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Chapter 1

Introduction

The aim of this short course is to give an introduction into algorithmic theory
of ideals in polynomial rings, on one hand, and to the corresponding algorith-
mic problems in algebraic geometry, i.e. algorithms for determining various
properties of algebraic sets and polynomial maps.
We consider ideals I ⊂ R = k[X1, . . . , Xn] := k[X] in polynomial rings R in
n variables X1, . . . , Xn (that we abbreviate by X) over (usually) algebraically
closed fields k, and the corresponding algebraic sets V (I) = V (

√
I) ⊂ kn, i.e.

the sets of common zeroes (also called common zero locus) of f ∈ I. Algebraic
sets are also often called affine varieties, to emphasise them being subsets of
the affine space kn (see Chaper 4 for more on this).
Recall that an ideal I is a closed with respect to addition subset of R satisfying
fI ⊆ I for any f ∈ R, and that the radical of I is the ideal

√
I = {f ∈ R |

fm ∈ I for some m}. An ideal I is said to be generated by fi’s in I when each
f ∈ I can be written down as f = sumirifi, with ri ∈ R. When the set of fi’s
is finite, of size M , say, we write I = (f1, . . . , fM ).
In this context the natural topology on kn is Zariski topology, where the closed
sets (resp. the open sets) are the algebraic sets (resp. their complements). For
any Y ⊂ kn we can define I(Y ) = {f ∈ R | f(p) = 0 for all p ∈ Y }. Then in
the Zariski topology the closure Y is Y = V (I(Y )). Note that Zariski topology
is not Hausdorff, i.e. not any two points have non-intersecting neighbourhoods.
Indeed, already in the case n = 1 the open sets are the empty set and the
complements of finite sets. See Remark 2.1.4 for more on this.

1.1 Elimination and the resultant

One of the simplest nontrivial algorithmic questions involving I is determination
of I ∩ k[X1, . . . , Xn−1], the elimination ideal; the corresponding procedure is
called elimination of the variable Xn.
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6 CHAPTER 1. INTRODUCTION

When n > 1, the geometric counterpart of it is to compute the projection of
V (I) from p = (0, . . . , 0, 1) to the subspace 〈e1, . . . , en〉 ⊂ kn generated by the
first n− 1 standard basis vectors.
In the case n = 1 this boils down to determining whether V (I) = ∅, or, equiv-
alently, whether I = k[z] (denoting z := X1). It suffices to compute the great-
est common divisor (GCD) of the generators of I. When I = (f, g), then
f(z) =

∑
k akzk and g(z) =

∑
k bkzk will have a nontrivial GCD iff there exists

a degree deg f +deg g−1 polynomial h divisible by both of them, i.e. the vector
spaces 〈f, zf, z2f, . . . , zdeg g−1f〉 and 〈f, zg, z2g, . . . , zdeg f−1g〉 have a nontrivial
intersection. This is equivalent to vanishing of the following determinant, of the
matrix of size (degf + degg)× (degf + degg), called the resultant resz(f, g) of f
and g.

resz(f, g) = det



a0 a1 . . . adeg f 0 0 . . . 0
0 a0 a1 . . . adeg f 0 . . . 0

. . .
0 0 . . . 0 a0 a1 . . . adeg f

b0 b1 . . . bdeg g 0 0 . . . 0
0 b0 b1 . . . bdeg g 0 . . . 0

. . .
0 0 . . . 0 b0 b1 . . . bdeg g


.

Lemma 1.1.1. For f, g ∈ k[z] one has GCD(f, g) 6= 1 iff resz(f, g) = 0.

Returning to the case n > 1, let us restrict attention to the case of I being a
homogenous ideal, that is, an ideal generated by homogeneous polynomials (a
polynomial f

