inset shows the resulting peak position as a consequence of A1- and B1-exci-
tons overlapping.

be 60/40 and 6.8 eV, respectively, by fitting the calculated
exciton transition energies to the experimental results as shown
in Fig. 3. It is noted that the band offset ratio deduced from
[2] is 60/40 and the conduction deformation potential recorded
from ZnO nanowires is 6.05 eV [21]. This indicated that
our calculation results are consistent with the available data
reported in the literatures.

It is observed from Fig. 3 that the inclusion of biaxial strain,
which decreases (increase) the conduction-band energy of the
ZnO well Mg Zn O potential barrier) lowers the exciton
transition energy in ZnO–Mg Zn O QWs. In addition, the in-
crease of well width will further decrease the energy level of the
confined excitons. We have shown that the biaxial strain in the
QWs affects the exciton transition energy of ZnO–Mg Zn O

Fig. 4. Total oscillator strength of A1- and B1-excitons of ZnO–Mg Zn O
QWs for x = 0:12 and 0.27 as a function well width. The optimum value of
L = 15Å is observed for a wide range of Mg mole fraction.

QWs and, therefore, it is important to include such effects into
the computation. In our model, we have ignored the influence
of spontaneous and piezoelectric polarization. This is because
the presence of both spontaneous and piezoelectric polarizations
between the well and barriers of the ZnO–Mg Zn O QWs
will lead to the cancellation of internal electric field [5].

In order to deduce the optimum well width for the maximum
peak gain of the ZnO–Mg Zn O QWs, we calculate the cor-
responding oscillator strength. The oscillator strength is de-
fined as [22]

(24)

It must be noted that due to the symmetry properties of the
wurtzite ZnO crystals, A- and B-excitons transition will mainly
contribute to the free-excitonic gain in TE polarization. Further-
more, the influence of C-exciton transition is ignored in our in-
vestigation, as it is far away from the valence band maximum.
Therefore, only the transitions of A- and B-excitons, which are
mainly of TE polarization, were taken into calculation. Fig. 4
shows the total oscillator strength per unit area of the lowest
state of A1- and B1-excitons for and with
the inclusion of biaxial strain. The optimum well width is found
to be 15 Å for a wide range of Mg mole fraction. The existence
of an optimum well width is attributed to the electronic confine-
ment of excitons, which is dependant on the amount of overlap-
ping between the electron and hole wave functions.

We also study the influence of biaxial strain on the valence
band structure of the ZnO–Mg Zn O QWs. The analysis of
the valence bands energy dispersion for 15 Å well width and 100
Å barrier width of ZnO QWs is plotted in Fig. 5. The calculated
energy dispersion for the QWs without biaxial strain effect is
also included in the figure for comparison. Mole fractions of Mg
with and , are used in the calculation. The amount
of Mg in the QWs affects different potential barrier heights and
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Fig. 5. Valence bands energy dispersion of 15 Å well width and 100 Å barrier width ZnO–Mg Zn O QWs with x = 0:12 and 0.27. Solid (dashed) lines are
the calculation with (without) the influence of biaxial strain.

biaxial strains on the valence subbands. To label the subbands,
we follow the bulk ZnO notation of A-, B-, and C-hole states at
the point with the subbands level indices,
From our calculation, it is showed that the A1 hole compo-
sition is mostly of state (with probability 0.998)
and small part of state (with probability 0.002) for
both of and cases. B1 is purely consist of

state at . This composition of wavefunctions
confirms that the A1- and B1-excitons are mainly TE polarized.
Away from band edge, all of the states are started to overlap to
form band mixing. Since the focus of the analysis is on free-ex-
citonic band edge optical transition, the analysis is limited for
the case .

