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1 Nets and Boole-Smith convergence

The material here is largely taken from the corresponding sections of [1]. I
added more explanation here and there.
Directed sets are generalisations of sequences:

Definition 1. A poset D is called a directed set if for any x,y € D there exists
az € P such that z >z, z > y.

Example 2. In a topological space X, consider the set P of open sets containing
a given point x. Define the partial order on P by inclusion: U > V iff U C V.
It is easy to see that P is a directed set: indeed, for any U,V € P also U NV is
in PandUNV>U,UNV >V.

Definition 3. A net in a t.s. X is a function ® : D — X, with D a directed
set.

Definition 4. For A C X, a net ® is said to be frequently in A if for any
b € D there exists D 5 ¢ > b such that ®(c) € A.

O is said to be eventually in A if there exists b € D such that ®(c) € A for all
c>b.

Definition 5. ® converges to x € X if @ is eventually in U for any neighbour-
hood U of x. Such x is called a limit of ®. Notation, when such x is unique:
x = limgep P(a).

Proposition 6. X is Hausdorff iff any two limits of a net in X are equal.
Proof. If ® is eventually in U,V C X then ® is eventually in UNV. Soif U > x,
V' 5 y are open sets separating x # y € X then ® cannot be eventually in U
and V. Thus ® has at most one limit in a Hausdorff space.

For the opposite direction, let x # y € X inseparable by open sets in X.
Define D = {(U,V) |z € U, y € V}, with (A,B) > (U,V)it AcU, BCV,
and

®:D—-X
U, V)—zeUnNV.



Then ® converges to z and to y. Indeed, let U 2 x and V 3 y be open. Then
any (A, B) > (U, V) satisfies ®((A, B)) € U, so ® is eventually in U. Similarly,
it is eventually in V. U

Continuity and nets
Continuity can be described in terms of net convergence.

Proposition 7. f: X — Y is continuous iff for every net ® : D — X converg-
ingtox € X also fo®: D —Y converges to f(x).

Proof. Let f be continuous at x and ® : D — X a net converging to x. Then
U= f~Y(V), for an open V > f(z), is open € U. Thus @ is eventually in U.
Hence f o ® is eventually in V', as claimed.

Suppose now that f is not continuous. Then there exists open V C Y such
that K = f~%(V) is not open. Let z € K \ int K, and D the directed set of
open neighbourhoods U of z, as in Example 2. Define

®:D—-X
U—zeU\K.
If B > z is open then ®(U) € B for any U > B (recall that this means U C B),

so @ is eventually in B and thus converges to . On the other hand f(®(U)) € V,
so f o ® is not eventually in V. O

A characterisation of the closure

In the case of metric space X, the closure A of A C X can be described it terms
of limits of convergent sequences in A.

Proposition 8. Given A C X, a subset of points in a topological space X, the
set of limits of converging in X nets in A equals A.

Proof. Let x € A. Then any open U > z satisfies AN U # ). Construct a net

o:{U>sz2}— A
U—xyeUnNA.

Obviously, ® converges to .

On the other hand, let ® : D — A be a net converging to z. By defini-
tion of convergence, ® is eventually in any neighbourhood U > z. This any
neighbourhood of z contains a point in A, implying = € A. O

Subnets
The following definitions are inspired by the idea of (convergent) subsequences.

Definition 9. A function h : D' — D is called final if for any 6 € D there
exists 0’ € D' such that o' > ¢ implies h(a') > 6.



Definition 10. A subnet of ® : D — X is the composition ® o h of ® with a
final function h: D' — D.

Proposition 11. ® : D — X is frequently in each neighbourhood of x € X iff
® has a subnet that converges to x.

Proof. Consider a net p : D — X frequently in each neighbourhood U > =z.
Consider a directed set D’ = {(a,U) | @ € D, z, u(a) € U}, so that the ordering
is induced from <p and inclusion of neighbourhoods of z, i.e. ifa < fand V C
U then (o, U) < (8,V), for any (e, U), (3,V) € D'. Indeed, if («,U),(8,V) €
D’ then, as p is frequently in U NV, there exists v > a, 8 s.t. pu(y) e UNV.
Thus (v,UNV) € D' and (v,UNV) > (a,U),(B,V), so D" is directed, as
claimed. We claim next that

h:D' — D
(,U) — «

is final. Indeed, for any § € D one has (§, X) € D', and («,U) > (6, X) implies
a = h((a,U)) > 4, as required.

Hence poh : D' — X is a subnet of D. We claim that it converges to z.
Let N 5 x be a neighbourhood. As p is frequently in N, by assumption, there
is € Dst. pB)eN. If (a, U) > (8,N) then pu(h((a,U))) = p(a) € U C N.
Thus p o h is eventually in N.

The opposite statement is immediate. O

Definition 12. A net ® : D — X is called universal if for any A C X it is
either eventually in A or eventually in X \ A.

Lemma 13. f o ® is universal in Y for any universal ® : D — X and any
function f: X =Y.

Proof. Let A C Y. As @ is universal, it is eventually either in f~1(A) or in
X\ f71(A). But X\ f71(A4) = f~1(Y'\ A). Thus f o & is eventually either in
Aorin Y\ A. O

The following is quite a surprise. We shall be using a form of the Axiom of
Choice (so-called Zorn Lemmal) in its proof.

Theorem 14. Every net ® : P — X has a universal subnet.

