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Chapter 1

Derivatives

Notation and linear algebra, and other, prelimi-
naries

Linear algebra. We work with vectors v := (v1, v2, . . . , vn) ∈ Rn, where R
denotes the real numbers. We use the (Euclidean) norm (sometimes denoted by
|v|)

‖v‖ :=

√√√√ n∑
i=1

v2
i . (1.1)

It satisfies the following inequalities: “triangle”

‖v‖+ ‖w‖ ≥ ‖v + w‖, for all u, v ∈ Rn, (1.2)

and Cauchy-Schwarz:

v · w ≤ ‖v‖‖w‖, for all u, v ∈ Rn. (1.3)

A linear mapping L : Rn → Rm is a function satisfying the following properties:

L(αv) = αL(v) ∀v ∈ Rn, ∀α ∈ R (1.4)
L(v + w) = L(v) + L(w) ∀v, w ∈ Rn. (1.5)

In turn, the linear mappings Rn → Rm form a vector space of dimension nm,
usually denoted by Rm×n; when one fixes bases in Rn and Rm, these mappings
are represented by m× n matrices A := A(L), and the image of v ∈ Rn under
L is just Av ∈ Rm, the matrix-vector product. Thus for the image of v under
L we often write Lv instead of L(v). (Note that linear mappings are also called
linear transformations.)
For L : Rn → Rm define its norm (the matrix norm) as follows:

‖L‖ := sup
‖v‖≤1

‖Lv‖, (here of course v ∈ Rn). (1.6)
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6 CHAPTER 1. DERIVATIVES

This norm satisfies the following important properties:1

‖L‖ <∞, ∀L ∈ Rm×n, (1.7)

‖BA‖ ≤ ‖A‖‖B‖, ∀A ∈ Rm×n, ∀B ∈ Rk×m. (1.8)

Certainly (1.3) is a particular case of (1.8). Note that even when m = n = k,
one can have AB 6= BA.
A linear mapping L : Rn → Rn is called invertible when Lv = 0 implies v = 0.
In this case L defines a bijection on Rn. It is equivalent to the existense of a
linear mapping B : Rn → Rn satisfying LB = I, the identity transformation.
Such B is denoted by L−1, and it is in fact unique. The set of invertible L’s
is denoted by GLn(R). They form a group under composition (i.e. matrix
multiplication), called general linear (GL is the abbreviation here).
More generally, a linear mapping L : Rn → Rm is called nonsingular when
Lv = 0 implies v = 0. In this case is it necessary that n ≤ m. That is, L is
always singular when n > m.
Slighly more general than linear are affine linear (or just affine) mappings: given
a linear mapping L : Rn → Rm and w ∈ Rm we define

Lw : Rn → Rm

v 7→ Lv + w.
(1.9)

The image of Rn under an affine mapping Lw is called affine subspace2. It
obviously has the form w + {Lv | v ∈ Rn}. A very familiar affine subspace of
R2, the graph of a (affine) linear function is specified by the equation y = αx+β.

Open and closed, etc., sets, limits. A subset E ⊆ Rn is called open when
for any x ∈ E there exists r > 0 so that the ball of radius r centered at x,

Br(x) := {y ∈ Rn | ‖y − x‖2 ≤ r},

satisfies Br(x) ⊂ E.
A subset F ⊂ Rn is called closed when its complement Rn − F is open.
A subset F ⊆ Rn is called convex if for any a, b ∈ F and any 0 ≤ τ ≤ 1 one has
(1− τ)a + τb ∈ F .
A sequence of vectors S = {vk}∞k=1 ⊂ Rn converges to v ∈ Rn if for any r > 0 the
set Br(v) − {vk}∞k=1 is finite. An equivalent definition (prove the equivalence)
is that for any r > 0 there exists N ∈ N so that i > N implies ‖v − vi‖ < r. If
such v exists it is called the limit of S and denoted by

v := lim
k→∞

vk.

1Excercise: prove them!
2When n = m, the set of Lw, with L invertible, forms a group, called affine general linear,

and denoted by AGLn(R).
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Such an S is then called convergent.
The sequence S is called Cauchy sequence if for any r > 0 there exists N ∈ N
such that ‖vi − vj‖ < r whenever i > N and j > N .
A subset E ∈ Rn is bounded if it is contained in some ball Br(x). A closed and
bounded E is called compact.
A v ∈ E is called a limit point of E if there exists a sequence {vk}∞k=1 ⊂ E so
that v = limk→∞ vk.

1.1 Vector-valued functions of several variables

The central place in our course is occupied by “nicely behaved” functions3

f : Rn → Rm

Sometimes one has to restrict f so that f : E → Rm with E ⊂ Rn. Usually E
must be open.
Synonyms to function are mapping, map, vector field, etc. However, it is most
common to talk about a mapping when f is (affine) linear.
Often one thinks of such an f as of a vector of functions fi : Rn → R, for
1 ≤ i ≤ m.

It is useful to consider the graph of f , that is, a subset of Rm×Rn (or of Rm+n)
of the form {(f(x), x) | x ∈ Rn}. When bases are fixed in Rn and Rm, one can
say that the graph is given by the system of equations

y1 = f1(x1, . . . , xn)
y2 = f2(x1, . . . , xn)

. . .

ym = fm(x1, . . . , xn).

(1.10)

Note that the graph of an (affine) linear mapping is an (affine) subspace of
Rm+n.

1.1.1 Multilinear and alternating multilinear functions.

Let V = Rn. A function f : V k → Rm is called multilinear if it is linear with
respect to each agrument. In other words,

f(x1, . . . , cxk, . . . , xn) = cf(x1, . . . , xk, . . . , xn) for all c ∈ R,

f(x1, . . . , a + b, . . . , xn) = f(x1, . . . , a, . . . , xn) + f(x1, . . . , b, . . . , xn) ∀a, b ∈ V.

An important distinction is that here we regard f as a function on k arguments,
although each of them is an n-vector! Upon fixing a base {eij | 1 ≤ j ≤ n} in

3Recall that a function g : A → B is a subset S of A × B := {(a, b) | a ∈ A, b ∈ B}
satisfying b = b′ whenever (a, b), (a, b′) ∈ S.
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the i-th copy of V , one can write the i-th vector argument xi as xi =
∑

j xijeij .
When all the other arguments fixed, the `-th component f` of f takes the form
a · xi =

∑
j ajxij . Hence in general f` is a homogeneous degree k polynomial

in variables xij , so that two variables xij and xpq do not occur in the same
monomoial when i = p, and for each i a variable xij does occur in the monomial,
for some j. That is

f`(x1, . . . , xk) =
n∑

j1=1

· · ·
n∑

jk=1

aj1,...,jk
x1,j1x2,j2 . . . xk,jk

.

A function f : V k → Rm is called alternating if

f(x1, . . . , xi, . . . , xj , . . . , xn) = 0 for all i 6= j, whenever xi = xj .

Each multilinear alternating function is antisymmetric, that is

f(x1, . . . , xi, . . . , xj , . . . , xn) = −f(x1, . . . , xj , . . . , xi, . . . , xn) for all i 6= j.

Indeed, linearity implies

f(x1, . . . , a + b, . . . , a + b, . . . , xn) = f(x1, . . . , b, . . . , a, . . . , xn)+

+f(x1, . . . , a, . . . , b, . . . , xn)+f(x1, . . . , a, . . . , a, . . . , xn)+f(x1, . . . , b, . . . , b, . . . , xn),

and applying alternacy to both sides of the latter implies

0 = f(x1, . . . , b, . . . , a, . . . , xn) + f(x1, . . . , a, . . . , b, . . . , xn),

as claimed.
An important example of antisymmetric multilinear functions is the following
bilinear (the prefix ”bi-” points out that k = 2 here). f : V × V → R is
f(x, y) = x · Ay, with A = −AT ∈ Rn× n. Another (bilinear) example is the
cross product v × u of two vectors u, v in R3.

v×u = det

0@e1 e2 e3

v1 v2 v3

u1 u2 u3

1A = det

„
v2 v3

u2 u3

«
e1−det

„
v1 v3

u1 u3

«
e2 +det

„
v1 v2

u1 u2

«
e3.

The first determinant is actually a 1-form (a linear function) φ(e) in ei’s, and
the 2×2-determinants (with signs) are coefficients of the vector z that represents
φ(e) = z · e.
Obviously, k-alternating functions form a vector space. We will denote it by
∧k(V ).
In algebra one introduces an important operation of external product (also called
wedge product) ∧ that makes a k + m-alternating function f ∧ g from a k-
alternating form f and an m-alternating form g. This operation is

1. associative: (f ∧ g) ∧ h = f ∧ (g ∧ h),

2. distributive: (f1 + f2) ∧ h = f1 ∧ h + f2 ∧ h, with fi ∈ ∧k(V )
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3. skew-commutative: f ∧ g = (−1)kmg ∧ f .

