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1 Reconstruction Error Variance

Consider the subband coder of figure 1, consisting of £k = 0,1,..., M — 1 channels. Each
channel has an analysis filter Hy(z), a synthesis filter Fj(z), down/up-sampling ratio my,
and a by bit quantizer. The input is x[n], after passing through the analysis filters it becomes

xy[n], and the subband signals are xy[n]. The subband coder is maximally decimated,
> omy =1 (1)

Assumption 1: Assume the input z[n] to be wide sense stationary (WSS) [1, page 806].

Assumption 2: Assume the input z[n| to be zero mean. It follows that all subsequent
signals (including quantization noise) become zero mean. (This assumption does not cause
any difficulty in applying subband coding to nonzero mean signals such as image, since that
system is equivalent to a zero mean system obtained by subtracting the mean from the

input.)
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Figure 1: Subband coder



From assumption 1, S,.(e’¥) is the power spectral density (PSD) [1, page 807] of x[n].
From assumption 2, variance of x[n]| is

dw

o2 = [ Sule) @)

2m
After passing through the analysis filter H;(z), variance of x}[n] is [1, page 810]

Q " v 2 dw
o = - Sea(€) | Hi(! )\Qg (3)

for k =0,1,..., M — 1. From assumption 1, variance does not change after downsampling [1,

page 406] [2, page 136], so variance of x3[n], the k-th subband, is still 7.

A quantizer is modelled as additive noise model [3, chapter 4]. So, the output from a
quantizer is xg[n| + gx[n], where xx[n| is its input and gx[n] is the quantization noise. For
both uniform quantizers and probability density function (PDF) optimized quantizers, the
quantization noise variance is [3, chapter 4] [1, page 818]

02 = a2 ot (4)

where ¢, is a constant that depends on the PDF of the k-th subband signal.

1.1 General Filter Bank

Consider figure 1 after quantization. x[n] + gx[n] enters each channel of the synthesis bank.
If only subband signals zx[n] enter, since the filter bank is perfect reconstruction [1, page
196], the output will be equal to x[n], the input (neglecting delay). If only noises gx[n]
enter, the corresponding signals are shown in figure 1 below the signal arrows. g¢i[n| after
upsampling becomes pg[n|, which after the filters becomes r;[n], and the output will be r[n].
Due to linearity of the synthesis bank, the output with both signal and noise entering will
be equal to the sum of these two outputs, z[n] + r[n]. Therefore, the reconstruction error
(output minus input) is r[n], entirely obtained from gx[n] passing through the synthesis filter
bank.

Assumption 3a: Assume uniform (also, high bit rate) quantizers.

From assumption 3a, gx[n| of different channels are uncorrelated among themselves and
white [3, chapter 4] [1, page 818]. This model of uniform quantizers is for bit rate more
than 3 bits/sample [4], but is no longer appropriate for lower rate uniform quantizers. Since

these are white and zero mean, the PSD of ¢x[n] is just a constant agk. pr[n], obtained after



upsampling gx[n], is
(5)

which is no longer WSS but is cyclo wide sense stationary with period my, [2, page 136]. In

pe[n] = { qr[n/my]  if n mod my =0

0 else

other words, the PSD of py[n] if n mod my = 0 is o, , and its PSD for the remaining samples
is 0. pg[n] passes through the synthesis filter Fi(z) to give ri[n] which is also cyclo-WSS

with period my. The average variance of ri[n], averaged over the period my, is

1 T, o 12 dw
— ol |F(e@)P—=+0+--+0 6
o | [ IR o (0
where my, — 1 zeros come from the zero noise samples. The reconstruction error r[n| is the
sum of all ri[n]. Since ri[n] across the channels are uncorrelated from assumption 3a, the

variance of their sum is the sum of their variances [5, page 153],

M-1 .2
2 a4 / " oy (2 AW
of = —& Frp(e?*)|"— 7
= e [ IR @
where o2 is the reconstruction error variance. Let ny, = [ |Fi(e’*)|*dw/2m denote the syn-
thesis filter norms (note that for an FIR filter with impulse response coefficients [hg, h1, ..., hr]

the norm is h% + h? + --- + h%). Then using equation (4), the above equation becomes

M—1 _ o5—2b, 2
€27k ainy,
ol = > Tk (8)
k=0 k

1.2 Orthogonal Filter Bank

Assumption 3b: Assume the filter bank to be orthogonal.

