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Abstract—Distributed Interactive Applications (DIAs) are networked systems that allow multiple participants at different locations to interact with each other. Wide spreads of client locations
in large-scale DIAs often require geographical distribution of
servers to meet the latency requirements of the applications. In
the distributed server architecture, the network latencies involved
in the interactions between clients are directly affected by how
the clients are assigned to the servers. In this paper, we focus
on the problem of assigning clients to appropriate servers in
DIAs to enhance their interactivity. We formulate the problem
as a combinational optimization problem and prove that it is
NP-complete. Then, we propose several heuristic algorithms for
fast computation of good client assignments and theoretically
analyze their approximation ratios. The proposed algorithms are
also experimentally evaluated with real Internet latency data.
The results show that the proposed algorithms are efficient and
effective in reducing the interaction time between clients, and
our proposed Distributed-Modify-Assignment adapts well to the
dynamics of client participation and network conditions. For the
special case of tree network topologies, we develop a polynomialtime algorithm to compute the optimal client assignment.
Index Terms—distributed interactive application, client assignment, interactivity, NP-complete.

I. I NTRODUCTION

D

ISTRIBUTED Interactive Applications (DIAs) are networked systems that allow multiple participants at different locations to interact with each other in real time. DIAs
spread over a wide range of areas that are gaining popularity
rapidly, such as multiplayer online games [2], distributed
interactive simulations [3], and collaborative computer-aided
design and engineering [4]. Typically, the application’s state
(such as the virtual worlds in multiplayer online games and the
shared workspaces in collaborative design tools) is maintained
by servers. Participants, known as clients, are responsible for
sending user-initiated operations to the servers and receiving
updates of the application’s state from the servers. Since
DIAs are human-in-the-loop applications, it is of crucial
importance to improve the interactivity of DIAs for supporting
graceful interactions among clients. The major challenges to
interactivity enhancement are to deal with network latencies.
Wide spreads of client locations in large-scale DIAs often
require geographical distribution of servers to meet the latency
requirements of the applications. This kind of latency-driven
distribution is essential even when there are no limitations on
the availability of server resources in one location [5].
In the distributed server architecture, the servers communicate with each other directly, while each client is assigned
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to one server and interacts with other clients through their
assigned servers [6], [7]. The interactivity performance of
DIAs can be characterized by the duration from the time when
a client issues an operation to the time when the resultant state
update is presented to the same client or a different client [8].
This duration shall be called the interaction time between these
clients. In the distributed server architecture, the interaction
time between any pair of clients includes the network latencies
between the clients and their assigned servers, and the network
latency between their assigned servers. These network latencies are directly affected by how the clients are assigned to
the servers. Therefore, client assignment is an important issue
for enhancing the interactivity of DIAs.
Finding the optimal client assignment is a challenging task.
An intuitive approach is to assign each client to its nearest
server [2], [9]. While this assignment reduces the clientto-server latency, it may considerably increase the latency
between the assigned servers of different clients and thus
perform far worse than optimum, as shall be shown by our
experimental results. On the other hand, assigning all clients
to a single server eliminates the contribution of the interserver latency to the interaction time, but such assignment
may significantly increase the latency between the clients and
their assigned server, defeating the purpose of geographical
distribution of servers. An optimal assignment for maximizing
the interactivity performance should strike a balance between
the inter-server latency and the client-to-server latency.
In this paper, we investigate the client assignment problem
for enhancing the interactivity performance of DIAs. We formulate the problem as a combinational optimization problem
on graphs and prove that it is NP-complete. Several heuristic
assignment algorithms are proposed and their approximation
ratios are analyzed. The algorithms are also evaluated by
simulation experiments with real Internet latency data. The
results show that the proposed algorithms are efficient and
effective in reducing the interaction time between clients, and
our proposed Distributed-Modify-Assignment adapts well to
the dynamics of client participation and network conditions.
For the special case of tree network topologies, we show that
there exist a polynomial-time optimal solution, and develop an
efficient algorithm to compute the optimal client assignment.
The rest of this paper is organized as follows. Section II formulates the client assignment problem. Section III proves the
NP-completeness results. Section IV proposes three heuristic
assignment algorithms and analyzes their approximation ratios.
The experimental setup and results are discussed in Section
V. Section VI presents a polynomial-time optimal solution for
tree network topologies. Section VII summarizes the related
work. Finally, Section VIII concludes the paper.
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II. P ROBLEM F ORMULATION
We model the underlying network supporting the DIA by a
graph G = (V, E), where V is the set of nodes and E ⊆ V ×V
is the set of links between the nodes. A length d(u, v) > 0 is
associated with each link (u, v) ∈ E, representing the network
latency between nodes u and v. If a message transfer from one
node to another goes through multiple links, the total latency
is given by the sum of those on all intermediate links along the
route. To facilitate presentation, we shall extend the function
d(u, v) to all pairs of nodes (u, v) ∈ V ×V by defining d(u, v)
as the length of the routing path between nodes u and v. We
also define that d(u, v) = 0 if u = v.
We assume a distributed server architecture. Let C ⊆ V be
the set of clients in the network and S ⊆ V be the set of
servers in the network. Each client is assigned to a server
in order to send operations and receive state updates. An
assignment A is a mapping from C to S, where for each
client c ∈ C, we denote by sA (c) ∈ S the server that client
c is assigned to. In this paper, we focus on reducing the
network latency involved in the interaction between clients,
since the network latency is generally more difficult to improve
than the server-side processing delay in the interaction [10].
A busy server can always be better provisioned to meet the
capacity requirements, e.g., by forming a server cluster. We
shall discuss in Section IV-D how to deal with server capacity
constraints in our proposed assignment algorithms if server
capacities are limited.
The interaction between two clients ci and cj goes through
their assigned servers. When ci issues an operation, in order
for cj to see the effect of the operation, ci first sends the
operation to its assigned server sA (ci ). Then, sA (ci ) forwards
the operation to cj ’s assigned server sA (cj ) if they are
different. Finally, sA (cj ) executes the operation and delivers
the resultant state update to cj . Thus, the interaction process
involves the paths from ci to sA (ci ), from sA (ci ) to sA (cj ),
and from sA (cj ) to cj . Similarly, when cj issues an operation,
the same three paths are involved in the interaction process for
ci to see the effect of the operation. Therefore, we refer to the
concatenation of these three paths as the interaction path between ci and cj . The length of the interaction path, denoted by
dA (ci , cj ) = d(ci , sA (ci ))+d(sA (ci ), sA (cj ))+d(sA (cj ), cj ),
represents the interaction time between ci and cj in assignment
A. If ci and cj are assigned to the same server, the length of
their interaction path is simply dA (ci , cj ) = d(ci , sA (ci )) +
d(sA (cj ), cj ). If ci and cj are the same client, the length
of their interaction path dA (ci , ci ) = 2d(ci , sA (ci )) is the
round-trip time between ci and its assigned server sA (ci ), and
represents the interaction time for client ci to see the effect of
its own operation.
We use the average interaction time between all pairs of
clients, i.e.,
X
2
dA (ci , cj ), 1
|C|(|C| + 1)
ci ,cj ∈C

1 We consider d (c , c ) as a function of an unordered pair of clients c
i
A i j
and cj (ci can be the same as cj ). Given a set of clients C, there are a total
of |C|(|C| + 1)/2 unordered pairs of clients in the summation.

as a measure of the overall interactivity of the DIA. The
average interaction time indicates how long it takes for the
effect of an operation to be presented to a participant on an
average level. Given the set of clients, the total number of
client pairs is fixed. Thus, to minimize the average interaction
time, it is equivalent to minimize the total length of interaction
paths between all client pairs. Therefore, the client assignment
problem is formulated as follows.
Definition 1: (Client Assignment Problem) Given a network
G = (V, E) where V contains a set of servers S and a set of
clients C, and the length d(u, v) > 0 for each link (u, v) ∈ E,
the objective of the client assignment problem is to find a client
assignment A that minimizes the total length of interaction
paths between all client pairs, i.e.,
X
minimize D(A) =
dA (ci , cj ).
ci ,cj ∈C