Note that in the case of the wedge product of 1-forms fi (each 1-form is trivially
alternating) one can define it as

f1∧· · ·∧fk(v1, . . . , vk) = det

f1(v1) . . . fk(v1)
. . . . . . . . .

fk(vk) . . . fk(vk)

 , v1, . . . , vk ∈ V. (1.11)

For instance, let πi denote the linear function V 3 x 7→ xi, i.e. it is the i-th
coordinate projection. Then by (1.11) one has

π1 ∧ · · · ∧ πk(v1, . . . , vk) = det

 v1
1 . . . v1

k

. . . . . . . . .
vk
1 . . . vk

k

 , v1, . . . , vk ∈ V.

E.g. when n = k this is the usual determinant, vanishing iff vj ’s are linearly
independent. Note that the determinant is the volume of the parallelepiped
spanned by the vj ’s.
Generally speaking, k vectors v1, . . . , vk ∈ V are linearly independent iff at
least for one k-subset {`1, . . . , `k} ⊆ {1, . . . , n} the k-alternating form π`1 ∧· · ·∧
π`k(v1, . . . , vk) 6= 0.

Theorem 1.1.1. The set of all π`1 ∧ · · · ∧ π`k , as {`1, . . . , `k} ranges through
k-subsets of {1, . . . , n}, forms a basis for ∧k(V ). In particular dim∧k(V ) =

(
n
k

)
.

Let L ∈ ∧k(V ) and e1,. . . , ek a basis for V . Then

L(v1, . . . , vk) =
∑

1≤i1<···<ik≤n

L(ei1 , . . . , eik
)πi1 ∧ · · · ∧ πik(v1, . . . , vk).

Using the aforementioned properties of ∧ and (1.11), one can form external
products of arbitrary (homogeneous) linear combinations of alternating forms.

Limits of functions. Let f : E → Rm, and v ∈ E is a limit point of E. We
write

lim
x→v

f(x) = q

and say that the limit of f at v equals q ∈ Rm when for any ε > 0 there exists
δ > 0 satisfyng ‖q − f(x)‖ < ε for all x ∈ E with 0 < ‖x− v‖ < δ.
Note that v does not need to be in E.
An equivalent definition is that the preimage f−1(V ) of any open subset of
V ⊂ f(E) is open.
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Continuity. Our functions will usually be continuous: f is continuous at
p ∈ E when for any ε > 0 there exists δ > 0 such that ‖f(x)− f(p)‖ < ε for any
x ∈ Bδ(p). When f is continuous at any p ∈ E we say that f is continuous on
E.
When p ∈ E is a limit point of E then f is continuous in p iff limx→p f(x) = f(p).

1.1.2 Differentiability

Continuous functions can still be quite strange, cf. Cantor function4. In order
for functions to be “tame”, it is important that locally (in a sufficiently small
ball, that is) they behave like linear mappings. Recall the case of n = m =
1, when the tangent (the graph of an affine mapping) to a the graph of a
differentiable function approximates the function near the point of tangency.
One has the derivative of f at x given (provided it exists, certainly) by

f ′(x) := lim
h→0

f(x + h)− f(x)
h

. (1.12)

The affine mapping (that defines the tangent at x to the graph of f(x)) is given
by y 7→ f ′(x)(y − x) + f(x), so the constant term f(x) − f ′(x)x is obtained
“automatically”. It will be convenient to rearrange (1.12) as follows:

lim
h→0

f(x + h)− f(x)− f ′(x)h
h

= 0. (1.13)

Similarly, in general we try to approximate the (graph of) function f : Rn → Rm

by (the graph of) an affine mapping. Note that (1.13) will make sense in this
case if we take the norms in the numerator and denominator:

lim
h→0

‖f(x + h)− f(x)− f ′(x)h‖
‖h‖

= 0. (1.14)

Then we must view f ′(x) as a linear mapping Rn → Rm. It is called the
derivative5 of f at x (certainly, it exists iff the limit (1.14) exists). To create
the affine mapping that approximates f(x) at x is now easy: it must have the
form y 7→ f ′(x)(y − x) + f(x), just as in the univariate case!
Looking at the definition of f ′(x) one sees that in some sense it is “defined”
on vectors h. To emphasize this, with x ∈ E one associates a copy of Rn,
denoted by TEx, and called the tangent space6 to E at x. So one can view
f ′(x) as a linear mapping f ′(x) : TEx → TRm

f(x). When n < m this has a
natural geometric interpretation, as one can “visualise” f ′(TRn

x) as the tangent
subspace approximating f(E).

Remark 1.1.2. The derivative of an affine mapping Lw is L.
4Recall that the Cantor function maps the unit interval onto the Cantor set.
5Also called total derivative, or Fréchet derivative, or differential.
6Spivak [2] does not write TEx, he just writes Ex.
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Note that when we talk about the derivate of f : E → Rm at x ∈ E, E an open
set, we do not have to worry about the choice of h in (1.14), as there is a ball
Br(x) around x that is contained in E, for all sufficiently small r > 0.

Lemma 1.1.3. The derivative f ′(x) in (1.14) is unique (provided it exists).

Proof. Suppose A1 and A2 are two derivatives of f at x. Then

lim
h→0

‖f(x + h)− f(x)−Aih‖
‖h‖

= 0

for i = 1, 2. On the other hand

‖f(x+h)−f(x)−A1h‖+‖f(x+h)−f(x)−A2h‖ = ‖f(x+h)−f(x)−A1h‖+
+ ‖ − f(x + h) + f(x) + A2h‖ ≥ ‖(A2 −A1)h‖

by (1.2). Hence limh→0
‖(A2−A1)h‖

‖h‖ = 0, by the usual “squeeze theorem” for
limits. In particular we can fix h ∈ Rn and write

lim
τ→0

‖(A2 −A1)τh‖
‖τh‖

= 0 = lim
τ→0

‖(A2 −A1)h‖
‖h‖

,

but by choice of h the latter can only hold when A1 = A2.

It is easy to see that for any two diffirentiable at x functions f : Rn → Rm and
g : Rn → Rm the following familiar in the case n = m = 1 formula holds.

(f + g)′(x) = f ′(x) + g′(x). (1.15)

The next important topic is the behaviour of the derivative when one composes
two functions. Recall the univariate case (the chain rule):

d

dx
g(f(x)) = g′(f(x))f ′(x).

Similarly one has for the composition of f : Rn → Rm and of g : Rm → Rk,
that is best written as

Rn f−→ Rm g−→ Rk,

the following

Theorem 1.1.4. Let F = g ◦ f : Rn → Rk (that is F (x) = g(f(x))) and let
g′(f(x)) and f ′(x) exist for x ∈ Rn. Then F ′(x) = g′(f(x)) · f ′(x).

proof will come later
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1.1.3 Partial derivatives

Consider the setting of (1.10), that is, when the bases {e1, . . . , en} of Rn and
{u1, . . . , um} of Rm are fixed for f : Rn → Rm. Another way of writing fi (fi’s
are called components of f) is

fi(x) = f(x) · ui, where a · b =
∑

j

ajbj .

Define (provided, this limit exists, certainly) the i-partial derivative of f with
respect to xj as follows:(

∂fi

∂xj

)
(x) := lim

t→0

fi(x + tej)− fi(x)
t

.

This is of course nothing but the derivative of the univariate function g(xj) :=
fi(x1, . . . , xj , . . . , xn) with respect to xj , provided that in f each xk for k 6= j,
are considered constant.

Remark 1.1.5. The existence of the ∂fi

∂xj
(x)’s does not imply the existence of

f ′(x). For instance f : R2 → R given by

f(x, y) = x3/(x2 + y2), (x, y) 6= (0, 0),
f(0, 0) = 0

does not have f ′(0, 0), while ∂f
∂x (0, 0) and ∂f

∂y (0, 0) exist.

On the other hand,

Theorem 1.1.6. Let f : Rn → Rm be differentiable at x, and ej’s, ui’s as
above. Then ∂fi

∂xj
(x) exists, for 1 ≤ i ≤ m, 1 ≤ j ≤ n, and

f ′(x) · ej =
m∑

i=1

∂fi

∂xj
(x)ui.

Proof. (Sketch.) Choose h = τej in (1.14). Then the differentiability of f at x
implies

lim
τ→0

‖f(x + τej)− f(x)− τf ′(x)ej‖
‖τej‖

= 0.

By (1.2), ‖f(x + τej)− f(x)− τf ′(x)ej‖ = (‖f(x + τej)− f(x)− τf ′(x)ej‖+
‖τf ′(x)ej‖)− ‖τf ′(x)ej‖ ≥ ‖f(x + τej)− f(x)‖ − ‖τf ′(x)ej‖, implying

lim
τ→0

f(x + τej)− f(x)
τ

= f ′(x)ej .