∑
α aαXα is called homogeneous when the degrees

∑n
i=1 αi of the

monomials of f are the same for all α such that aα 6= 0. Here we abbreviate
Xα =

∏n
i=1 Xαi

i .) Note that then f(x) = 0 iff and only if f(cx) = 0 for all c ∈ k,
so we can talk about the set of projective zeros of f , i.e. zeros being points of
the projective space Pn−1

k , usually denoted by Pn−1 (see Chapter 4 for more on
projective spaces). The geometry of Pn−1 is nicer to deal with, as there, unlike
in kn, the subspaces of complimentary dimension always have a common point.
Further, let us assume that Pn−1 3 p = (0 : 0 : · · · : 1) does not belong
to V (I) (this can always be achieved by performing a nondegenerate linear
transformation of the coordinates). Let q ∈ 〈e1, . . . , en〉 = Pn−2 ⊂ Pn−1. Then
the projective line pq meets V (I) iff every pair f, g ∈ I has a common zero
on pq. Indeed, there always exists homogeneous f ∈ I with only finitely many
zeros on pq, and if pq misses V (I) then by definition of V (I) there will exist
homogeneous g ∈ I that does not vanish on any of the zeros of f on pq. Now
we consider f, g as polynomials in Xn with coefficients in k[X1, . . . , Xn−1] and
form resXn(f, g) as above. Note that resXn(f, g) is a homogeneous polynomial
in k[X1, . . . , Xn−1].

Theorem 1.1.2. Let I be homogeneous. Then I ∩k[X1, . . . , Xn−1] is generated
by resXn(f, g) for all homogeneous f, g ∈ I.
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Note that, generally speaking, it is not sufficient to restrict f, g to belong to the
generators of I (as we will see later, there are always finite generating sets for
I). However, it turns out one can, if necessary, extend the generating set, with
finitely many new elements, to ensure that their pairs suffice.
In geometric terms, Theorem 1.1.2 implies the following statement.

Corollary 1.1.3. The projection of the projective variety V (I) ⊂ Pn−1 from
p ∈ Pn−1 \ V (I) is a projective variety.

Here by projective variety one means the zero locus of a homogeneous ideal in
Pn−1.

Algebraic numbers and resultants. Another useful application of resul-
tants is for computing with algebraic numbers, or, more generally elements of
algebraic field extensions k of a field f. (We assume that char f = 0 here, to
make things easier.) Such elements α are represented by their minimal polyno-
mials: that is, unique f-irreducible monic polynomials fα ∈ f[T ] that satisfy
fα(α) = 0.

Proposition 1.1.4. Let α, β ∈ k and fα, fβ ∈ f[T ] their minimal polyno-
mials. Then the polynomials h(Z) = resX(fα(X), fβ(Z − X)) and g(Z) =
resX(fα(X), fβ(Z/X)Xdeg fβ ) satisfy h(α + β) = 0 and g(αβ) = 0. Thus fα+β

(resp. fαβ) can be obtained by factoring h (resp. g).
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Chapter 2

General properties of ideals
in R.

Here we prove few important results on ideals in R.

2.1 Hilbert Basis theorem (Basissatz).

The first important property is that every ideal I ⊆ R is finitely generated.
There are many different proofs of this result. Here we give a proof based on
combinatorics of monomial ideals, i.e. ideals generated by monomials. The fol-
lowing result is usually called Dickson Lemma, although apparently L.E. Dick-
son, to whom it is attributed does not hold priority here, as it was already
known to XIXth century a classic of invariant theory Gordan.

Proposition 2.1.1. Let I be a monomial ideal. Then I is finitely generated.

Proof. Note that the result is essentially about the exponent vectors of the
monomials involved. It suffices to prove that a set S of vectors with nonnegative
integer coordinates in Zn that is closed under addition of arbitrary vectors with
nonnegative integer coordinates (the latter is a consequence of ideal property),
is finitely generated (as a semi-group 1). The proof is by induction on n. The
result is obviously true for n = 1.
Suppose that it holds for all k < n. Consider the projection π : Zn → Zn−1 that
“chops off” the n-th coordinate. Then by induction assumption π(S) ⊆ Zn−1

is finitely generated, say, by {v′1, . . . , v′s}. Denote by vj the element of π−1(v′j)
with minimal n-th coordinate vjn. Let

` = max
1≤j≤s

vjn, Wp := {w ∈ S | wn = p}, for 0 ≤ p < l.

1a semigroup as an algebraic system that is “just like” a group, except that it does not
need to have identity and inverses

9



10 CHAPTER 2. GENERAL PROPERTIES OF IDEALS IN R.

Let Sp be the set of exponents of the monomials in the monomial ideal generated
by Xw for w ∈ Wp. Then π(Sp) is finitely generated, say by {v′(p)

1 , . . . , v
′(p)
sp }.