Although the above formulation assumes that interaction
exists between each pair of clients, our analysis and proposed
algorithms can be easily generalized to handle the situation
where each client only interacts with a portion of the other
clients or to reflect different amounts of interaction between
different pairs of clients.
III. NP-C OMPLETENESS R ESULTS
We investigate the NP-completeness of the client assignment
problem by assuming that messages are routed along shortest
paths in the network. Under this assumption, d(u, v) is the
length of the shortest path between u and v, and the function
d(u, v) satisfies the triangle inequality. We start by studying
the characteristics of an optimal client assignment, as shown
in the following two theorems. Please refer to Appendices A
and B in the supplementary file for the detailed proofs.
Theorem 1: If a server s1 is located on the shortest path
between a client c and another server s2 , then any assignment
assigning c to s2 cannot be an optimal assignment.
Theorem 2: If the shortest path between a client c1 and a
server s1 and the shortest path between a client c2 and a server
s2 have at least one common node u, then any assignment
assigning c1 and c2 to s1 and s2 respectively cannot be an
optimal assignment.
Making use of the above theorems, we show that the client
assignment problem is NP-complete.
Theorem 3: The client assignment problem is NP-complete.
Proof : Consider a candidate solution for an instance of
the client assignment problem in its decision version with a
bound K. Since the length of the interaction path between
each pair of clients can be computed in polynomial time, the
computation of the total length of all interaction paths and its
comparison with the bound K can be performed in polynomial
time. Therefore, the client assignment problem is in NP.
We show that the client assignment problem is NP-complete
by a polynomial reduction from the partition problem which
is known to be NP-complete [11]. The partition problem is defined as follows: Given a finite set of P
positive integers
P B, does
there exist a subset B 0 ⊆ B such that b∈B 0 b = b∈B−B 0 b?

3

sn+1

z-type links
sn+2

s2n
server
client

y-type
links
x-type
links

Fig. 1.

s1

s2

sn

r1

r2

rn

···

···

···

G1

G2

Gn

Illustration of the instance Q of the client assignment problem.

Let P be an instance of the partition problem inP
which the
n
set B has n elements: B = {b1 , b2 , · · · , bn }, and i=1 bi =
S. We first construct a network with 2n servers s1 , s2 , · · · , s2n
and n groups of clients G1 , G2 , · · · , Gn , as shown in Figure 1.
The servers are divided into two sets U1 = {s1 , s2 , · · · , sn }
and U2 = {sn+1 , sn+2 , · · · , s2n } with equal cardinality n.
Each server in U1 is connected to all servers in U2 so that
all the servers and inter-server links form a bipartite graph.
Each
group Gi contains bi clients. So, there are a total
Pclient
n
of
i=1 bi = S clients. In each client group, one client
is designated as the center and the remaining clients are
connected to the center to form a star graph. The center ri
of group Gi is connected to server si in U1 and server sn+i
in U2 . An instance Q of the client assignment problem is then
constructed on the network by setting the length ofPevery link
n
2
2
to 1, and the bound K = 11
i=1 bi . It
4 S − (n − 2)S − n −
is obvious that instance Q is constructed in time polynomial
to the size of instance P . In the following,
wePshow that
P
there exists a subset B 0 such that
b
=
b∈B 0
b∈B−B 0 b
for instance P if and only if there exists a client assignment
such that its total length of interaction paths is at most K for
instance Q.
In the network that we construct, servers si and sn+i are
on the shortest paths between the center client ri and all other
servers. According to Theorem 1, each center client ri must
be assigned to either si or sn+i in an optimal assignment. In
addition, each center client is on the shortest paths between all
the other clients in the same group and all servers. According
to Theorem 2, all clients in one group must be assigned to the
same server in an optimal assignment. So, we only consider
such assignments that assign all clients in group Gi to either
server si in U1 or server sn+i in U2 .
Since the length of every link is 1, the total path length in
an assignment can be calculated by adding up how many times
each link appears in the interaction paths between all client
pairs. We divide all links in the network into three types (see
Figure 1): the x-type links between the center client and the
remaining clients in the same group, the y-type links between
the center clients and their directly connected servers, and the
z-type links between servers. The occurrences of x-type and
y-type links in interaction paths are independent of the client
assignment. Each x-type link is associated with one client that
is not a center client. The x-type link contributes twice to the
interaction path between this client and itself and contributes
once to the interaction path between this client and each of the
other clients in the network. Since there are S − n clients that

are not the center clients, all x-type links contribute a total of
(S − n)(S + 1) times. On the other hand, the interaction path
between each pair of clients contains two y-type links. Thus,
all y-type links contribute S(S + 1) times in total.
For z-type links, their contributions depend on how many
clients are assigned to server sets U1 and U2 . The interaction
path between each pair of clients contains one z-type link if
the pair of clients are assigned to servers in different server
sets and contains two z-type links if the pair of clients are
assigned to different servers in the same set. We denote by
a(si ) the number of clients assigned to server si . Then, all
z-type links contribute a total of
X
X
X
X
a(si )a(sj )
a(si )a(sj )+2·
a(si )·
a(si )+2·
si ∈U1

si ∈U2

si ,sj ∈U2
si 6=sj

si ,sj ∈U1
si 6=sj

times. Thus, the total length of interaction paths is given by
X
X
(S − n)(S + 1) + S(S + 1) +
a(si )·
a(si )
+2·

X

si ∈U1

si ,sj ∈U1
si 6=sj

a(si )a(sj ) + 2 ·

X

si ∈U1

X

a(si )·

si ∈U1

si ∈U1

si ∈U2

X

si ∈U1

a(si ) ·

X

si ∈U2

a(si ) −



X

−

a(si )
a(si )2

si ∈U2
2

a(si )

si ∈U1 ∪U2

X

X

si ∈U2
2 X

2 X
X
a(si ) −
a(si )2 +
a(si )

= (S − n)(S + 1) + S(S + 1) +
−

a(si )a(sj )

si ,sj ∈U2
si 6=sj

= (S − n)(S + 1) + S(S + 1) +
+

si ∈U2

X

a(si )2 .

si ∈U1 ∪U2

Since each client group Gi contains bi clients, for servers
si ∈ U1 and sn+i ∈ U2 , either a(si ) = bi and a(sn+i ) = 0,
or a(si ) = 0 and
for each possiPa(sn+i ) = bi . Therefore,
P
ble assignment,
a(s
)
and
a(s
i
i ) correspond
si ∈U1
si ∈U2
to the sums of subsets B 0 and B − B 0 respectively for
aPpartitioning of B, P
and vice versa. P
It also follows that
n
2
a(s
)
=
b
=
S,
=
i
i=1 P
si ∈U1 ∪U2 a(si )
Psni ∈U12∪U2 Pi
2
b
and
a(s
)
·
a(s
)
≤
S
/4.
Thus,
the
i
i
i=1 i
si ∈U1
si ∈U2
total length of interaction paths has a lower bound
n

S2 X 2
−
bi
(S − n)(S + 1) + S(S + 1) + S −
4
i=1
2

n
X
11 2
S − (n − 2)S − n −
b2i = K.
4
i=1
P
The
lower
bound
K
is
achieved
only
when
P
P
P si ∈U1 a(si ) ·
2
a(s
)
=
S
/4,
i.e.,
a(s
)
=
i
i
si ∈U2
si ∈U1
si ∈U2 a(si ) =
S/2.
Hence, the theorem is proven.