A filter bank is orthogonal /paraunitary when the (analysis and) synthesis filters and their
appropriately shifted versions are orthogonal to each other [6, page 1832]. If such a filter
bank has unequal resampling ratios (my are not equal as in figure 1), it may be transformed
into a filter bank with equal resampling ratios (all my, are equal) [6, page 1833] as described

below.

1.2.1 Unequal to Equal Resampling Ratios

Let N = lem(mg, m1,...,ma—1). A channel with down/up-sampling ratio my is shown in

figure 2. Introduce a delay chain system with resampling ratio m% between the analysis

and the synthesis side, as shown in figure 3. Since the delay chain system introduced is

3
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Figure 2: k-th channel
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Figure 3: k-th channel with a delay chain introduced

perfect reconstruction [1, page 235], and has zero delay (since positive power of z is used
in the synthesis side), both systems of figures 2 and 3 are identical. Moving the delays of
the introduced system before the my-downsampler and after the mg-upsampler results in
the system of figure 4. Effectively, one channel with resampling ratio my, is replaced by mik

channels with resampling ratio /V.

In a similar fashion, all channels 0 < k£ < M — 1 may be converted to resampling ratio N

systems. The total number of channels will be

N N N
mo my mar—1

N 9)

using equation (1). Thus, the filter bank with unequal resampling ratios is expressed as a

filter bank with equal resampling ratios having N channels.

It is known that for an orthogonal filter bank with equal resampling ratios, the analysis and
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Figure 4: Equivalent system to the k-th channel




Figure 5: Subband coder in polyphase form

synthesis polyphase matrices are paraunitary [1, page 294]. The polyphase matrix, defined
for filter banks with equal resampling ratio, may be extended to unequal resampling ratios
of figure 1, since from figure 4 its equivalent N x N polyphase matrix may be constructed.
These polyphase matrices turn out to be also paraunitary [6, page 1833]. (Such orthogonal
filter bank with unequal resampling ratio may be constructed using few orthogonal filter

banks with equal resampling ratio in a tree structure.)

1.2.2 Error Variance

The analysis and synthesis sides of figure 1 may therefore be expressed in polyphase forms, as
shown in figure 5. For a paraunitary system, the lossless (or, energy balance) property says
that the output energy is equal to the input energy [1, page 725] [also shown in Appendix 2].
Consider only quantization noise entering the synthesis bank. Let a . be the quantization
noise variance of the i-th channel for ¢ = 0,..., N — 1. Then the 1nput variance (energy)
averaged over all channels is + ZZ 0 a’ 2. This is equal to the average output variance
after the synthesis polyphase. The upsample, delay and add chain simply converts the
output vector sequence into a scalar sequence. Therefore, this is equal to the average output

variance, or the reconstruction error variance.

1N
=y > (10)

Note that N channels of figure 5 are obtained from M channels of figure 1. Therefore, first
mio channels of figure 5 have the same quantizer as channel 0 of figure 1, so ¢’ i_ is equal to

020 for i = 0,..., 2~ — 1. Similarly other variances may be equated, resulting in

7m0

0 =5 >, —o; = > & (11)



Using equation (4), it becomes
I

Mz_j 76’“2 k. (12)

Comparing equations (8) and (12), for orthogonal case the synthesis filter norms ny do not
appear. This is because lossless property implies unit energy filters or n, = 1 for all &
[1, page 297]. Also note that assumption 3b replaces assumption 3a, or the assumption of
uniform high rate quantizers is not necessary to derive this result. In the quantizer sense,

therefore, the result is more general for orthogonal case.

2 Optimal Bit Allocation

Referring to figure 1, by is the k-th quantizer bit rate per quantized sample. But due to
a downsampling ratio of my, one sample is quantized by this quantizer for every my input
samples. Therefore, its bit rate is by, /my, bits per input sample. The average bit rate of the

subband system is, therefore,
M-—1 bk
=2 - (13)
k=0 "Mk
bits per input sample. The optimal bit allocation problem is to find by, by,...,by—1 that

minimizes the reconstruction error variance o2 of equation (8) subject to the constraint of

equation (13).