Similarly, denote by v
(p)
j the element of π−1(v′(p)

j ) with minimal n-th coordinate

v
(p)
jn . It is easy to see that without loss of generality v

(p)
jn = p. Indeed, by

definition of Sp we have v
(p)
jn ≥ p. If v

(p)
jn > p then v

(p)
jn is redundant, for by

definition of Sp there exists w ∈ Sp and r ∈ Zn such that v
(p)
jn = w + r, and we

can replace π(v(p)
jn ) by π(w) in the generating set for π(Sp).

We claim that S (resp. I) is generated by the vectors (resp. by monomials with
exponent vectors)

v1, . . . , vs, v
(0)
1 , . . . , v(0)

s0
, . . . , v

(p)
1 , . . . , v(p)

sp
, . . . v(`−1)

s`−1
.

To see this, let w ∈ S. If wn ≥ ` then consider the decomposition π(w) = v′j +r′,
for some r′ ∈ Zn−1 and 1 ≤ j ≤ s. Then w = π(w) + wnen = v′j + r′ + wnen =
vj + r, for some r ∈ Zn. Otherwise, wn = p < `. Consider the decomposition
π(w) = v

′(p)
j + r′, for some r′ ∈ Zn−1 and 1 ≤ j ≤ sp. Then w = π(w)+wnen =

v
′(p)
j + r′ + pen = v

(p)
j + r, for some r ∈ Zn.

Now we can prove the result for general I. To do this, we introduce an order
�, so-called lexicographic order, also known as pure lexicographic order, on the
monomials, as follows: Xα � Xβ iff the first 0 ≤ k < n coordinates of α and β
are equal, i.e. αk = βk, and αk+1 > βk+1. A proof of the following is left to the
reader.

Lemma 2.1.2. There is no infinite decreasing chain Xα1 � Xα2 � . . .

Given f =
∑

α aαXα ∈ R, the leading term of f is the monomial aγXγ (with
aγ 6= 0, certainly) that is biggest among all the monomials of f , w.r.t. �. It is
denoted by LT(f).

Theorem 2.1.3. (Hilbert’s Basissatz) Let I be an ideal in R. Then I is finitely
generated.

Proof. Let LT(I) be the ideal generated by the leading terms of f ∈ I. By
Prop. 2.1.1 it is finitely generated, say LT(I) = (m1, . . . ,ms). For each mj let
us pick up, arbitrarily, fj ∈ R such that LT(fj) = mj .
We claim that I = (f1, . . . , fs). To see this, let f ∈ I. Then LT(f) = mjm, for
m an arbitrary monomial in R. Then LT(f) � LT(f − fjm). Replacing f by
f−fjm and repeating the procedure, we obtain a zero polynomial, after finitely
many iterations, due to Lemma 2.1.2.

Remark 2.1.4. It is interesting to remark that Theorem 2.1.3 implies that
Zariski topology is indeed a topology, i.e. that the intersection of and arbitrary
collection of closed sets is closed, i.e. equal to V (I). Indeed, it is equal to the
intersection of a finite number s of sets V ((fi)), where I = (f1, . . . , fs). This is
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drastically different from more usual topologies, such as the natural topology of
Rn.

Another important implication of Theorem 2.1.3 in the following

Lemma 2.1.5. R is Noetherian, that is, every ascending chain of ideals I ⊂
I1 ⊂2⊂ . . . terminates.

Proof. J =
⋃

i>0 Ii is an ideal, finitely generated by Theorem 2.1.3. Thus
J = (f1, . . . , fs). Each fj belongs to a Iij from the chain, so J = I`, where
` = max1≤j≤s Iij .

2.2 Hilbert Theorems on zeros
(Nullstellensetze).

The second important property relates ideal I ⊆ R and the variety V (I).

Theorem 2.2.1. (Hilbert’s Strong Nullstellensatz) I(V (I)) =
√

I, i.e. fs ∈ I
for some s = sf and every f ∈ R vanishing on V (I).

This theorem2 can be easily derived from the case V (I) = ∅, that is, from the
following

Theorem 2.2.2. (Hilbert’s Weak Nullstellensatz) I(∅) = R, i.e. for any I =
(f1, . . . , fm) such that V (I) = ∅ there exist g1, . . . , gm ∈ R such that

1 = g1f1 + g2f2 + · · ·+ gmfm.