Bul the LHS of the latter equals limτ→0

∑m
i=1

fi(x+τej)−fi(x)
t ui, as claimed.
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Notation. We say that f ′ is continuous on an open set E ⊆ Rn if it is a
continuous function E → Rm×n, that is, for any x ∈ E and any r > 0 there is
δ > 0 such that ‖f ′(y)− f ′(x)‖ < r if y ∈ E ∩Bδ(x).
The set of continuously differentiable (i.e., having continuous f ′) functions f :
Rn → Rm (more generally, f : E → Rm, with E ⊆ Rn) will be denoted by C′
(respectively, C′(E)).
It turns out that f ∈ C′(E) iff all the partial derivatives of f on E exist and are
continuous. To be able to prove this (as well as some other theorems below),
we will need suitable generalisations of the mean value theorem.

Mean value theorem for curves

Recall the classical

Theorem 1.1.7. (Mean Value theorem.) For a differentiable on [a, b] function
f : R→ R there exists a ≤ x ≤ b satisfying f ′(x) = (f(b)− f(a))/(b− a).

Here we generalise this to curves.

Proposition 1.1.8. Let f : R → Rn be differentiable on (a, b) and continuous
on [a, b]. Then there exists a < x < b satisfying

‖f(b)− f(a)‖ ≤ (b− a)‖f ′(x)‖.

Proof. For a ≤ t ≤ b, define

φ(t) = (f(b)− f(a)) · f(t).

Applying Theorem 1.1.7 to φ, one establishes the existenece of a < u < b
satisfying

φ(b)− φ(a) = (b− a)φ′(t) = (b− a)(f(b)− f(a)) · f ′(u).

On the other hand

φ(b)− φ(a) = (f(b)− f(a)) · (f(b)− f(a)) = ‖f(b)− f(a)‖2.

By (1.3) and the latter we obtain

‖f(b)− f(a)‖2 = (b− a)(f(b)− f(a)) · f ′(u) ≤ (b− a)‖f(b)− f(a)‖‖f ′(u)‖.

Cancelling ‖f(b)− f(a)‖, we obtain the claim.

Remark 1.1.9. For n = 1 Proposition 1.1.8 is implied by Theorem 1.1.7.
Indeed,

|f(b)− f(a)| ≤ (b− a) sup
a<x<b

|f ′(x)|.
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C ′-functions and partial derivatives

We show here the following.

Theorem 1.1.10. Let f : E → Rm, and E ⊆ Rn is open. Then f ∈ C′ iff ∂fi

∂xj

exist and are continuous on E for 1 ≤ i ≤ m, 1 ≤ j ≤ n.

proof to be added

1.2 The inverse function theorem

We know well that a C′ function f : R→ R is “locally” 1-to-1, provided we are
not close to a where f ′(a) = 0. (Draw a picture to illustrate this)
More precisely, let f ′(a) 6= 0 be continuous at a, and f(a) = b. Then there
are open sets (i.e. open intervals) U 3 a, V 3 b so that f is 1-to-1 on U , and
f(U) = V . And thus there exists

g ∈ C′(V ) : g(f(x)) = x for all x ∈ U.

Note that f ′(x)−1 = g′(f(x)).
We would like to generalise this result to the case n = m > 1. (Certainly,
n = m is necessary, otherwise differentiable functions will not provide even
local bijections.)
Let f : Rn → Rn and f ∈ C′. The n-dimensional analogy of f ′(a) 6= 0 above is
the invertibility of A = f ′(a) at a ∈ Rn.

Theorem 1.2.1. Let f be as above, and A = f ′(a) invertible. Then

1. there exist open sets Rn ⊃ U 3 a, Rn ⊃ V 3 b = f(a), f is 1-to-1 on U ,
and f(U) = V .

2. The inverse of f on U is given by g(f(x)) = x, for x ∈ U , and g ∈ C′(V ).

Remark 1.2.2. In the setting of (1.10), with n = m, this means that the
system (1.10) can be solved for x in terms of y, and this solution is unique and
C′.

Our proof will use the following generalisation on the mean value Theorems 1.1.7
and 1.1.8.

Theorem 1.2.3. Let f : Rn → Rm be differentiable on a convex open set
E ⊆ Rn, so that ‖f ′(x)‖ ≤M for all x ∈ E. Then

‖f(b)− f(a)‖ ≤M‖b− a‖ for any a, b,∈ E.

Proof. Let γ(τ) = (1− τ)a + τb. By convexity of E, for any 0 ≤ τ ≤ 1 one has
γ(τ) ∈ E. By the chain rule, Theorem 1.1.4, one has

f(γ(τ))′ = f ′(γ(τ)) · γ′(τ) = f ′(γ(τ)) · (b− a),
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by (1.3) one has

‖f(γ(τ))′‖ ≤ ‖f ′(γ(τ))‖‖(b− a)‖ ≤M‖b− a‖. (1.16)

By Theorem 1.1.8,

‖f(γ(1))− f(γ(0))‖ ≤ (1− 0)‖f(γ(t))′‖ (1.17)

for some 0 < t < 1. But f(γ(1)) = f(b) and f(γ(0)) = f(a), so combining
(1.16) and (1.17) yields the claim of the statement.

proof of 1.2.1 to be added

1.3 The implicit function theorem

Notation. For x ∈ Rn and y ∈ Rm, write (x, y) = (x1, . . . , xn, y1, . . . , ym) ∈
Rn+m.
Any linear transformation A : Rn+m → Rn can be “split” into Ax and Ay,
defined by

Axh = A(h, 0), h ∈ Rn; Ayk = A(0, k), y ∈ Rm.

Then A(h, k) = Axh+Ayk. The following a version of implicit function theorem
for linear mappings.

Theorem 1.3.1. Let A : Rn+m → Rn and Ax invertible. Then for each k ∈ Rm

there exists unique h ∈ Rm satisfying A(h, k) = 0. Namely, h = −A−1
x Ayk.

Proof. Let z = A(h, k) = Axh + Ayk. Then A−1
x z = h + A−1

x Ayk, implying the
claim, by setting z = 0.

As we know that the behavour of linear mappings approximates the behavour
of “nice” functions, it should not be a big surprise to see the following.

Theorem 1.3.2. Let C′(E) 3 f : E → Rn, with E ⊆ Rn+m, such that f(a, b) =
0 for some (a, b) ∈ E. Let A = f ′(a, b) and assume Ax invertible. Then there
exist open sets (a, b) ∈ U ⊆ Rn+m and b ∈W ⊆ Rm, such that for every y ∈W
there is a unique x = g(y) so that (x, y) ∈ U and f(x, y) = 0.
Moreover, g ∈ C′(W ), g(b) = a,

f(g(y), y) = 0 for all y ∈W, (1.18)

and g′(b) = −A−1
x Ay.

We say that g is implicitly defined by (1.18), that’s why Theorem 1.3.2 is called
Implicit function Theorem. One can view f(x, y) = 0 as a system of equations

f1(x1, . . . , xn, y1, . . . , ym) = 0
. . .

fn(x1, . . . , xn, y1, . . . , ym) = 0
(1.19)



16 CHAPTER 1. DERIVATIVES

and the invertibility of Ax as the invertibility of the n× n matrix (∂fi

xj
)1≤i,j≤n.

When (1.19) holds with (x, y) = (a, b) then Theorem 1.3.2 says that (1.19) can
be solved for x in terms of y for any y sufficiently close to b, and these solutions
are C′.
One can apply the chain rule to (1.18) to obtain relations, involving g′(y) for
y ∈W , that sometimes can help determining g explicitly.

Example 1.3.3. Let f : R2+3 → R2 be given by

f1(x1, x2, y1, y2, y3) = 2ex1 + x2y1 − 4y2 + 3
f2(x1, x2, y1, y2, y3) = x2 cos x1 − 6x1 + 2y1 − y3.

Then f(a, b) = 0 for a = (0, 1) and b = (3, 2, 7). Then (w.r.t. the standart
bases) A = f ′(a, b) is (

2 3 1 −4 0
−6 1 2 0 −1

)
,

where the first 2 columns give Ax and the remaining 3 give Ay. Note that Ax is
invertible and Theorem 1.3.2 provides g ∈ C′ with g(b) = a and f(g(y), y) = 0.
One can compute, using this theorem, that

g′(b) =
(

1
4

1
3 − 3

20
− 1

2
6
5

1
10

)
.

proof of Theorem 1.3.2 to be added

1.4 Directional derivative and the gradient

Let f : E → R and γ : (a, b) → E be differentiable functions, with a < b ∈ R
and E ∈ Rn. We can define its composition and apply the chain rule to it:

g(τ) = f(γ(τ)), g′(τ) = f ′(γ(τ))γ′(τ), a < τ < b.

So g′(τ) : R → R is a linear mapping (for fixed τ), that can be regarded as a
number in R, too. In terms of partial derivatives (they exist by Theorem 1.1.6)
one computes

g′(τ) =
n∑

i=1

∂f

∂xi
(γ(τ))γ′i(τ) = (∇f)(γ(τ)) · γ′(τ), (1.20)

where we denoted by (∇f)(x) the “gradient” of f at x, namely, the vector

(∇f)(x) =
n∑

i=1

∂f

∂xi
(x)ei,

where {ei} is, as usual, a base for Rn.
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Next, we specialise γ((a, b)) to be a line, that is, we fix x ∈ E and u ∈ Rn with
‖u‖ = 1, so that

γ(t) = x + tu, −∞ < t <∞, γ′(t) = u.