=

IV. H EURISTIC A LGORITHMS
In this section, we present and analyze three heuristic assignment algorithms. These heuristic algorithms do not assume
any particular routing strategy and triangle inequality in the
network. They compute client assignments based simply on
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the network latencies between different nodes, which can be
obtained with existing tools like ping and King [12].
A. Nearest-Assignment
Nearest-Assignment is an intuitive algorithm that assigns
each client to its nearest server. It is easy to implement and
can be performed in a distributed manner because each client
selects its server independently. The complexity for each client
to compute its nearest server is O(|S|). When assuming that
the network latency satisfies the triangle inequality, NearestAssignment has an approximation ratio of 3. Please refer to
Appendix C in the supplementary file for the detailed proof.
Theorem 4: The total length of interaction paths between
all client pairs in Nearest-Assignment is within three times of
that in an optimal assignment.
The approximation ratio of 3 is tight for NearestAssignment. Figure 2a presents an example where the ratio between the total interaction path lengths in Nearest-Assignment
and in an optimal assignment can be arbitrarily close to
3. Here, c1 , c2 , · · · , cn are clients and s, s1 , s2 , · · · , sn are
servers. The distance between each client and server s is a,
and for each i, the distance between client ci and server si is
a − ε, where 0 < ε < a. Thus, in Nearest-Assignment, each
client ci is assigned to server si . The length of the interaction
path between each pair of different clients is 6a − 4ε, and
the length of the interaction path from each client to itself
is 2a − 2ε. Since there are n clients, the total length of all
interaction paths in Nearest-Assignment AN is given by
n(n − 1)
· (6a − 4ε) + n · (2a − 2ε).
2
On the other hand, if the value of ε is very small, the optimal
assignment A∗ should assign all clients to server s, and has
the total interaction path length of
D(AN ) =

n(n − 1)
D(A ) =
· 2a + n · 2a.
2
As the number of clients, n, goes towards infinity and ε approaches 0, the ratio between D(AN ) and D(A∗ ) approaches
∗

lim lim

n→∞ ε→0

D(AN )
n(n − 1) · 3a + n · 2a
= lim
= 3.
n→∞ n(n − 1) · a + n · 2a
D(A∗ )

This shows that the ratio between D(AN ) and D(A∗ ) can be
made arbitrarily close to 3.
In the absence of the triangle inequality [13], NearestAssignment has unbounded approximation ratio. Figure 2b
shows an example network containing two clients c1 , c2 and
four servers s1 , s2 , s3 , s4 . The total interaction path length
in Nearest-Assignment is 2 + 2 + (l + 2) = l + 6, whereas
the total interaction path length in the optimal assignment is
4+4+6 = 14. Thus, the ratio between the total interaction path
lengths in Nearest-Assignment and in the optimal assignment
can be made arbitrary large as l goes towards infinity.
B. Modify-Assignment
Modify-Assignment is a local search heuristic. It starts with
an existing assignment and continues to modify the assignment

in a greedy manner for reducing the total length of interaction paths. To perform an assignment modification, ModifyAssignment examines all clients to find whether reassigning
any client to a different server would reduce the total length of
interaction paths. If there exist such reassignment options, the
algorithm then selects the option that produces the maximum
reduction and reassigns the client. Modify-Assignment repeats
the above process until the total length of interaction paths
cannot be further reduced by reassigning any client. Since
the assignment modifications can only improve interactivity,
the resultant assignment cannot be worse than the initial
assignment.
When a client c is reassigned to a different server, only
the interaction paths involving c would change. Let A be
the current client assignment. Then, the total length of all
interaction paths involving a client c is given by

X
d(c, sA (c)) + d(sA (c), sA (ci )) + d(sA (ci ), ci )
ci ∈C

X
X
= (|C|+1)d(c, sA (c))+ d(sA (c), sA (ci ))+ d(sA (ci ), ci ),
ci 6=c

ci 6=c

where |C| is the number of clients. If client c is reassigned
to a different server s, the total length of all interaction paths
involving c becomes
X
X
(|C|+1)d(c, s) +
d(s, sA (ci )) +
d(sA (ci ), ci ).
ci 6=c

ci 6=c

Therefore, the reduction in interaction path length is
X
(|C| + 1)d(c, sA (c)) +
d(sA (c), sA (ci ))
ci 6=c



− (|C| + 1)d(c, s) +

X

ci 6=c


d(s, sA (ci )) .

(1)

If we denote by a(s) the number
P of clients that are assigned
to server s inP
assignment A, ci 6=c d(sA (c), sA (ci )) can be
rewritten
as
− d(sA (c), sA (c)) =
sj ∈S a(sj )d(sA (c), sj )P
P
a(s
)d(s
(c),
s
).
Similarly,
j
A
j
sj ∈S
ci 6=c d(s, sA (ci )) can
P
be rewritten as sj ∈S a(sj )d(s, sj ) − d(s, sA (c)). Thus, the
reduction (1) can be rewritten as
X
(|C|+1)d(c, sA (c)) +
a(sj )d(sA (c), sj )


− (|C|+1)d(c, s) +

sj ∈S

X

sj ∈S


a(sj )d(s, sj ) − d(s, sA (c)) . (2)

To
Pefficiently calculate the two summations in (2), the values
of sj ∈S a(sj )d(s, sj ) for all servers s can be stored in an
array L and incrementally updated after each assignment modification. The pseudocode of Modify-Assignment is presented
in Algorithm 1. The calculation of array L for the initial
assignment (lines 2 to 3) has a complexity of O(|S|2 ), where
|S| is the number of servers. The computational complexity
of each assignment modification (lines 5 to 15) is O(|S||C|).
Thus, given an initial assignment, the total computational
complexity of Modify-Assignment is O(|S|2 +n|S||C|), where
n is the number of assignment modifications performed before
the algorithm terminates. Our experimental results in Section
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Examples illustrating that the analysis of approximation ratios is tight.

Algorithm 1: The Modify-Assignment algorithm
1

s2

l

c1

a−ε

(a) The approximation ratio 3 of NearestAssignment is tight.
Fig. 2.

n

n

a

for each server sj , let a(sj ) be the number of clients assigned
to sj in the initial assignment;
foreach s ∈ P
S do
L[s] ← s ∈S a(sj ) · d(s, sj );
j

repeat
∆∗ ← −∞;
foreach s ∈ S do
foreach c ∈ C do
∆ ← (|C| + 1)d(c, sA (c)) + L[s
 A (c)] − (|C| +
1)d(c, s) + L[s] − d(s, sA (c)) ;
if ∆ > 0 & ∆ > ∆∗ then
∆∗ ← ∆;
c∗ ← c; s∗ ← s;
if ∆∗ > 0 then
foreach s ∈ S do
L[s] ← L[s] − d(s, sA (c∗ )) + d(s, s∗ );
set sA (c∗ ) = s∗ ;

which implies that
X
X
(n+1)d(ci , mi )+ d(mi , mj ) ≤ (n+1)d(ci , oi )+ d(oi , mj ).
j6=i

j6=i

(3)

By the triangle inequality, we have
d(oi , mj ) ≤ d(oi , ci ) + d(ci , mi ) + d(mi , mj ),
d(oi , mj ) ≤ d(oi , oj ) + d(oj , cj ) + d(cj , mj ).