Note that we have made use of Hilbert’s Basissatz in the statement of Theo-
rem 2.2.2 when we wrote I = (f1, . . . , fm). As well, note the importance of k
being algebraically closed for this result to hold. We postpond the proof of The-
orem 2.2.2 to Subsection 2.2.1. Assuming it holds true, we prove Theorem 2.2.1.

Proof of Theorem 2.2.1. Introduce one more variable Z = Xn+1 and con-
sider the ideal J = (f1, . . . , fm, 1−Zf) ⊆ k[X1, . . . , Xn, Z]. Note that V (J) = ∅.
Indeed, the J ′ = (f1, . . . , fm) ⊆ k[X1, . . . , Xn, Z] satisfies V (J ′) = V (I) × k ⊂
kn+1. By the choice of f , it vanishes on V (I), implying that Zf(v) = 0 for any
v ∈ V (J ′), implying that 1 − Zf does not vanish on any v ∈ V (J ′), showing
that V (J) = ∅.
By Theorem 2.2.1, there exist g1, . . . , gm, g ∈ k[X1, . . . , Xn, Z] satisfying

1 = g1f1 + g2f2 + · · ·+ gmfm + (1− Zf)g. (2.1)

2Nullstellensatz is a German word meaning Theorem (= Satz) on zeros of polynomials (=
Nullstellen); and Setze is plural form of Satz.
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Substituting Z = 1
f in (2.1) we obtain the following expression, where the right-

hand side is a rational function h
fs ∈ k(X1, . . . , Xn) for some s depending on

the maximal degree of gj ’s.

1 = g1(X1, . . . , Xn,
1
f

)f1 + · · ·+ gm(X1, . . . , Xn,
1
f

)fm. (2.2)

By multiplying both parts of (2.2) by fs we obtain

fs = r1f1 + r2f2 + · · ·+ rmfm ∈ I, for rj ∈ R,

as required.

2.2.1 Proof of Theorem 2.2.2.

First, we show how to derive Theorem 2.2.2 from the following natural looking

Proposition 2.2.3. Every maximal (proper, i.e. not equal to R) ideal I of R
is of the form Ip = (X1 − p1, . . . , Xn − pn) for some p ∈ kn.

Indeed, if I 6= R then by Lemma 2.1.5 there exists a maximal ideal J ⊂ R
such that I ⊆ J . By Proposition 2.2.3 we have J = Ip, implying p ∈ V (I) and
proving Theorem 2.2.2.
It remains to prove Proposition 2.2.3. Observe that the ring A = R/I = φ(R),
where φ : R → R/I is the ring homomorphism sending f ∈ R to f +I, is a field.
Indeed, all we need to check that each φ(f) ∈ R/I has an inverse, i.e. g ∈ R
such that fg ∈ 1+ I. By maximality of I the ideal generated by I and f equals
R, in particular

1 = −gf +
s∑

i=1

gifi, where I = (f1, . . . , fs),

as required. Thus A is a field, and it is generated by φ(Xj), for 1 ≤ j ≤ n.
At this point we make use of Theorem 6.0.12 in Appendix III, that asserts that
a finitely generated field extension of k is algebraic, that is, obtained from k by
attaching roots of polynomials from k[T ]. But k is algebraically closed, thus
A ∼= k. This means that φ(Xj) = bj ∈ k, for 1 ≤ j ≤ n. Note that each bj

has a preimage pj in k, i.e. φ is an isomorphism when restricted to the degree
0 polynomials k ⊂ R (indeed, a nonzero constant polynomial cannot be in the
kernel of φ, i.e. in I). Therefore J = (X1 − p1, . . . , Xn − pn) ⊆ I. As J is
maximal, J = I, proving Proposition 2.2.3.



Chapter 3

Algorithmic ideal theory

Here we discuss techniques allowing one to solve problems like ideal membership
in R algorithmically; these procedures are implemented in several computer
algebra systems, such as Singural, CoCoA, etc.

3.1 Gröbner bases.

There exist other orders on the monomials, that share similar properties with the
lexicographic order. (The latter is denoted �lex when one wants to emphasise
that we talk about the lexicographic order, and not about some other order).
Formally, a (total) order � on the monomials (with coefficient 1) of R is called
a term order when the following holds.

1. 1 = X0 is (unique) minimal element w.r.t. �.

2. Xα � Xβ implies XαXγ � XβXγ for all XγinR.

Most of the theory explained here works for an arbitrary term order. E.g. the
following holds.