Thus (1.20) gives g′(0) = (∇f)(x) · u.
On the other hand g(t)− g(0) = f(x + tu)− f(x), so

lim
t→0

f(x + tu)− f(x)
t

= (∇f)(x) · u. (1.21)

The limit in (1.21) is called the directional derivative of f at x in the direction
u, and is denoted by (Duf)(x).

Remark 1.4.1. Similar notation is also sometimes used for ∂f
∂xi

, namely one
writes

(Dif)(x) =
∂f

∂xi
(x).

A justification for this is the fact that (Dif)(x) is nothing but (Duif)(x), the
directional derivative in the direction ui.

One can write (Duf)(x) =
∑n

i=1
∂f
∂xi

(x)ui.
If you fix x, but vary u, then (1.21) shows that (Duf)(x) attains its maximum
when u = β(∇f)(x), with β > 0 (provided (∇f)(x) 6= 0).

1.5 Maxima and minima

On the other hand, you can fix u and vary x. The values of x where u =
β(∇f)(x) holds has an interesting geometric meaning: namely, the points where
the linear mapping x 7→ u·x reaches its local extrema on the set {y ∈ Rn | f(y) =
0} are like this.
More concretely perhaps, one might like to know maxima and minima of f :
E → R, with E ⊆ Rn.

Theorem 1.5.1. If a maximum (or a minimum) of f occurs in an interior
point a ∈ E, and if (∇f)(a) exists, then (∇f)(a) = 0.

Proof. Consider the function fi : R→ R given by

fi(t) = f(a1, . . . , ai−1, t, ai+1, . . . , an).

Obviously fi has a maximum (or minimum) at ai. As a is interior, fi is defined
in an open interval containing ai. Thus g′i(ai) = ∂f

∂xi
(a) = 0, as claimed.

Remark 1.5.2. The converse of Theorem 1.5.1 is false even for n = 1 (consider
f(x) = x3 at x = 0). More intrestingly, consider f(x, y) = x2 − y2 at (x, y) =
(0, 0). This is so-called saddle point.
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Chapter 2

Integration

2.1 Integrable functions

We begin by recalling the Fundamental Theorem of univariate calculus.

Theorem 2.1.1. Let f(x) = F ′(x) be continuous on [a, b], then∫ b

a

f(x)dx = F (b)− F (a).

Multivariate integration is a very natural generalisation of the univariate definite
integral. In the simplest case, given a function f : E → R and

A = [a1, b1]× · · · × [an, bn] ⊆ E ⊂ Rn,

we consider the restricted to A graph of f , that is, the set

GA(f) = {(x, f(x)) ∈ Rn+1 | x ∈ A}.

It cuts out subsets

V+ = {(x, y) ∈ Rn+1 | x ∈ A, 0 ≤ y ≤ f(x)},
V− = {(x, y) ∈ Rn+1 | x ∈ A, 0 ≥ y ≥ f(x)}.

Then ∫
A

f(x)dx = vol(V+)− vol(V−),

provided the volume vol(V ) is defined for V ⊂ Rm. We define

vol(A) = Πn
i=1‖ai − bi‖.

Certainly, the volume of the interior of A will be equal to that of A itself. Define

L(V ) = sup
F

∑
π∈F

vol(π),

19
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where F is a family of disjoint open parallelepipeds π contained in V . Similarly,
define

U(V ) = inf
F∗

∑
π∈F∗

vol(π),

where F∗ is a family of disjoint open parallelepipeds π satisfying V ⊆ ∪π∈F∗π.
Then

vol(V ) := L(V ) = U(V ),

provided both quatities exist (and are equal).

Let P be a partition of A. That is, each interval [ai, bi] is partitioned as ai =
ci,0 < ci,1 < · · · < ci,ki = bi, so we obtain parallelepipeds (or rectangles)

p = [c1,j1 , c1,j1+1]× [c2,j2 , c2,j2+1]× · · · × [cn,jn
, cn,jn+1]

whose union is A. For each p ∈ P define

mp(f) = inf
x∈p

f(x); Mp(f) = sup
x∈p

f(x).

Then the lower and upper sums of f w.r.t. P are

L(f, P ) =
∑
p∈P

mp(f) vol(p); U(f, P ) =
∑
p∈P

Mp(f) vol(p).

Partitions refine each other in the natural way, when each subrectangle of one
is a union of subrectangles of another.

Lemma 2.1.2. Let a partition P ′ refine P . Then

L(f, P ) ≤ L(f, P ′), U(f, P ) ≥ U(f, P ′).

If Q is another partition (not necessarily a refinement) of A then

L(f,Q) ≤ U(f, P ).

Definition. A function f is called integrable on A if f is bounded on A and

I := sup
P

L(f, P ) = inf
Q

U(f,Q); so
∫

A

f(x)dx = I.

There are bounded, but not integrable functions, e.g. f : [0, 1]2 → R so that
f(x, y) = 1 if x ∈ Q and f(x, y) = 0 otherwise.

Computing
∫

A
f .

It turns out that in the most reasonable situations
∫

A
f equals the iterated

integral, so that the Fubini’s theorem holds. Let A = B × C, and let us write
x = (xB , xC), for projections xB of x on B (resp. xC on C). Assume for
simplicity that IB =

∫
B

f(xB , xC)dxB exists 1 for all xC ∈ C.
1It’s actually not needed, but then IB needs to be replaced by two different “upper” and

“lower” integrals.
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Theorem 2.1.3. (Fubini) Let B ⊂ Rn and C ⊂ Rm, let f : B × C → R be
integrable and f(xB , xC) be integrable for any fixed xC ∈ C. Then∫

B×C

f =
∫

C

(∫
B

f(xB , xC)dxB

)
dxC .

When the area of integration A is not a rectangle, we still have do define
∫

A
f .

The easiest way is to introduce the characteristic function χA of A ⊂ B ⊂ Rn,
where B is a rectangle: so that χA(x) = 1 for any x ∈ A and 0 for all x ∈ B−A.
Then

∫
A

f =
∫

B
fχA.

Analytically, one does the following. Let A = g(B) be a compact, for C′(B) 3
g : Rn → Rn. Then for a continuous on A function f∫

A

f =
∫

g(B)

f =
∫

B

f(g(t))‖det g′(t)‖dt.

For instance, let
A = {(x, y) | x2 + y2 ≤ 1} ⊂ R2.

Then
A = {(r cos φ, r sinφ) | 0 ≤ r ≤ 1, 0 ≤ φ ≤ 2π}

and g(r, φ) = (r cos φ, r sinφ). It is easy to compute det(g′(r, φ)) = r. Thus∫∫
A

exp(x2 + y2)dx dy =
∫ 2π

0

dφ

∫ 1

0

rer2
dr = π

∫ 1

0

exp(t) dt =
π(e− 1)

2
.

something to be proved here, still.

2.2 Introduction to differential forms via inte-
gration

The major players in this quite involved definition are the following [1].

• A compact set D ⊂ Rk, that for the sake of clarity can be thought to be
the unit k-cube.

• An open set E ⊆ Rn; can often be taken to be the whole Rn.

• Functions C′ 3 Φ : D → E, that are called k-surfaces; when k = 1 they
are usually called just curves, and when k = 2 – just surfaces.

• Continuous functions aI : E → R, indexed by I = (i1, . . . , ik), with 1 ≤
ij ≤ n for 1 ≤ j ≤ k. They need not be smooth, in general. It will become
clear after a while that I can be taken to be subsets of {1, . . . , n}.
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Given all this, we introduce formal linear combinations, called differential forms
of order k, or just k-forms:

ω =
∑
|I|=k

aI(x), dxi1 ∧ dxi2 ∧ · · · ∧ dxik
,

where we often will write
∧
i∈I

dxi instead of dxi1 ∧ dxi2 ∧ · · · ∧ dxik
.

The sum above is taken over all k-tuples of indices ij ∈ {1, 2, . . . , n}. Thus
ω = ω(aI1 , . . . aIN

) is determined by the functions aI .
A k-form ω is a function from the set of k-surfaces to R, essentially “something
that one can integrate over” a k-surface, as follows:

Φ 7→
∫
Φ

ω :=
∫
D

∑
|I|=k

aI(Φ(u)) det Φ′
I(u) du. (2.1)

Here we write ΨI for the restriction of a k-surface Ψ to the k-tuple of indices
I = (i1, . . . , ik), in the order prescribed by I. That is ΦI = (Φi1 ,Φi2 , . . . ,Φik

).
It can be immediately seen from (2.1) that I has all the indices different, without
loss of generality. Indeed, if I has a repeated pair of indices then detΦ′

I , and
thus the summand corresponding to aI , vanishes identically. Later on we will
see that I can be chosen to be unordered.

