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This article presents a sequential learning algorithm for function approx-
imation and time-series prediction using a minimal radial basis function
neural network (RBFNN). The algorithm combines the growth criterion
of the resource-allocating network (RAN) of Platt (1991) with a pruning
strategy based on the relative contribution of each hidden unit to the
overall network output. The resulting network leads toward a minimal
topology for the RBFNN.

The performance of the algorithm is compared with RAN and the en-
hanced RAN algorithm of Kadirkamanathan and Niranjan (1993) for the
following benchmark problems: (1) hearta from the benchmark prob-
lems database PROBENT1, (2) Hermite polynomial, and (3) Mackey-Glass
chaotic time series. For these problems, the proposed algorithm is shown
to realize RBFNNs with far fewer hidden neurons with better or same
accuracy.

1 Introduction

Radial basis function neural networks (RBFNN) are well suited for function
approximation and pattern recognition due to their simple topological struc-
ture and their ability to reveal how learning proceeds in an explicit manner
(Tao 1993). In the classical approach to radial basis function (RBF) network
implementation, the basis functions are usually chosen as gaussian and the
number of hidden units (i.e., centers and widths of the gaussian functions) is
fixed a priori based on the properties of input data. The weights connecting
the hidden and output units are estimated by a linear least squares method,
as in the least mean square (LMS) method (Moody & Darken 1989; Musavi
et al. 1992). The disadvantage with this approach is that it is not suitable for
sequential learning and usually results in too many hidden units (Bors &
Gabbouj 1994).

A significant contribution that overcomes these drawbacks was made
by Platt (1991) through the development of an algorithm that adds hidden
units to the network based on the novelty of the new data. The algorithm
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is suitable for sequential learning and is based on the idea that the number
of hidden units should correspond to the complexity of the underlying
function as reflected in the observed data. The resulting network, called a
resource-allocating network (RAN), starts with no hidden units and grows
by allocating new hidden units based on the novelty in the observations
that arrive sequentially. If an observation has no novelty, then the existing
parameters of the network are adjusted by an LMS algorithm to fit that
observation.

An interpretation of Platt’s RAN from a function space approach was
provided by Kadirkamanathan and Niranjan (1993), who also enhanced
its performance by adopting an Extended Kalman Filter (EKF) instead of
the LMS method for adjusting network parameters. They called the result-
ing network a Resource-Allocating Network via Extended Kalman Filter
(RANEKF) and showed its superior performance to the RAN for the tasks
of function approximation and time-series prediction (Kadirkamanathan &
Niranjan 1993).

One drawback of both RAN and RANEKEF is that once a hidden unit is
created, it can never be removed. Because of this, both RAN and RANEKF
could produce networks in which some hidden units, although active ini-
tially, may subsequently end up contributing little to the network output.
If such inactive hidden units can be detected and removed as learning
progresses, then a more parsimonious network topology can be realized.
This has been the motivation for us to combine pruning to the RANEKF
scheme. The following function approximation problem clearly illustrates
how RANEKEF could produce more numbers of hidden units than required.

1.1 Function Approximation Problem. In this problem, the RANEKF
has to approximate a nonlinear function (Chen et al. 1993), which is a linear
combination of six gaussian functions:

(x1—0.3)2+(x,—0.2)2 (x1-0.7)24(x,-0.2)2

y(x) =  exp[— =571 + expl— ——55; 1
—0.1)2 —0.5)2 —0.9)? —0.5)?
+ exp[— (x1 )OB(ZXZ ) ] + exp[— (xi )OB(ZXZ ) ]
= 2 — 2 _ 2 _ 2
+ exp[— [63] 0.3)0'-551(2 0.8) ] + exp[— (xy 0A7)0A-5§xz 0.8) ] ] (11)