(4)
(5)

Combining inequalities (3) and (4), we obtain
X
(n + 1)d(ci , mi ) +
d(mi , mj )
j6=i

≤ (n+1)d(ci , oi )+

X
j6=i


d(oi , ci ) + d(ci , mi ) + d(mi , mj )

= (n + 1)d(ci , oi ) + (n − 1)d(oi , ci )
X
+ (n − 1)d(ci , mi ) +
d(mi , mj ),
j6=i

∗

until ∆ ≤ 0 ;

which indicates that d(ci , mi ) ≤ n · d(ci , oi ), and hence
V would show that n is usually less than |C|.
In the absence of the triangle inequality, the example in
Figure 2b also shows that Modify-Assignment has unbounded
approximation ratio (when it starts with c1 and c2 initially
assigned to s1 and s2 respectively). If the network latency
satisfies the triangle inequality, we can show that ModifyAssignment has an approximation ratio of |C|.
Theorem 5: Irrespective of the initial client assignment, the
total length of all interaction paths in Modify-Assignment is
within |C| times of that in an optimal assignment.
Proof : Suppose there are n clients c1 , c2 , · · · , cn in the
network. We denote by mi the assigned server of client ci
in Modify-Assignment and denote by oi the assigned server of
ci in an optimal assignment.
When the Modify-Assignment algorithm terminates, changing the assigned server of any client ci to oi cannot reduce the
total length of all interaction paths involving ci . Therefore, for
each client ci ,

X
2d(ci , mi ) +
d(ci , mi ) + d(mi , mj ) +d(mj , cj )
j6=i

≤ 2d(ci , oi ) +

X
j6=i


d(ci , oi ) + d(oi , mj ) +d(mj , cj ) ,

n·

n
X
i=1

d(ci , mi ) ≤ n2 ·

n
X

d(ci , oi ).

(6)

i=1

Combining inequalities (3) and (5), we have
X
(n + 1)d(ci , mi ) +
d(mi , mj )
j6=i

≤ (n+1)d(ci , oi ) +

X
j6=i


d(oi , oj ) + d(oj , cj ) + d(cj , mj ) .

By adding up the above inequality for all clients ci s, we obtain
(n + 1)

n
X

d(ci , mi ) +

i=1
n
X

≤ (n+1)

n X
X

d(ci , oi )+

i=1
n
X

= (n + 1)


d(oi , oj )+d(oj , cj )+d(cj , mj )

i=1 j6=i
n X
X

d(ci , oi ) +

i=1
n
X

+ (n − 1)

d(mi , mj )

i=1 j6=i
n X
X

i=1

d(oi , oj )

i=1 j6=i

d(oi , ci ) + (n − 1)

n
X
i=1

d(ci , mi ).
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It follows that
n
X

P

n

1 XX
d(mi , mj )
d(ci , mi ) +
2 i=1
i=1
j6=i
n

n
X

1 XX
≤n
d(oi , oj ).
d(ci , oi ) +
2 i=1
i=1

(7)

sj ∈S

j6=i

Finally, adding up (6) and (7), we have
(n + 1)

n
X

d(ci , mi ) +

i=1

≤ n(n + 1)

n
X

i=1

d(mi , mj )

i=1 j6=i
n X
X

d(ci , oi ) +

i=1
n
X


≤ n (n + 1)

1
2

n X
X

1
2

d(ci , oi ) +

d(oi , oj )

i=1 j6=i
n X
X

1
2

i=1 j6=i


d(oi , oj ) .

P
a(sj )d(s, sj ) − d(s, sA (c)) + ci 6=c d(sA (ci ), ci ), if c
changes its assigned server to s. Note that the last summation
is independent of s and can be omitted for comparison
purposes. Thus, this expression becomes
X
(|C| + 1)d(c, s) +
a(sj )d(s, sj ) − d(s, sA (c)). (9)
sj ∈S

(8)

Note that the left side of inequality (8) is exactly the total
length of all interaction paths in Modify-Assignment, and the
right side of inequality (8) is exactly n times of the total length
of all interaction paths in the optimal assignment. Therefore,
Modify-Assignment has an approximation ratio of n = |C|.
Hence the theorem is proven.

The approximation ratio of |C| is tight if Modify-Assignment
starts with an arbitrary initial assignment. Figure 2c shows an
example network containing n clients c1 , c2 , · · · , cn and two
servers s1 , s2 . The distance between each client and server s1
is n, and the distance between each client and server s2 is 1.
Suppose that in the initial assignment, all clients are assigned
to server s1 . Then, the total length of all interaction paths
involving any client ci is 2n2 . If client ci is reassigned to
server s2 , the total length of all interaction paths involving c
remains 2 + (2n + 2)(n − 1) = 2n2 . Thus, Modify-Assignment
would terminate without reassigning any client. On the other
hand, the optimal assignment is to assign all clients to server
s2 so that the interaction path length between any two clients
is 2, which is 1/n of that in Modify-Assignment. Therefore, the
total interaction path length in Modify-Assignment is n = |C|
times of that in the optimal assignment.
If Modify-Assignment takes Nearest-Assignment as the initial assignment, the resultant assignment cannot be worse
than Nearest-Assignment. Our experimental results in Section
V would show that Modify-Assignment normally improves
interactivity over Nearest-Assignment significantly.
C. Distributed-Modify-Assignment
Distributed-Modify-Assignment is a distributed version of
Modify-Assignment, in which assignment modifications are
performed in a distributed manner. Starting from an initial assignment, each client individually changes its assigned server
to the server that decreases the total interaction path length
most. The algorithm terminates if no client can reduce the
total interaction path length by changing its assigned server.
Similar to Modify-Assignment, a client c only needs to
consider the interaction paths involving itself in performing an
assignment modification. As derived in Section IV-B, the total
length of these interaction paths is given by (|C| + 1)d(c, s) +

The calculation needs the information of the latency d(c, s)
between c and s, the latencies between s and other servers,
and the number of clients assigned to each server sj (i.e.,
a(sj )). To this end, each server maintains the latencies from
itself to the other servers, and one master server keeps
track of how many clients are assigned to each server. Note
that the P
last two terms of (9), which we shall denote by
H(s) = sj ∈S a(sj )d(s, sj ) − d(s, sA (c)), are independent
of the client-to-server latency. To perform an assignment
modification, client c’s server sA (c) queries the master server
and calculates H(s) for all the other servers s 6= sA (c). If the
current value of (9), i.e., (|C| + 1)d(c, sA (c)) + H(sA (c)),
is not greater than H(s), changing c’s server to s cannot
reduce the interaction path length. Thus, sA (c) informs c
about the list of servers whose H(s) is less than (|C| +
1)d(c, sA (c)) + H(sA (c)). Then, c contacts each server s in
the list to measure the latency to the server and calculates the
value of (9) for this server. Based on the calculation results, c
decides locally whether and how to change its assigned server.
The computational complexity of an assignment modification
is O(|S|2 ).
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Fig. 3.
An example in which changing two clients’ assigned servers
simultaneously increases the total interaction path length.

One issue with Distributed-Modify-Assignment is that, if
two or more clients change their assigned servers simultaneously, the total interaction path length is not guaranteed
to decrease because the calculation of each client is based
on the assumption that the assigned servers of other clients
remain unchanged. Figure 3 gives an example, where the
network contains clients c1 , c2 and servers s1 , s2 , s3 , s4 ,
and the number on each link represents the length of the
link. Suppose the initial assignment assigns c1 to s1 and c2
to s2 . The lengths of interaction paths between client pairs
(c1 , c2 ), (c1 , c1 ) and (c2 , c2 ) are 30, 20 and 20 respectively.
So, the total path length is 70. When client c1 tries to change
its assigned server, it would choose s3 since the length of
the interaction path between c1 and c2 would be reduced to
25 while the lengths of interaction paths between client pairs
(c1 , c1 ) and (c2 , c2 ) stay the same, assuming that c2 keeps its
assigned server unchanged. Similarly, client c2 would choose
to change its assigned server to s4 . However, if the two clients
both change their assigned servers at the same time, the path
length between c1 and c2 would be increased to 40 which is
even longer than that in the initial assignment. This issue can
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be resolved by a concurrency control mechanism to ensure
that assignment modification proceeds one client at a time. To
do so, a token can be maintained by the servers and circulated
among clients. Only the client obtaining the token is allowed
to perform an assignment modification. After the assignment
modification, the client returns the token to its server which
passes the token onto another client.
Distributed-Modify-Assignment has the same approximation
ratio as Modify-Assignment. The proof of Theorem 5 and the
examples of Figures 2b and 2c also apply to DistributedModify-Assignment.
D. Dealing with Limited Server Capacities
So far, we have not assumed any limitation on the capacity
of each server. In practice, servers have finite capacities. If the
number of clients assigned to a server exceeds its capacity, the
processing delay at the server can increase significantly [14].
Simple steps can be taken in our proposed algorithms to ensure
that the capacity of each server is not exceeded. In NearestAssignment, if the nearest server of a client is saturated, the
client turns to the next nearest server and keeps doing so
until it finds a server that can accommodate more clients. For
Modify-Assignment and Distributed-Modify-Assignment, only
the servers not yet saturated are considered when performing
assignment modifications. We evaluate both “uncapacitated”
and “capacitated” assignment algorithms in the next section.
The approximation ratios of the “uncapacitated” algorithms
do not apply directly to the “capacitated” algorithms. Figure 4
gives an example when the “capacitated” Nearest-Assignment
is more than three times worse than the optimal assignment.
Each server in this network can accommodate one client only.
Suppose that in Nearest-Assignment, client c1 is first assigned
to server s2 . Then, each remaining client ci (i = 2, 3, 4) can
only be assigned to server si+1 . The total interaction path
length under this assignment is 1190. The optimal assignment
should assign each ci (i = 1, 2, 3, 4) to si , which produces a
total interaction path length of 322. Thus, the ratio between the
results of the two assignments is 3.7. We leave the theoretical
analysis of the approximation ratios for the “capacitated”
assignment algorithms to the future work.