Example 2.2.1. Let ω = x dy + y dx be an 1-form, and C′ 3 γ : [0, 1] → R2 a
curve. So we have a1(x, y) = y and a2(x, y) = x. Then using (2.1) we get

∫
γ

ω =

1∫
0

(γ1(t)γ′2(t) + γ2(t)γ′1(t)) dt = γ1(t)γ2(t)|10.

It is remarkable that the value of the integral depends ony upon the values of γ
in the endpoints of the interval, but not in the rest of them.

Example 2.2.2. let ω = dx ∧ dy ∧ dz be a 3-form, and Φ a 3-surface. Then∫
Φ

ω is related to the volume of the body bounded by Φ(D). For instance, let
D = [0, R]× [0, π]× [0, 2π] and

Φ(r, θ, φ) = r · (sin θ cos φ, sin θ sinφ, cos θ).

Then using (2.1) one gets
∫
Φ

ω = 4πR3/3, the volume of the 3-ball of radius R.

For uniformity it will help to consider also 0-forms, that are just functions
E → R. The k-forms ∧i∈Idxi are called basic. They are an important object
in algbera, namely in tensor algebra, where they are called antisymmetric k-
tensors.
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2.2.1 Some properties of k-forms: antisymmetricity, etc

Given two k-forms ω1 and ω2, we call then equal if
∫
Φ

ω1 =
∫
Φ

ω2 for any k-
surface Φ. The following equalities are immediate from (2.1).∫

Φ

cω = c

∫
Φ

ω, for any c ∈ R, (2.2)

∫
Φ

(ω1 + ω2) =
∫
Φ

ω1 +
∫
Φ

ω2. (2.3)

Consider two almost identical k-forms

ω = a(x)
∧
i∈I

dxi = a(x) dxi1

∧
· · · ∧ dxij ∧ · · · ∧ dxi` ∧ · · · ∧ dxik

,

ω′ = a(x)
∧
i∈I′

dxi = a(x) dxi1 ∧ · · · ∧ dxi`
∧ · · · ∧ dxij ∧ · · · ∧ dxik

.

That is, I ′ is obtained from I by swapping ij and i`, and this is the only
difference. Then, as the determinant changes its sign when two of its rows are
swapped, one observes from (2.1) that

dx1 ∧ dx2 = −dx2 ∧ dx1, and in general ω = −ω′. (2.4)

This is called anticommutativity of the operation ∧, to emphasise the difference
with operations like +.
For instance, (2.4) allows one to rewrite

x1dx2∧dx1−x2 dx3∧dx2+x3 dx2∧dx3+dx1∧dx2 = (1−x1)dx1∧dx2+(x1+x3)dx2∧dx3.

A representation of a k-form ω with all the I’s being ordered, i.e. i1 < i2 <
· · · < ik, is called standard.

Proposition 2.2.3. Let a k-form ω be in a standard representation

ω =
∑

I∈({1,...,n}
k )

aI(x)
∧
i∈I

dxi.

Then ω = 0 if and only if each aI = 0.

Proof. Let aI(v) > 0 for some v ∈ E. By continuity of aI , there exists h > 0
so that aI(w) > 0 for any w in the n-cube with centre at v and side size h. We
can and will assume without loss in generality that D is the k-cube with side
size h. Observe that the k-surface

Φ(u) = v +
k∑

j=1

ujeij , for I = (i1, . . . , ik),
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satisfies aI(Φ(u)) > 0 for any u ∈ D. On the other hand, the term corresponding
in (2.1) to any I 6= I ′ ∈

({1,...,n}
k

)
is identically 0, as the corresponding Jacobian

vanishes. Indeed, ∂Φ
∂u`

= 0 for any ` 6∈ I.

The Jacobian of ΦI is 1. Hence
∫
Φ

ω =
∫

D
aI(Φ(u)) du, a constradiction, as

aI(Φ(u)) > 0.

Note in particular that there is essentially unique nonzero basic n-form, see
Example 2.2.2 for the case n = 3.

2.2.2 Products of k-forms

Given a basic p-form ∧i∈Idxi and a basic q-form ∧j∈Jdxj , one defines a

ω =
∧
i∈I

dxi ∧
∧
j∈J

dxj ,

that is a p + q-form if I ∩ J = ∅, and identically 0 otherwise ( and so it can be
viewed as p + q-form anyway, the zero p + q-form).

Lemma 2.2.4. Let α denote the number of pairs (s, t), with s ∈ I, t ∈ J , and
s > t. Then

ω =
∧
i∈I

dxi ∧
∧
j∈J

dxj = (−1)α
∧

`∈I∪J

dx`,

where I ∪ J is ordered.

Using this statement, we define the wedge product of a p-form ω =
∑

I aI(x)∧i∈I

dxi and a q-form λ =
∑

J bJ(x) ∧j∈J dxj .

ω ∧ λ =
∑
I,J

aI(x)bJ(x)
∧
i∈I

dxi ∧
∧
j∈J

dxj . (2.5)

Obviously, p + q > n automatically implies ω ∧ λ = 0. One can further see that
∧ behaves like the “usual multiplication” with respect to addition of k-forms,
and repeated products. That is, the following holds.

(ω ∧ λ) ∧ σ = ω ∧ (λ ∧ σ), (2.6)
(ω1 + ω2) ∧ σ = ω1 ∧ σ + ω2 ∧ σ, (2.7)
σ ∧ (ω1 + ω2) = σ ∧ ω1 + σ ∧ ω2. (2.8)

2.2.3 Differential operator

There is also an additive, with respect to addition of k-forms, differential oper-
ator d that makes (k +1)-forms from k-forms, as follows. We need to assume as
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well that the finctions aI are differentaible (sufficiently many times). For 0-form
f , define

df =
n∑

i=1

∂f

∂xi
(x) dxi. (2.9)

Note that the familiar d(fg) = f dg + g df will hold, then. Certainly, df is
nothing but f ′(x), written in the fancy basis {dxi}.
For a k-form ω define

dω = d(
∑

I

aI(x)
∧
i∈I

dxi) =
∑

I

(daI(x)) ∧
∧
i∈I

dxi). (2.10)

So “only functions are touched” by d. For instance d(x dy) = dx ∧ dy.

Proposition 2.2.5. Let ω be a k-form and λ - a m-form. Then

d(ω ∧ λ) = (dω) ∧ λ + (−1)kω ∧ (dλ), (2.11)
d(d(ω)) = 0. (2.12)

Proof. To prove (2.11), it suffices to prove it for a k-form ω = f ∧i∈I dxi and an
m-form λ = g ∧j∈J dxj . Then w.l.o.g. I ∩ J = ∅, otherwise ω ∧ λ is identically
0 and also the right hand side of (2.11), by definition of d. By Lemma 2.2.4

ω ∧ λ = fg
∧
i∈I

dxi ∧
∧
j∈J

dxj = (−1)αfg
∧

`∈I∪J

dx`.

As d(fg) = f dg + g df , we obtain

d(ω ∧ λ) = (−1)α(f dg + g df)
∧

`∈I∪J

dx` = (f dg + g df)
∧
i∈I

dxi ∧
∧
j∈J

dxj .

Finally we derive, using anticommutativity k times, that

dg ∧
∧
i∈I

dxi = (−1)k
∧
i∈I

dxi ∧ dg,

implying

d(ω ∧ λ) = (df ∧
∧
i∈I

dxi) + (−1)k(f
∧
i∈I

dxi) ∧ (dg ∧
∧
j∈J

dxj).

This proves (2.11).
To prove the remaining part of the Proposition, observe that for a 0-form f , the
rule (2.12) is a simple consequence of ∂2f

∂xi
∂xj = ∂2f

∂xj
∂xi and anticommutativity

of ∧. Proceeding to k > 0, a k-form ω = f ∧i∈I dxi, we know that dω =
df ∧

∧
i∈I

dxi. Thus by (2.11) we have

d(dω) = d(df) ∧
∧
i∈I

dxi + (−1)`df ∧ d(
∧
i∈I

dxi) = 0.

Indeed, the first summand vanishes as, by above d(df) = 0, and the second
summand vanishes as d(

∧
i∈I

dxi) = 0 by definition of d in (2.10).
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2.2.4 Change of variables in k-forms

Next, we investigate the behavour of k-forms under the change of variables. Let
E ⊆ Rn, V ⊆ Rm be open and C′ 3 T : E → V provides such a change. In V
let us have a k-form ω in standard representation ω =

∑
I bI(y)

∧
i∈I

dyi.

We make 1-forms from the components Ti of T (so that yi = Ti(x)) as defined
in (2.9).

dTi =
n∑

j=1

∂Ti

∂xj
(x)dxj , 1 ≤ i ≤ m.

Using this, we define a k-form ωT in E, as follows.

ωT =
∑

I

bI(T (x))
∧
i∈I

dTi.

It turns out that this operation is well-behaved with respect to the operations
on differential forms we introduced before.