Theoretically we can say that to approximate this function, the RANEKF net-
work should need only six hidden neurons. To test this, training samples
are randomly chosen in the interval (0, 1) and the observations sequentially
presented to RANEKEF. Figure 1 shows the results of applying the RANEKF
algorithm to this problem. From Figure 1a, we can see the number of hidden
neurons in the RANEKF network increasing with the number of observa-
tions and the network’s finally settling to 15 hidden units instead of the
desired 6 hidden units. Thus the RANEKEF overfits and so the network re-
alized by this method is not minimal. Figure 1b shows the desired 6 centers
(+) and the 15 centers produced by RANEKEF (o).
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Figure 1: Number and positions of hidden unit centers achieved by RANEKF
for the static function approximation problem.
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Those hidden units in the network, which are far away from the desired
centers, will have a significant output value only when the input is near their
center. But for approximating the function of equation 1.1, a zero output is
required for all inputs that are far from the desired centers. Therefore, the
circles in Figure 1b, which are far from the desired centers, end up making
little contribution to the network’s outputs and should be removed from
the network. We notice that corresponding to the desired centers (0.3,0.8),
(0.7,0.8), (0.9,0.5), and (0.3,0.2), there are two overlapping circles. The two
hidden units with the same center will provide no more information than
one does, so one of them is superfluous and ought to be pruned. Gener-
ally, all those hidden units that contribute little to the network output are
superfluous.

In this article we propose an algorithm that adopts the basic idea of
RANEKF and augments it with a pruning strategy to obtain a minimal
RBFNN network. The pruning strategy removes those hidden neurons that
consistently make little contribution to the network output and together
with an additional growth criterion ensures that the transition in the num-
ber of hidden neurons is smooth. Although theoretical proofs showing that
the resulting RBENN topology is in some sense minimal is still under inves-
tigation, we have referred it as a minimal RAN (M-RAN) based on detailed
simulation studies carried out on a number of benchmark problems (Ying-
wei et al. 1995). For all those problems, the proposed approach produced a
network with fewer hidden neurons than both the RAN and the RANEKF
with the same or smaller approximation errors.

The article is organized as follows. Section 2 describes the the M-RAN
algorithm. Sections 2.1 and 2.2 present the basic strategy for growth and
pruning. The performance of M-RAN for the static function approximation
problem of equation 1.1 is given in Section 2.3. An additional growth cri-
terion based on the output error over a sliding window is introduced in
Section 2.4 to smooth the transitions in the growth and pruning. Section
2.5 gives the final algorithm and its performance for the problem of equa-
tion 1.1. In Section 3 the performance of M-RAN is compared with RAN
and RANEKEF for two static function approximation problems (PROBEN1-
hearta and Hermite polynomial) and the dynamic Mackey-Glass chaotic
time-series prediction problem. Finally, conclusions are summarized in Sec-
tion 4.

2 Proposed M-RAN Algorithm

In this section, a description of the M-RAN algorithm is presented. The
notations and symbols used here are the same as those in Kadirkamanathan
and Niranjan (1993).

2.1 Basic Growth Strategy. The basic growth strategy used in our algo-
rithm is the same as that of RAN and RANEKEF. The output of the network
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for all three algorithms (RAN, RANEKF, and M-RAN) has the following
form:

K
fo)=ag+ Y audr(x), 1)

k=1

where ¢ (x) is the response of the kth hidden neuron to the input x and oy
is the weight connecting the kth hidden unit to the output unit. & is the
bias term. Here, K represents the number of hidden neurons in the network.
¢ (x) is a gaussian function given by

1
o (x) = exp (—;5 Ix — Mk”z) , (2.2)

k

where g is the center and oy is the width of the gaussian function. |||
denotes the Euclidean norm.

The learning process of M-RAN involves allocation of new hidden units
as well as adjusting network parameters. The network begins with no hid-
den units. As observations are received, the network grows by using some
of them as new hidden units. The following two criteria must be met for an
observation (xn, ¥,) to be used to add a new hidden unit to the network:

IXn — ttnrll > €5 (2.3)
€n = Yn — f(xn) > €min » (2.4)

where piq, is the center (of the hidden unit) closest to x,. €, and e, are
thresholds to be selected appropriately. When a new hidden unit is added
to the network, the parameters associated with the unit are axy1 = ey,
UK+1 = Xn, Okt1 = K||Xn — Unell. & is an overlap factor, which determines
the overlap of the responses of the hidden units in the input space.