Lemma 3.1.1. LT(fg) = LT(f) LT(g) for any f, g ∈ R.

Similarly, Lemma 2.1.2 holds for any term order.
Let us fix a term order �, and talk about LT(f) for f ∈ R w.r.t. this order.
Let I = (f1, . . . , fs) be an ideal in R. Its generating set f1, . . . , fs is called a
Gröbner basis with respect to a term order � if LT(I) = (LT(f1), . . . ,LT(fs)).
(Sometimes you see “Gröbner” written as “Groebner”. This is in principle a
correct spelling for the devices that cannot depict characters like “ä”, “ö”, etc,
so called German umlauts properly.)
As a matter of fact, any ideal admits a finite universal Gröbner basis, i.e. a
finite generating set that is a Gröbner basis w.r.t. any term order.

13
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Example 3.1.2. Let I = (X2
1 − X2, X

2
1 − X3) ⊂ k[X1, X2, X3]. Then the

difference of the generators X3 − X2 ∈ I. Using the lexicographic order, we
see that LT(X3 −X2) = −X2 is not in (LT(X2

1 −X2),LT(X2
1 −X3)) = (X2

1 ),
thus our basis is not a Gröbner basis (in this order). We will see below that
appending X3 −X2 to the basis makes is Gröbner.

Using essentially the same argument as in the proof of Theorem 2.1.3, we can
show the following two results.

Ideal membership

Theorem 3.1.3. Let I = (f1, . . . , fs) be an ideal in R generated by the Gröbner
basis {f1, . . . , fs} with respect to a term order �. Then there is an algorithmic
procedure to decide in a finitely many arithmetic operations in R whether f ∈ R
belongs to R.

Proof. If f ∈ I then LT(f) = LT(fj)r for a monomial r ∈ R and 1 ≤ j ≤ s.
Otherwise, if no such decomposition of LT(f) exists, we conclude that f 6∈ I.
Then we replace f by f ′ = f−fjr. Note that LT(f) � LT(f ′). Now, repeat the
step in the beginning of the proof. The procedure terminates in finitely many
steps, according to Lemma 2.1.2, when either f = 0, meaning that f ∈ I, or
with f 6= 0 without a decomposition LT(f) = LT(fj)r, meaning that f 6∈ I.

3.1.1 Existense of Gröbner bases.

Gröbner bases are ideal bases that have certain extra properties, so it is a priori
unclear whether they always exist, and whether they are finite. The following
clears this up.

Theorem 3.1.4. Let I be an ideal in R and � a term order. Then a finite
Gröbner basis, w.r.t. to �, for I exists.

Proof. Let LT(I) be the monomial ideal generated by the leading terms LT(f)
of f ∈ I. It has a finite basis (m1, . . . ,ms). Choose for each mj a polynomial
fj ∈ I satisfying mj = LT(fj). Then {f1, . . . , fs} is a Gröbner basis for I (that
it is a basis can be shown as in the proof of Theorem 2.1.3, and that it is Gröbner
basis holds by construction).

Elimination

Here wee show how to, given an ideal I ⊂ R, compute I∩S, for S = k[X1, . . . , Xs],
with 1 ≤ s < n, using Gröbner bases. We have to choose a monomial order �
such that Xj � Xi for all 1 ≤ i ≤ s and all s < j ≤ n. Such an order is called an
elimination order w.r.t. Xs+1,. . .Xn. (Note that the usual lexicographic order
with appropriately chosen ordering of variables will do, although it might not
be the best to use in practice.)
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Proposition 3.1.5. Let � be an elimination order w.r.t. Xs+1,. . .Xn, and
I = (g1, . . . gt) a Gröbner basis for I w.r.t. �. Then a Gröbner basis for I ∩ S
is given by the gi ∈ {g1, . . . , gt} that do not involve any Xs+1, . . . , Xn, i.e.
gi ∈ S.

Proof. Let J = I ∩ S. Clearly LT(J) ⊂ LT(I) ∩ S. It suffices to show that the
LT(gi), for gi ∈ S, generate LT(I) ∩ S.
Let m ∈ LT(I) ∩ S be a monomial. Since g1, . . . , gt form a Gröbner basis, m is
divible by LT(gj) for some j. As m ∈ S, we must have LT(gj) ∈ S, so gj ∈ S,
as � is an elimination order.