Proposition 2.2.6. Let T be suffciently many times differentiable, ω a k-form
on V , and λ an `-form on V . Then2

1. for k = `, one has (ω + λ)T = ωT + λT .

2. (ω ∧ λ)T = ωT ∧ λT .

3. d(ωT ) = (dω)T .

The most important property is

Proposition 2.2.7. With T and ω as above, Φ a k-surface in E, one has∫
T (Φ)

ω =
∫

Φ

ωT .

2.3 Differential forms via tangent spaces

Here, unlike above, we define differential forms as multilinear alternating func-
tions on tangent spaces.
We can view a k-form ω on E (notation: ω ∈ Ωk(E)) with aI having derivatives
of all orders as alternating multilinear k-forms on the tangent spaces, as in e.g.
[3].

ω(x) : (TEx)k → R for each x ∈ E.

In other words, ω(x) ∈ ∧k(TEx). In general, ω(x) does not stay the same as x
changes. One should not confuse ω and ω(x) – they are different objects, that
is, ω(x) is the “value” of ω at x.

2In [1, Thm 10.22], one should replace ”m-form” by ”`-form”, to avoid notation clash.
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For instance, for a differentiable f : E → R one has the 1-form df := f ′ defined
by f ′(x) : TEx → R. Namely,

f ′(x) · h =
n∑

i=1

∂f

∂xi
hi.

For the projection πi one has πi(x) · h = hi. For k differentiable functions f1,
. . . , fk, one can use (1.11) to get

df1 ∧ · · · ∧ dfk(h1, . . . , hk) = det

0@df1(h
1) . . . dfk(h1)

· · ·
df1(h

k) . . . dfk(hk)

1A , h1, h2, . . . , hk ∈ TEx.

Thus, from k one-forms dfi we obtained a k-form.
In particular, for fi = π`i one gets

dπ`1 ∧ · · · ∧ π`k (h1, . . . , hk) = det

0@h1
`1 . . . h1

`k

· · ·
hk

`1 . . . hk
`k

1A , h1, h2, . . . , hk ∈ TEx. (2.13)

Often we simply write dx`j instead of dπ`j .
Generally speaking, we get for ω(x) = a(x) dπ`1∧· · ·∧dπ`k , using Theorem 1.1.1,
and denoting the basis for TDx as {e1(x), . . . , en(x)}, we can write

ω(x)(h1, h2, . . . , hk) =
∑

1≤`1<···<`k≤n

ω(e`1(x), . . . , e`k
(x))

π`1 ∧ · · · ∧ dπ`k(h1, h2, . . . , hk), hj ∈ V.

As ω(e`1(x), . . . , e`k
(x)) depends upon x alone, we see that indeed it is a(x).

2.3.1 Tangent spaces, k-surfaces, and coordinate changes.

Now, when we have a smooth k-surface Φ : D → E, where we denote S = Φ(D),
we can consider the tangent space TSx ⊆ TEx for any x ∈ S, and the natural
restriction of a p-form ω(x) (w.l.o.g. p ≤ k) onto TSx. Our next task is to see
what happens with ω under the coordinate change defined by Φ. This will allow
us here (and in the next subsection for the integral) to see the equivalence of
two definitions of k-forms. Note that in [1]the notation ωΦ is used for what we
here (and [3]) denote by Φ∗ω.
Let f : E → R. Then Φ∗f : D → R, by setting

(Φ∗f)(t) := f(Φ(t)), t ∈ D.

Thus Φ maps the functions (i.e., 0-forms) on E into functions (i.e., 0-forms) on
D via f 7→ Φ∗f , i.e. Φ∗ : Ω0(E)→ Ω0(D).
Now for p-forms we see that Φ∗ : Ωp(E) → Ωp(D). Let t ∈ D. Then we have
the map of tangent spaces Φ′(t) : TDt → TEΦ(t). Define

Φ∗ω(t)(τ1, . . . , τp) = ω(Φ(t))(Φ′(t)τ1, . . . ,Φ′(t)τp), τ j ∈ TDt.
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Remark 2.3.1. Moreover it follows from the chain rule, Theorem 1.1.4, that
for

D
Φ−→ E

Ψ−→ F

one has
(Ψ ◦ Φ)∗ = Φ∗ ◦Ψ∗ (2.14)

and thus
Ωp(D) Φ∗

←− Ωp(E) Ψ∗

←− Ωp(F ).

Let us see how the p-forms change under coordinates changes. For instance, take
the 2-form ω = dx1∧dx2, and a coordinate change Φ given by xi = xi(t1, . . . , tk),
1 ≤ i ≤ n. We would like to find Φ∗ω. Take t ∈ D and τ1, τ2 ∈ TDt. Then in
TEΦ(t) their images are ρi = Φ∗(t)τi. Thus

Φ∗ω(τ1, τ2) = ω(Φ(t))(ρ1, ρ2) = dx1 ∧ dx2(ρ1, ρ2) =

det
(

ρ1
1 ρ2

1

ρ1
2 ρ2

2

)
= det

(∑k
j=1

∂x1
∂tj τ j

1

∑k
j=1

∂x2
∂tj τ j

1∑k
j=1

∂x1
∂tj τ j

2

∑k
j=1

∂x2
∂tj τ j

2

)
=

=
k∑

j,j′=1

∂x1

∂tj
∂x2

∂tj′
det

(
τ j
1 τ j′

1

τ j
2 τ j′

2

)
=

=
k∑

j,j′=1

∂x1

∂tj
∂x2

∂tj′
dtj ∧ dtj

′
(τ1, τ2) =

=
∑

1≤j<j′≤k

(
∂x1

∂tj
∂x2

∂tj′
− ∂x1

∂tj′
∂x2

∂tj

)
dtj ∧ dtj

′
(τ1, τ2) =

=
∑

1≤j<j′≤k

φ′(t)j,j′ dtj ∧ dtj
′
(τ1, τ2).

Thus
Φ∗ω =

∑
1≤j<j′≤k

φ′(t)j,j′ dtj ∧ dtj
′
.

Using Φ∗(a(x)ω) = a(Φ(t))Φ∗ω, one derives for a k-form ω = a(x)dx1∧· · ·∧dxk:

Φ∗ω =
∑

1≤j1<···<jk≤n

a(Φ(t))Φ′(t)j1,...,jk
dtj1 ∧ · · · ∧ dtjk .

2.3.2 Alternative definition of
∫

Φ
ω

Here we show that the definition of the integral
∫
Φ

ω can also be given via
tangent spaces.
Let D = [0, 1]k ⊂ Rk and Φ : D → E smooth, ω a k-form on Φ(D). Consider a
partition P of D induced by partitions of each [0, 1], and in each sub-k-cube Ii
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take the vertex ti with the minimal indexes of the coordinates. Associate to ti
vectors τ1,. . . ,τk joining ti and its k adjacent vertices of Ii.
In the tangent space TΦ(D)xi , for xi = Φ(ti), take the images ρj = Φ′(ti)τj of
τj ’s under the mapping Φ′ of tangent spaces. Compute

(Φ∗ω)(ti)(τ1, . . . , τk) := ω(xi)(ρ1, . . . , ρk).

Let λ(P ) = maxi vol Ii. Then we define∫
Φ

ω = lim
λ(P )→0

∑
i

ω(xi)(ρ1, . . . , ρk) = lim
λ(P )→0

∑
i

(Φ∗ω)(ti)(τ1, . . . , τk).

In particular when Φ = id and ω = f(t) dt1 ∧ · · · ∧ dtk we have by the definition
of the usual multiple integral that∫

D

f(t) dt1 ∧ · · · ∧ dtk =
∫

D

f(t) dt1dtk. (2.15)

Thus we have
∫
Φ

ω =
∫

D
Φ∗ω, and the latter is just the usual multiple integral.

Now, to consider the case of general compact D ⊂ Rk, we observe that here also
(2.15) makes sense. Then we can define∫

Φ(D)

ω :=
∫

D

Φ∗ω.

When S = ∪jSj is a piecewise smooth union of smooth pieces Sj , each of them
is k-surface Sj = Φj(D), define∫

S

ω =
∑

j

∫
Sj

ω.

Here we certainly need that the pieces Sj intersect in subsets of dimension < k.
This raises a number of questions, in particular, whether the integral is depen-
dent upon a particular parametrisation. To begin with, let ω = f(x) dx1 ∧ · · · ∧
dxk, and Φ : G→ D – a diffeomorphism (i.e. det Φ′ 6= 0). On one hand

∫
D

ω is
given by (2.15). On the other hand∫

D

ω =
∫

G

Φ∗ω =
∫

G

f(Φ(t)) det Φ′(t)dt1 . . . dtk.

As w.l.o.g. det Φ′(t) > 0, by the theorem on variable change in multiple integral
we have that the latter equal

∫
D

f(x) dx1 . . . dxk, as required. (we cheated with
the sign a bit, we could have gotten the result with the minus sign instead. Be
aware of the orientation!)
Now let Φ : D → S and Ψ : D → S be two different parametrisations of a k-
surface S. Then Γ := Φ−1 ◦Ψ : D → D is a diffeomorphism. Then Φ∗ω can be
obtained from Ψ∗ω using the change of variables Γ, as Γ∗Φ∗ω = (Φ◦Γ)∗ω = Ψ∗ω
by (2.14).
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2.4 Low-dimensional case

Here we concentrate on k-forms in R2 and R3.