When the observation (xa, ) does not meet the criteria for adding a new
hidden unit, the network parameters w = [ag, 1. it ot .ok, k!, ox]T
are adapted using the EKF as follows:

Wn = Wn-1) + enkn . (2.5)
k;, is the Kalman gain vector given by

kn = [Ry + an' Py_1an] 'Py_1an. (2.6)
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a, is the gradient vector and has the following form:

20 T 20 2
an = 1,¢l(xn)v¢l(xn)_2(xn“,u~l) ,¢1(xn)—3||xn—u1|| PRI
a. a.

1 1
2 2ak T

Pk (Xn), Pk (Xn) ZK(xn - HK)Ts ¢K(xn)'_3”xn - #K”Z] . (2~7)
Ok %

R, is the variance of the measurement noise. P, is the error covariance
matrix, which is updated by

Py = [I — knan|Ps—1 + QI, 2.8)

where (Q is a scalar that determines the allowed random step in the direction
of gradient vector.! If the number of parameters to be adjusted is N, P,, is
an N x N positive definite symmetric matrix. When a new hidden unit is
allocated, the dimensionality of P, increases to

([ Pyq O
P,,_( . POI), 29)

and the new rows and columns are initialized by Py, which is an estimate
of the uncertainty in the initial values assigned to the parameters. The di-
mension of identity matrix I is equal to the number of new parameters
introduced by the new hidden unit.

2.2 Pruning Strategy. This section presents a scheme to prune superflu-
ous hidden units in the M-RAN network. To remove the hidden units that
make little contribution to the network output, first consider the output o;
of the hidden unit k:

)
O = apexp (_ﬂx—l;li) . (2.10)

O

If o or oy in equation 2.10 is small, o, might become small. Alternately if
Ix — 1k || is large, which means the input is far from the center of this hidden
unit, the output becomes small. In order to decide whether a hidden neuron
should be removed, the output values (o) for the hidden units are examined
continuously. If the output of a hidden unit is less than a threshold over a
number of M consecutive inputs, then that hidden unit is removed from

! According to Kadirkamanathan and Niranjan (1993), the rapid convergence of the
EKF algorithm may prevent the model from adapting to future data, and QI is introduced
to avoid this problem.
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the network.? Since the use of absolute values can cause inconsistency in
pruning, the outputs of hidden units are normalized, and the normalized
output values are used in the pruning criterion. This pruning strategy is
expressed as follows:

e For every observation (X;,V¥s), compute the outputs of
all hidden units ¢ (k=1,...,K), using equation 2.10.

e Find the largest absolute hidden unit output value

lloh |l . Compute the normalized output values 7, (k=1,

Dﬂ

k

o I

e Remove the hidden units for which the normalized
output is less than a threshold § for M consecutive
observations.

.,K), for the hidden units where r] = ||

e Adjust the dimensionality of the EKF to suit the
reduced network.

2.3 Performance of the Pruning Strategy for Function Approximation.
The pruning strategy is added to the basic strategy of Section 2.1, and the re-
sulting algorithm is tested on the function approximation problem of equa-
tion 1.1. Figure 2 shows the results of the algorithm. It can be clearly seen
that the proposed pruning strategy helps to reduce the number of hidden
neurons to 6 after 4500 samples. It can also be observed that the algorithm
causes the number of hidden neurons to increase by 13 initially (0-600 sam-
ples), after which pruning begins to take effect and brings the number of
hidden units to 7 at around 1000 samples, and stays with 7 until 4500 sam-
ples before reaching the correct value of 6 hidden units. This shows that
pruning helps to realize a minimal RBFNN, although the transitions in the
number of hidden neurons are not always smooth. Also the minimum net-
work was realized after 4500 samples, which is rather long. This motivated
us to include an extra criterion for growth to smooth the transitions.