From Fig. 5, it is clearly shown that the energy different be-
tween A1- and B1- subbands (i.e., due to spin-orbit interaction)
remains unchanged even the barrier energy of QWs is increased.
Similar behavior is observed with the inclusion of biaxial strain
[23]. This is because the effect of biaxial strain in wurtzite struc-
ture is not as pronounced as in zinc-blende crystal structure
where the lower energy bands move upward. Furthermore, it is
observed that A1- and B1- excitons are very close to each other
such that two distinct excitonic peaks are not resolved experi-
mentally due to small energy separation between A1- and B1-
holes. This observation has verified the assumption on the over-
lapping of A1- and B1- excitons in the transition energy and ex-
plained the overlapping photoluminescence (PL) peaks between
A1- and B1-exciton based on our spin-orbit coupling model.

Fig. 6 plots the corresponding peak free-excitonic gain versus
surface carrier density for the range of . The solid (dashed)
lines represent the calculation with (without) the influence
of biaxial strain taken into consideration. As expected, the
ZnO–Mg Zn O QWs exhibited large free-excitonic gain
(in order of 10 cm ), which is an order higher than that of
the GaN-based QWs. For , it is observed that biaxial
strain has negligible effect on the peak gain due to small lattice
mismatched between ZnO and Mg Zn O. For , the
peak gain (threshold surface carrier density) is increased (re-
duced) due to the presence of biaxial strain. The biaxial strain

induces the enhancement of: 1) excitonic confinement inside
the QWs and 2) the density of states of the first conduction band
so that the peak free-excitonic gain is improved for the increase
of . The inset of Fig. 6 shows the gain spectra versus surface
carrier density of the ZnO–Mg Zn O QWs with .
The redshift of gain spectra indicates the importance of the
consideration of the biaxial strain. The expression of Mott’s
density of the QWs can be written as [24]

cm (25)

where ( 20 Å) is Bohr radius of excitons. For our
ZnO–Mg Zn O QWs, the corresponding Mott’s density is
found to be 79 10 cm , which is well above the surface
carrier density used in our calculations. Hence, neglecting
of electron–hole plasma recombination in the calculation of
ZnO–MgZnO QWs is valid. Bandgap renormalization arisen
from the many-body effects can also be ignored in our calcu-
lation due to the low surface carrier density (i.e., below the
Mott’s density). On the other hand, the broadening of emission
linewidth, which change the shape of the Lorentzian func-
tion, can reduce the excitonic gain of the ZnO–MgZnO QWs.
However, the analysis of lineshape broadening mechanism is
beyond the scope of this paper.

From Fig. 6, we can approximate the low-injection free-exci-
tonic peak gain by a linear expression

, where is defined as differential gain con-
stant, is the injected surface carrier density, and is the
surface carrier density at transparency. Fig. 7 plots the depen-
dence of and on the value of for the ZnO–Mg Zn O
QWs with Å. The value of increases (de-
creases) with increasing values of and saturates for .
Increasing values of improve the electronic confinement due
to greater potential barrier. However, the enhancement of elec-
tronic confinement becomes saturated for , therefore,
this causes the saturation of the free-excitonic gain.
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Fig. 6. Peak free-excitonic gain versus surface carrier density of
ZnO–Mg Zn O QWs for x varies from 0.05 to 0.30 and L = 15Å.
Solid (dashed) lines are the calculation with (without) the influence of biaxial
strain. The inset shows the gain spectra versus surface carrier density of the
ZnO–Mg Zn O QWs with x = 0:12 and L = 15Å.

Fig. 7. Dependence of differential gain constant, g and transparency surface
carrier density, N , of ZnO–Mg Zn O QWs with L = 15Å versus the
mole fraction of Mg. Solid (dashed) lines are the calculation with (without) the
influence of biaxial strain.

IV. CONCLUSION

In conclusion, we have investigated the free-excitonic gain of
ZnO–Mg Zn O QWs theoretically. The influence of biaxial
strain and exciton–phonon interaction was taken into considera-
tion. The band offset ratio and conduction band deformation po-
tential were also extracted from the experimental data. Hence,
the influence of biaxial strain on the peak free-excitonic gain of
ZnO–Mg Zn O QWs was investigated. It is found that the
free-excitonic gain can be maximized for varies between 0.27
and 0.30 if well width is chosen to be 15 Å. For ,
Mg Zn O will change phase to cubic structure so that the
value of larger than 0.30 is not considered.
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