Proof. Consider all collections C of subsets of X satisfying

AeC= 9 isfrequently in A (1)
A, BeC=AnBeC. (2)

E.g. C = {X} is one such collection. Order these collections by inclusion.
The union of any chain in this poset is certainly also one of these collections

LIf every chain in a poset has an upper bound then the poset contains a maximal element.



satisfying (1) and (2). By the Zorn Lemma, there will be a maximal by inclusion
such a collection Cy.
Let Py ={(A,a) € Cy x P | ®(a) € A}. The partial order

(B,3) > (A,a) s BCAAB>a
makes P, into a directed set. The following function

hIPO—>P
(A, a) — a.

is final. Thus we obtain a subnet 4 = ®oh : Py — X. We claim that it is
universal. Let S C X be s.t. u is frequently in S, i.e. for any (A4, a) € Py there
is Py 3 (B,f) > (4,a) st. u((B,B)) = ®(B) € S. In particular, B C A and
B> B>« Thus ®(8) € SNB C SN A. Therefore @ is frequently in SN A for
any A € Cy.

Then we can add S and all the SN A to Cy, and (1) and (2) would still hold.
By maximality of Cp, we must have S there. If u were also frequently in X \ S,
then X \ S € Cy would also hold, and by (2) also § = SN X \ S € Cy, violating
(1). Thus p is not frequently in S. Therefore it is eventually in S.

We have shown that if p is frequently in S then it is eventually in S. As for
any S C X and any net, it is frequently either in S or in X \ S, the claim that
1 is universal follows. O

2 Compactness, product topology, and nets

The main objective here is to derive Tychonoff’s Theorem.
Proposition 15. X is compact iff every net in X has a convergent subnet.

Proof. To prove that compactness of X implies that every net has a convergent
subnet, it suffices to show, in view of Theorem 14, that every universal net in
X converges.

Suppose to the contrary that a universal net u: D — X does not converge,
that is, for any = € X there is a open neighbourhood U, such that p is not
eventually in U,. As p is universal, it must be eventually in X \ U, i.e., there
exists B, € D s.t. « > B, implies that z ¢ U,. Let {U,,,...,Us, } be a finite
subcover of the cover {U, | € X}, that must exist by compactness of X. Then
p(a) & Uy, as soon as « > fB;,, a nonsense, as pu(a) ¢ X. Thus every universal
net in X converges.

To show the opposite, we show that the assumption that every net in X
has a convergent subnet implies that every collection of closed sets in X with
finite intersection property (f.i.p.) has a nonempty intersection.? Let C be a

2fi.p. for A = {A,} means that every finite subset {A1,..., Ay} of A satisfies Ay N---N
Ap # 0. Tt is an exercise to show that compactness is equivalent to the property that every
collection of closed sets with f.i.p. has a nonempty intersection.



collection of closed sets in X satisfying f.i.p. We can and will add all the finite
intersections to C without violating f.i.p. Then the inclusion makes C into a
directed set: C' > C" iff C c C’. Moreover, the following is a net in X:

w:C—X
CruxceC.

By assumption there must be a convergent to an x € X subnet po f given
by a final map f : D — C. Thus for any @« € D we have f(«a) € C and
p(f(@) = 2f) € f(a). Let C € C. Then there is, by finality, 3 € D such that
D > a > g implies f(a) C C, and so p(f(a)) € f(a) C C. As C is closed, by
Proposition 8 one has that z € C'. Thus C has a nonempty intersection, as our
choice of C' was completely free. O

We turn to the product spaces now. Recall that for a general index set A
indexing the components of the product X, it’s best to view the elements of the
product as functions f: A — Uyea X, satisfying the property that f(«) € X,
for all a € A.

Lemma 16. A net ® : D — X in a product space X = XqeaXo converges to
a point x : A — UX,, iff 7o 0 © converges to x(a) for any a € A.

Proof. ® converges to x means that ® is eventually in every neighbourhood
U > z. In particular it is eventually in every basic (in product topology) neigh-
bourhood U, that satisfies 7, (U) = U, for some « and arbitrary open neigh-
bourhood U, C X, of z(a). Thus 7, o ® converges to z(a), as it is eventually
in any neighbourhood of z(a).

The opposite implication gives us that for any o € A the net 7, o ® is
eventually in any x,-neighbourhood U, C X, of its limit z,, and we will show
that then ® converges to x : A — UX,, with z(a) = z,. Here we really need
to use that any open set U C X satisfies 7, (U) = X, for all but finitely many
a’s. Say, ma,(U) = Uy, # Xa, for 1 <i < n. As m,, o ® is eventually in any
U.,, there exists w; € D such that m, (®(7)) € Uy, as soon as 7 > w;. As D is
directed, there exists wy > w; for 1 <4 < n. Thus ®(7) € U as soon as 7 > wy,
i.e. ® is eventually in U. O

Finally, we can prove Tychonoft’s theorem.

Theorem 17. (Tychonoff) The product X = X ocaXa of an arbitrary collection
of compact spaces X, is compact.

Proof. Let f : D — X be a universal net in X. The composition 7, o f
is a universal net in X,, by Lemma 13. Hence it converges to, say, z,, by
Proposition 15. Therefore f converges to the point z : A — UX,, s.t. z(«a) = z,,
by Lemma 16. Hence X is compact by Proposition 15. O
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