2.4 Sliding Window RMS Criterion for Adding Hidden Neurons. Be-
sides the novelty criteria given by equations 2.3 and 2.4, we include a third
criterion, which uses the root mean square (RMS) value of the output error
over a sliding data window before adding a hidden unit. The RMS value of
network output error at nth observation e, is given by

INE.
emen =1 Z’—‘"%l—’(’) : @.11)

2 For detailed analysis of this pruning criterion, refer to Yingwei et al. (1995).
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strategy on static function approximation problem.
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where ¢; = y; — f(x;). In equation 2.11, for each observation, a sliding data
window is employed to include a certain number of output errors based
on Yu, Yn—1, - - ., Yn—(M-1)- When a new observation arrives, the data in this
window are updated by including the latest data and eliminating the oldest.
For example, at the nth observation, the data window includes e, ¢,,_1, . . .,
en—mM—1y; when the (n + 1)th observation arrives, the data window will con-
tainey41, €x, - . -, en—M-2). In this sense, it seems that this data window slides
along with the data obtained on-line; thus we call it a data sliding window.
The size of the window is determined by the value of M—that is, the number
of samples used to calculate the RMS error. Thus, the extra growth criterion
to be satisfied is e;usn > €),,;,, Where ¢}, is a threshold value to be selected.

2.5 The Final M-RAN Algorithm. In this section, the final M-RAN se-
quential learning algorithm is presented.

Algorithm. For each input xn, compute:

1 K
$e(xn) = exp (—; e — Hk”z) fOm) = a0+ Y o (xn),

k k=1

€, = Max{€maxy", €min}, where 0 <y <1 is a decay constant.?

n L N2
n = Yn — f(xn), Crmsn = \/Zz:n—(M_l)[yl f(XI)] .

M

If ey > lyin, and [Xn—pnell > €4, and epmen > €, then allo-
cate a new hidden unit with a1 =¢,, and pUg4q = Xp, and
Okr1 = Kl[%n — Uarll-

Else

Wn = W(n-1) + kney,
kn=I[R, + anTpn—lan]ilpn—lan,
P,=1[I- knanT]Pn—l + QL

Compute the outputs of all hidden units o,’:, k=1,...,K).
Find the largest absolute hidden unit output value

05 Il -
Calculate the normalized value for each hidden unit
e

O
== k=1,....K

omax
if r,'(' < 8 for M consecutive observations, then prune
the kth hidden neuron and reduce the dimensionality
of P, to fit for the requirement of EKF.

3 The value for ¢, is decayed until it reaches €.
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1 K
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n . ]2
2 icn—m-—plyi = fx)]
i .
If ey > €min, and [[Xn—pnell > €4, and epmsn > €, then allo-
cate a new hidden unit with @ =e,, and pyy1 = X, and

Ok+1 = Kk [IXn — penell.
Else

€yp =Yn — f(xn)’ Crmsn =

Wnp = W1 + kney,
kn=[Ry+ anTPn\lanlilpnflana
Py =[I —knan 1P, 1 + QL

Compute the outputs of all hidden units 0]':, k=1,...,K).
Find the largest absolute hidden unit output value

N0zl -
Calculate the normalized value for each hidden unit

n
Ok

——,.k=1,....,K)

n_
e =

max
if r]'(' < § for M consecutive observations, then prune
the kth hidden neuron and reduce the dimensionality
of P, to fit for the requirement of EKF.

3 The value for ¢, is decayed until it reaches €pip.
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This final algorithm is tested on the function approximation problem of
section 1.1, and the results are presented in Figure 3. From Figure 3, it can
be seen that the 6 hidden units on the desired positions are obtained within
600 samples. Also, the transitions during the build-up and drop-off of the
hidden neurons are smooth compared to Figure 2.