2.4.1 1-forms and 2-forms in R2. Green’s theorem.

Here we elaborate upon Example 2.2.1. One important question that we like to
address and illustrate in this simple setting is what caused the integral in the
example to be independent upon the intermediate values along the path. We will
see that this is connected to the question whether the form ω is representable
as df for some 0-form f .
A general 1-form in an open set U ⊆ R2 is

ω = p1(x)dx1 + p2(x)dx2, for x = (x1, x2).

The function (p1, p2) : U → R2 is often called a vector field.
Curves γ : [a, b]→ U will be assumed to be continuos on [a, b] and differentiable
on (a, b). We shall also be assuming that γ can be ”extended” a bit outside
[a, b], i.e. that γ is a restriction to [a, b] of some continuous on (a − ε, b + ε)
function, with ε > 0. Such curves will be called smooth paths with initial point
γ(a) and final point γ(b) (that will also be called endpoints). We have

∫
γ

ω =

b∫
a

(
p1(γ(t))

dγ1

dt
+ p2(γ(t))

dγ2

dt

)
dt.

Lemma 2.4.1. Let ω = df for some C′ 3 f : U → R. Then
∫

γ
ω = f(γ(t)) |ba.

Proof. By the chain rule

d

dt
f(γ(t)) =

∂f

∂x1
(γ(t))

dγ1

dt
+

∂f

∂x2
(γ(t))

dγ2

dt
.

Thus by Theorem 2.1.1,∫
γ

ω =
∫ b

a

d

dt
f(γ(t))dt = f(γ(t)) |ba,

as required.

For instance in Example 2.2.1 we had ω = d(x1x2).

Excercise. Show that df = dg on U if and only if f − g is locally constant
on U (locally constant means each u ∈ U has a neighbourhood where f − g is
constant).
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How does U matter? Let

θ = (x2
1 + x2

2)
−1(−x2dx1 + x1dx2) in R2 − {(0)}. (2.16)

Then for the (closed) path γ(t) = (sin t, cos t), γ : [0, 2π] → R2 − {(0)} one
computes

∫
γ

θ = 2π, so by Lemma 2.4.1 θ 6= df , but on the other hand

d

(
tan

x2

x1

)−1

= θ for x1 > 0.

So Lemma 2.4.1 will work for θ if we restrict U to be the open right halfplane.

2.4.2 Segmented paths

Let γ`, 1 ≤ ` ≤ n be n smooth paths in U so that the final point of each γ` is
the inital point of γ`+1 for ` < n. We concatenate them into a segmented path
γ with initial point P = γ1(a1) and final point Q = γn(bn). Then it is natural
to write γ =

∑
` γ` and set ∫

γ

ω =
n∑

`=1

∫
γ`

ω.

In particular it follows from Lemma 2.4.1 that
∫

γ
df = f(Q) − f(P ). The

converse is also true. Namely the following holds.

Proposition 2.4.2. Let ω be a 1-form on U . Then the following are equivalent.

(i)
∫

γ
ω =

∫
δ
ω for all segmented paths γ, δ in U with the same initial and

final points;

(ii)
∫

γ
ω = 0 for all segmented closed paths γ in U ;

(iii) ω = df for some smooth f : U → R.

Proof. We just observed that (iii) implies (i). To show that (ii) implies (i), we
need the notion of inverse σ−1 of the path σ : [a, b] → U defined by σ−1(t) =
σ(a + b− t). Obviously

∫
σ

ω = −
∫

σ−1 ω. As ω + δ−1 is closed, (ii) implies (i).
The opposite direction is obvious.
It remains to show that (i) implies (iii). It suffices to consider the case of
connected U , for we can take different f ’s on different components. Let P0 ∈ U ,
and define f : U → R by f(P ) =

∫
γ

ω, for γ : [0, 1]→ U a segmented path with
initial point P0 and the final point P . By assumption f is well-defined. We
claim that ω :=

∑
i pi(x)dxi =

∑2
i=1

∂f
∂xi

(x)dxi. We will show that

lim
w→0

f(x1 + w, x2)− f(x1, x2)
w

=
∂f

∂x1
(P ), P = (x1, x2).

(the proof for the ∂f
∂x2

is basically the same, and is omitted.)
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Let w > 0 and σ be the path from P to (x1 +w, x2) given by σ(t) = (x1 + t, x2),
and γ any segmented path from P0 to P . Integrating along the segmented path
γ + σ we get

f(x1 + w, x2)− f(x1, x2)
w

=
1
w

 ∫
γ+σ

ω −
∫
γ

ω

 =
1
w

∫
σ

ω =

=
1
w

∫ w

0

p1(x1 + t, x2)dt =

= p1(x1 + w∗, x2), 0 ≤ w∗ ≤ w,

where the last equality is obtained by the mean value theorem. Thus

lim
w→0

1
w

∫ w

0

p1(x1 + t, x2)dt = p1(x1, x2),

as required. The case w < 0 is treated very similarly.

2.4.3 When does ω = df , and 2-forms.

As for f : U → R we have ∂2f
∂x1∂x2

= ∂2f
∂x2∂x1

we obtain the following necessary
condition on ω = df .

Lemma 2.4.3. Let ω = p1(x)dx1 + p2(x)dx2. For ω = df it is necessary that
∂p2
∂x1

= ∂p1
∂x2

.

This somehow complicated condition has a better expression in terms of 2-
forms. A 2-form ζ in U written in standard form is just ζ = h dx1 ∧ dx2, for
C′ 3 h : U → R. When ζ is obtained by differentiating a 1-form, we get

ζ = dω = dp1(x) ∧ dx1 + dp2(x) ∧ dx2 =

=
(

∂p1

∂x1
dx1 +

∂p1

∂x2
dx2

)
∧ dx1 +

(
∂p2

∂x1
dx1 +

∂p2

∂x2
dx2

)
∧ dx2 =

=
(

∂p2

∂x1
− ∂p1

∂x2

)
dx1 ∧ dx2.

(2.17)

So the the condition of Lemma 2.4.3 can be rewritten as dω = 0. This is a
particular case of (2.11).
The example (2.16) shows that this condition is not sufficient. It turns out that
U really matters here, too. For “easier” than R2 − {0} open sets (in fact, for
these ones that do not have closed paths that are not 0-homotopic) the criterion
of Lemma 2.4.3 is sufficient. Namely, the following holds.

Theorem 2.4.4. Let U = (a1, b1)× (a2, b2), that is

U = {(x1, x2) | a1 < x1 < b1, a2 < x2 < b2}, −∞ ≤ ai < bi ≤ ∞.

Then the following holds.
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• (Green’s theorem for rectangles). Denoting by ∂U the closed rectangular
path with corners (a1, b1), (a2, b1), (a2, b2), (a2, b1), and assuming U finite,∫

∂U

ω =
∫∫

U

dω.

• If an 1-form ω = p1(x) dx1 + p2(x) dx2 on U satisfies dω = 0 then there
exists f : U → R with ω = df .

Proof. To prove the first item, write out dω as in (2.17), and integrate using
Fubini Theorem 2.1.3 and Theorem 2.1.1:∫∫

U

∂p2

∂x1
dx1 dx2 =

∫ b2

a2

(p2(b1, t)− p2(a1, t))dt (2.18)∫∫
U

∂p1

∂x2
dx1 dx2 =

∫ b1

a1

(p1(t, b2)− p1(t, a2))dt. (2.19)

Subtracting (2.19) from (2.18) gives the claimed formula.
To prove the last item, fix P0 = (p1, p2) ∈ U . Assume xi ≥ pi, (i = 1, 2;
the remaining cases are treated similarly). For any P = (x1, x2) ∈ U , set
f(P ) =

∫
γ

ω (respectively, g(P ) =
∫

γ∗
ω), where γ (respectively, γ∗) is the two-

segment path from P0 to (p1, x2) (respectively, to (x1, p2)) and then to P . So
we change the 2nd (resp. 1st) coordinate first, and then the 1st (resp. 2nd) one.
Proceeding as in the proof of Prop. 2.4.2 (iii), we derive that ∂f

∂x1
= p1 and

∂g
∂x2

= p2. We now apply Green’s theorem for the rectangle formed by γ and γ∗

with dω = 0 to obtain f(P ) = g(P ). Thus ∂f
∂x2

= p2, that is ω = df .

Green’s theorem for arbitrary compact region A can be derived from the one
for the rectangle by considering partitions of increasingly tight approximations
of A into subrectangles and taking appropriate sup and inf. The orientations of
subrectangles must be taken into account, certainly. A better proof will follow
from Stokes Theorem 2.5.1 below.