The measurements for some node pairs are not available in
the data set. On discarding the nodes involved in unavailable
measurements, the network simulated in our experiments is
represented by a complete pair-wise latency matrix between
1796 nodes. A client is assumed to be located at each node
and a certain number of servers are assumed to be placed at
selected nodes in the network. The proposed client assignment
algorithms are evaluated with different parameter settings of
server number and server capacity. In our experiments, we
choose Nearest-Assignment as the initial assignment for both
Modify-Assignment and Distributed-Modify-Assignment. In the
default setting, no limitation is assumed on the server capacity.
We simulate three types of server placements: random, kmedian and k-center. The k-median placement aims to place
a given number of k servers in the network to minimize
the total distance from the clients to their closest servers.
The k-center placement targets at placing k servers in the
network to minimize the maximum distance between a client
and its closest server. The k-median and k-center problems are
widely used to model server placement in the Internet [10],
[16]. Both problems are NP-hard [11]. We adopt a greedy
k-median heuristic [16] and a greedy k-center heuristic [10]
for placing servers in our experiments. For random server
placement, under each parameter setting, we perform 1, 000
simulation runs using 1, 000 different sets of servers placed at
random. Unless stated otherwise, the average performance of
these simulation runs together with the error bars of standard
deviation is plotted for performance comparison.
To quantify the relative performance difference, the interactivity performance of different algorithms is normalized with
respect to a common theoretical lower bound, which is derived
as follows. For any client assignment A, the interaction path
between two clients u, v has a length of
dA (u, v) = d(u, sA (u)) + d(sA (u), sA (v)) + d(sA (v), v)
≥ min {d(u, si ) + d(si , sj ) + d(sj , v)}.
si ,sj ∈S

By adding up the above inequalities for all client pairs, we get
the following lower bound on the total interaction path length:
X

min {d(u, si ) + d(si , sj ) + d(sj , v)} .
u,v∈C

c1
10
s1

c2
9

1
s2

c3
19

1
s3

c4
39

1
s4

79
s5

Fig. 4. The approximation ratio of the “capacitated” Nearest-Assignment is
larger than 3.

V. E XPERIMENTAL E VALUATION
A. Experimental Setup
To evaluate the proposed assignment algorithms, we have
conducted extensive simulation experiments by making use
of the Meridian data set [15]. This is a real network latency
data set that contains pair-wise latency measurements between
2500 nodes in the Internet using the King technique [12].

si ,sj ∈S

Note that this lower bound is a super bound that may not be
achievable by any client assignment. This is because the above
bound calculation does not enforce the constraint that each
client is assigned to only one server through which it interacts
with all the other clients. The total length of interaction paths
produced by each algorithm normalized by the above bound
shall be called the normalized interactivity.
We also include in the comparison an existing heuristic
MAXFLO proposed in [17] for a similar problem called the
fixed-hub single allocation problem. We adapt this heuristic to
our client assignment problem. The first step of the heuristic
is similar to the above calculation of the lower bound, in
which we find the assigned servers for each pair of clients that
produce the shortest interaction path between the two clients.
In the second step, each client is assigned to the server to
which it is assigned for the most times in the first step. We
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TABLE I
C OMPUTATION TIMES

45

% of simulation runs

40
35

Algorithm
Nearest-Assignment
Modify-Assignment
Distributed-Modify-Assignment (Random)
Distributed-Modify-Assignment (Round-Robin)
MAXFLO

30
25
20
15
10

CPU Time
0.16s
18.75s
2.13s
3.52s
27.40s

5
0
0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5

Number of assignment modifications
normalized by number of clients

Fig. 5. Distribution of the number of assignment modifications in ModifyAssignment for 80 servers under random server placement.

Normalized interactivity

2.2

Round-Robin (Random placement)
Round-Robin (K-median placement)
Round-Robin (K-center placement)
Random (Random placement)
Random (K-median placement)
Random (K-center placement)

2
1.8
1.6
1.4
1.2
1
0

1
2
3
4
5
6
7
8
Number of stages of assignment modifications

Fig. 6. Performance of Distributed-Modify-Assignment after different numbers of stages of assignment modifications for 80 servers.

compare MAXFLO with our “uncapacitated” algorithms.
B. Number of Assignment Modifications
We first investigate the number of assignment modifications
performed by Modify-Assignment and Distributed-ModifyAssignment. Figure 5 shows the distribution of the numbers
of assignment modifications required for Modify-Assignment
to terminate under 1, 000 different sets of 80 randomly placed
servers. The number of modifications is normally less than
the number of clients (i.e., each client performs less than
one modification on average). The numbers of assignment
modifications under the k-median and k-center placements are
measured to be 1, 620 and 1, 289 respectively, which are also
less than the number of clients. Similar observations are made
for other server numbers as well.
Unlike Modify-Assignment which performs assignment
modifications based on global knowledge, Distributed-ModifyAssignment makes modification decisions locally at individual
clients. Therefore, Distributed-Modify-Assignment generally
needs more assignment modifications than Modify-Assignment.
We count an attempt made by a client to change its assigned
server as one assignment modification, even if the client
decides not to change its assigned server after calculation.
n successive assignment modifications are referred to as one
stage if there are n clients. We study the convergence speed of
Distributed-Modify-Assignment by monitoring its interactivity
performance after each stage of assignment modifications. Two
schemes for circulating the token among clients are tested:
random and round-robin. Random circulation passes the token