3 Performance of the Algorithm on Benchmark Problems

In this section, the sequential learning strategy described in Section 2 is ap-
plied to three benchmark problems. The first two are static function approxi-
mation problems, and the third is a time-series prediction problem. The first
problem is taken from the benchmark problems PROBEN1 (Prechelt 1994),
set up recently and available from http:/ /www.ipd.ira.uka.de/~prechelt/
NIPS_bench.html. The problem selected for this study is the hearta data set,
whichisbased on the “heart disease” diagnosis data sets from the University
of California, Irvine, machine learning data set. The second problem is to ap-
proximate the Hermite polynomial, and the data in this case are randomly
sampled consistent with the underlying function and presented sequen-
tially to the network. The third example is on-line prediction of a chaotic
time series given by the Mackey-Glass equation where an underlying func-
tion for the data does not exist. For all these problems, the performance of
our algorithm is compared with the RANEKF and the RAN.

3.1 Function Approximation Problem: PROBEN1-hearta Benchmark.
The hearta data set consists of 920 examples (690 training and 230 test ex-
amples) with each example described by 13 input attributes and 1 output
attribute. Out of the 920 examples, only 299 are complete; the rest have
missing values. This makes hearta a difficult function approximation prob-
lem. Our networks for RAN, RANEKF, and M-RAN used 13 input units
and a single continuous output to represent the five different levels of 1
output attribute. According to the guidelines given in Prechelt (1994), the
missing values were replaced with the mean of the nonmissing values for
that attribute. The training data for the networks consist of both the training
set and validation set, and the approximation error is calculated over the
test data provided in the data set. The performance of the three algorithms
is evaluated on the three different permutations of the hearta data set—
heartal, hearta2, and hearta3—available in PROBENT1. The values for the
various parameters used in this experiment are as follows: €y = 4.0, €pin =
15,y =099, ey = 0.1,k = 0.4, Py = R, = 1.0, Q = 0.00001, and 5 = 0.01.
The threshold value § = 0.00001, the size of sliding data window M = 60,
and the threshold value of the RMS error in the additional growth criterion
€pin = 0.25.

Figure 4a shows the growth pattern for the three networks as they learn
sequentially from the training data. Figure 4b shows the approximation
error, measured by the given squared error percentage (E) in Prechelt (1994),
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Table 1: Performance of Different Networks for heartal, hearta2, and hearta3.

Squared
Benchmark Network Number of error percentage Number of
data hidden neurons for testing set training epochs

M-RAN 8 4.14 1
RANEKF 13 421 1
heartal RAN 13 520 1
BP 32 4.55 47
M-RAN 9 3.81 1
RANEKF 11 3.81 1
hearta2 RAN 11 5.71 1
BP 16 433 54
M-RAN 7 3.80 1
RANEKF 11 391 1
hearta3 RAN 14 5.63 1
BP 32 4.89 46

over the test data. E is expressed as follows:

0 O P N
max — Omin 2
E=100% 52" > (0 — i), (3.1)

p=1i=1

where 0, and 0,4y are the minimum and the maximum values of the output
coefficients in the problem. N is the number of output nodes of the network,
and P is the number of patterns (examples) in the data set considered. o,
and t,; are the actual and desired output values at the ith output node and
pth pattern, respectively.

Table 1 shows the results from the three algorithms together with the
performance of multilayer backpropagation (BP) networks for pivot archi-
tectures (Prechelt 1994). It can be seen from the table that our algorithm
achieves the same or a lower approximation error than RAN and RANEKF
and BP with fewer hidden units. The values quoted for pivot architectures
are from Table 11 of Prechelt (1994).

3.2 Function Approximation Problem: Hermite Polynomial. In this

section, results for approximating the Hermite Polynomial are presented.
The Hermite Polynomial is given by the following equation:

f) =1.1(1 —x + 2} exp (—%x2> ) (3.2)

A random sampling of the interval [—4, 4] is used in obtaining 40 input-
output data for the training set. All parameter values are chosen the same as
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those in Kadirkamanathan and Niranjan (1993)—that is, €max = 2.0, €min =
0.2,y = 0977, epin = 0.02,x = 0.87,Pp = R, = 1.0,Q = 0.02,n = 0.05.
The additional parameters required for our algorithm are as follows: the
threshold value § = 0.01, the size of sliding data window M = 25, and
the threshold value of the RMS error in the additional growth criterion
€ryin = 0.3.