2.4.4 1-, 2-, and 3-forms in R3.

We continue to assume functions sufficiently many times differentiable. Given
an open set U ⊂ R3, we have

• 0-forms – they are just functions f : U → R;

• 1-forms – φ = p1 dx1 + p2 dx2 + p3 dx3: they can be integrated over a
differentiable path γ : [a, b]→ U , just as in R2-case:∫

γ

p1 dx1 + p2 dx2 + p3 dx3 =
∫ b

a

(
3∑

i=1

pi(γ(t))
dγi

dt
(t)

)
dt.



34 CHAPTER 2. INTEGRATION

• 2-forms – ω =
∑

1≤i<j≤3 pij dxi ∧ dxj : they can be integrated over a
differentiable surface Γ : [a, b]× [c, d]→ U :

∫
Γ

∑
1≤i<j≤3

pij dxi ∧ dxj =
∫ b

a

∫ d

c

 ∑
1≤i<j≤3

pij(Γ(s, t))Γ′ij(s, t)

 ds dt.

• 3-forms – h dx1 ∧ dx2 ∧ dx3: they can be integrated over a differentiable
3-surface Π : [a, b]× [c, d]× [e, f ]→ U :∫

Π

h dx1 ∧ dx2 ∧ dx3 =
∫ b

a

∫ d

c

∫ f

e

h(Π(s, t, u))Π′(s, t, u)ds dt du.

By the fundamental theorem of calculus∫
γ

df = f(γ(b))− f(γ(a)).

By the Green’s theorem for the rectangle (Theorem 2.4.4),∫∫
Γ

dφ =
∫

∂Γ

φ.

The Stokes theorem for the box says∫∫∫
Π

ω =
∫∫

∂Π

ω.

Here ∂Π (more precisely, the integral
∫∫

∂Π
) must be defined as a sum/difference

of the restiction of Π to the 6 faces of the box [a, b]× [c, d]× [e, f ].
Recall that a k-form ω is closed when dω = 0, and is exact when ω = dµ, for a
(k−1)-form µ. So all exact forms are closed. But as in the R2-case, the opposite
is not the case. Similarly, a closed 1-form on U is exact iff all the integrals of it
over closed paths are 0. For instance, when U is the complement of the x3-axis,
the 1-form ω = x1dx2−x2dx1

x2+y2 is closed but not exact.

Although if only 1 point (or a closed ball) is removed from R3 to get U , all the
closed 1-forms on U are exact. However, for 2-forms this is no longer the case.
E.g. let U = R3 − {0}, and

ω =
x1dx2 ∧ dx3 − x2dx1 ∧ dx3 + x3dx1 ∧ dx2

(x2
1 + x2

2 + x2
3)3/2

.

Then ω is closed, but not exact, as can be seen integrating over the surface of
the spherical coordinate mapping.
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2.4.5 An application of Green’s theorem

Here we give an application of Green’s theorem to a property of smooth bijec-
tions on the closed unit disk B = {(x, y) | x2 + y2 ≤ 1}.
Namely, we show the following.

Proposition 2.4.5. Let f : B → B be a smooth bijection. Then there exists
p ∈ B so that f(p) = p.

Proof. Assume the contrary. Then for any p ∈ B define φ(p) to be the intersec-
tion of the ray starting at f(p) and the boundary ∂B of B. It turns out that
φ : B → ∂B is smooth. Obviously, φ is identity on ∂B. Consider the 1-form θ
given in (2.16). Then θ is closed, but not exact. (i.e. dθ = 0, but θ 6= dg for any
0-form g.) Let ω = φ∗θ. Then dω = φ∗(dθ) = φ∗0 = 0. By Green’s theorem∫

∂B

ω =
∫

B

dω =
∫

B

0 = 0.

But, as the restriction of φ to ∂B is the identity mapping, we have∫
∂B

ω =
∫

∂B

θ 6= 0,

where the latter unequality was verified after (2.16), a contradiction.

2.4.6 Volumes and areas

Recall that the volume of a parallelepiped in Rn spanned by the rows Ji of an
n× n square matrix J is

V (J1, . . . , Jn) = ±det J.

The sign above depends upon orientation of J , i.e. the ordering of the rows in
J , but we will not dwell upon this here. On the other hand

(detJ)2 = detJ det J = detJ det JT = detJJT = detG, where Gij = Ji · Jj .

The matrix G is called the Gram matrix of the vectors J1, . . . , Jn. In particular
V (J1, . . . , Jn) =

√
det G.

More generally, for k vectors J1, . . . , Jk we define the k-volume (usually called
area when k = 2, and volume when k = 3) as follows.

V (J1, . . . , Jk) =
√

det G, where Gij = Ji · Jj , 1 ≤ i, j ≤ k. (2.20)

This allows one to compute the area of a smooth parametrically defined k-surface
S ⊂ Rn given by r : D → S, for D a k-cube in Rk (smooth here just means that
r is differentiable). Let t0 ∈ D, and e1, . . . , ek span the tangent space TRk

t0 ,
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and h1 > 0, . . . , hk > 0 be small enough so that the parallelepiped I spanned
by the hiei is contained in D. Then

r(t0 + hiei)− r(t0) =
∂r

∂ti
(t0)hi + o(hi),

as follows by considering the image of TRk
t0 under the linear map r′(t0). Thus

as hj → 0, the parallelepiped spanned by the vectors hir
′(t0)ei approximate

r(I) increasingly well. We obtain, using (2.20), that

V (h1r
′(t0)e1, . . . , hkr′(t0)ek) =

√
det G(r′(t0))h1 . . . hk,

where G(r′(t0)) is the Gram matrix of columns of r′(t0). Passing to the limit,
arrive at the following definition of the k-volume of S:

V (S) =
∫
D

√
det G(r′(t)) dt1 . . . dtk.

The function
√

det G(r′(t) is called the k-volume element, or the area element.
When k = n, we get familiar

V (S) =
∫
D

√
det G(r′(t)) dt1 . . . dtn =

∫
D

|det r′(t)|dt1 . . . dtn =
∫
S

dt1 . . . dtn.

When k = 1, we get an expression for the length of the parametric curve, with
D = [a, b]:

V (S) =
∫ b

a

‖r′(t)‖dt =
∫ b

a

√√√√ n∑
i=1

(Dir(t))2 dt.

In the case k = 2, n = 3 we get

V (S) =
∫
D

√
EG− F 2 dt1dt2,

where traditionally one denotes(
E F
F G

)
= r′(t)T r′(t).

Another nice way to write
√

det G(r′(t), actually valid whenever we deal with
a hypersurface, i.e. when k = n− 1, is as follows:√

det G(r′(t) = ‖r′(t)e1 × r′(t)e2 × · · · × r′(t)ek, ‖

where r′(t)ej is just the j-th column of r′(t). The vector

n(t) := r′(t)e1 × · · · × r′(t)ek

has a geometric meaning: it is perpendicular to S at r(t). It is called the normal
vector to S at r(t).
The unit normal to S at r(t) is just 1

‖n(t)‖n(t).
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2.5 Chains of k-surfaces

Let D be the k-cube [0, 1]k in Rk. Recall that a k-form ω in E ⊆ Rn is a
function from the set of k-surfaces Φ : D → E to R, essentially “something that
one can integrate over” a k-surface Φ, as in (2.1). On the other hand, we can
view k-surfaces Φ, Ψ as functions from the set of k-forms to R. As we can add
functions, we can write ∫

Φ

ω +
∫

Ψ

ω =
∫

Φ+Ψ

ω.

This is how the formal linear combinations of k-surfaces, called k-chains, or
singular k-cubes, arise. More generally, with a = (a1, . . . , am) ∈ Zm, we can
define ∫

Pm
i=1 aiΦi

ω =
m∑

i=1

ai

∫
Φi

ω,

and k-chain Γ =
∑m

i=1 aiΦ. We have already seen something like this in the
case of 2-forms in R2.
However, we now need to define boundary ∂Γ of Γ. An important example of
k-surface is the standard k-cube Ik : D → D, so that Ik(x) = x. First, we define
∂Ik. For 1 ≤ i ≤ k, define the (k − 1)-cube

Ik
(i,α)(x) = Ik(x1, . . . , xi−1, α, xi, . . . , xk−1).

Then Ik
(i,0) and Ik

(i,1) correspond to the 2 faces of Ik(D). Define

∂Ik =
k∑

i=1

1∑
α=0

(−1)i+αIk
(i,α).

For a general k-surface Φ, define

Φ(i,α) = Φ(Ik
(i,α))

and

∂Φ =
k∑

i=1

1∑
α=0

(−1)i+αΦ(i,α).

Finally,
∂Γ =

∑
j

aj∂Φj .

Remark. Although we will not need this, note that ∂(∂Γ) = 0.
Now we can state the general Stokes theorem.

Theorem 2.5.1. For a k-chain Γ in an open set E ⊆ Rn and ω a (k− 1)-form
on E, ∫

Γ

dω =
∫

∂Γ

ω. (2.21)
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