3.1.2 Computing Gröbner bases.

Here we present a naive procedure to compute Gröbner bases, with respect to
a given term order �. (Actual algorithms implemented in computer algebra
systems are more refined.)
Let f, g ∈ R, and Xγ the least common multiple of LT(f) and LT(g). The
S-polynomial of f and g is the polynomial

S(f, g) = Xγ(
f

LT(f)
− g

LT(g)
) ∈ R.

Given an ideal I = (f1, . . . , fs), a Gröbner basis for I can be computed by the
following procedure.

1. For each pair fi, fj of basis elements, compute S(fi, fj), and reduce it as
in the proof of Theorem 3.1.3 by the basis elements. Call the result of this
reduction Fij .

2. If all the Fij = 0, terminate. Add all the nonzero Fij to the basis. Repeat
the step 1 with the new basis (f1, . . . , fs′).

Note that in step 1 it suffices to choose only these fi, fj such that LT(fj) and
LT(fi) have nontrivial GCD. This is due to the following.

Lemma 3.1.6. Let f, g ∈ R with trivial GCD(LT(f),LT(g)). Then S(f, g)
reduces to 0 w.r.t. (f, g), i.e. (f, g) form a Gröbner basis for the ideal (f, g).

Proof. It suffices to show that for any u, v ∈ R we have that LT(fu + gv) is
divisible either by LT(f), or by LT(g).
Suppose false, and that LT(u) is minimal w.r.t. � over all the representations
of F = fu + gv. Then LT(fu) = −LT(gv), so LT(u) = w LT(g) and LT(v) =
−w LT(f) for a monomial w. But then F = (gw + u1)f + (−wf + v1)g =
fu1 + gv1, and u � u1, a contradiction.

Now let us prove that this procedure indeed terminates and gives what is
claimed. We will need the following technical result.
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Lemma 3.1.7. Let f , f1, . . . , fs satisfy LT(f1) = · · · = LT(fs) � LT(f). Then
f =

∑
i<j νijS(fi, fj), with νij ∈ k.

Theorem 3.1.8. (Buchberger Criterion) Let I = (f1, . . . , fs) be an ideal in R
and � a term order. Then I is a Gröbner basis of I w.r.t. � if and only if
S(fi, fj) reduces to 0 w.r.t. the basis.

Proof. If f1, . . . , fs form a Gröbner basis then LT(I) is generated by LT(fj)’s
and S(fi, fj) reduces to 0.
To the ‘if’ part of the statement, by the way of contradiction we assume that
f =

∑
u gufu with LT(f) 6∈ (LT(f1), . . . ,LT(fs)). Let m = maxu LT(gufu),

where max is understood w.r.t. �, and the expansion f =
∑

u gufu chosen so
that m is as small as possible. Let

h =
∑
v∈V

gvfv, V = {v | LT(gvfv) = cvm, cv ∈ k}.

We can write LT(gvfv) = nv LT(gv) for a term nv of fv. If q =
∑

v∈V nv LT(gv) 6=
0 then q = LT(f), contradicting the choice of f . Thus q = 0. By Lemma 3.1.7
we have a representation of the polynomial

Q :=
∑
v∈V

fv LT(gv) =
∑
i<j

νijS(LT(gi)fi,LT(gj)fj).

As LT(gi) are monomials, S(fi, fj) divides S(LT(gi)fi,LT(gj)fj). Using repre-
sentations S(fi, fj) =

∑
` gi,j,`f`, where LT(S(fi, fj)) coincides with the LT of

some gi,j,`f`, we obtain representations of Q =
∑

` dQ,`f`, and of f =
∑

` d`f`.
As the biggest of the LT’s of d`f` is smaller than m, we obtain a contradic-
tion.

Finally, we remark that Theorem 3.1.8 provides finitness of the algorithm, as we
cannot keep generating new non-reducible S(fi, fj) forever, for we can use the
Basissatz to select a finite basis from their LT’s, and for each “new” S(fi, fj),
its LT will be divisible by one of these basis elements, a contradiction.



Chapter 4

Appendix I: affine and
projective spaces.

Here we summarise basic information on affine and projective spaces over an
arbitrary field F . They can be viewed as “incidence systems”. There are ax-
iomatic characterisations of these objects known, but we will not go into this
here.