This constrained minimization may be solved using the Lagrange multiplier method (an

alternative method is given in Appendix 3). Define the cost

M-1 bk
C=> —ek2 ko Zng + A <Z — —b) (14)

k=0 Tk k=0 "Mk

where A is the Lagrange multiplier. Differentiating C' with respect to b, and equating to
oC

Ze10, Hp- = 0 or
1
— 27 P20, (=210 2) + o (15)
mg my
which follows from %2_%1“ = %e‘mn%k = —21n2e22%  Therefore
k k
21n 26,27 glny, = A (16)
or \
27 = — (17)
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Taking logarithm base 2 of both sides,

A
k08200, 2eroiny, 18]
o 1. 2In2e0? 1. 22 1
n2epong n
by, = 5 log, fk = 5 log, T + 5 logQ(ekoink). (19)

The above equation is valid for all values of k from 0 to M — 1. Substituting equation (19)

in the constraint, or equation (13), we obtain

M-
1 (1 2In2 1
b = Z — log2 3 510g2(ekaink) (20)
k=0 my
1 2In2 M=t 1 M
— Zlog, SN — 1 L/mi, 21
5 0g9 b\ kZ:O -~ + 3 5 I;) 08y Ekgknkz) ( )

The first sum is 1 from equation (1). The second sum of logarithms may be written as a

logarithm of product. Using these simplifications,

1 2In2 1 M1
b= 5 logy —— + 5 logy [[ (eion)"™ (22)
=0
or M1
1 21n 2 1 -
5 log, ;l =b— 5 log, H (eiafni)l/mi. (23)

=0

Substituting the above result in equation (19), we obtain

1
bp = b— 5 log, H (e;02m)Y™ + = logQ(ekaknk) (24)
1=0
1 ekaknk
= b+ -1 25
9 OgZ 1—[Z s (6 o nz)l/ml ( )

for all values of £ from 0 to M —1. This is the optimal bit allocation. Note that for orthogonal
case, the optimal bit allocation is obtained by substituting n, = 1 for all k. Note also that

the resulting bit rates are real and may be negative.

3 Subband Coding Gain

We now find the minimum reconstruction error variance using the optimal bit allocation.

From equation (25),

M—1 2. \1/m;
9—2be _ 9—2b  11i=0 (eiii n;) / (26)
€O LN



for all k£ from 0 to M — 1. Substituting this into equation (8),

M-1 1
ol = > —27%® H €;0m;) Y™ (27)
k=0 Mk i=0
M-—1 1
= 27% H eioing) /My — (28)
i=0 k=0 "Mk
M-1
= o7 H (eiafni)l/mi (29)
i=0

using equation (1) in the last step.

Subband coding gain is defined as the ratio of the reconstruction error variances of the
fullband coder (or, PCM) to the subband coder for same bit rate. The fullband coder simply
quantizes input z[n] using a b bit quantizer. Therefore, from equation (4), its quantization

error variance (which is also its reconstruction error variance) is

o) = 2752 (30)

xT

where € is as before. Therefore the subband coding gain is

€272 €0

272 [ (o Pn,) Ve T (eo?na)t/me

8N

G:

(31)
Note that the assumptions used are 1, 2, and 3a.

Some special cases of subband coding gain are provided in the following subsections. Sub-
band coding gain for two-dimensional filter bank is given in Appendix 1. Optimal bit alloca-
tion and subband coding gain derivations may be found for Gaussian, equal resampling ratio,
orthogonal case in [1, page 821,823]; for equal resampling ratio orthogonal, tree structured
orthogonal, and unequal resampling ratio orthogonal case in [6]; for equal resampling ratio
general case in [7]; and for two-dimensional, Gaussian, unequal resampling ratio, general
case in [8]. Extensions for more general quantizer or more appropriate bit allocation have
been done. A discussion of additive model and gain-plus-noise model of quantizer is found
in [4]. Optimal bit allocation and subband coding gain results for gain-plus-noise model of

quantizer is found in [4,9]. Optimal non-negative bit allocation may be found in [10].

3.1 Gaussian Input

Assumption 4a: Assume the input z[n] to be Gaussian (samples have Gaussian PDF).