to a randomly selected client after each assignment modification, whereas round-robin circulation passes the token to each
client exactly once in a stage of assignment modifications.
Figure 6 presents the results for 80 servers under different
server placements. As can be seen, the normalized interactivity
is continuously improved with increasing number of stages
and the algorithm converges quickly in just a few stages.
Random and round-robin circulations achieve more than 90%
and 99% of the improvements over the initial assignment
respectively within three stages (i.e., after each client has
performed three assignment modifications on average). Similar
trends are also observed for other server numbers. Thus, in
the following experiments, we shall execute the DistributedModify-Assignment algorithm for only three stages of assignment modifications for both token passing schemes.
C. Performance Comparison for Different Algorithms
Now, we compare the performance of different client assignment algorithms. Figure 7 shows the normalized interactivity
produced by the algorithms for different server numbers and
server placements. It can be seen that Modify-Assignment
produces the best results, and Distributed-Modify-Assignment
performs very close to its centralized counterpart. The interactivities resulting from Modify-Assignment and DistributedModify-Assignment are normally within 40% to 50% of the
lower bound, which means that they are within at most the
same percentages of the optimum. Round-robin circulation can
improve the performance of Distributed-Modify-Assignment
over random circulation, but the improvement is limited
(within 5%). Note that additional information needs to be
maintained by the server to ensure that each client obtains
the token exactly once in a stage of assignment modifications.
Thus, we shall use random circulation for passing the token in
the following experiments. Nearest-Assignment produces the
worst interactivity among all the algorithms. This implies that
reducing the client-to-server latency alone is not very effective
in improving interactivity. MAXFLO outperforms NearestAssignment, but its performance is still far worse than our
modification-based algorithms.
Table I reports the average computation times of the algorithms under 80 randomly placed servers in our simulation
performed on a PC with a Pentium Xeon 3.2 GHz CPU and
6GB RAM. It can be seen that Distributed-Modify-Assignment
has much shorter computation time than Modify-Assignment
and MAXFLO.
D. Impact of Server Capacity
We also evaluate the “capacitated” version of the assignment
algorithms. We refer to the maximum number of clients that
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can be assigned to each server as the server capacity. Figure 8
shows the normalized interactivity as a function of the server
capacity when there are 80 servers placed in the network.
Note that the theoretical lower bound does not change with
server capacity as it assumes unlimited server capacity. As
can be seen, the interactivity resulting from all algorithms
generally becomes worse with decreasing server capacity.
This is because lower server capacities make the algorithms
unable to assign the clients to the most desirable servers. In
general, the relative performance of all algorithms remains
unchanged over different server capacities. Only when the
server capacity is severely limited do all algorithms produce
similar interactivity, which is much worse than that when
servers have abundant capacities. Similar results are observed
for other server numbers.
E. Dynamic Scenarios
The above experiments have shown that Modify-Assignment
results in the best interactivity among all algorithms in
static scenarios where the participating clients and network
latencies are fixed. However, Modify-Assignment is a centralized algorithm that requires global knowledge about the
network. On the other hand, Distributed-Modify-Assignment,
which performs close to Modify-Assignment, is a distributed
algorithm that is more suitable for incrementally adapting
the client assignment to dynamics in client participation and
network latencies. In this section, we evaluate the adaptivity
of Distributed-Modify-Assignment in dynamic scenarios. For
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comparison purposes, we also include Nearest-Assignment in
the experiments.
1) Adaptivity to Client Joining/Leaving: We first consider
the scenario in which the set of participating clients changes
over time due to joins and leaves. We simulate it by a sequence
of randomly generated client join and leave events. To model
clients with different join and leave patterns, each client is
assigned two random weights wj and wl (0 < wj , wl < 1). If
a client is currently participating, the probability of generating
a leave event for the client is proportional to its wj ; if a client
is not participating, the probability of generating a join event
for the client is proportional to its wl . As a result, clients
with higher wj and wl weights would join and leave the
system more frequently than clients with lower wj and wl

10

weights. Clients with high wj but low wl tend to participate
in the system for longer time periods than clients with low
wj but high wl . The simulation run starts with no client
participating in the system and executes a sequence of 10, 000
join and leave events. Figure 9 shows the number of clients
participating in the system over the event sequence. As can
be seen, after a warm-up period of about 5, 000 events, the
number of participating clients remains stable at about 900,
which is about half the total number of clients in the network
because the weights of all clients are randomly selected.
To adapt the client assignment to dynamic client participation, Nearest-Assignment simply assigns all joining clients
to their nearest servers. For Distributed-Modify-Assignment,
a certain number of assignment modifications are performed
after each join and leave event to refine the assignment. In the
case of a join event, the modifications start with the joining
client. Note that all assignment modifications are made based
on the existing client assignment. Figure 10 shows the interactivity performance of different algorithms when there are
80 servers placed in the network.2 As can be seen, while aggressively performing three stages of assignment modifications
at every event produces the best interactivity among all algorithms, performing as few as just one assignment modification
at every event results in almost the same performance. This
implies that Distributed-Modify-Assignment is able to adapt
the client assignment quickly to dynamic client participation.
Performing only a few assignment modifications per event is
sufficient to maintain decent interactivity performance.
We also study the communication overhead of DistributedModify-Assignment by counting the number of servers that are
contacted by the client in each assignment modification. On
average, the numbers of servers contacted in an assignment
modification are 38, 26 and 25.5 for random, k-median and
k-center server placements respectively, which are less than
1/3 to half of all the servers in the network.
2) Adaptivity to Dynamics in Network Conditions: The
network latency between nodes may change over time due to
dynamics in network conditions. In this section, we evaluate
the adaptivity of the algorithms to the variance in network
latency. Since the Meridian data set does not contain latency data at different times, we use the PlanetLab-All-PairsPings data set [18] which includes periodic pair-wise latency
measurements between PlanetLab nodes. The measurements
were performed approximately once every 15 minutes. We
use the data collected over a one day period (on May 9,
2005) that contains 95 measurements. There are 188 PlanetLab
nodes whose pair-wise latency measurements are consistently
available in all of these 95 measurements. Thus, we simulate a
network consisting of these 188 nodes. Similar to the previous
experiments, a client is assumed to be located at each node
and a total number of 15 servers are assumed to be placed at
selected nodes in the network.
To deal with dynamic network latency, Nearest-Assignment
simply lets each client recalculate its nearest server after
2 The results for random server placement in Figure 10a are those for
a sample set of randomly placed servers. We have performed simulations
with many different sets of randomly placed servers and observed similar
performance trends.

every measurement. For Distributed-Modify-Assignment, three
stages of assignment modifications are performed after every
measurement to refine the existing client assignment.
Figure 11 shows the interactivity performance of the two
algorithms over the one day period. Here, the k-median and
k-center server placements are computed based on the latency
data of the first measurement. The theoretical lower bound on
the total length of interaction paths is recalculated after each
measurement for computing the normalized interactivity. It can
be seen from Figure 11 that Distributed-Modify-Assignment almost always outperforms Nearest-Assignment. The normalized
interactivity of Nearest-Assignment fluctuates widely. This
is because Nearest-Assignment considers the client-to-server
latencies only. Thus, its relative performance would become
worse when the inter-server latencies between the nearest
servers of the clients increase. In contract, Distributed-ModifyAssignment can adjust to changes in both the client-to-server
latencies and inter-server latencies. As a result, its normalized
interactivity remains quite stable over time, implying that it
adapts well to the variance in network latency. In DistributedModify-Assignment, similar to the results in the previous
scenario, only less than 1/3 to half of the servers are typically
contacted in an assignment modification. Note that the client
that performs an assignment modification is not necessarily
reassigned. Our results show that only less than 7% clients
change their assigned servers after each measurement although
three stages of assignment modifications are performed.
VI. O PTIMAL A SSIGNMENT FOR T REE T OPOLOGIES
Overlay tree topologies are widely used to facilitate largescale group communication in distributed applications [19].
For example, a shared spanning tree topology can be built
for efficiently supporting multicast communication among
distributed servers and from the servers to their clients [20].
While the client assignment problem for DIAs is NP-complete
for general topologies, there do exist polynomial optimal
solutions for tree topologies. In this section, we develop a
dynamic programming algorithm to compute the optimal client
assignment in tree topologies. For simplicity, we assume that
there is a client located at each node in the network. Extending
the solution to the case where clients are located at only a
subset of nodes is straightforward.
A. Generalized Problem Definitions
In a tree topology, each internal node u and its descendant
nodes form a subtree rooted at u. As shown in Figure 12a, we
denote the subtree rooted at node u by Tu and denote the set of
links incident upon the nodes in subtree Tu by Eu . Note that
Eu includes all links whose both ends are located inside Tu as
well as the link connecting u to its parent p(u) if u is not the
root of the entire tree. We denote by C(Eu ) the contribution
of the links Eu to the total length of all interaction paths
between clients. It is obvious that C(Eu ) is affected only by
the assignment of the clients inside Tu and how many clients
outside Tu are assigned to servers inside Tu . Thus, to develop
a dynamic programming algorithm, we consider a generalized
problem of how to assign the clients inside Tu to minimize
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the contribution C(Eu ) given that a certain number of clients
outside Tu are assigned to servers inside Tu .
Note that the path between any two nodes in a tree is unique
and is the shortest path connecting these two nodes. Thus,
both Theorems 1 and 2 are applicable to client assignment
in the tree topology. According to Theorem 2, in an optimal
assignment, if any client is assigned to a server through a
path that involves a node u, then no client would be assigned
to other servers through paths that involve u. As a result, the
clients outside subtree Tu can be assigned to servers inside Tu
only if no client inside Tu is assigned to any server outside
Tu . In addition, if multiple clients outside Tu are assigned to
servers inside Tu , they must be all assigned to the same server
inside Tu . Therefore, we classify the generalized problem into
three types defined as follows. To facilitate presentation, we
refer to an assignment of the clients inside subtree Tu as a
Tu -client assignment. We shall also use |Tu | to refer to the
number of nodes in the subtree Tu .
Definition 2: Assume that a client is located at each node
in a tree network T and there are a set of servers S in T . Let
u be a node in T .
1) Suppose that no client outside Tu is assigned to any
server inside Tu . Given a number x (1 ≤ x ≤ |Tu |),
among all Tu -client assignments that assign x clients
inside Tu to servers outside Tu , the problem of finding
a Tu -client assignment that minimizes C(Eu ) is referred
to as the (u, x)-problem (Figure 12a).
2) Suppose that no client inside Tu is assigned to any server