Figure 5 shows the results from the three algorithms. It can be seen from
the figure that our algorithm achieves a slightly lower approximation error,
measured by the RMS error* calculated over 200 uniformly sampled data,
than RANEKEF with only 7 hidden units compared to the 13 hidden units of
RANEKEFE. RAN needed 18 hidden units and achieved an RMS error of nearly
an order of magnitude larger than both our algorithm and the RANEKF.
With no noise in the training set, the M-RAN needed only about half the
number of hidden units of RANEKF.

The effect of noise on the performance of the three algorithms was an-
alyzed by adding different levels of gaussian white noise to the training
patterns, and here too M-RAN always realized more compact networks
with smaller approximation errors (Yingwei et al. 1995). As an example,
when the noise variance was 0.07, the number of hidden units for M-RAN
was 11, for RANEKEF 40, and for RAN 20.

3.3 Prediction of Chaotic Time Series. The chaotic time series used is
the Mackey-Glass series, which is governed by the following time-delay
ordinary differential equation:

w = —bs(t) +a st~ 1)

dt 14s(t—1)10’ (3.3)

witha = 0.2,b = 0.1, and © = 17. Integrating the equation over the time
interval {t, t + At] by the trapezoidal rule yields

2 — bAt
X(t+ Af) = S——rx(h)
ant x(t+ At —1) x(t — 1)
Tovat [1 a0+ Af—1) 1+ 19— T)} . (34)

Setting At = 1, the time series is generated under the condition x(f —7) = 0.3
for 0 < t < t (tr = 17). The initial 4000 data points are discarded for the
initialization transients to decay.’

The series is predicted with v = 50 sample steps ahead using four past
samples: 5,_,, Sy—y—6, Sn—v—12, Sn—v—18. Hence, the nth input-output data for

4 RMSE is used for comparison to be consistent with Kadirkamanathan and Niranjan
(1993).
5 These conditions are the same as those in Platt (1991).
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the network to learn are
T
Xn = [Sn—vs Su_v—6 Sn—v—12, Sn—vy—18]",
Yn = Sn

whereas the step-ahead predicted value at time n — v is given by
Zn = f(n—v)(xn)7 (3.5

where f -V (x,) is the network at time (1 — v). The v step-ahead prediction
error is

€1 = Sy — Zn. (3.6)

The exponentially weighted prediction error (WPE) is chosen as a measure
of the performance of the network prediction. WPE at time (n) can be re-
cursively computed as

WPE™® = AWPE™=1D" 1 (1 — 1)|leall?, (3.7)

where 0 < A < 1. Here A is chosen as A = 0.95. The parameter values are
selected as follows: €5y = 0.7, €4iy = 0.07,y = 0999, euin = 0.05,«x =
0.87,Pp = R, = 1.0, Q = 0.0002, = 0.02,5 = 0.0001; M = 90; and ¢,,;,, =
0.04.

Figure 6c displays the approximation curve of the M-RAN during the
sample time between 4500 and 5000. The desired output curve is plotted
with a slash-dotted line, while the output of the minimal network is plotted
with a solid line. This figure shows that the approximation curve of our M-
RAN network fits the desired curve at most places. The number of hidden
units and the network performance are shown in Figures 6a and 6b, respec-
tively. In this case, the value of WPE is almost same for all three algorithms,
while the M-RAN needed only 29 hidden units, compared with 39 hidden
units achieved by RANEKEF, and 81 hidden units of RAN.

4 Conclusions

In this article, a sequential learning algorithm for realizing a minimal RBF
neural network is developed. This algorithm augments the growth criteria
of RANEKF and combines with it a scheme to remove those hidden units
that make insignificant contributions to the output of the network.

Using benchmark problems covering both static (hearta, Hermite Poly-
nomial) and dynamic (prediction for a chaotic time series) approximations,
the algorithm developed is shown to produce an RBF neural network with
smaller complexity than both RANEKF and RAN, with equal or better ap-
proximation accuracy.
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Figure 6: Performance of RAN, RANEKE, and M-RAN for Mackey-Glass time-
series prediction problem.
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