Then it is known that output of a linear system with Gaussian input is also Gaussian [5,

page 243]. Thus all subband signals will be Gaussian, resulting in e = ¢y =€ = -+ =€)y

8



(assumption 3a is also necessary). Therefore

eo? o?
G= - = — : (32)
emo T [[M (02p,) 1 Mo (oFng)tm
Note that the assumptions used are 1, 2, 3a, and 4a.
3.2 Equal Resampling Ratio Filter Bank
Assumption 4b: Assume the resampling ratios to be equal, mg =m; = -+ = my;_1.

Then from equation (1) each ratio is equal to 1/M, and the subband coding gain becomes

60'2

G = . (33)

M-1_ _2 \M
( i=0 EzUz‘”z)

Note that the assumptions used are 1, 2, 3a, and 4b.

3.3 Orthogonal Filter Bank

Let us now consider assumption 3b of orthogonal filter bank instead of assumption 3a. Since

ni = 1 as stated earlier, the subband coding gain is

60’2

G= C (34)

125 (ei02)t/mi”

Further, the lossless property stated earlier may be applied to the analysis polyphase matrix

of figure 5 in a way similar to section 1.2.2. Since the input to the analysis polyphase is the

input z[n] (in a vector or parallel form), its average input variance is 02. Let 0’7 denote the

output variances of ¢ = 0,..., N — 1 subbands. Then from lossless property
1N
2 !
o, =—> a5 (35)
N =

Since N channels of figure 5 are obtained from M channels of figure 1, first mﬂo channels of

figure 5 have the same subband variance as channel 0 of figure 1, so o> is equal to o2 for

i=0,...,2~ — 1. Similarly other subband variances may be equated, resulting in
mo
1 M-1 N M-1 0.2
2 2 k
0= — E —o0; = E —. 36
© N oy k = M (36)

Using this in equation (34), the subband coding gain becomes

€Yyt al/m
ily (eio?)t/ms

Note that the assumptions used are 1, 2, and 3b.

G = (37)
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3.4 Gaussian, Equal Resampling Ratio, and Orthogonal

It is possible to obtain other cases by considering more than one of assumptions 4a, 4b
and 3b. The most simplified expression for subband coding gain is obtained by considering

assumptions 4a, 4b and 3b simultaneously, and is
L ~M—1_2
3 2i=0 0
1
M-1 _2\M
( i=0 Oi)

which becomes the ratio of arithmetic mean to geometric mean of non-negative quantities

G = (38)

o?. Since arithmetic mean is more than or equal to geometric mean [1, page 820], it therefore
follows that G' > 1, or the subband coder performs equal or better to the fullband coder for

any input.
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Appendix 1: Two-Dimensional Filter Bank

For image applications, typically a one-dimensional filter bank is used to construct a two-
dimensional separable filter bank [1, page 640]. For example, figure 6 shows one channel of
a two-dimensional synthesis filter bank using a 2-channel one-dimensional filter bank. The
subband image is upsampled by a factor of 2 row-wise (add all-zero column between every pair
of columns) and by a factor of 2 column-wise (add all-zero row between every pair of rows).
The one-dimensional low-pass filter Fj is applied row-wise on the upsampled image (denoted
by Fy(z1) where z; is the horizontal z-transform variable). Then the one-dimensional high-
pass filter F} is applied column-wise on the resulting output (denoted by Fi(z2)). (The
sequence of row-wise before column-wise may be reversed.) This is called the reconstruction
of the low-high or LH band in image compression literature. The upsampling ratio in two

dimensions is a matrix [1, page 572], and my in the subband coding gain expressions is the

determinant of this matrix. In the example, the upsampling ratio is l 0 g ], and
2 0
mk:detlo 2] =4. (39)

The effective filter is the product of filters. In the example, the filter is Fy(z1)Fi(22). The
effective synthesis filter norm in the subband coding gain expressions is the product of each
one-dimensional filter norm. If Fjy has a norm ng, and Fj has a norm n; (note that filter norm

does not change whether the filter is applied row-wise or column-wise), then the effective

N T e D e

Figure 6: one channel of a two-dimensional synthesis filter bank
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Figure 7: 2 level wavelet decomposition (analysis only)

norm is ngn;. (If non-separable filter is used, then the filter norm may be computed by

squaring and summing its impulse response coefficients.)