Affine spaces

The affine n-dimensional space An over F consists of the vectors of Fn as points,
and shifts (also called translations) W + s by v ∈ Fn of the subspaces W of Fn,
as subspaces, i.e. lines, planes, etc. Informally, we say we “forget where 0 ∈ Fn

is”.
Obviously, subspaces of the form W +s and W +p either coincide, or are disjoint,
as they are just cosets of the subgroup W in the additive group of Fn. The
automorphism group of An is the semidirect product of Fn and ΓLn(F ), the
semi-linear automorphism group of Fn.
The set of W + s, as s ranges through Fn, is called the parallel class of W .

Projective spaces

The projective (n−1)-dimensional space Pn−1 over F consists of the 1-dimensional
subspaces of Fn as points, and 2, 3, . . . , (n − 1)-dimensional subspaces of Fn

as subspaces, of dimension 1, 2, . . . , n − 2. That is, the dimension “drops by
1”. As well, Pn−1 can be identified with the “geometry of parallel classes”, or
“geometry at infinity”, of An.
An important and elementary property of Pn−1 is that whenever two subspaces

17
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U , W satisfy dim U + dim W ≥ n− 1 they have a nonempty intersection. This
is not true in An, due to presense of parallel classes there.



Chapter 5

Appendix II: modules.

Modules are natural generalisations of vectorspaces: the main difference is that
the field is replaced by a ring R. The ring does not even need to be a commuta-
tive ring. Formally speaking, an R-module is an abelian group M with R-action
defined on it, namely, a map R ×M → M , written (r, m) 7→ m, satisfying for
all r, s ∈ R and all m ∈ M the following properties.

r(sm) = (rs)m associativity
r(m + n) = rm + rn

(r + s)m = rm + sm distributivity, or bilinearity
1m = m identity.

In particular an ideal I ⊂ R, and the quotient ring R/I are R-modules. When
the ring R used is clear from the context, we often just say module instead of
R-module.
A natural construction of new modules from old ones is the direct sum of mod-
ules: given two modules M and N we define their direct sum M⊕N := {(m,n) |
m ∈ M, n ∈ N} with the R-action given by r(m,n) = (rm, rn).
Modules, that are direct sums of copies of R, are called free modules. Unlike in
the vectorspace case, not all the R-modules are free.

19
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Chapter 6

Appendix III: finitely
generated extensions.

Here we assume that k is a not necessarily algebraically closed, although infinite,
field1, and R = k[X1, . . . , Xn] and an ideal I ⊂ R as above. Further, denote
A = k[a1, . . . , an] = R/I, with φ : R → A the natural ring homomorphism with
kernel I and aj = φ(Xj), for 1 ≤ j ≤ n.
First we prove the Noether normalisation lemma, a classical result that appears
throughout commutative algebra in seemingly different forms. We need to in-
troduce the following notion. Let B a ring and A a subring of B. Then B is
called a finite A-algebra if there exist finitely many bj ∈ B such that

B = b1A + b2A + · · ·+ bsA, (6.1)

i.e. B is a finitely generated A-module. Note that this is stronger than B being
finitely generated over A, where we only require that B be generated as a ring
by A and b1, . . . , bs.

Lemma 6.0.9. If B is finite A-algebra and C is a finite B-algebra then C is a
finite A-algebra.

Proof. Let B satisfy (6.1). Then

C = c1B + · · ·+ cmB = c1

s∑
i=1

biA + · · ·+ cm

s∑
i=1

biA = c′1A + · · ·+ c′`A,

as claimed.

Finitness of B as A-algebra admits the following characterisation.

1Note that every algebraically closed field is infinite.

21
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Proposition 6.0.10. If B is a finite A-algebra then each x ∈ B is integral over
A, i.e. is a root of a monic polynomial of degree m ≤ s (where s is a constant)
with coefficients in A, i.e. (6.2) holds:

xm + am−1x
m−1 + · · ·+ a0 = 0, a0, . . . , am−1 ∈ A. (6.2)

If x ∈ B is integral over A then A[x] is a finite A-algebra.