outside Tu . Given a server s inside Tu and a number x
(1 ≤ x ≤ |T | − |Tu |), assuming that x clients outside
Tu are assigned to server s, the problem of finding a
Tu -client assignment that minimizes C(Eu ) is referred
to as the (u, x, s)-problem (Figure 12b).
3) Suppose that no client outside Tu is assigned to any
server inside Tu , and no client inside Tu is assigned to
any server outside Tu . The problem of finding a Tu client assignment that minimizes C(Eu ) is referred to
as the (u, 0)-problem (Figure 12c).
link set Eu p(u)

p(u)

u

u

Tu

Tu

(a) (u, x)-problem

u
x clients

x clients

Fig. 12.

p(u)

s

(b) (u, x, s)-problem

no client
Tu
(c) (u, 0)-problem

(Definition 2) Generalized problems.

Suppose r is the root of the entire tree T . Then, no client is
outside Tr , and Er is the set of all links in T . So, the (r, 0)problem is the original client assignment problem in tree T .
B. Recurrences for Dynamic Programming
We first show that for each internal node u in tree T , an
optimal solution to the (u, x)-, (u, x, s)- or (u, 0)-problem
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can be obtained by a combination of the optimal solutions
to some subproblems. Suppose that node u has k children c1 , c2 , · ·S
· , ck as shown in Figure 13. Since Eu =
k
{(u, p(u))} ∪ i=1 Eci , it follows that
C(Eu ) = C({(u, p(u))}) +

k
X
i=1

C(Eci ).

(10)

Note that C({(u, p(u))}) is essentially d(u, p(u)) times the
number of link (u, p(u))’s occurrences in the interaction paths
between all pairs of clients. Given a (u, x)-, (u, x, s)- or (u, 0)problem, we show that there are a fixed number of (u, p(u))’s
occurrences, which is independent of the Tu -client assignment.
In the (u, x)-problem, all clients in the entire tree T can be
classified into three groups: |T | − |Tu | clients are outside Tu
and are assigned to servers outside Tu (abbreviated as Out-toOut clients); x clients are inside Tu and are assigned to servers
outside Tu (abbreviated as In-to-Out clients); and |Tu | − x
clients are inside Tu and are assigned to servers inside Tu
(abbreviated as In-to-In clients). The interaction paths between
Out-to-Out clients do not contain the link (u, p(u)). Similarly,
the interaction paths between In-to-In clients do not contain
the link (u, p(u)). Each interaction path between two In-to-Out
clients or between an In-to-Out client and an In-to-In client
contains the link (u, p(u)) twice. In addition, each interaction
path between an Out-to-Out client and an In-to-In or In-to-Out
client contains the link (u, p(u)) once. As a result, the total
number of (u, p(u))’s occurrences is

 x(x + 1)
+ x · (|Tu | − x) + |Tu | · (|T | − |Tu |)
2
2
= |Tu | · |T | − |Tu |2 + 2x · |Tu | − x2 + x,
(11)

which is a fixed number for a given (u, x)-problem.
Similarly, it can be derived that the numbers of (u, p(u))’s
occurrences in the (u, x, s)- and (u, 0)-problems are respectively given by
|Tu | · |T | − |Tu | + 2x · |T | − 2x · |Tu | − x + x
2

2

(12)

and
|Tu | · |T | − |Tu |2 ,

(13)

which are also fixed numbers for the respective problems
(please refer to Appendix D in the supplementary file for
detailed derivations). Therefore, in the (u, x)-, (u, x, s)- and
(u, 0)-problems, the P
objective of minimizing C(Eu ) is equivk
alent to minimizing i=1 C(Eci ).
Let A(u, x), A(u, x, s) and A(u, 0) be the optimal Tu client assignments to the (u, x)-, (u, x, s)- and (u, 0)-problems
respectively. It follows from the above analysis that all Tci client assignments used in A(u, x), A(u, x, s) and A(u, 0) are
also optimal assignments to their corresponding subproblems
for respective subtrees Tci . Otherwise, if there exist better Tci client assignments, then replacing the Tci -client assignments
in A(u, x), A(u, x, s) and A(u, 0) with these better Tci -client
assignments reduces C(Eci ) and thus C(Eu ), which contradicts
to the optimality of A(u, x), A(u, x, s) and A(u, 0).
Now we show how to compute the optimal assignments.
We start by solving the client assignment problem for the case

where servers are located at the leaf nodes only.
To facilitate presentation, for each node u in T , we represent
the optimal assignments A(u, x), A(u, x, s) and A(u, 0) as
the sets of pairs of clients and their assigned servers (i.e.,
{(c, s) | c ∈ Tu , s ∈ S, c is assigned to s}). We also let
l(u, x), l(u, x, s) and l(u, 0) represent the values of C(Eu )
for the optimal assignments A(u, x), A(u, x, s) and A(u, 0)
respectively.
The optimization problems are trivial if u is a leaf node in
T . If u ∈
/ S (i.e., there is no server at u), the client at u must be
assigned to a server outside Tu . Thus, among all optimization
problems of Tu , only the (u, 1)-problem is a valid problem.
A(u, 1) assigns u to a server outside Tu , and l(u, 1) = (|T | +
1)·d(u, p(u)) is a fixed value regardless of u’s assigned server.
If u ∈ S (i.e., there is a server at u), then only the (u, x, u)and (u, 0)-problems are valid. It is easy to obtain A(u, x, u) =
{(u,
 u)}, l(u, x, u) = x(x + 1) + 2x(|T | − x − 1) + (|T | −
1) · d(u, p(u)); and A(u, 0) = {(u, u)}, l(u, 0) = (|T | − 1) ·
d(u, p(u)).
For each non-leaf node u in T , we must examine the
solutions to all possible subproblems in order to determine
which solutions to use in the optimal assignments A(u, x),
A(u, x, s) and A(u, 0).
p(u)

x=1+

x1 clients

k
X

xi

i=1

u
xk clients

Tu
c1

c2

···

ck

no client

Tc1
(c1 , x1 )-problem

Fig. 13.

Tc2
(c2 , 0)-problem

Tck
(ck , xk )-problem

A recursive solution to the (u, x)-problem.