To take an example of a complete two-dimensional filter bank, consider the 2 level wavelet
decomposition shown in figure 7 that has 7 subbands. Let ng be the synthesis filter norm
of the one-dimensional low-pass Fy, and n; be the synthesis filter norm of the high-pass
Fi. The subband coding gain expression for this coder will use resampling ratios m; =
16,16,16,16,4,4,4 and synthesis filter norms n; = ng, ngni, ndny, nin? nony, noni, n? re-

spectively.

Appendix 2: Lossless Property of a Paraunitary System

o[n] Yoln]
Let x[n| = : be the input vector and y[n] = : be the corresponding

Tn-1[n] yn-1[n] 4
output vector through an N x N paraunitary transfer matrix A(z). Let Sxx(e’*) be the N x N

PSD matrix of the input vector x(n). Note that the PSD of the i-th input component, x;[n],

12



is the 7i-th element of Sy, (e’“). Therefore the variance of z;[n] is

[ [8uele)], 22 (40)

n i 2

The average input variance is

1 = 1= oy d
N ; variance of z;[n| = v/ trace (Sxx(e]“’)) % (41)
The PSD of the output vector is
Syy() = A(E7)Sx() AF (6°) (42)
where H denotes Hermitian. Therefore, the average output variance is
d 1 = , , o d
—/ trace (Syy(ejw)) 2:; =~/ trace (A(ej“’)Sxx(ej“’)AH(e]w)) % (43)
Since trace(AB) =trace(BA), it simplifies to
e /7r trace (S (ejw)AH(ej“’)A(ejw)) d_w (44)
N Jr "" 2
Since A(z) is paraunitary, A# (e/*)A(e?*) =1, and it becomes
1 g o) dw
v /_7r trace (Sxx(ej )) o (45)

or the average output variance is equal to the average input variance. This shows that the

energy is preserved through a paraunitary system.

Appendix 3: Another Method to Optimal Bit Allocation

The optimal bit allocation problem is to find by, ...,by 1 subject to b = >, bp/my (con-

straint) that minimizes 3, €,27 2% o2ny, /my, (cost).

The constraint may be written as

9—2b _ H (2—2b;€)1/m’€ ' (46)

k

Multiply both sides by [, (ekaznk)l/mk to get

272b H (ekaink) Vi
k

11 (2 Pk epoing, )1/mk. (47)
k
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The left hand side is a constant since there is no by. Express the right hand side using

X, = ek2_2bka£nk (where X}, are variables since they are functions of by) as

constant = HX;/m’“. (48)
k

The cost may also be simplified using Xj. So, the problem becomes to find X, ..., X4

subject to constant= []; X,i/m’“ that minimizes Y-, X /my.

The constraint may further be expressed as constant= [TM ' (X} /Mi)% . Define N variables

Y; such that first NO Y; are equal to X, and so forth. Then the constraint becomes constant=

m

Hfif)l(Yi)%. Taking both sides to the power of NN, it is constant= []; Y;. Similarly the cost
becomes Y " & - %Xk = Y V' 1Y; where the constant factor + may be neglected. So,

the problem becomes to find Y, ..., Yxy_1 subject to constant= [[; ¥; that minimizes }; Y;.

Since X}, = ;272" 02ny > 0, the variables Y; are non-negative. The solution to minimizing
the sum of a few non-negative variables given that their product is a constant, is known to
be when all variables are equal. Therefore the solution is Yo = Y} = -+ = Yy_q, or
Xo =Xy =--- = X1 = X for some value X. The physical interpretation of this is as
follows. All €,27**gny, are equal, which means from equation (4) all o ny, are equal, or the

quantization noise energy observed after the synthesis bank is equal in each channel.

The value of X may be found from the contraint. Since X; = X, we have 272 =
X/(exoing). Putting this in equation (46),

1/m el —
2% =T _X X v (49)
2\ ewoin, [Tx(exoine)/me
or using equation (1)
X =272 ] (exoins) /™. (50)
k

The optimal bit allocation of equation (25) readily follows.
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