Proof. As any x ∈ A satisfies the linear relation x − a = 0, with x = a ∈ A,
we can assume x ∈ B \ A. Suppose B = b1A + · · · + bsA. As xbi ∈ B, there
exist aij ∈ A such that xbi =

∑s
j=1 aijbj . Consider the s × s matrix M with

the entries Mij = xδij − aij .
Writing b = (b1, . . . bs), we get Mb = 0. so by the usual lineal algebra line of
thought we would expect detM = 0.
We should be more careful of course, as we work over a ring. Take the adjugate
(also called classical adjoint) M∗ of M , that is the matrix with the entries
M∗

ij = (−1)i+j det M ji, where M ij denotes the submatrix of M obtained by
removing i-th row and j-th column. Then MM∗ = M∗M = ∆Is, where we use
Is to denote the s×s identity matrix. This implies that ∆Isb = 0, so in particular
polynomial identities ∆bj = 0 hold for 1 ≤ j ≤ s. As 1B = 1 = b1a

′
1 + · · ·+ bsa

′
s

for some a′j ∈ A, we also get ∆1B = 0, so indeed we have ∆ = 0, that is
obviously a monic relation of degree s in x. The first part is proved.
To prove the second part, let us assume, without loss in generality, that B = A[x]
and (6.2) holds. Set b1 = x, b2 = x2, . . . , bm−1 = xm−1, bm = 1. We claim
that (6.1) holds, with s = m. In view of (6.2) every power of x belongs to B.
B is closed w.r.t. multiplication by α ∈ A and w.r.t. addition, completing the
proof.

Another important notion we use is that of algebraic independence of a finite sub-
set Y = {y1, . . . , ym} ⊂ B. We say that the yj ’s are algebraically independent
if there is no nontrivial polynomial relation between them, or, in other words,
the natural surjection of the polynomial ring k[Y1, . . . , Ym] → k[y1, . . . , ym] ⊆ B
is injective.

Theorem 6.0.11. (Noether normalisation lemma) There exist algebraically in-
dependent y1, . . . , ym ∈ A, with m ≤ n, such that A is a finite k[y1, . . . , ym]-
algebra.

Proof. Suppose there exists 0 6= f ∈ I, otherwise we just take m = n and
yj = aj , for 1 ≤ j ≤ n. Then f(a1, . . . , an) = 0 is an equation satisfied by an.
The idea is to replace each Xj , for 1 ≤ j < n, by certain X ′

j so that f becomes
monic in an.
Set a′1 = a1 − α1an, . . . , a′n−1 = an−1 − αn−1an, with αj ∈ k to be specified
later. Then

f(a′1 + α1an, . . . , a′n−1 + αn−1an, an) = 0.
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We claim that for a suitable choice of αj ’s the polynomial

h(X ′
1, . . . , X

′
n−1, Xn) := f(X ′

1 + α1Xn, . . . , X ′
n−1 + αn−1Xn, Xn) = 0

is monic in Xn. Let d = deg f = deg h, and set h = hd+g, with hd homogeneous
of degree d and deg g < d. Then

(X1, . . . , Xn) = h(X ′
1, . . . , X

′
n−1, Xn) = hd(α1, . . . , αn−1, 1)Xd

n+
+ (terms of degree < d in Xn). (6.3)

So as soon as hd(α1, . . . , αn−1, 1) 6= 0 we have our claim; in fact, for almost all
the choices of α this will be true. We have now a monic equation for an with
coefficients in A′ = k[a′1, . . . , a

′
n−1].

Now we can complete the proof by induction on n. The result is obvious for
n = 1, as we can just divide by the coefficient of the highest power of Xn.
By inductive assumption, there are y1, . . . , ym ∈ A′ that are algebraically in-
dependent in A′ and so that A′ is a finite k-algebra over K = k[y1, . . . , ym].
On the other hand A is a finite k-algebra over A′ by Proposition 6.0.10. By
Lemma 6.0.9 a finite k-algebra over K.

Theorem 6.0.12. A finitely generated field extension B = k[a1, . . . , an] of k,
that is, a field B = R/I, is algebraic, that is, obtained from k by attaching roots
of polynomials.

Proof. By Theorem 6.0.11 there exist algebraically independent y1, . . . , ym such
that B is a finite A-algebra, where A = k[y1, . . . , ym], and m ≤ n. If A is a field
then m = 0 and B is an algebraic extension of A = k.
It remains to show that A is a field. Let a ∈ A. Then b−1 ∈ B and, as B is
a finite A-algebra, satisfies (6.2). Multiplying both parts of (6.2) by bm−1 we
obtain

b−1 = −am−1 − am−2b− · · · − a0b
m−1 ∈ A,

as required for A to be a field.
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