In the (u, x)-problem, x clients inside Tu are assigned to
servers outside Tu . Since the paths from these clients to their
assigned servers all go through node u, according to Theorem
2, these x clients must be assigned to the same server outside
Tu , and the client at node u must be one of these x clients. In
addition, no client can be assigned to any other server through
paths involving u. Thus, in the optimal assignment A(u, x),
no client outside each subtree Tci is assigned to servers inside
Tci . As shown in Figure 13, for each subtree Tci (1 ≤ i ≤ k),
if the Tci -client assignment used in A(u, x) does not assign
any client inside Tci to servers outside Tci , then it must be
an optimal solution to the (ci , 0)-problem. Otherwise, if the
Tci -client assignment used in A(u, x) assigns xi (xi ≥ 1)
clients inside Tci to servers outside Tci , it must be an optimal
solution to the (ci , xi )-problem. Moreover, based on Theorem
2, these xi clients must be part of the x clients inside Tu
that are assigned to a server outside Tu . Therefore, to solve
the (u, x)-problem, we need to consider the (ci , 0)-problem
and the (ci , xi )-problems (1 ≤ xi ≤ |Tci |) for each subtree
T
Pcik. All A(ci , xi )s selected to be used in A(u, x) must satisfy
i=1 xi = x − 1, where “1” represents the client at u.
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Therefore, following equation (10) and expression (11), the
recurrence for the (u, x)-problem is given by
l(u, x) = (|Tu |·|T |−|Tu |2 +2x·|Tu |−x2 +x) · d(u, p(u))
+

min

i ≤|Tci |
P0≤x
k
i=1

k
X
l(ci , xi ) .

xi =x−1

(14)

i=1

It is easy to see that for any node u and number x, the
value of l(u, x) is independent of which server outside Tu
the x clients are assigned to. Thus, we represent the assigned
server of the x clients by a special symbol O in A(u, x).
∗
Let
Pk xi denote the value of xi that produces the minimum
i=1 l(ci , xi ) in the above recurrence. Then, the optimal
assignment A(u, x) is given by
A(u, x) = {(u, O)} ∪

k
[

A(ci , x∗i ).

i=1

The symbol O would be replaced by a specific server later in
the recurrences for the (u, x, s)- and (u, 0)-problems (please
refer to Appendix E for details).
If all possible values of xi s are examined exhaustively in the computation of recurrence (14), the computation still has an exponential asymptotic
complexity. The
Pk
term min0≤x ≤|T |,Pk x =x−1 { i=1 l(ci , xi )} in recuri

ci

i=1

i

rence (14) can be computedP
efficiently as follows. Let f1 (j, x0 )
j
be the minimum value of i=1 l(ci , xi ) subject to the conPj
0
straint i=1 xi = x , i.e.,
f1 (j, x0 ) =

min

0≤xi ≤|Tci |
P
j
0
i=1

xi =x

{

j
X

l(ci , xi )},

i=1

where 1 ≤ j ≤ k, and 0 ≤ x ≤ x − 1. It is obvious that

0
0

 f1 (1, x ) = l(c1 , x ),
0
f1 (j, x ) =
min {f1 (j − 1, x0 − xj ) + l(cj , xj )}.
0≤xj ≤


min(x0 ,|Tc |)
0

j

Thus, starting from j = 1, we can compute all f1 (j, x0 )s in
an increasing order of j. Then, l(u, x) can be computed with
f1 (k, x − 1).
The optimal solutions to the (u, x, s)- and (u, 0)-problems
are computed from the optimal solutions to the (ci , xi )-,
(ci , xi , s)- and (ci , 0)-problems in similar ways. Please refer to
Appendix E in the supplementary file for detailed derivations
of the recurrences.
Starting from the subproblems where u is a leaf node, we
can solve all (u, x)-, (u, x, s)- and (u, 0)-optimization problems by a postorder traversal of T . As analyzed in Appendix
E in the supplementary file, the total time complexity of our
algorithm for computing an optimal client assignment in the
entire tree T is O(K · |S| · |T |3 ), where K is the maximum
degree of all nodes in T , and |S| is the number of servers.
Note that the optimal client assignments to all problems of
each subtree Tu are computed from the optimal assignments
in subtrees rooted at u’s children. Therefore, the proposed
dynamic programming algorithm can be implemented in a

distributed manner by having each node compute the optimal
client assignments in its local subtree and send them to its
parent on a level-by-level basis.
The above dynamic programming solution can be directly
extended to the general case where servers can be located
at any nodes in the tree. Please refer to Appendix F in the
supplementary file for detailed discussions.
VII. R ELATED W ORK
The salient feature of real-time mutual interactions makes
the client assignment in DIAs fundamentally different from
that in web content distribution. In web content distribution,
since web clients simply download contents from web servers,
it is straightforward to direct web clients to their nearest
servers for minimizing the access latency [10], [16]. In contrast, each client in DIAs connects to one server through which
it interacts with all the other clients, and the interaction time
between clients includes both the client-to-server latency and
inter-server latency. Previous studies on client assignment in
distributed virtual environments considered only the client-toserver latency as the objective of optimization [21], [22], [23].
As have been shown by our results, reducing the client-toserver latency alone is not effective for improving interactivity.
Where to place servers in the network is another important
issue relevant to interactivity enhancement [10]. When the
client-to-server latency is the only optimization objective,
server placement is related to several graph theoretic problems:
the facility location problem, and the k-median and k-center
problems. These problems are all NP-hard and have been well
studied in the literature. For the facility location problem,
Hochbaum [24] first gave a greedy algorithm with an approximation ratio of O(log n). Korupolu et al. [25] proposed a local
search heuristic that has a constant approximation ratio of 5+ε,
which has been subsequently improved to 3 [26]. Aggarwal
et al. [27] presented a 3-approximation algorithm assuming
that each facility has the same limited service capacity. For
the k-median problem, it has been shown that polynomial
optimal solutions exist on tree graphs [28]. For general graphs,
a naive greedy algorithm has an approximation ratio of Ω(n)
[29]. Local search heuristics have been proposed with the
approximation ratio of 3 + ε [26]. For the k-center problem,
there is a 2-approximation algorithm. This ratio cannot be
further improved unless P = N P [30]. Different from above
work, Lee et al. [9] studied how to place servers for online
games taking into account the inter-server latency. However,
no approximation ratio is given for their proposed algorithm.
Complementary to server placement, we aim to assign clients
to appropriate servers for maximizing interactivity given a set
of servers placed in the network. Our work in this paper shows
that finding an optimal client assignment is a challenging task,
even under carefully planned server placements.
The formulation of our client assignment problem is similar
to that of the fixed-hub single allocation problem that arose in
transportation systems. In these systems, hubs are placed in the
network and used as transshipment points. The traffic in the
network may flow between the non-hub nodes through hubs
and/or between hubs. The fixed-hub single allocation problem
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asks: given a set of fixed hubs, how to assign each node to
one hub to minimize the total cost of traffic routing in the network. Campbell [17] proposed two heuristic solutions called
MAXFLO (which we have included in our evaluation) and
ALLFLO (which is an exponential time algorithm). Iwasa et
al. [31] presented a 3-approximation algorithm that is similar
to our Nearest-Assignment algorithm. They further provided
a 2-approximation algorithm by using a linear programming
relaxation and a randomized rounding technique. However,
the size of the linear programming relaxation is large and the
algorithm is only suitable for small networks. In addition, it
is a centralized algorithm that is difficult to adapt to dynamic
networks.
VIII. C ONCLUSION
In this paper, we have investigated the client assignment
problem for enhancing the interactivity performance of DIAs.
We have formulated the problem as a combinational optimization problem and proved that it is NP-complete. Three heuristic
algorithms have been proposed with their approximation ratios
theoretically analyzed and their performance experimentally
evaluated using real Internet latency data. The results show
that: (1) the proposed Modify-Assignment and DistributedModify-Assignment algorithms significantly outperform the
intuitive Nearest-Assignment algorithm for different server
placements; and (2) Distributed-Modify-Assignment adapts
well to the dynamics of both client participation and network
latency. We have also developed a polynomial-time algorithm
for computing the optimal client assignment in tree topologies.
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